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quasi-gradient schemes constructed using randomized finite-difference estimators are considered.
In particular, we study batch two-point schemes that provide unbiased approximations of the
gradient of a smoothed objective function. Variance bounds are established for these estimators,
which enable a rigorous convergence analysis of projected stochastic descent methods.
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for stochastic finite-difference methods in the quasiconvex setting. It is shown that the expected
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CroxacTnyecKne KOHeYHO-PA3HOCTHbBIE CXE€MBbI
nada HeandepeHIupyeMoii KBA3UBBINTYKJI0 ONTUMU3AIAN:
CKOPOCTb CXOJAMMOCTH

Paduk Aracuesna XAYATPAH

EpeBaHCKI/Iﬁ FOcyﬂapCTBeHHI)IfI yHuUBEpCUTET

0025, Apmenus, r. Epesan, yi. Ajgek Manyksa, 1

Awunoramusa. B jpanHoit pabore MCCIEMYIOTCS METOIbI CTOXACTHIECKOTO MPUOJINYKEHNS Ha
OCHOBE KOHEYHBIX PA3HOCTEH JjIs 38719 MUHUMU3AIINA KBA3UBBITYK/IbIX GyHKIui. Tpaguim-
OHHBIE TIOJXOAbI K 3a/Ia7aM BBIITYKJION ONTUMHU3AIINN B OCHOBHOM OITMPAIOTCS Ha MCIIOJIb30BaHIE
TOYHBIX WJIU CTOXacTHIecKnx cyorpaamenToB. OJHAKO BO MHOIUX HTPAKTHYECKUX CHUTYAIIASIX
JIOCTYITHA TOJIKO 3alllyMJIeHHAs MHMOPMAIUS O 3HAYCHUSX (DYHKIUU. B TakKuxX Caydasx pac-
CMaTPHUBAIOTCA CTOXaCTUUECKHe KBAa3UT'Da/IMEHTHBIE CXeMBbI, TIOCTPOEHHbIE Ha OCHOBE PaHIOMU-
3UPOBAHHBIX KOHETHO-PA3HOCTHBLIX OMEHOK. B 9acTHOCTH, M3yYaroTCs MAKeTHBIE JIBYXTOYETHDHIC
CXeMbI, KOTOPbIE AT HEeCMeIeHHbIe ITPUOJINKEeHNs T'pajueHTa CrUIayKeHHON IeseBoil (pyHK-
nmu. 1 TaHHBIX CXeM YCTAHABIUBAIOTCS ONEHKHU JUCIIEPCHH, UTO TIO3BOJISIET TPOBECTH aAHAJINS
CXOJIMIMOCTH TTPOEKTUBHBIX CTOXaCTUIECKNX METOJOB CITyCKa.

B pabore paccmarpuBaercsd 3ajada munuMusanuu dbyskmuil Buga f(x) = maxer fi(x),
rie kaxpas byaxmus f;(x), ¢ € I, aBjgercs KBa3UBBILYKJIOH U UMEET JIUIIIUIEB IPAJUEHT
Ha BbIIIyKﬂOI\/I KOMIIAKTHOM MHO>KECTBE. OCHOBHBIM peSyﬂbTaTOM pa6OTbI ABJIAETCA HO.HyLIeHI/Ie
OIIEHOK CKOPOCTH CXOAMMOCTH CTOXaCTHYECKHX KOHCYHO-PA3HOCTHBIX METOJOB B CJIydae KBA3H-

BBINTYKJIBIX dyukiuil. [lokazano, uro oxumgaemasi cyOOITHMATIBLHOCTD YOBIBAET CO CKOPOCTBHIO

O ﬁ . Tlosyuenubie pe3ysibTaThl CYMIECTBEHHO PACIINPHAIOT 00/IACTb MPUMEHEHUs] CTOXACTH-
YeCKIX KOHEYHO-PA3HOCTHBIX METOJIOB K HEIVIa/IKUM 33/1a9aM KBa3UBBITYKJION ONTHMUIAINT 1
00ecIIeInBaIOT CTPOroe TeOPEeTUIecKoe 0DOCHOBAHUE AJTOPUTMA B YCJIOBUSIX «UE€PHOIO SAIIHKA,

Korta JOCTYIIHBI TOJIBKO 3alllyMJICHHbIC OII€HKU (byHKL[I/II/I

Kirouesrnle ciioBa: OlITUMU3aIllsA, KBa3UBBIITYKJ/Iasd (byHKLLI/IH, Cy6FpaﬂI/I€HT, KOHEYHO-Pa3HOCT-
Had CXeMa, CKOPOCTb CXOJUMOCTH
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Introduction. Finite-difference stochastic approximation

The study of quasiconvex functions has been an active area of research in mathematical
optimization for several decades [1-3]. A substantial body of work is devoted to the analysis
and solution of quasiconvex optimization problems. In particular, [4] was the first to propose
an iterative method, the Normalized Gradient Descent (NGD) method, and to establish that
it attains an e-approximate solution within a finite number of iterations for differentiable
quasiconvex functions. Building on this, a modification of the NGD algorithm was introduced in
[5], referred to as the Approzimation Adaptive Normalized Gradient Descent (AANGD) method.
In this approach, the normalized gradient is approximated, and descent is performed along the
resulting direction. Notably, the same convergence rate estimate is achieved, showing that
effective minimization can be carried out even without exact gradient information.

In large-scale optimization problems, exact gradients or subgradients are often unavailable
or expensive to compute. In such settings, stochastic gradients are frequently employed and
have been widely used for solving both convex and nonconvex optimization problems [6-8].
However, constructing reliable stochastic gradient estimators is itself a nontrivial task. As a
practical alternative, gradients are often approximated using finite-difference schemes, which
enable efficient derivative-free optimization while retaining favorable convergence properties.
Finite-difference methods for the minimization of nonsmooth Lipschitz functions were initi-
ally proposed by A. M. Gupal in [9] and subsequently developed in [10]. Subsequently, finite-
difference stochastic schemes witch batches are employed in [11,12] for the minimization convex
functions.

The following notation is used throughout the paper:

e (z,y) denotes the scalar product of vectors z,y € R";

E[¢] denotes the mathematical expectation (expected value) of a random variable &;

E[¢ | ] denotes the conditional expectation of £ given x;

[Ty (a) denotes the projection of a vector a onto a closed convex set M ;
f'(x) denotes the gradient of f at the point x;

Bs(x) denotes the closed ball of radius § centered at the point z.

Consider the general optimization problem:
f(x) - min, x € M. (0.1)

When the function f is smooth and the set M is convex, the well-known projected gradient
method is commonly used to solve this problem. In the non-smooth case, namely for locally
Lipschitz functions, an efficient mechanism for solving this problem was developed in [10]. The
justification of numerical minimization methods for locally Lipschitz functions is carried out as
follows.

The sequence {z*} is generated by the following recurrence relation:

2* =TI, (2% — prg®), (0.2)
where the vector ¢ is chosen according to one of the following finite-difference stochastic
approximations:

1 n
k k ~k k ~k ~k k ~k
9" = Hy(2", o) = QT«,CZ (f(xl,...,xi +ag, ..., 2) — f(Z],..., 2 —ak,...,xn)>ei,

=1
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p Ha(a*, g, Ay) = Zf z +Akzez f(z")

€;.
Here, 7% = (2%,...,2F), where the components ¥ are independent random variables uniformly
distributed on the segment [z —ay, x¥+ai], ax > 0. The vector g* defined by these formulas
is called a stochastic quasi-gradient of the function f.

Using these schemes, it is shown that the limit points of the generated sequence are statio-
nary points of the function with probability one (see [10, Ch. 2, §4, Theorem 4.1]).

In recent years, the following finite-difference stochastic scheme for gradient or subgradient
approximation has been widely used for convex functions:

flz+ au) — f(z — au)

Hi(z,a,u) =n 50 u, (0.3)

where v is a random vector uniformly distributed on the n-dimensional sphere or drawn from
a standard Gaussian. This is referred to as the two-point randomized finite-difference scheme
(see [11,12]). By employing the aforementioned two-point finite-difference scheme, the work [11]
investigate the sequence {r*} generated by formula (0.3) for a convex function f and provide
quantitative estimates of its convergence rate.

Now consider the problem (0.1) in the case where the objective function f is quasiconvex
and the set is convex and compact. For solving this problem, stochastic finite-difference batch
schemes are applied, and it is proved that the generated sequence converges to a global mini-
mizer of the problem with probability one. The rate of convergence is also estimated. Let us
introduce the necessary definitions.

Definition 0.1 (see[l]). A function f(z) is called quasiconvex on a convex set M
if for all z,y € M and X € [0,1] we have f(Az+ (1 —N)y) < max{f(x), f(y)}.

Note that this definition is equivalent to requiring that the level sets of the function f be
convex; that is, for every A € R, the set Ay = {z € M : f(z) < A} is convex.

Definition 0.2 (see [1]). A function f is said to be strongly quasiconvex on the
convex set M if there exists p > 0 such that for all z,y € M and all A € [0, 1], we have

FOz + (1= Ny) < max{f(z), f(y)} — pA(1 = N)|lz —yl|*.

In the sequel, we will make the following assumptions:

i) f is quasiconvex and Ly -Lipschitz continuous on the set
M + B1(0) = {x € R" : dist(z, M) < 1},

where M C R" is a convex compact set;

ii) We have access only to noisy evaluations of the function f(z) = f(z) + &, where
E[¢ | 2] =0 and E[¢? | ] < 0% The noise is independent across oracle calls;

ili) 2* € argmingep f().

We now describe batch finite-difference schemes for minimizing the function f over the
convex compact set M [11]. At iteration k:
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a) Let ugq,...,ugm, beindependent random vectors uniformly drawn from the unit sphere
in R"™. Here, m; denotes the batch size at iteration k.
b) For each i =1,2,...,my, we compute an estimate of the subgradient of f using wuy;:
n 1 &
ok 3 k
;= — | f(2" + aru zF — agu )u i = — ;. 0.4
9hi = 5o (f( ki) = f( kUki) |Ukis g o ;gm (0.4)
c¢) We generate a sequence {z*} using the following recursive relation:
2 = Ty (aF — ang®).

The function f(z,«) is defined as follows:

1
z,a) =E, p, T+ az :—/ T+ az)dz.
f( ) B1(0) [f( )] VOl(Bl(())) <1 f( )

The following results hold (see |7, Lemma 2.8, p. 31]):

1)
|f(z,0) = f(x)] < aly Vze M. (0.5)

2) The function f(z,«) is differentiable and

fe )= 5

That is, Hs(x,«) represents the stochastic gradient of f(z, ).
3) If the gradient of the function f satisfies the Lipschitz condition with constant L', then

1 (@) = f'(z, a)|| < oL (0.6)

Eywgn1 | (f(z 4+ au) — f(x — auw))ul|, || f'(z,a)]| <nL; Vze M.

In the sequel, it will be necessary to establish an upper bound for the following quantity:
E[llg"]?].

Since E[¢] =0, we have E[gy, | 2¥] = f/'(z*, ar), Elg* | 2*] = f/(z*, ap).

We estimate the second moment:

n

n _
Oki = Sk + Nkir, Ski= — (f(x'“ + apug;) — fzb — akuk,i))uk,i, ngi = — (& — &)Uk,
20y, 20y, ’ ’

where B[gt) =0, B[(&5)?] < o*
Since f is Lipschitz, we have |f(z* + agur;) — f(2* — apup ;)| < 2axLy, thus |[si]| < nly,

n? _ no?
E[anz”2] = QE[KL _fk,i|2] < 20% . Hence,
n2g?
E[|lgr.ill*] < 2E[||suill*] + 2E([[|ngs]|*] < 2nL7 +
k
As a result, we obtain
1
E[llg* | 2(ZE||g,“n + > El(gri 060))
mk
i#j
1
= — (muElll gl + melme = DI (00|
3
1 n’o? 1 n’o?
< || f(F 2 _(2 272 )< 272 _(2 272 )
<P Gl + o (2000 + ) <t o (20t +
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Thus, we have obtained the following estimate, which will play a key role in deriving the

convergence rate:
2 .2

1 n°o
E[||g"||2] < n2L2 + —<2n2L2 + ) 0.7
17 < e+ (o + 7 07)
The batch schemes are important: they reduce stochastic noise, ensure stable and balanced

convergence, and allow efficient use of computational resources.

In the present paper, we apply this scheme to the class of quasiconvex functions of the form
f(z) = maxy<;<, fi(x), where each function f; is quasiconvex and has a Lipschitz-continuous
gradient. For this class of problems, we derive convergence rate estimates for the proposed
stochastic finite-difference method. Specifically, using this scheme for quasiconvex functions,
we study the convergence of the sequence {2*} and obtain convergence rate estimates when
the feasible set M is convex and compact. In this case, the convergence rate is of order O (\/LE) .
Here, we choose the batch size on the order of k.

The paper also discusses the convergence of finite-difference stochastic schemes without
noise, where the step sizes are chosen according to Polyak’s method. In this case, the sequence
{zx} converges to a solution of problem (0.1) at a rate of order O(\/LE) Moreover, in the

convex case, the sequence constructed using Numinskii’s method converges with probability
one to the set of minimizers.

1 The necessary information about quasiconvex functions

Let M C R™ be a convex compact subset. We denote by f* the optimal value of the
objective function in problem (0.1), and by M* the set of all « € M at which this value is
attained:

M* = {a€ M f(z)=[*=minf(u)}.

Let us note that a quasiconvex continuous function defined on convex sets may have local
minima that are not global. For example:

1, if z € [0,1],
fz) = .
2—z, ifzxell?2).
The function is quasiconvex, and z = 1 is a local minimum point that is not global, since the
global minimum is attained at x = 2.
However, for strongly quasiconvex functions, the following statement is known.

Proposition 1.1 (see[l]). Any strongly quasiconvex continuous function defined on
a closed convex set possesses a unique minimum point, which is necessarily global.

We emphasize that in this paper, problem (0.1) concerns the task of identifying a global
minimum of a quasiconvex, Lipschitz function f over a convex compact set M.
For arbitrary x,y € M and g(x) € 9f(x) with g(x) # 0, we introduce the auxiliary

quantity @)
_ (9
) = (g = =)

Here Of(z) denotes the Clarke subdifferential of the quasiconvex function f at x, defined as

Of(z) ={veR": f°(x,h) > (v,h) Yh € R"},
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where
Pk = lim sup LUFM ZIW)

A—=0,y—z A

It is known (see [13]) that if f is locally Lipschitz, then x +— 0f(x) is upper semicontinuous
with convex and compact values.

Proposition 1.2. Let f be quasiconvex, locally Lipschitz on a convexr set M, and
reqular, 1. e., it admits an ordinary directional derivative in every direction v :

fl(@,v) = f(z,0).
If fy) < f(=), then for every g(x) € 0f (x),
(9(x), y —x) <0.
P r 0o f. By definition of quasiconvexity,
flay+ (1 —a)z) < max{f(y), f(z)}.
Since f(y) < f(z),
fla+aly—=)) — f(z)

«

<0.

Due to local Lipschitz continuity, we have

flx+aly —x) — f(z)

o _ — : < .
foey —x) = lim - <0
Hence
(z,y—x) = max (g, y —x) <0,
fi(w,y = 2) = max (g, y - )
i. e,
(9(2), y —2) <0, Vg(r) € df(x).
Examples of regular functions include
f(z) = max fi(x),
where the gradient f] of each function f; is locally Lipschitz continuous on M. n

Corollary 1.1. Let f be a locally Lipschitz, reqular, and quasiconvex function on the set
D =M + B,(0), r = max{1l, diam(M)},

Then for any x € M and any g(x) € Of(x) with g(x) # 0, the following holds: inequality
holds:

ey < L@ =)
fla) = f(a*) < L, (11)

where Lg 1s the Lipschitz constant of f on the set D .
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P r o of Define
A= f(z) = f(z"),
and
A g(x)

2=+ — .
La|lg(x)]l

Since f is L4-Lipschitz continuous on D, we have
f(z) < f(@%) + Lallz — 27|,
By the definition of z,

Iz = 2" = =,

A
L

hence
f(z) < f@) + A= f(z)
Because f is quasiconvex and regular, by Proposition 1.2 it follows from
f(z) < f(x)

that
(9(z),z —z) <0.

Substituting the expression for z, we obtain

(g(), 2" —x) + —

>
T
=
&
=
=
~_—
A
(@)

La lg(@)]l
Since o
g\r . .
we get R
{9(x), 2" —2) + L—ng(w>H < 0.
Equivalently,

. A
—{g(@),x —27) + —llg(@)l| <0,
d
which implies
. A
(9(), 2 —a%) = —g(@)l
d
Therefore,

~ o) — fa) < L, 9@ T =)
A= f@) = fa") < Lo

This completes the proof. ]
Remark 1.1. From (1.1), if for some x € M,

(9(x), v —27) <0, g(z) € df(x), g(z)#0,

then z is a minimizer.
Even if 0 € 0f(z), = may fail to be a minimizer, e. g., f(z) = 2® on [-1,1] has
f'(0) =0, but the minimizer is z* = —1. Also, quasiconvex continuous functions may fail

to have directional derivatives at some points, e. g., f(z) = +/|z| at z =0.
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Now consider the optimization problem (0.1), where

F(x) = max fi(x).

1<i<r

If each f; is continuously differentiable and quasiconvex, then f is quasiconvex and regular.
The finite-difference scheme is

SR HM<xk _ pkgk%

with

1 n (= .
g = - ; Gkjis Gk S (fch (2" + agug,) — fi (@ akuk,z)>uk,l,

where j, € I(a*) = {i: fi(a) = f(z)}.

2 Convergences rate for quasiconvex functions

Theorem 2.1. Suppose that M is a convexr and compact set, and the quasiconvez functions
fi, 1=1,2,...,r defined on M + B,.(0) satisfy the following conditions:

i) The functions f;, © = 1,2,....r and their gradients satisfy the Lipschitz condition on
the convex compact set M + B,.(0), i. e., there exist constants L; >0 and Ly >0 such
that for any i =1,2,...,7

[filz) = fi)l < Lalle =yl [1fi(2) = fi@ll < Lelle =yl Va,y € M + B.(0).

ii) Suppose that for any i =1,2,...,r
fi(x) £0 Vze M.
ii1) We minimize the function f over the compact convex set M wusing a finite-difference

stochastic scheme with batching based on formula (0.4), and choose the parameters as

follows:
Pk = l{_l/z, A = k_l/z, my = k.

Then |
. k . *\ L
B i, 169] = 10 = 0(77)
P r o o f. Using the update rule for 2**!, we get

ot — 2 < Jl2* = prg’ — 2|2 < Jla* — | — 200(0", 2 = 27) + Rl gFI

Hence
k41

Llla® —a|® = l™* — 2Py | 1
5( P >+§Pk||9 .

Taking the mathematical expectations of both sides of this inequality and taking into account

(gka mk - fL’*) S

E[gkh:k] = f]’-k(mk,ak),
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we get

k+1

x*|? 1
Do)+ Lo flgie (2] @)

o —a*|]? = ||z
(f;k(xk,ak),xk—x)< ]E[H H H 5

2 Pk
From (0.6) and (1.1) we deduce the estimate:
(f7, (2" an), 2* —2%) > (f], (2"), 2" —2") — Lodiam(M) oy, > Ll(f(l’k)—f(iv*))—deiam(M)Oék,
1
where

min min z) > 0.
v= zEM 1<i<r f’< )

Consequently, using the inequality (2.1), we derive:

k+1 _

r*?7 1
)+ Lok [117]) + Con

where C' — Lngdlam(M).

~y
Substituting the values of the parameters pg,ax, m; here and taking into account the
estimate (0.7), we obtain

iE[f(w‘“)—f(m*)}< LllE[Hxl 7]+ ZE[WH 2] (VEFT - V&)

~ 2
T T
1 Ly 2712 2 2 k 1 2712
AN (2n2L v L)
+Czlk1/2+2 Zl( 1k3/2+n0 k3/2+\/E 1
T
Ll . 2 Ll .
< —(diam(M)*) + — (diam(M —
5 (diam(M)?) + 5 Zf
L
< <71(diam(M))2 + 2@) VT,

where

From this, it follows that

where

]E[ min f(z )} — f(z") :O(L).

1<k<T
[l

Theorem 2.2. Suppose that f is quasiconvexr and reqular on the compact convex set
M + B1(0) and 0 ¢ Of(x), Vo€ M. Assume further that the problem (0.1) is solved using a
finite-difference stochastic batch scheme, with parameters py, ay, my chosen as in Theorem 2.1.
Then, under these conditions, the sequence Fp = minj<p<r f(z¥) converges to the minimal
value f* with probability 1 as the number of iterations T tends to infinity.
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P roof. The proof of this theorem is analogous to the proof of Theorem 2.1. We outline
the main steps below.
Analogously to inequality (2.1), we have

. 1 .I'k—l'*Q— $k+1_$*2 1
(f,($k70ék),$k —r ) S §E H H H H ’l‘k:| + _pkE[HngQ | xk] (2‘2)

Pk 2

Since the Clarke subdifferential is upper semicontinuous, for every ¢ > 0 there exists § > 0
such that, for all « € (0,0), z € M, and u € By(0), one has

Of (x 4+ au) C Of (x) + By (0). (2.3)

It is also known that the gradient f’(x,«) admits the representation

, B 1
f(%a)—m / g9(z + au) du,

flull<1

where g(x) is some measurable selection from the set-valued mapping 0f(x).
Combining (2.2) and (2.3) with the quasiconvexity property (inequality (1.1)), we obtain

f@) = 16 < 20, 0) 0y o T EREDE (2.4

v

where
V= gél]rwldlst((),af(x)) > 0.

Combining the results above, we deduce that there exists an index ky such that for all
k > kg, using the law of total expectation together with inequalities (2.2) and (2.4), we have

k+1

L k _ x|12 1
T e Lok

E[f () - (o) SaL.

L;diam(M) e
< [g12] + 2B
2v Pk v
Hence, by an argument identical to the proof of Theorem 2.1, using the parameter choices
o =k7Y% o, = kY2, my =k, and standard estimates for the stochastic gradient variance,
we conclude that

12}3ng($ ) — f* with probability 1 as T — oo.

This completes the proof. O

3 The case of a strongly quasiconvex function

Proposition 3.1 (see|2]). Let M be a closed convez set in R™ and f: M — R be
continuous and strongly quasiconvex with modulus p > 0. Then argmingey f(x) = z* and

f@) = fa®) 2 Klle = | Vo e M. (3.1)

Theorem 3.1. Assume that the conditions of Theorem 2.1 are satisfied, and in addition
that all functions f;(x), i =1,2,...,7r, are strongly quasiconvex with modulus p > 0 over a
compact convex set M. Consider solving problem (0.1) using finite-difference stochastic batch
schemes based on formula (0.4) parameters:

ak:ﬁ, mk:[\/EJ+1,
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where

E[la” 2P| = 0(%).

P roof. Arguing as in Theorem 2.1 and additionally taking inequality (3.1) into conside-

Then

ration, we obtain
E|ll2" - 2" 2] <E[ll2* - *12] - 204E (6", 2" — )] + o |llg" )]

<E|ll2* - 2|) = 20E (£, (2", ), 7 = 2%)] + pFE | l1g"11

Jk

< B[]~ (B[]t

< (1 - %pOE[ka - x*||2} + 2Lodiam (M) prov
1

1 no?
2 272 272 2
+pkmk (Qn L+ o2 ) +n Lip;

<(1- %)E[ka —a?] +

where

G? = 2Lydiam(M)3 + 3n*L} + n*o?.
Define ay, = E[ka - 91:*”2] Then

1 b G?
app1 < (1 - E)%-F =R b= iz

Multiplying both sides by %k and defining by, = (k — 1)ay, we get

b
bpy1 < by + —=.

Vk

Summing from £ =1 to T gives
1
bry1 < by +bz—. < 2bﬁ+b1-
= Vi

Therefore,

]

4 Finite-difference stochastic schemes for minimizing a convex non-differentiable
function on R": the Nurminskii method

We consider the following iterative minimization procedure for a locally Lipschitz function
f, as proposed by Nurminskii in [14]:

ot —prgt, f(a¥) < f@@%) + e,

a?, f@*) > f(2°) +ec,

=
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where z° is the initial approximation, ¢ > 0 is a constant, and the vector ¢* is iteratively
updated following the finite-difference scheme outlined in the introduction, i. e., by formula (0.3).
Now, let us consider the problem of minimizing a function

f(z) = max fi(z)

1<i<r
of a given form over the entire space R™. Denote
M ={zx € R": f(x) < f(2°) + c}.

It is obvious that the set of minimizers of the function f over the whole space coincides with
the set of its minimizers on M .
For the proof of the convergence theorem, we require the following fundamental statement.

Lemma 4.1 (see [15]). Let (Fi), k>0 be a filtration, and let

{Xit {Ar} {Bs}
be sequences of nonnegative, Fy -adapted random variables satisfying the following conditions:
1) E[Xpp1 | Fi) <Xp— Ap+ Bi, k>0.
2) >0 Bp <00 (almost surely).
3) Xpg >0, £E>0.
Then X}, converges almost surely to a finite limit, and > ;- | Aj < oco.

Remark 4.1. This statement remains valid if the condition requiring X; to be nonne-
gative is replaced by the assumption that it is bounded from below. Indeed, suppose a lower

bound is known
X, >m, Vk.

Let us introduce
Zk = Xk —m.

Then, if there was already an inequality for the original variable, substituting gives the same
type of inequality for Z,. Consequently,

Zy — Lo almost surely,

and therefore
Xy =Zy +m — Zs +m  almost surely.

The following convergence theorem holds:

Theorem 4.1. Let the following assumptions hold:

1) Assume that the functions fi(x), i =1,2,...,r are convex on the whole space, and their
gradients are locally Lipschitz continuous. Also assume that the set M is bounded.



STOCHASTIC FINITE-DIFFERENCE SCHEMES 181

2) We minimize f over the entire space using scheme (0.2), where the random vector g* is
chosen according to formula (0.3). The parameters py, ap are selected as follows.

1 1
= — (8% = —.
Pk ]{’ k \/E

Then there exists T : Q — M* such that {x*} converges to T almost surely, that is
P({w € Q: {a"(w)} converges to f(w)}) =1.

P roof. Since the set M is compact by assumption, and the gradients f/, i =1,2,... 1,
are locally Lipschitz continuous, it follows that the function f is Lipschitz continuous on the
set M + B;(0) with Lipschitz constant Ly. Moreover, the gradients f/, i =1,2,...,r, are
also Lipschitz continuous with some constant L.

First, we show that the sequence {z*} leaves the set

M ={zeR": f(z) < f(z°) +c}

only finitely many times with probability one, and that the sequence f(z*) converges almost
surely.

It is known [10, Lemma 2.4, Chapter 1, Section 2, p. 36] that the gradient of the function
f(z,a) is Lipschitz on the set M with a Lipschitz constant L, = D/a, where D is some
constant. Therefore,

L,
f(xk+1a O{k) S f(xka (l/k) - Pk(f,($k> ak)vgk) + fpi |.gk||2

Taking the conditional expectation, we obtain

n2DIL>
B[/, a0) |44 < S0 an) = pul et )P+ L2

To bring this into the Robbins-Siegmund form, note that
E[f($k+1704k+1) | fck] = E[f(xkﬂaak) | xk} + E[f<xk+1aak+l) — f(@™ ay) | Qﬂ
< f@* o) + Lylovers — ol
Thus, the Robbins—Siegmund inequality becomes
E[Xji1 | Fi] < Xp, — Ay, + By,
with

Gy

Xi= [, ), Av=pillf 5 a0l Be= 5

where C = n2DL3£.
If 281 = 29 (reset case), then

Xpg1 = f(iUO, agg1) < f(l’o) + Lo,

and
Xy = f(z*, o) > f(a") = Lyay > f(2°) + ¢ — Lyou,
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so that
Xpr1 — Xpy < —c+ Lp(ou + agyq).

Hence, the Robbins—Siegmund terms are
A =max{0, ¢ — Ly(ay + apt1)}, Br = max{0, Ly(ay + ax1) — c}.

Therefore,
EXpi1 | Fi] < Xp — Ap + By,
with Ak > 0, B, > O, and 220:1 B < o0.
If the number of resets were infinite, there would exist a subsequence {k;} with
ij > f(xo) +c— Lf&kjw ij+1 S f(x(]) + LfCij+1.
Since X — X* almost surely, this would imply

Fa®) 4+ e <X < f(a),

which is a contradiction. Therefore, the sequence leaves M only finitely many times.
By the Robbins-Siegmund lemma, f(z* ;) converges almost surely. Since

£ (2", o) — f(&")] < Ly — 0,

it follows that f(z*) converges almost surely. Since f(z) is convex, the function f(x,«) is
also convex with respect to z. Therefore, using this fact and inequality (0.5), we also obtain
the following inequality

@2
kvVk'

where G2 = 2L/ diam(M) + n’L?. Applying the Robbins-Siegmund lemma again, we obtain
that ||z — 2*||* converges almost surely, and
Fa) = f)

Z B — < oo almost surely.
k=1

E[a* — 2| | 2*] < fla® — 27[* — 2pu(f («*) — f(2")) +

Hence, there exists a subsequence f(z*) — f(z*) almost surely, and since f(z*) converges,
it follows that
f(z") — f(z*) almost surely.

Let Z be a countable dense subset of M*, and define
0, = {we Q: {||z" — 2||} converges}, z¢€ Z.

Then
Plo=e:) =1
2€Z
Define 7 :  — R" such that T(w) is a cluster point of {x*(w)} for w € O. Since f is
continuous and

lim f(a*(w)) = f(a"),

k—o0

we have T(w) € M*, w € O.
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Fix ¢ > 0 and w € ©. There exists z(w) € Z such that

[7(w) = 2(w)]| <

wl ™

Let 2% (w) — Z(w). Then there exists N such that

o) - s < 5, k2 N.
Hence,
(@) ~ @) < ") = 2@ + o) ~3@)| <& e .

This proves the almost sure convergence of {z*} to T € M*. ]

Remark 4.2 Ifthe functions f;, i =1,2,...,r, are strongly convex, then the function
f is also strongly convex. Moreover, the level sets of a strongly convex function are bounded.
Therefore, in this case, the set M is bounded. Furthermore, such functions possess a unique
minimizer. Let us present an example of a convex function defined on the entire space whose
sublevel sets are bounded, which possesses a unique minimizer, but which is not strongly
convex.The following is an example of such a function:

flzy,290) = max{:r:f, x%}, (x1,22) € R2.

5 Polyak’s step selection method in finite-difference stochastic schemes

Let us reconsider problem (0.1). It is assumed that the minimal value f* is known. To solve
this problem, we apply a finite-difference stochastic scheme without noise, that is, the function
values are assumed to be available at each iteration. The iterative process is given by

M =y (2% — peHs (2", ag, u)). (5.1)

We now show that the parameters can be chosen dynamically, in a manner similar to the

Polyak step size, and that the sequence {x*} converges with probability one to a solution of
problem (0.1). Let (€2, F, P) be a probability space.

Theorem 5.1. Let f;(x), i =1,2,...,r, satisfy the assumptions of Theorem 2.1. Assume
that the sequence {x*} is generated by iteration formula (5.1). and that the parameters oy and

pr are chosen as
fa*) — f(a¥)

Ak =P = ——
Ui

where
)= n?L3 + 2Ly diam(M)

”
Then there exists a random variable T : Q) — M* such that

(5.2)

P({weQ:a"w) > z(w)}) =1,

and the following convergence rate estimate holds:

B[ min f(4)] - 7(2°) = O(%).
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P r o o f. Similarly to the proof of Theorem 2.1, for any z* € M*, we have

E[fla" — 27|12 | 2] < ||a* — 2°|12 = 200 (£, (2%, ), 2% — 27) + p2E[|| g | *]
< Jla* = 2| = 2o (-(F(a*) = £(2")) = Lo diam(M)a. ) + pin®L
1
ot — 2 — < 2y 2yLydiam(M) n?L?

TR v SR (le

Let

G- < 2y 2yLpdiam(M) n2L%).
Lin Ln? Uk

It is easy to verify that if the parameter 7 is chosen according to formula (5.2), then C > 0. By
assumption, the coefficient of (f(z*)— f(x*))? is positive. Therefore, by the Robbins—Siegmund
Lemma, the sequence {||z* — z*||} converges almost surely, and

Z(f(ﬂfk) — f(z%))? < oo almost surely.

k=1
Hence limy_,o f(2*) = f(z*) almost surely.
From the main inequality above, summing over k =1 to T gives

sz;E[(f(q:k) - f(x*))ﬂ < %kXT;E[ka _ 2P — ||z — x*HQ] - w.

Applying the standard inequality between the minimum and the sum, we obtain

1
[~ 1] -0y
min(f(2") - f(a")| =0 Nis
Moreover, the fact that the sequence {z*} converges with probability one to the set of mini-
mizers M* is proved in the same manner as in Theorem 4.1. O

Remark 5.1. For the practical implementation of Theorem 5.1, it is, of course, assumed
that the parameters Li, Lo, 7, and diam(M) are known.
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