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B3BENIEHHBIMI MHTErPaJIbHbBIMU KPaeBbIMU yCJIOBUSIMU

Abpgenmskpum SEKPU

Bricmas mxosia MeHe2KMEHTa Tiemcena

13000, Askup, r. Tiemcen, yin. Bapka Axmen Byxannak Nmama, 01

Awnunoramus. B manHOil pabore mcciieiyercsi ClieKTpabHast 3aJa4a Jjis CUCTEMbI OOBIKHO-
BEHHBIX T PEePEHITNATBHBIX YPABHEHUI BTOPOTO MOPSIIKA ¢ KOMIIJIEKCHBIM CIIEKTPAJIbHBIM ITa-
paMeTpoOM IIPU B3BENIEHHBIX HHTEIPAJIbHBIX KPAEBbIX YCJIOBUAX, COIEPKAIIIX IIePBbIe ITPOU3BO/I-
Hble HEM3BeCTHBIX byHKuit. s 10cTaToqHO OOJBINMNX 3HAYEHUN CIIEKTPAJbLHOTO apaMerpa
MTOJTy Y€HBI AIIPUOPHBIE OIEHKU PENIEHUH CUCTEMBI U yCTAHOBJIeHa (hPEAroIbMOBA PA3PEIINMOCTD
COOTBETCTBYIOIIET0 oneparopa. llomyuentbie pe3yapTaThl 0000IIAIOT H3BECTHBIE CIEKTPAJIbHBIE
CBOICTBa M CBOMCTBA PAa3PENIUMOCTU OOBIKHOBEHHBIX AuddepeHnnaabHbIX OIepPaToOpPOB ¢ HeJIo-
KaJIbHBIMU MHTETPAJIbHBIMU YCJIOBUSIMH Ha CJIy4ail CBSI3aHHBIX CHUCTEM.
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Introduction

Ordinary differential equations with nonlocal and integral boundary conditions have at-
tracted significant attention due to their theoretical importance and applications in physics,
hydrodynamics, and diffusion processes; see, for example [1,2]. One of the fundamental problems
in this area is to determine conditions on the coefficients and nonlocal terms under which the
spectrum of the corresponding differential operator consists of isolated eigenvalues of finite
algebraic multiplicity, usually referred to as a discrete spectrum (see [3]). Early investigations
of differential operators with integral conditions and their spectral properties were carried out
by Sommerfeld [4] and Picone [5].

In recent decades, second-order differential operators with integral boundary conditions
have been studied extensively; see, for instance, [1,2,6]. We can also mention the works of
S.1. Mitrokhin on the spectral properties of even-order differential operators for systems [7].
In particular, A.L. Skubachevsky [1] obtained a priori estimates for solutions for sufficiently
large values of the spectral parameter, established the sectorial structure and discreteness of the
spectrum, and proved the Fredholm solvability of the corresponding problems. Furthermore,
K. A. Darovskaya and A.L. Skubachevsky [2] considered a second-order ordinary differential
equation with integral conditions involving the first derivative of the unknown function. For
this problem, the authors derived a priori estimates, described the spectral properties of the
associated operator, and established Fredholm solvability. Most of the aforementioned results
concern a single differential equation. However, many applied problems naturally lead to systems
of differential equations, especially when modeling coupled processes. Although the general
strategy of the analysis follows the approach developed for a single equation, the coupling
terms in the system through both first-order derivatives and zero-order interactions require
additional arguments. Since the integral boundary conditions are independent for each unknown
function, the main difficulty arises from the system itself rather than the boundary conditions.
Consequently, the derivation of a priori estimates cannot be obtained by a direct componentwise
application of the scalar results, and a separate treatment of the system is necessary.

In this paper, we study a system of second-order ordinary differential equations with a spec-
tral parameter given by

—ap(t)u"(t) + apy () (t) + anv'(t) + asi(t) (u(t) +v(t)) + N2u(t) = for(t),
te (0,1), (0.1)
—ag(t)V"(t) + apa(t)V' (t) + agu/(t) + asz(t) (u(t) + v(t)) + No(t) = foalt),

subject to the integral conditions

1
Ciu= [ o) (t)dt = fr,
0 k=12 0.2)

1
Civ = [ pra(t)V'(t)dt = fia,
0

Here, ag,a;j, i =1,2,3, j = 1,2, are real-valued functions with a¢(t) > k£ >0, t € [0,1], and
ai; € C[0,1], fo; € L*(0,1), j = 1,2, are complex-valued functions, fi1, fr2 € C, k = 1,2,
are constants, A € C is a spectral parameter; @11, @21 and @12, 9o are linearly independent
real-valued functions.

We obtain a priori estimates for solutions in appropriate Sobolev-type norms for sufficiently
large values of the spectral parameter, and we establish the Fredholm solvability of the conside-
red system. These results extend the classical theory developed for a single equation to coupled
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systems and provide a basis for further investigations of spectral properties and solvability of
systems with general integral conditions.

The paper is organized as follows. In Section 1, we introduce some preliminaries and
formulate the main result. Section 2 is devoted to the study of auxiliary problems. The proof
of the main result is presented in Section 3.

1 Preliminaries and main result

We begin by introducing some sets, spaces, and operators that will be required in the
formulation of the main results.
To specify the assumptions imposed on ay and on the functions g1, g2, We introduce
some notation.
Let C%[a,b] denote the Hélder space consisting of all continuous functions w (t), t € [a, bl
for which
|W(t1)—IU(t2)| §C|t1—t2|a, t1,t9 € [a,b],

with ¢ > 0 and a € (0,1] independent of ¢; and t;. By WL (a,b) we mean the space of
absolutely continuous functions w (t), ¢ € [a,b], whose w’ belongs to L>(a,b). For 0 < 8 < 3,
define

C500,1] = {we L*0,1) :w e C*0, 8], w e C*[1 — 5,1]},
Wi 5(0,1) = {weC0,1]:weW,(0,3), we W(1-75,1)}.

Here, it should be noted that the restriction of a function to any subinterval is denoted by the
same symbol as the original function. We assume that ag € WC}OVB(O, 1) and @1, wr2 € C5[0,1],
a € (%, 1] . Let WF(0,1), where k € Z, k > 0, denote the Sobolev space of functions in
L?(0,1) whose generalized derivatives up to order k also belong to L?(0,1). In particular, we
set W2(0,1) :== W2(0,1). The space W/[0,1] := L?(0,1) x C x C is a product space introduced
for convenience in the formulation of the problem. In the Sobolev space W?2(0,1) and in the
space W0, 1], we introduce the following equivalent norms depending on a parameter:

1
2 4 2 2
|mew2(0,1) = (HwHWQ(O,I)—i_‘)‘l ”wHL2(0,1)> ’

2
el = (Meoalagon + NP (ol + [haif))

[

where h; = (h()l, hu, ]’L21> ) |)\‘ > 1. Define by = WQ(O, 1) X WQ(O, 1), Ey, = W[O, 1] X W[O, 1],

and equip these spaces with the product norms

(w0, = ulllwzo) + Holllwz

G P, = Wl + 1 f2lllwio, -

On Ej, consider the bounded linear operator
T()\) By — Es
defined by

T (u,0) = (L (,0) + M, Clu, Chu), (L (u,v) + Mo, Cv, C2v))
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Ly (u,v) = —ag(t)u"(t) + ar ())u'(t) + agiv' (t) + as1(t) (u(t) + v(t)),
Ly (u,v) = —ap(t)v"(t) + aro(t)V'(t) + ageu/(t) + aza(t) (u(t) +v(t)).
We next define the unbounded operator
Lc:D(L,) C L*(0,1) x L*(0,1) — L*(0,1) x L*(0,1)

with
D(Ly) = {(u,v) € By : Cou=Chv =0, k=1,2},

by Lc (u,v) = (L1 (u,v), L (u,v)).
Further, define the set w., and 4§}, 07 as follows:

Y

5l ' ©11(0) @11 (1) 52 = ‘ ©12(0)  12(1)
7 ©21(0) par(1) | ©22(0)  paa(1)

Weg={A€C:largA <ec or |Jargh —7| <e}nN{AeC: |\ >q},

where € € (0,3) and ¢ > 1.

Theorem 1.1. Let 0, # 0 and 63 # 0. Then, for any € € (0,%), thereis ¢ > 1 such that
for A € w., every (u,v) € Ey satisfies the inequality

1
[ (w, )l g, < CIAE I TA) (w, )] g, » (1.1)
where C' > 0 does not depend on \,u and v.

It follows from this theorem that the following result holds.

Corollary 1.1. Let 6, #0 and 63 # 0. Then
(a) The operators

T(\): Ey — Ey and Lc:D(L,) C L*0,1) x L*(0,1) — L*(0,1) x L*(0,1)

have the Fredholm property, and ind T'(\) =ind Lo =0 for all X € C.
(b) The spectrum o(L¢) is discrete.
(¢c) For p ¢ o(Le), the resolvent

R(u, Lo) = (ul — L)™' L*(0,1) x L*(0,1) — L*(0,1) x L*(0,1)

18 a compact operator.
(d) For any 0 < 0 < m, all points of the spectrum o(L¢), except possibly finitely many of
them, belong to the angle |argp| < d of the complex plane.
Proof 1. Consider problem (0.1), (0.2) for (fi, fa)=((for, fi1, for) , (fo2, fia, f2))=(0,0)
and A € w.,. Then inequality (1.1) yields (u,v) = (0,0). Hence, the eigenvalues of L do

not belong to the set
Qs ={n€C:largul >0, |ul=r},

where 6 = 7 — 2¢ and r = ¢°.
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Clearly, if ;= —)? is not an eigenvalue of L¢, the nonhomogeneous problem (0.1), (0.2)
admits a unique solution for every (fi, f2) € E;. Combining this observation with inequality
(1.1), we conclude that the operator

T()\) : E1 — E2

possesses a bounded inverse
T\ : By = B

for A € w.,. Consequently, the operator
pl — Lo :D(L,) C L*(0,1) x L*(0,1) — L*(0,1) x L*(0,1)

has a bounded inverse
(ul — Lo)™: L2(0,1) x L*(0,1) — E;

for u € Qs,, where I is the identity operator in Ej. Since the embedding W?2(0,1) < L?(0,1)
is compact, it follows from the theorem about a compact resolvent (see [3, Chap. 3, Sec. 6])
that the spectrum o(L¢) is discrete. Note that

o(Le) C{peC:largu| <6} U{peC:|uf <r}.
2. Let \gp € w4 For any X\ € C, the operator T'(\) can be represented as
TA) = [T+ (T(A) = T(X)T~ ()] T (o) (1.2)
where [ is the identity operator in Es. Obviously,
(T(N) =T (X)) (u,v) = ((A = A, 0,0) , (A* = AF)v, 0,0)) .
Due to the compact embedding of W?(0,1) into L?(0,1), the operator
(TA) = T(X))T ™ (No) : Es — Ey
is compact. Therefore, relation (1.2), together with [8, Theorem 12.2|, implies that
T\ : By — Es

is a Fredholm operator and ind T'(\) = 0.
Similarly, one can also verify that the operator

Lc:D(L,) C L*(0,1) x L*(0,1) — L*(0,1) x L*(0,1)

is of Fredholm type and ind Lo = 0. m

2 Solvability of the Model Problems

To establish Theorem 1.1, we begin by examining two auxiliary problems.
Problem I
Lou + Nu = —pu”(t) + Nu(t) = foi(t), t€(0,1), (2.1)

1

©r1(0) /u’(t)dt + ¢r1(1) /u’(t)dt = fu, k=12, (2.2)

0

N|=

N|=

where p > 0 is a constant, fo; € L*(0,1) and fi; € C.
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Lemma 2.1. Let 0, # 0. Then, for every € € (0,5), there exists qoy > 1 such that for

each \ € w. 4, every solution of problem (2.1), (2.2) u € W?(0,1) satisfies

’HU|HW2(0,1) < Ky H‘flmvv[o,l} ) (2.3)
where f1 = (fo1, f11, f21) and K; > 0 is independent of A and wu.
Proof. 1. The problem (2.1), (2.2) may be rewritten equivalently as
Lou + Nu = —pu”(t) + Nu(t) = fou(t), te€(0,1), (2.4)
1 1
@m«D{u(i)——u@ﬂ +g%ﬂ1)Lm1y—u(§>]:gmh k=12 (2.5)
From conditions (2.5), we obtain the following system of linear algebraic equations for u(0)
and u(1):
—11(0)u(0) + e (Du(l) = fir — (¢11(0) — @11 (1)) u(
—©21(0)u(0) + 21 (Du(l) = far — (¢21(0) — a1 (1)) u(
whose determinant is

1
2
1 (2.6)
2

—o11(0) ¢11(1)
—p21(0)  @a(1)

Therefore, system (2.6) has a unique solution. Using Cramer’s rule, one can express u(0)
and (1) in terms of ¢41(0), @ri(1), fu, k=1,2, and u(3), and obtains

1=

= =6, #0.

u(0) = f21¢11(1)(; f1121(1) Fu(d), w(1) = f21¢11(0)(; f11921(0) ol

).

D=

Thus, the nonlocal boundary conditions (2.5) may be rewritten as
w(0) —u(l) = fi ;
©) (? I (2.7)
u(l) —u(3) = fa,

where
r Jar011(Tk) — fr1p21(7k)
©
2. Define the operator Tp;(A) : W2(0,1) — W/[0,1] by

Tor(Nu = ((Lo + AQI)u, C’?lu, C’glu),

]{3:1,2, 7'1:17 7'2:0.

where
CMu = u(0) —u (%) , CPlu=u(l)—u (%) :
Thus, problem (2.4), (2.7) becomes a multi-point boundary value problem. Using Lem-
ma 1.1.1 and Theorem 1.1.1 of 1], we conclude that if 5; # 0, then for every ¢ € (O, g) there
exists go1 = qo1(¢) > 1 such that for A € w.,, the operator Tj;(\) possesses a bounded
inverse

Tyt () - W0,1] — W2(0,1),
and every u € W?2(0,1) satisfies

Hulllw2o1y < K1 [ Tor(Nulllywio - (2.8)

where K; > 0 does not depend on A and wu.
Since problem (2.4), (2.7) is equivalent to problem (2.1), (2.2), the estimate (2.8) implies
(2.3). This completes the proof. O
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Problem II
Lov + Nv = —pu"(t) + N(t) = foo(t), t€(0,1), (2.9)
3 1
<pk2(0)/v/(t)dt—i—gakg(l)/v'(t)dt = fr2, k=12, (2.10)

0

(ST

where p > 0 is a constant, foo € L?(0,1) and fiy € C.
Similar to the proof of Lemma 2.1, the following lemma holds.

Lemma 2.2. Let 02 # 0. Then, for every € € (0,5), there exists qo > 1 such that for

each \ € w. 4, every solution of problem (2.9), (2.10) v € W*(0,1) satisfies

o201y < Kol f2lllwio. »

where fa = (fo2, fi2, fo2) and Ky > 0 is independent of N\ and v.

3 Proof of Theorem 1.1

1. To begin with, we apply a standard straightening procedure to equations (0.1) in order to
ensure that, in sufficiently small neighborhoods of the endpoints 0 and 1, the coefficient in front
of the second derivative becomes constant. For this purpose, we introduce a new variable 7 by

t

_l/d_t'
TTd) by
0

where
1 gt ao(t’) for ¢ € [0, 5] U[1 — B, 1],
d=/ ;W) =9 a1-v - - 1—
b(t/) ( B) a0(5)+< 5) a’O( 5) fOI' t/€(671_ﬁ)
0 1—283
In view of the assumptions imposed on ag, namely ag € W, 5(0,1) and ag(t) > k > 0, we
have
0<h<—<ki Lew 1)
() B S

Therefore, the function 7 = 7(¢) maps the interval [0, 1] onto itself, and

d 1 d
T~ Spkis0, ZLewl

dt — db(t) g € Weos(01):

With this change of variables, problem (0.1), (0.2) takes the form

—ao(T)W'(7) + @y (7)W (1) 4 G (7)V (1) + 31 (7) (@(7) + (7)) + ANu(r) = fo,(7),

B B B B _ B _ B _ _ 7€ (0,1),
—ao(T)0"(7) + @ra2(7)0'(T) + G2 (7)W (T) + @a2(7) (W(7) +0(7)) + NT(1) = foo(7),
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where
u(r) =u(t(r)), v(r)=v(t(r)), fo;(7)=fo;(t(7)), =12,
a0(7—) dzzgiiz])_;) € Wolo,ﬁo (07 1)7
_ a;(¢(1)) | ao(t(@)V' (7)) _ o
W =) T ewam) <O
621 (T) = (Z;g((;((:)))) € LOO<07 1)7
as; (1) = as;(t(r)) € C|0, 1],
Pra <T> - (pkl(t(T)) S Ogg [07 1]7
Pra(T) = r2(t(7)) € CZ [0, 1],
and
B 1-3
By = min {d*l /bl(t’)dt’, 1—d! / b*l(t’)dt’}.
Moreover, 0 0
() = %, e [0,8] UL = Bo, 1].

It is important to note that inequality (1.1) is invariant under the substitution 7 = 7(¢).
Furthermore, if 0}, # 0 and ¢ # 0, then

5= 2 2| = 2o i |- 70
s=| 2 2 |- |20 2|

Therefore, without loss of generality, we may assume that ag € Wgoﬁ((), 1), a;; € L=(0,1),
i= 1,23, j = 1,2, vr,oie € C5[0,1], k= 1,2, ap(t) > k > 0, ao(t) = ao(0) for
te|0,slUl—p,1], (5}07&0 and 53,7&0.

2. As the initial step in proving inequality (1.1), we establish an a priori estimate for solutions
of problem (0.1), (0.2) on the closed interval [$,1— 3], where § = d(\) > 0. Let £ € C*(R)
be a truncating function such that

0<e@) <1, &(t)=1 for |t]<i, €)= 0 for |t\>%.

For each A € w,4,, define the function

0 -<() +<(5).

where ¢, = max {qo1,qo2, 32}, 0 = P\I’;“” and 61a_f3 <y < 1—12 Observe that the condition

1 . . . .
5 < a <1 implies the inequality

11— 1
bats < 12°
It is straightforward to verify that
[PV < k0, teR, j=1.2, (3.1)

_1
with a constant k; > 0 independent of ¢ and 4. Since || > ¢;, we have 0 < ¢, * < .
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Taking into account that the functions ay and a;;, ¢ =1,2,3, j=1,2, are bounded, and
using inequality (3.1) together with the Leibnitz formula, as well as the a priori estimates for
solutions of “local” boundary value problems with a parameter [9], we conclude that for any
€ > 0 there exists ¢ > ¢ such that for all A € w.,, every solution (u,v) € E; of problem
(0.1), (0.2) satisfies

(1 — ¢)UH|W2(0,1) +[[1(1 - ¢)U|HW2(0,1)

< ks <||L1 (1= @)u,v) = (anv’ + azv) + N (1= O)u 1)

+ || L2 (u, (1 = ¢)v) — (agou’ + aspu) + A*(1 — ¢)UHL2(0,1)>

< ks <||L1 (u,v) = (anv’ + azv) + )\2U||L2(0,1) + ’/\|%+47 Hu”LQ(O,l)

+ |)‘|%+27 (||U||L2(0,1) + ||u/||L2(0,1)> + HL2 (u,v) — (axgu’ + azu) + )‘ZUHL2(0,1)
I ol oy + M (10l 2oy + 120y ))

< k4 (||L1 u,v) + )\2UHL2(0’1) + W%HV HUHL2(0,1) + W%HW HUHW1(0,1) + Hval(O,l)
oy + AT 0l sy + Y [0l + el
< ky (”Ll u,v) + /\2UHL2(071) + |)‘|%+4V ||u||L2(0,1) + |/\|%+27 ||U||W1(0,1)

(
+ ||L2 (u,v) + )\QUHL2(
(

) B foll oy + A [0l ) -

+ ||L2 (u,v) + )\QUHLQ(OJ)

Here and further k»,...,%k; > 0 do not depend on A and u.
Using interpolation inequality (see [9]), which states that for any w € Wx(a,b) and A € C

k—s k
A I hgias < € (10 lhugian + N el ) - (3.2)

where k,s € N, 0 <s <k, and ¢ > 0 is independent of w and A\, we get

(1 - ¢)U|HW2(0,1) + /11 - (b)U‘HWQ(O,I)
< ks (HL1 (t,0) + Nul| oy + [ L2 (w,0) + A0

0,1)
_249 214 42
+ 5 (el + oo ) + (INE7+ INE27) (el gy + 190220 ))
_249 2
< kg <HL1 (u,v) + )\QUHLQ(OJ) +[AE <||u||W2(O,1) + (Al ||U||L2(0,1)>

_2
{12 (1, 0) + 220 gy + M52 (oo + WP 10l ) ) -

071)

Consequently, one deduces

111 = @) (w,v)lllg, < k7 (s £ g, + I )5, ) - (3.3)

where a:§—2fy>0.

3. We now turn to deriving an a priori estimate for solutions of problem (0.1), (0.2) in
neighborhoods of the endpoints of the interval (0,1). To this end, we introduce the operators
Ly and Lj; via the formulas Lou = —ag(0)u”(t) and Lyju = —ao(t)u”(t), ¢t € (0,1). Setting
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p=ap(0) in (2.1), Lemma 2.1 yields

’H(bUmW?(o,l)
1

<61 ([(La + XD00) g,y WES [0(0) (@00 e+ pua(1) [(00010) ]). (3.0

o\
N

[NIES

Proceeding in the same manner as in Part 2 of the proof, we arrive at
H (LO + )‘2]> (¢u) HL2(0,1)
<y (1120 () + X2 gy + 718 )L, + 1 = Lo)(@0) ) - (35)

It follows from the definition of the function ¢(¢) and the inequality § <  that supp ¢ C
[0, 5] U[1 — §,1]. Then, since ay(t) = ao(0) for t € [0, 5] U[1 — B, 1], we have

[(L11 = Lo) (o) 1201y = 0.

Further, we obtain

3 1
3 / !
A u0) [ @) dt +ult) [ (o)
0 :
3 1
< I [oua(0) [ 60 @t + 1) [ o0 @]+ kA
0 !
1
3 , _1 3
< | [ O 0)at] + ko AT NP full oy + W (1Bl + Vel + [l (36
0
Where

1

T = [ u®) 60 - Ve,

e = [ (pl0) = ou@) 6O @t Lo = [ (1) = on(t) 600 (0)dr

[V

Combining (3.4)—(3.6), we obtain

’H¢UH|W2(0,1)
2
—0 ) 3
< ko (1Al wog M7 Gt )1, + I8 ooy M D (il + il + i) ).
k=1

Let us estimate the integrals I;, j=1,2,3.
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To estimate [; we introduce a new truncating function & € C*°(R) such that
1 1
0<&(t) <1, &(t)=1 for |t| < 3’ &(t) =0 for |t > 1
For each A € w,4,, consider the function

an=a(3)+a(=7).

Observe analogously to (3.1) that

qsgj)(t)‘ <knol, teR, j=1,2 (3.7)

Taking into account the inequalities (3.2) and (3.7), the Leibnitz formula, and the a priori
estimates for solutions of “local” boundary value problems with a parameter, and proceeding
as in Part 2 of the proof, we find that

ALE (D] < Faz I e 1g) < o A2 (1= @0) ) [ 2o

< ki IMF NI = 01) wlhg oy < Fas 12 (1101 = 61) wllyagoy + AP 1= 61) ull o)
< kA (|23 (1 = @) v) = (a0 + agav) + N1 = d)ull g

< k15 A2 (Al + M7 G, 0) s, ) -

Since (supp ¢) N [0,3] C (0,2), ¢u € C*[0,6], and using (3.2), we get

=9

1
o 2
22t 1ol o

o
Wl

3 1
3 3 2 3
el < ([ 10000 = o @) dt) 1oy < s 4
0

3 oniiy L 3_(1 lig

< k17|/\|2 (62 +1)2 HUIHLQ(O,I) < k17|)\’2 <3+2’Y)(2+ ) ||u||W21(0,1
1_(1 1.,

< ks ARG (lull ) + NP )

S le ’)\‘%—(%4—27)(%4-(1) H

)

‘UH|W2(0,1)'

Similarly,

3 1 (142} (i+a
M Tas] < ao A2 GG a0 -

Combining the preceding estimates, we conclude that
1
A2 (il + oo + i)
1 1_, 1_(14y9\(1iqn
< koo (I LAl oy + 1A G 0) L, + X2 G5 Yl )
Consequently,
<k Aot A2
|||¢u|||w2(0,1) > hat |||f1|||W[0,1}+| | |||U|||W2(0,1)+| | |||f1|||w[0,1]
1, 1 (1499)(14a
A, o), + 1A GG )
1 _1l.9
< haz (M2 I Aulllwgong + 5% el

+ A o), + NG [l ) - (38)
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Now, setting p = ao(0) in (2.9). Then, from Lemma 2.2 and similarly to the proof of (3.8),
one has

1

1 —149
W(b’UH'W?(O,l) < ka3 (’)"2 H‘fQH‘W[U,l] + |A| Al |HU‘HW2(O,1)

1_, 1_(1 1.,
A )l g, + MGG ol g ) (3.9)
It follows from (3.8) and (3.9) that

116 (s ), < Kan (NI )l + AT 1 0) s,
A, o), + 1A G [ w) |, )

Note that 1 — o = —% +2y. Then, for [||¢ (u,v)|||5, we have the following estimate

2
16 )i, < ks (INE A ), + ¥ )], (3.10)
where
{525+ (5+2)(G+)}
= m —_— _— — —_ .
X m 6 s 9 3 v ) «
The condition
11—« ey e 1
6a+3 " 12

implies that x > 0.
From (3.3) and (3.10), we get

a0l < Ras (I ICE Sl + A ), ) (3.11)

Therefore, we derive inequality (1.1) from (3.11) by choosing ¢ > g» so that ksygq ™ < 1. The
proof is complete.
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