ISSN 2686-9667. Bectauuk poccuiickux yauBepcureToB. Maremarnka

Tom 31, Ne 154 2026

SCIENTIFIC ARTICLE
(© V.M. Blinovsky, A.N. Pchelintsev, 2026
https://doi.org/10.20310/2686-9667-2026-31-154-115-127 @

Proof of the convexity of the function L(o,7T) for small T
and the Riemann hypothesis

Vladimir M. BLINOVSKY!, Alexander N. PCHELINTSEV?
! Institute for Information Transmission Problems
19 Bolshoy Karetny per., Moscow 127051, Russian Federation
2 Tambov State Technical University

106 Sovetskaja St., Tambov 392000, Russian Federation

Abstract. The authors of this article prove the Riemann hypothesis for a special case when
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HokazarenbcTBo Bhimykyoctu dbyukiun L(o,T) npu maubix T
n runore3a Pumana

Buagumup Mapkosny BJIMHOBCKUM!, Asekcanap Hukosaesnd ITUEJIMHITEB?2
L®I'BYH «Mucruryr npobiem mepenaun nadopmanun uM. A. A. Xapkesuua Poccuiickoil akaeMun HayK»
127051, Poccuiickas @enepanus, r. Mocksa, Bonbmoit Kapernsiit nepeysiok, 19
2@I'BOY BO «Tamb60BCKHit rOCYIapPCTBEHHBI TeXHIYECKUH yHIBEPCUTET>

392000, Poccuiickast @eneparust, r. Tambos, yi. Coerckast, 106

Awnnoramnug. B crarhe gokasbiBaeTcs rumoTe3a PuMana [y 9aCTHOTO Cydast, KOTa JIeii-
crBuTebHas o u MHUMag 1 = 1/(2a) gacru aprymenta j3era-DyHKIUYU IIPUHAIJIEIKAT OIPE-
JIeJIEHHO# objtacT © R KOMILJIEKCHOI ILIOCKOCTU. B ocHOBY moJioxkeH meros B. BiumHoBcKoro:
1) BuiBomuTCs BhIpazkenue i dbyukimn L(o,a) — KBaapaTa MO/ OCHOBHOI 4acTu a3era-
dyukuuu, Biugomeil Ha ee Hyau, 2) JI0KA3ATEIHCTBO TUIIOTE3bl PUMaHa CBOAUTCHA K J0KA3a-
TeJILCTBY BBIMYKJIOCTH BHM3 PYHKINKA L 1O 0, T. €. MOJOKUTEILHOCTH L((fa)(o, a). Asropamu
TOKA3aHbI OIIEHKH, IIO3BOJISIONINE OMKCATh 006J1acTh © g, NMPUBEIEHDI JJaHHBIE BHIYUCIUTEILHOTO
9KCIIEPUMEHTA, IIPOBE/IEHHOTO B MaTeMaTHIecKoM Iakere Maxima, 110 nmocrpoenunto objaactu O p.
Crenan 0030p TUTEpATYPhI IO COBPEMEHHOMY COCTOSHUIO BOIIPOCA JOKA3aTeIbCTBA TUIIOTE3bI.
[Ipenmorkeno maJjibHEiIIee pa3BUTHE METO/A KaK C TOYKH 3pEHUs pacimmpenus: obiactu Og,

TaK W JIJIdd ITOBBIINICHUA BBbIYUCJ/INTEJIbHOMN S(b(beKTI/IBHOCTI/I.

KiroueBsbie ciioBa: runore3a Pumana, meros Binnosckoro, a3era-dyHKIws, raMma-QyHKIS,
MaTeMaTndecknit nmaker Maxima

dnsa murupoBanusi: Bauwnosckuti B.M., IMueaunues A.H. Joka3arejbCTBO BBILYKJIOCTH
dyukuuu L(o,T) upu mansix T u runoresa Pumana // BecTHuk poccuiicKux yHUBEPCUTETOB.
Maremaruka. 2026. T. 31. Ne 154. C. 115-127. https://doi.org/10.20310/2686-9667-2026-31-154-
115-127
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Introduction

Let us consider the representation |1, p. 1045], [2, p. 20| [3, p. 61], [4,5] of the Riemann zeta
function

“@:p@é%;zy H@:Amgilm, (0.1)

where?) 2z =0 +iT, 0 >0, at o =1 T # é—’;m, m € Z (unfortunately, this fact is not
mentioned in many mathematical reference books).

The formula (0.1) is obtained from the standard representation

1 o0 z—1
C(z):—/o ef—ldx for o > 1,

as:

1. The following identity is used

1 1 2

= — . 0.2
e*+1 er—1 e2x—-1 (0-2)

2. Let us multiply the both sides of the equality (0.2) by z*~! and 1/I'(z) and integrate it

on x:
1 00 CE'Z_l 1 o0 CCZ_l 1 1 Oo(2$)z_1
dr = dr — d(2
W@A 1 N@K -1 %ANaz o2 —120);

from which we have the equality

1 - xz—l _ 1—2
m/o mdiﬂ =((z) —277¢(2).

This equality gives the formula (0.1).

3. We have the inequality
1I(2)] < / 27 e dr = T(0),
0

which makes sense at ¢ > 0, and
1 — 2172 % 0 or e(lfz)1n2 7£ €2ﬂki,

where k € Z, from which we obtain

2n(—k) .

1
z2# 1+ o 1,

let m = —k.

D'The ambiguity of the function z*~! is usually eliminated at defining this function as z*~! = e(*=Dn=

where the logarithm Inz is real (for example, see [3, p. 22]).
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For o < 0 the zeta function is extended using the Riemann functional equation [2, p. 19|
from the ratio

((z) =2(27)* 'sin (gz) I'(1—2)¢(1—=z). (0.3)

The formula (0.3) is also valid for o € [0,1]. At ¢ = 0 the value ((iT) can be expressed
through ((1 —4T") from (0.3).

In the preprint [6], the author presents a linear non-homogeneous ordinary differential
equation of infinite order with linear coefficients by z (including the highest derivative in
the general form of the series) for the Hurwitz zeta function

> 1
¢(2,a) :Zm

n=0

(which is a generalization of the Riemann zeta function) that can be used to find approximate

values of this function using, for example, numerical schemes [7]. In this case, the coefficients

of the derivatives become unknown functions, and the resulting system of equations for the

original equation with truncated order will have quadratic nonlinearities. Note that an effective

numerical method for calculating the value of the zeta function is considered in the article [8].
The trivial zeros of the zeta function are z = —2n, n € N (it follows from ratio (0.3)).
From the definition

=1
g(z):1+Z;a 0->]-a
n=2

it follows that ((z) has no zeros when ¢ > 1 and ((z) has only the trivial zeros at o < 0.
The possible zeros of the zeta function in the strip o € [0,1] are called nontrivial. Note that
the non-trivial zeros are also absent on the line ¢ = 1. The various proofs is given in the
book [9, p. 50-54].

In 1859, Riemann put forward the hypothesis that all nontrivial zeroes of ((z) are concen-
trated on the line o = 1/2. Some modern work indicate the boundaries of the regions in which
the absence of zeros of zeta function has been proven. For example, S. Stechkin [10] proved the

Riemann hypothesis at
1

Tl > 12 >1— —
TI=12 o=t g
where R = 9.65.
The main method for studying the zeta function today is the Vinogradov’s method [11].
A. Karatsuba [12, p. 75-77| proved the theorem that there exists a constant ¢ > 0 such

that the function ((z) # 0 in the region

c

T>10, o>1- .
= %3 |T|Inln |T|

Using the methods of N. Korobov [13] and I. Vinogradov, K. Ford [14] proved the Riemann
hypothesis, for example, at

C
23T A ||

7| >3, o>1

where ¢ = 1/57.54.
The result of Stechkin was later [15] improved: |T'| >3, R = 8.464.
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Today, the largest known zero-free region Qg for the zeta-function is at |7'| > 2 and
R = 5.573412 [16] (we don’t take the computational experiments into account). This result
improves on the known relations for 3-10'? < |T| < %! and |T] > €' [17].

Based on fast algorithms [18] for multiple calculations of the Riemann zeta function, its zeros
were found up to |T'| < 1.3-10* [19]. Using condition (4) in the manuscript [20], V. Blinovsky
conclude that from the assumption of the convexity of function L(c,a) over o (see below the
definition of L(o,a)) in the region

1 1
T|>13-10* € 1 —
d 7 (601n\T| 601nm)

follows the Riemann hypothesis.

In this article we make some step in the determining the region in ¥p; C ((0,1), R), where
the function L(o,a) is convex on o. At the same time, Vg NQr = 0. We show the computer
program and result of the computational experiment.

1 The Square of the Modulus of the Function /(z)

Let us move from the function 7(z) to the function L(o,a).

From the formula (0.3), if z = 2* (o* € (0,1)) is non-trivial zero of ((z), then z =1 — 2*
is also non-trivial zero.

Note from the formula (0.1) that the nontrivial zeroes of ((z) are influences only by the
zeroes of I(z). Therefore, further all reasoning will be carried out for the function I(z).

It is easy to show

I(z) = 1(%).

Now we will consider the function K(o,T') that is the square of the function I(z):

K(o,T) = [I(2)]" = 1(1'( )[( 2) +1(2)1(2))

yz—l o] 132_1yz_1
dxd dxd
(// e$+1 ey+1)xy+//0(e$+1)(ey+1)xy)
zlz1+xz 1yzl
dxdy. 1.1
/ / (e +1)(e¥ + 1) e (1.1)

Let us write numerator

l,z—lyé—l =+ xé—lyz—l _ :L,a—i-iT—lyo—iT—l + xa—iT—lya-i—iT—l

= (2y)" Y@ Ty™ T + 2= Ty = (2y)° (eiTln% I e—iTln%)

= 2(zy)” ' cos <T In E) :
)

2 2c
Let us make a substitution y = © in the integral (1.1), dy = —dec:
x T

s % cos 2T1n >
= 2/ / €$ CQ/CC —I— 1)d$dc
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1
Next we will introduce one more substitution v = 27 In E, dz = ce*/ (QT)ﬁdu, at T'>0:
c

% oo 2—1
- % /_ . /0 (eceu/m)i1)(2368_3/(”) " 1)dudc, (1.2)
we c*Lecosu
/ / eee" @D ) (eee /@D | 1)dudc. (1.3)
In the integral (1.3) we introduce the substltutlon U=—w:

201 cosw
o, T _T (e 1)( eI ECT)) 1)dwdc,

which is analogous to the integral (1.2).

Then it is enough to consider the proof for 7' > 0.

Taking into account the parity of the integrand in (1.2) with respect to the variable u, we
rewrite the integral as

K(o0,1/(2a)) = 4aL(o,a),
20 1 1.4
L(o,a) / / o cos e dzdy > 0, (14)
6 (&

)(eve ™ 1 1)

1
h =— > 0.
whnere a oT

If z = 2* is non-trivial zero of ((z), then of = ¢* and 0 = 1 — ¢* is minima of the
function L(o,a) in which it is equal to zero in the interval (0,1). Then from its continuity
(will be proven later) and the formula (1.4) it follows that it changes the direction of convexity.
Therefore, to prove the Riemann hypothesis (o] = o5 = 1/2), it is necessary to show the
U-convexity of the function L(o,a) on o at (0,T) € Ugy.

We have o
=1 1n? y cos
L3 —4/ / dxdy. 1.
(0,a eaz+1 Jer ™ + 1) ray (1.5)

Note that at . -
v e [5(271 +1), 220+ 3)] , neN,

we have cosx > 0 and at

v € [g(2n+1), (2n+3)}, neN

b0

we have cosx < 0.
Because the functions €% + 7% and e¥*"" + €% " are increasing a > 0, the function

(e¥" 4 1)(e¥ " 1) = Ve peve™ Loy ™ 1] (1.6)

is increasing at > 0 and y > 0 also and hence

1
(eyeaz + 1)(6?!6701 + 1)

90(5573/; g, a) = \L

at >0 and y > 0.
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Hence area of under the function ¢(z,y;0,a)cos(z), = € [Z(2n+ 1),2(2n+ 3)] is greater
that the area above the function ¢(z,y;0,a)cos(z), = € [%(2n +1),5(2n + 3)} , n€N.
Thus we have

I*(0,a) :/ / y2° M In?y o(z,y; 0, a) cos x dydx
37/2 J0

> (2n+3)1/2  poo
- Z (/ / y2071 In® Yy gO(‘T? Yy; o, CL) cos x dydx
( 0

n=1 2n+1)7/2

(2n+5)w/2  poo
+ / / y?* M n?y o(z,y; 0,a) cos x dydm) > 0.
( 0

2n+3)7/2

Hence to prove that Lg,)(a, a) > 0 for (0,7) in some region from (0,1) x R it is sufficient
to show the validity in this area of the inequality

3n/2  poo
/ / y?7 1 In*y ¢(x,y; 0, a) cos x dydx > 0.
0 0

Denote
w/2 poo
Ii(o,a) :/ / v In?y o(z,y; 0, a) cos x dydz,
0 0
3r/2 poo
IQ(U,a):/ / y?* 1 n?y p(z,y; 0, a) cos x dydz.
w/2 0
Because cosz > 0, = € [0,7/2], cosz < 0, x € [7/2,37/2], we have [i(c,a) > 0 and
[2(0', CL) < 0.

Define the region

3r/2 poo
Vo = {(0D) s Lo + hlea) = [ [ ity ol piona) cosadydo > 0,
0 0

We have
w/2  poo
Ii(o,a) + Ix(0,a) = / / vt n?y p(z,y; 0, a) cos x dydx
o Jo

3r/2  poo
+ / / y?* 1 In?y o(z,y; 0, a) cos x dydz.
T 0

/2
From (1.6)
(eye‘” + 1)(61/6*‘“ + 1) < 4oy +e™T)
and
(6yeaz + 1)(€yefa1' + 1) Z ey(eaw_i_efa,a;)7
then
1 _y(eaz_;'_efaz) _y(eam_i_efaz)
7€ < p(x,y;a) <e . (1.7)

In the integral
g(.f, 0-’ a) et / y20—1€_y(6az+6,az)dl’
0

t dt

we make substitution ¢t = y(e* + e *). Then y = ———, dy = ——.
y( ) y e(lfl) + e—ax y e(lfl) + e—ax
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We get
0 t20’—le—t F(QO’)
r,0,a) = dt =
g( ) /0 (ea:ﬁ + efax)2a (eax + efax)ZO'

and, thus

M < / Yy (o, a)dy < g(;0,a).

0

Then the integral (1.4) is convergent, the function L(o,a) is continuous in the region g
[21, p. 501].

By analogy, we estimate the integral (1.5). Let

Alz;0,a) = / y2”*1ln2ye*y(e“z+e—az)dy
0

1
- (ew* + g—ax)20 (F(Q)(QU) — 2T (20) In(e™ + €79%) + I'(20) In?(e®® + )
ear e—ar)2o

or

@) (TP00) (e TO(20)
Alriea) = (eax+e—ax)2a< o) Mt )(” e ey ))

Then the integral (1.5) is convergent.
From the inequalities (1.7), the region Vg is defined by the couples (o,7") such that the
following inequality is satisfied

1 w/2 3m/2
hi(o,a) = Z/ A(z;0,a)cosz dx —i—/ A(z;0,a)cosxdx > 0.
0 /2

Let
Vo ={(0,T): (1 —0,T) € Upy}.

From the formula (0.3), the Riemann hypothesis is true for Op = Wgy U Wgs.

2 The Computational Experiment

The following program developed in the package Maxima [22| allows to construct the region
Or. Maxima supports the calculation of both the first derivative of the gamma function and
the second derivative.

diff (gamma(x),x,1);

dgamma (x) :=float (’’%);

diff (gamma(x),x,2);

d2gamma (x) :=float (’’%) ;

A(x,sigma,a) :=float(gamma(2*sigma)/(exp(a*x)+exp(-a*x) )~ (2*sigma)*
(d2gamma (2*sigma) /gamma (2*sigma) +1log (exp (a*x)+exp (-a*x))*
(log (exp (axx)+exp (-a*x)) -2*dgamma (2+sigma) /gamma (2*sigma)))) ;

51:0.01;

52:0.99;

T1:0.01;

T2:1;
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1:01;

delta_sigma:0.001;

delta_T:0.001;

for sigma:sl step delta_sigma thru s2 do

(
for T:T1 step delta_T thru T2 do
(
a:1/(2xT),
h:0.25*%quad_qags(A(x,sigma,a)*cos(x),x,0,%pi/2) [1]+
quad_qags (A(x,sigma,a)*cos(x) ,x,%pi/2,3*%pi/2) [1],
if h >= 0 then (1l:append(l,[[sigma,T]]), l:append(l,[[1-sigma,T]]))
)
);
load(draw) ;

draw2d(file_name="h:\mygraphl", terminal=’png,
font="Arial",font_size=18,
dimensions=[1500,1500],
xlabel = "sigma", ylabel = "T",
point_type=filled_circle,
point_size=1,color=blue,
points(1));

In this program, it set the search boundaries and the grid interval by ¢ and T": o1 = 0.01,
g9 = 0.99, o € [01,05], do = 0.001 (the grid step by o), Ty =0.01, To =1, T € [T}, Ts],
0T = 0.001 (the grid step by T'), quad_qags () is a numerical integration of a general function
over a finite interval by the Epsilon algorithm in Maxima. Fig. 1 shows the constructed region
O (it painted over with color).

The computing time is about 2 hours on the processor AMD Ryzen 7 5700G. The problem
of reducing computing time can be solved well using parallel computing. To organize such an
enumeration of values, the grid layers on ¢ are divided into approximately equal subsets, and
each such subset analyzes a separate computational process, for example, within a computing
cluster.

Conclusion

The article proposes a method for constructing the region Wg; where the function L(o,a)
is convex, and it follows that in the region Wg; the function ((z) are no zeros (therefore, in
the region Op ), and presents the results of a computational experiment. Further expansion of
this region can be achieved by extracting the positive sums from the integral 1*(o,a), i. e., for
example, considering the positivity of the function

N 1 [@nt3)m/2 (2n+5)m/2
ho(o,a; N) = hy(o,a) + E - A(z;0,a)cosx dx + A(z;0,a)cosz dx |.
4
n—1 (2n+1)7/2 (2n+3)7/2

For example, for N =1 the region O is shown in Fig. 2, T, = 1.99 (similarly, it painted
over with color). Also interesting is the case when N — oc.
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Fig. 1. The region ©p for the function hi(o,a)
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-0.5 0 0.5 1 1.5
sigma

Fig. 2. The region Op for the function hg(o,a;1)
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