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HAVUHAS CTATDSI
(© Bypaakos E.O., dpema B.A.; 2024

https://doi.org/10.20310,/2686-9667-2024-29-148-381-390
VIK 51-76, 519.62

O 3aJa9aXxX MMITIYJIBCHOI'O yIIPpaBJICHHU A, BOSHUKAIOIIIUX IIPpA pa3pa60TKe
ABTOMATU3UPOBAaHHbIX CUCTEM KOHTPOJIA YMCJIEHHOCTU BpeﬂI/ITeJIeI';'I
B TEIIJIMYHBIX KOMIIJIEKCaX

Esrenunii Osnerosua BYPJIAKOB'23 , Buranuii Anekceesnua APEMA?
L ®I'BYH «UucTuryT mpobiaem yupasienns uM. B. A. Tpanesnukosa PAH»
117997, Poccumiickast @eseparus, r. Mocksa, yiu. [Ipodcorosnasi, 65
2@I'BOY BO «Tam6osckuit rocynapcrsennbiit yausepcuter uM. I. P. Jep:xaBunas
392000, Poccniickass Peneparus, r. Tambos, yi. Unrepuanmonanpuast, 33
3 ®TrAOY BO «TroMeHCKHit ToCyIapCTBEHHBIIT yHHBEPCHTET >

625003, Poccuiickas Peneparius, . Tromenn, yia. Bomomapcekoro, 6

Awnnoramus. B pabore npemraraercs MareMaTmdecKas MOJEIb HA OCHOBE HEIPEPBHIBHOW ITH-
HAMUYIECKOH crcTeMbl, (POPMAIU3YIONAs B3aNMO/IEHCTBIE MOy HAaCEKOMOIO-BPEINTe IS
TEIUINIHON arpoKyJIbTYphI U dHTOMOdara. B pamkax mojiesm suToModar, CoriacHO KOHIENINN
KOMILJIEKCHOU GOpPBOBI ¢ BPEJUTENISIMU, BBICTYIIAET Ar€HTOM IKOJOIHIECKOr0 KOHTPOJIS TOMYJIs-
U HaceKOMOro-speauteis. [IpoBonurcst npenTuduKanys mapaMerpoB MOJIEIN Ha, OCHOBE IKC-
[IEPUMEHTAJIBHBIX JAHHBIX, [IOJIYYEHHBIX B JIADOPATOPHBIX YCJIOBUSX JJIsi TEIIMYHON CHUCTEMBI
«oryper; OOBIKHOBEHHBIN — Tay TUHHBIH KJTer — KJjien-akapudars. s nmpemiokenHoit Moien
dopmysmpyeTcs 3a/1a9a UMITYJIbCHOTO YIIPABJIEHUSI, OTBEYAIONAsT PeaJIn3allnd KOHTPOJIS TIOITy-
JISIIIAY BPEJIATEJIS [IPU TIOMOIIYM IHTOMOMAra, UCCIeIYIOTCsT BOIIPOCHI CYIIIECTBOBAHUS PEIIEHUIA
U MX HEIPEPBIBHOM 3aBUCHMOCTHU OT yIpaBjeHus. Ha ocHOBe mcciie/IoBaHHON yIpaBJisieMoit cu-
CcTeMBI 00CYXKIAIOTCS BOIIPOCHI TIOCTPOEHUS SKOHOMUIECKH 3D (PEKTUBHBIX YIIPABJIAIONINX CTPA~
Teruii, O3BOJISIIOIINX Pean30BbIBATH BOCTPEOOBAHHOE IIPY ITPOEKTUPOBAHUYN «YMHBIX» TEILINI]
MaTeMaTHIeckoe obecriedenre MporpaMMHO-AIIIIAPATHBIX CPEJICTB ABTOMATH3NPOBAHHBIX CUCTEM
KOHTPOJIST IUCIEHHOCTH BPEIUTEIEH.

KiroueBble cjioBa: MaTeMaTHIeCKOe MOIEJIUPOBAHUE SKOJIOTHIECCKHUX CUCTEM, H,HeHTH(bHKaHHH
IIapaMeTpOB MaTeMaTHYICCKUX 1\’IO,ZL€.HQI717 UMITYJIbCHOE yIPaBJIEHUE, KOPPEKTHOCTH

BuaronapuocTtu: VccsenoBaHue BBIIOJHEHO 3a cYeT TpaHTa Poccmiickoro HaydHoro ¢hoHna
(mpoekt Ne 20-11-20131, https://rscf.ru/project/20-11-20131/).

Hnsa murupoBauusi: bypaaxos E.O., Apema B.A. O 3a1a9ax UMILYyJIbCHOTO yIIPaBJIeHUsI, BO3-
HUKAIONUX [IPU pa3pabOTKe aBTOMATH3MPOBAHHBIX CHCTEM KOHTPOJIS YUCIEHHOCTH BpeIuTe el
B TEILIMYHBIX KOMIUIeKcax // Becruuk poccuiickux yuuepcureroB. Maremaruka. 2024. T. 29.

Ne 148. C. 381-390. https://doi.org/10.20310/2686-9667-2024-29-148-381-390
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control in greenhouses
Evgenii O. BURLAKOV'?? Vitaly A. YAREMA?

L'V. A. Trapeznikov Institute of Control Sciences, Russian Academy of Sciences
65 Profsoyuznaya St., Moscow 117997, Russian Federation
2 Derzhavin Tambov State University
33 Internatsionalnaya St., Tambov 392000, Russian Federation
3 Tyumen State University

6 Volodarskogo St., Tyumen 625003, Russian Federation

Abstract. The paper proposes a mathematical model based on a continuous dynamic system
that formalizes the interaction of populations of a greenhouse agricultural insect pest and
an entomophage acting as an agent of environmental control of the pest population in the
framework of the concept of integrated pest management paradigm. The model parameters
are identified based on experimental data obtained in laboratory conditions for the greenhouse
system “cucumber — spider mite — acariphage mite”. For the proposed system, an impulse
control problem that corresponds to the implementation of the pest population control using
an entomophage is formulated, and the issues of the existence of solutions and their continuous
dependence on control are investigated. Based on the studied control system, the issues of
constructing cost-effective control strategies that allow implementing the mathematical software
for automated pest control systems in greenhouses are discussed.

Keywords: mathematical models in ecology, parameters identification, impulse control prob-
lems, well-posedness
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Bsenenue

CoBpeMeHHbIe MTHHOBAIMOHHBIE PENIEHUs B CEJIbCKOM XO3SCTBE HAIIPABJIEHBI HA TO, UTOOBI
[IOTPEOUTEIIH TTOJTY YaJIi KA4eCTBEHHYIO arpOIPOJLYKITHIO, BHIPAIIIEHHYIO ¢ MUHUMAJILHBIM IIPUMe-
HEHUEM XUMU4IecKux cpegacTB. OJHUM U3 TOJIX0/IOB K PEIIEHUIO TO 3a/Ia1U ABJISETCH UCIIO b
30Bale KOHIIEIIIN KOMILIEKCHOI 60pb0bI ¢ BpeauTessmu (Integrated Pest Management). [Tan-
Hasl KOHIIEIIIUS 0/Iipa3yMeBaeT 3alluTy arpoKy/IbTyp, OCHOBaAHHYIO Ha IPUMEHEHUN KOMILIEKCA
MEPOIPUATHUH, YINTHIBAIOIIUX ITUKJIBI COBMECTHOTO PA3BUTHUSI IIPE/ICTABICHHBIX B TEILIUIE PAC-
TEHUHl, HACEKOMBIX 1 MHUKPOOPIaHU3MOB, a TaK»Ke UX B3aUMOJICHCTBUSA C MUTATELHBIMI BeIle-
crBamu [1,2|. CoBpeMeHHBIE TIO/IXO/IbI, HAIIPABJIEHHbIE HA CHUYKEHIE 3aBUCAMOCTH ArPOKYJIBTYD
OT TIECTUIIUIOB, TPEOYIOT OT TEIIMIHBIX SKOCUCTEM CIIOCOOHOCTH CAMOCTOATETHHO BOCCTAHABIIM-
Barbed [3]. duist coszmanus o 00HBIX yeToiiunBbix 9kocucreM B nHctuTyTe X-BIO Tiomenckoro
rOCY/IapCTBEHHOT'O YHUBEPCHTETA BeJeTCd pa3padoTKa ITPOTrPAMMHO-ANIAPATHONO KOMILIEKCA
JIJIs1 BBIPAOOTKU U peain3aiiu Mep MpoMuIakTUKI 1 60pbOBI ¢ Hanbojee pacipocTpaHeHHBIMI
BPE/IUTE/ISIME CEJTbCKOX03SICTBEHHO 3HAMUMBIX PACTEHU, BHIPDAIINBACMBIX B 3aKPBITOM I'DYHTE.
OHuM U3 MojTyJIelt JAHHOTO KOMILIEKCA JOJIKEH CTaTh IMPOIrPAMMHBIN KOMILJIEKC aBTOMATH3a-
IIUU SKOJIOIMIECKOr0 KOHTPOJIS BPEIUTEeH TEIINIHBIX arpOKY/ILTYD, UCIOJIB3YIOMN Onorpe-
IapaThl Ha OCHOBe SHTOMOMAroB. B ocHOBY MaTeMaTnyuecKoro obecredeHns mporpaMMHOIO KOM-
IJIeKca OyIyT moJI0zKeHbI i depeHnabHbIe CUCTEMbI TUTIA «XUITHUK-2KEPTBAY, COJIEPIKAIINEe
yIpasJsioniue mapamMeTpol. B nacrosimeit padbore paccMaTpuBaeTcs 1mo1oonast quddepeniimaib-
Hasg MOJIeJIb, COJleprKalliasg UMITY/JIbCHOE YIIpaBjeHue, (popManu3yIonee CepPuio yIpaB/IAIOINIX
BHeceHuil Ouonpenapara-3HTOMOMAara B TEIIMNIHYIO CUCTEMY.

B nepBoMm pasjesie naHHONl PabOTHI peIaeTcd 3a/iada BOCCTAHOBJIEHUS TapaMeTPOB He CO-
JiepzKalleil yIpaB/IeHUs MOJECIN «XHUITHUK-KEPTBa» Ha OCHOBE SKCIIEPUMEHTAJIBHBIX JTAHHBIX,
[IOJIYYE€HHBIX JIJI TeIIMIHON CHUCTEMBI «Or'yper; OOBIKHOBEHHbBIH — Ay TUHHBIN KJIell — KJIelll-
akapudars. Bropoit pa3jenn paboThbl TOCBAIIEH UCCIETOBAHIIO KOPPEKTHOCTH 38491 UMITYJIbC-
HOT'O yIPaBJIEHUs JIJI U3YUE€HHOW B MEPBOM pa3jiejie CUCTEMBI, a TaKKe BOIPOCY MOCTPOEHUsI
9KOHOMUYIECKN (DPEKTUBHBIX YIIPAB/IAIONINX CTPATErN HA OCHOBE PACCMATPUBAEMON MOJIETH.

1. Maremarudeckast MOJieJjib

Pacemorpum cucremy

d z(t)
@x(t) - a< a 7)33(’5) — f(x()y(t), -
() = ef (x(t). y(O)y(t) —my(®),

rie t € [0,7] (T'>0), x(t) u y(t) — 3HAYCHUS WIOTHOCTH IMOITYJIAINE BPEIUTENST I SHTOMO-
dara, coorBercTBeHHO (B Tabsmie 1 npuBe/ieHa MHTEPIpeTalus HapaMeTpoB Mojesn). OyHKiust
bx
d+
Boccranosum 3HaueHust napaMerpos mMozesu (1.1), onupasich Ha JaHHbBIE TOJIEBBIX IKCIIEPH-

f — tpoduueckas dyukuusa Xosmara Broporo tumna 4], umeomast suy f(x)

MEHTOB, IMPOBEIEHHBIX COTpyAHHKamMu VHCTHTYTa HcciaenoBanusa pacrennii B Jlemapramente
CeJTLCKOro Xo3gicTBa OKpyra Bukropusi, ABcrpains (IKclepuMeHTaIbHbIE JaHHBIE, & TaKiKe
OIPOOHOE OMUCAHKE TOCTAHOBKY KCIIEPUMEHTOB JIOCTYIHBI B padore [5]), rie posm TermmaHoi
arpoKyJIbTYPbI, BpEIUTEIsI U SHTOMOMAara urpaJjn oObIKHOBEHHBIN oryper;, Cucumis sativus, may-
TUHHBIN Kjer Tetranychus urticae u knen-akapudar Tetranychus persimilis, COOTBETCTBEHHO.
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Tabmuma 1
Ommncanne napamerpos mozenn (1.1)
[Tapamerp | Onmcanue
a>0 CKOpOCTh MPUPOCTA TOIYJISIIIUE BPEIUTEIS
K >0 [T1oTHOCTD TOMYJIANMYA BPEAUTEIsI, IPUBO/ISIIAS K TOJTHOMY
IIOPaXKEHUIO UM aIrPOKYJIbTYPhI
b>0 MakcumasibHas CKOPOCTH UCTPeOJIeHUs] BPEIUTEIT SHTOMO-

darom

0<c<1l | DdpdeKkTuBHOCTL KOHBEPCUU TUTAHUS SHTOMOMAara BpeIuTe-
JIEM B IIPUPOCT TOIYJISIUN SHTOMObara

0<b/d<1|DbdekTUBHOCTDb TOUCKA BpeIUTEIeM SHTOMOdAra

m >0 CxopocTh ecrecTBeHHON THOEN SHTOMOdAra

Bamumiem cucremy (1.1) B cCOKpalleHHOM BHJIE
X(t) = G(X(t). P), (12)

rie X(t) = (x(t),y(t)" = (z(t,P),y(t,P))T G : R> x M — R? — dyHKuus, COOTBETCTBY-
tomas npasoit wactu (1.1), M C R5 — MHO)KeCTBO JIOIyCTUMBIX 3HadeHuil napamerpos. s
perienns 3aa9u uaeHTudUKamu mapamerpos cucreMbl (1.1) ucnoabzyem MeToj| MAaKCHMA/Tb-
HOTrO IpaBJiononodus. Beegem dyukimonaa F, omnpeesonuii OTKJIOHEHNE PelleHnsT MOIe N
OT 9KCIEPUMEHTAIbHBIX JTAHHBIX:

FX =% ‘7(@,1‘3) ~ X
ti€l

Bjech t; — i-as HeAeNd SKCIEPHMEHTa, X; — BEKTOD SKCIEPUMEHTAIBLHBIX JAHHBIX 110 THC-
JIEHHOCTAM TOMYJIANMIT Ha Hejesnto t;, P — BEKTOp TapaMeTpos Mojean (cM. Tabmmmy 1),
X(t;, P) — snadenme X B MOMEHT BPeMeHH l; NpH 3HAYEHHAX HapaMeTpoB P, MOJTydeHHoe
B pesysbrare perienus cucreMbl (1.1), cumBosiom | - | 0003HAUEHO EBKJIMJOBO PACCTOSIHUE B
R2. JIng naeaTndUKAIN TapaMeTPOB MOJIEIH HeOOX0IMMO MIHIMI3HPOBATEL (DYHKIMOHAT F
OTHOCHTEJIHHO [EPEMEHHONH P, MPeIBAPHTEILHO OLEHUB OOIACTH OIIPEIEICHUS €€ KOMIIOHEHT
(rparumpsr MuoKecTBa M ).

Uexonst u3 6Guosiorndeckoro cMbicia napamerpa K, npumem ero snaderune K =1 (100%).
OTmeTumM, 9TO JefcTBATE/IbHAS IIJIOTHOCTD MOIMYJ/ISIIMNA BPEJIUTEIsS MOXKET JIOCTHIaTh 3Have-
HU, TPEBBIMAONIMX 1, OJHAKO B HACTOSIIEM HCCJIEIOBAHUM HAC WHTEPECYET PEKUM PabOThI
cucremsl (1.1), npu koropom x(t) < K mpu Bcex t € [0,T], 9T0 COOTBETCTBYET COXPAHEHUIO
TEeIJIMYHO Ky/IBTYyPbI Ha PAcCMaTPUBAEMOM HHTEPBaJe BDEMeHH (BBIIIEYIIOMSIHYThIE SKCIIEPU-
MeHTaJIbHbIE JIAHHBIE TAK¥Ke COIacyioTcs ¢ yeaosuem x(t) < K ).

OmuenuM CKOpOCTb @ IPHUPOCTA MOIYJIANNN BPEAUTE/I UCXO/d U3 JAHHBLIX, COOPAHHBIX HA
9KCIIEPUMEHTAIBHBIX IIJIOMAKaX JIO MOMEHTa BBEJIEHUsI B SKCIEPUMEHT KJlella-akapudara
(cm. Tabsuiy 2). [IpounTerpupyem nepsoe ypaBHeHue cucreMbl ypasuernue (1.1) B orcyrcrBue
saToModara (1. e. mpu y = 0). [omyanm

o (20)(K — (1))
=In (x(l)(K - x(O)))'

ByneMm ncronb3oBaTh B HAIMX BRIYUCIEHUIX cpeHee 3Hadenne a = (0.6159 ckopocTu nmpupocta

TIOITYJIAIMK BPpEeAUTE 1.



O 3AJAYAX MMITYJIBCHOI'O YIIPABJIEHUA ... 385

Tabmuma 2

DKcIIepuMeHTaIbHBIE JIAHHBIE TI0 TPUPOCTY UUCIEHHOCTH MAYTHHHOTO KJIEIa
B OTCYTCTBHE KJella-akapudara

Howmep sxcnepunventa | 2(0) | z(1) a
I 0.65 | 0.76 | 0.5336
II 0.36 | 0.56 | 0.8165
III 0.94 | 0.96 | 0.4265
1A% 0.64 | 0.70 | 0.6897

Jyist GUOIOruIecKn pesIeBAaHTHOMN ONEHKN MPAHKIL CKOPOCTH b MaKCHUMAaJILHOTO MOTPeO/IeHUsT
JI00br9u 3uTOMOMAaroM, OyjIeM ONnupaThCcd Ha JIaHHbIE 110 TOTped/IeHuIo KiermoM P. persimilis
sury, (em. [6-9]), mmaunok (em. [8,10]) 1 B3pocibix ocobeit (eM. [§]) mayruHHOTO Kilemma, a TakxkKe
HA CBEeJIEHWs] O THIIUYHON IPOHOPIMHU [IPEJICTABIEHHOCTU BBINIEYKA3AHHBIX CTAUHA PA3BUTHUS
nay THHHOrO KJeira B nomyssanuu (cm. [8]). Homyanm orenky b € [3.49,4.92].

Cornacno [6], sacbdbekTrBHOCTD KOHBepcuu mutanus P. persimilis B IPUPOCT MOILYJISIIINA HMe-
eT npubsmsuTesbHOe 3HaUeHne ¢~ 0.7. B mammx pacderax Boibepem jnanazon ¢ € [0.6,0.8].

OrteHKy 3HaYeHni mapamMerpa d B TEPMUHAX OHOJIOIMYECKU HHTEPIPETUPYEMOTO lIapaMeTpa
b/d, XapaKTepu3yIOIIero B pacCMaTpUBaeMOil TeIIMIHOl sKocucTeMe 3(DhEKTUBHOCTD TIOUCKA
JTIOOBIYY XUIITHUKOM, ITPOM3BECTH JIOBOJILHO 3aTPYIHUTEIHHO BBHUJLY CYIIECTBEHHON 3aBUCUMOCTH
9TOrO MmapaMeTpa OT Psijia YCJAOBHUil SKCIIepUMeHTa (HAIPUMED, OT TeMIIEPATypPhbl B TEILIMIHO
cucreme), He TpeJcTaBieHHbIX B (opmamusaruu (1.1). B ¢Bs3u ¢ 9TUM, IpH BOCCTAHOBIEHUN
napamerpa d OyJeM UCHOJIb30BaTh CTaHIapTHYIO Jyist P. persimilis onenxky b/d € [0.2,0.65]
(em. [5]), orkyma momyanm d € (1.53b, 5b).

Kosdpdurment cmeprHocTn Kirerma-akapudara m moJaraercs HaMU BapbUPYIOMIMMCS OT
1.4 1o 2.8 Ha OCHOBe CBeJIeHHIA, cojiepzKaniuxcs B padorax [11,12].

JI1s1 pelrenys 3a/1a91 IOMCKa, KOMIIOHEHT BEKTOPa, P, COOTBETCTBYIOIMX MEHIMYMY (DYyHK-
muonasia JF, ucnosbsyem Mmeroy Hemgepa—Muna [13]. Uarerpanbibie kpusble cucrembr (1.1)
IPH HalIEAHOM MHHUMHU3UpYIomeM (GyHKIHOHAI 3HadeHun Py (cM. Tabmmmy 3) msobpaske-
ubl Ha pucynke 1. Cucrema (1.1) obsagaer eMHCTBEHHBIM (HEYCTONYIMBBIM) TIOJIOXKEHUEM DaB-
HOoBecusi F, mmerormum KoopmHAaThl (32.67,4.99) Ha Has3oBoOil MIOCKOCTH U MOPOKIAIOIIIM
OpEACIbHBIA TTUKJI.

Tabnna 3

Boccranosiiennabie 1o 9KCIIEpUMEHTAJIbHBIM JTaHHBIM 3Ha4Y€HU:A ITapaMEeTPOB CUCTEMBI (11)

a b c d m
0.6159 | 4.31 | 0.68 | 20.52 | 1.8

2. 3a/1aqa NMIIYJIbBCHOI'O yIIpaBJIEHUA

[TposeMoHCcTpUpyeM IPUMEHUMOCTD Mogien (1.1) /711 aBToMaTH3aIUK SKOJIOTHUECKOTIO KOH-
TPOJIST BpEJUTEIEHl TEIINIHBIX arpoKyIbTyp. st Beskoro nadaabHoro yciosus (z(0),y(0)) =
(w0, y0) € R?, ypasuenue (1.2) MOXKHO IIPeJICTABUTH B BUJIE

X(t) = Xo+ /t Go(X (s))ds, t € [0,T], (2.1)

rie X(0) = (20,40)7, Go(X) = G(X, Py).
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Puc. 1. Junamuka kommnonent cucrembl (1.1) npu nnenrudunuposannbix 3nadennsgx napamerpos (A). Cpasae-
HUe BocCcTaHOBJIeHHON juHamMuku koMnoneHT (t) (B) u y(t) (C) cucrembr (1.1) ¢ cCOOTBETCTBYIOMUME IKCIIE-
PUMEHTAJBHBIMI JIAHHBIME (OTMedueHbl cuMBostaMu " x )

s cucremsr (2.1) BO3MOKHOCTH KOHTPOJISI YUCJAEHHOCTH BPEUTEIe, OCHOBAHHAS HA BHE-
CEeHUU B TEIJINYHYIO CUCTEMY OHMOIIperrapaToB Ha OCHOBE SHTOMOMATOB, MOXKET ObITH (hOpMaJIn-
30BaHa CJICYIOMUM 00pa30oM:

¢

X(t) :704—/ Go(X (s))ds + U(t), (2.2)
rme U — nwmmynscHoe yrpasienne sumga (0, > vk Xite 11 (O)ye)T x4 — Xapaxrepucruieckast
dbyukius muoxectsa A C [0,7], {tx} C [0,7] n yr > 0 — MOMEHTHI BPEMEHU U BeJIH-

YUHBI UMITYJIBCHBIX BO3/eiicTBHil, cooTBeTcTBenHO, ipudeM 0 < k£ < K € N. Takum obpa3zom,



O 3AJAYAX MMITYJIBCHOI'O YIIPABJIEHUA ... 387

pasau4Hble yupasseHusd U MOTYT COCTOATH U3 PA3HOTO KOJIMYECTBA UMITYIbCHBIX BO3/IENCTBUI,
o0I1ee KOJIMIeCTBO KOTOPBIX I KaXKJ0T0 YIIPaB/JICHUS HE ITPEBOCXOIUT K.

Omnpeneman MuOkecTBo ) dbymkmmit Buga Y = X + U, tne X — dyHkmus us Kiacca
HEIIPEPBIBHBIX JBYMEPHBIX BeKTOP-byHKIM. MHO2KecTBO ) 00pa3yeTr MOJHOEe MeTPUIECKOe
IIPOCTPAHCTBO OTHOCUTEJIHbHO METPUKU

Py(?1,72)_”71—72|‘0+/ ’ Z X[tk )y, — Z X[tﬁ,b}(t)ylz‘dtv (2.3)

k:t} €[a,b] k:t2 €la,b]

rae cumBosioM || - || oBosmavena HOpMa B COOTBETCTBYIOMIEM IIPOCTPAHCTBE HEIMPEPBIBHBIX
dbyuximit (em. [14]). Tlomobuas MeTpuka OblLia HCIOAL30BaHa padore [15] mpu ucciemoBanun
OTKJINKaQ HeﬁpOHHbIX CHUCTEM Ha 3puUTE/IbHbIEC CTUMYJIbI.

Pemmennem 3aaun ynpasienns (2.2) Gygem caurarh QyHKIUIO Ye), VAOBJIETBOPSIONILY O
ypaBHeHHIO (2.2).

Vreepxkaenue 2.1. [Ipu mobom ynpasaenuu U 3adaua (2.2) umeem Qduucmseﬁnoe pewe-

!
Hue. Kpo,/vLe mozo, ecau Heromopas nocaAedosamesbHoCmb ynpasaecrul U cxodumces % ynpaes-

aenuro U™ 6 emwicae cxodumocmu / ‘ Z X(ti,T )Vkidt — Z X[t 7] OV2|dt — 0 npu
k:ti €lo T] k:t9 €[0T
i — 00, Mo nocaedosamenvrocms pewenud Y cucmemvi (2.2), coomeememsyowus ynpasie-

. =0
wuam U, crodumea x pewenuro Y, coomeememeyrowemy ynpasaenuro U 6 mempure (2.3).

CrpaBeyInBOCTb yTBEepKIeHust 2.1 clie/lyerT W3 OCHOBHOIO pe3y/ibrara paborsl [14].

Haubonbmuit mpakTu4yecKnii MHTEPEC MPeICTaBIIsAeT UCIOIb30BAHNE PE3YJILTaTOB JIAHHOTO
UCCJIEJIOBAHUS JIJIsT PEIIeHUd 3a/1a9 SKOHOMHYECKON ONTUMHU3AIUNA IKOJOTUIECKOTO KOHTPOJIS
Bpe/IUTe e, 3HAUMMOCTh KOTOPBIX HEOJTHOKPATHO IMOYePKUBAJIACH B MPOMUIHHON JIMTEPATY-
pe [0 HAIPABJIEHUIO KOMILIEKCHOH GOpbOBI ¢ Bpeaureaamu (cM., Hanpumep, paborer [16, 17],
a Takzke 0030p [18] u Gubsmorpaduio). YreepxKaenue 2.1 060CHOBbIBAET KOPPEKTHOCTH 3a/1a~
YU UMITYJIbCHOT'O YIIPaBJIEHUS JIJIsl PACCMATPUBAEMON CHUCTEMBI «XUITHUK-KEPTBa», OTKPbIBas
BO3MOXKHOCTHU OTBICKaHUA HanboJiee 3(p(MEKTUBHBIX ¢ SKOHOMUYECKON TOYKU 3PEHUs YIIPaBJIs-
IONUX CTPATeruii, B TOM YHCJe, C NUCIOJH30BAaHUEM YHCIEHHBIX MeTonoB. [lomobHbIe 3a1aum
ONTUMUBAINHA MOTYT OBITH (POPMATMIOBAHBI, HAIIPUMED, CJIEIYIONUM 00pa30M:

t
X(0) =Ko+ [ GO¥s)ds + Y xn (O, ¢ € 0.7],
. a vk
(. (1,0 le < ©.
Y v Yk — min,

rae © > 0 — KpuTudeckuil ypoBeHb MOPAYKEHUsT TEIJINIHON arpOKY/IbTYPhI BPEIUTEIEM, CUM-
BOJIOM (-, ) OBO3HAUEHO CKAJISIPHOE TIPOU3BEJIEHNE BEKTOPOB.

Hacrosiiiast pabora He mpecseayeT e OThICKAHUs ONTUMAJIBLHBIX YIIPABJISIONINX CTpaTe-
I'Uii, OJTHAKO MBI IIPUBEJIEM SBPUCTUUECKYIO CXEMY IMOCTPOEHUsI CTPATErUU UMITYJILCHOTO YIIPaB-
JIEHUS CUCTEMOI «XUIIHUK-KEPTBay, UCCJIE0BAHHON B IpeablyIeM maparpade. [Iycrs © = 0.5,
Xo=1(0.01,0). DazoBbIii IOPTPET JaHHOM cucTeMBI H306payken Ha pucyrke 2 (A). C yuerom
MMEIOIIErocss 3HaHUsT O KOOpJMHATAX MOJIoKeHust paBHoBecus F = (32.67,4.99) paccmarpuba-
€MO#l CHCTEMBI, IPUMEHUM OIEPAIINI0 BHECEHUS SHTOMOMATOB B TEINIMIHYIO CUCTEMY B KOJIMYe-
crBe y; = 4.99 B Takoit MOMeHT BpeMenn t1, uto x(t;) ~ 32.67. B cuiy Toro, 4To 4ncIeHHOCTD
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Puc. 2. Illarm mocTpoeHusl MOMYCTUMOTO yIIPABIEHUs] B paMKax cucteMbl (2.2). CuHme CTpesKM MOKa3bIBa-
JOT HAIIPABJICHHE JIBUKEHUST TI0 KPUBBIM (DA30BOr0 COCTOSTHAsA. IE€pHOI OKPYKHOCTBIO N300PaKEHO MOJIOKEHNE
paBHOBecust F cucrembl (1.1), KPAaCHOH IMyHKTUPHON JIMHMEH n300parkeHo MOporoBoe 3HadeHne © MmopaskeHust
arpoKyJIbTYPbI, YePHBIE IyHKTUPHBIE BEKTOPBI 0TOOPAKAIOT UMITYIECHBIE BO3/IEHCTBUSI HA SKOCUCTEMY TEILIUIIHI.
Pucynku (A), (B) u (C) orevaior 1iepsoMy, BTOPOMY U TPEThEMY UMILYJIHCHOMY BO3IEHCTBUIO, COOTBETCTBEHHO
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HOIYJISIIAN B TEIINIHON 9KOCUCTEME MOYKET OBITh OlleHeHa MpH momoinu cucrembl (1.1) smrmmb
HPHUOJIMZKEHHO, OyJIeM I[oJIaraTh, 9TO MOMEHT pPeaTU3allui UMIIYJILCHOIO BO3ACHCTBUS OIpe/Ie-
JIFIeTCS KBaJIPATOM Ha KOHIIE YEPHOTO IyHKTHPHOTO BEKTOpa (IIPU 9TOM JIJIMHA BEKTOPA PABHA
Besmmanne y; = 4.99, oM. pucynok 2 (A)). @a3oBoe cocTosIHUE CHCTEMBI, TAKUM 0Opa3oM (¢ yue-
TOM MOTDEITHOCTEN ), TIePEMEeCTHIOCh B OKPECTHOCTD TIOJIOXKEHHsT paBHOBecusi F  (mosioxkenne
paBHOBeCUsT N300PaKEHO YE€PHOI OKPYKHOCTBIO, ¢M. pucyHok 2 (B)). Cremyromum MoMenTOM
[IpUMEHEHWsI yIIPABJIEeHHsI [IpeJjlaraeTcst Hanbosiblee 3HadeHne to, x(ty) ~ 32.67, mpeiie-
CTBYIOIIEE BO3HUKHOBEHUIO OOIIMX TOYEK KPUBOH (Da30BOTO COCTOSIHUSI U JIMHUK IIOPOTOBOIO
3HAYEHUS [TOPAYKEHUsI arPOKYJIbTYPbI (0TOOparkeHa KpacHbIM yHKTUPOM). C ydaeroM Hen30ek-
HBIX IOIPEITHOCTEN, Oy/eM MojaraThb, 9YTO MOMEHT UMITYJILCHOTO BO3JEHCTBUS ONpeIessieTcs
KBa/[paTOM Ha KOHIIE YEPHOIO IIyHKTUPHOIO BEKTOpPa (IIPU 9TOM JIJIMHA BEKTOPa PaBHA BEJIU-
quHe Yo = 4.99 — y(t2), oM. pucynok 2 (B)). @azoBoe cocrosiHme CHCTEMBI IEPEMECTHIOCH B
OKPECTHOCTD IOJIOZKeHUsI paBHOBecHsi F (M300parKeHo YepHON OKPYIKHOCTBIO, CM. PHCYHOK 2
(C)). Cuemyromum MOMEHTOM IPUMEHEHHsI YIPABICHUs [PEJIAraeTcss HanboJIbIlee 3HAUCHUE
ts, x(t3) ~ 32.67 (cm. pucynok 2 (C)), mpeaiecTByIonee BOSHIKHOBEHUIO OOIINX TOYCK KPH-
BOIi (pba30BOI0 COCTOSIHKMSA U JIMHUK [TOPOTOBOIO 3HAYEHUsI MOPaYKeHUs arpoKyJIbTypbl. Moty
Y3 TPUMEHIeMOTrO MMITYJILCHOTO BO3jeiicTBust pu ToM paseH 4.99 — y(ty). U rak nasee ...
Nrorosast ¢CTOMMOCTD TIOJIEPYKAHKS TOIMYJIAIMNA BPEJIUTEIA B JOIOPOrOBOM COCTOSIHUE OyIeT
HPOIOPIMOHAJBHA CyMMe JIJIMH Y€PHBIX IIYHKTUPHBIX BEKTOPOB. FcTecTBeHHBIM 06pa3oM, KJIo-
YEBYIO POJIb B CHUYKEHHU CTOMMOCTH Peasu3alui MoJ00HBIX YIIPAB/IAIONINX CTPATEri UIpaer
BBICOKasl TOYHOCTD OIEHKHU YMCIEHHOCTHU HOIYJIANNN BpejuTeis 1 SHToMOMdara, mo3BoJsiomnas,
IyTeM BHECEHUs HeOOXOIMMBIX KOJIMYECTB 0cobeil suToModara B TEIIMIHBIA KOMILIEKC, I1epe-
BOJIUTH COCTOSTHME CHCTEMBI KAK MOYKHO OJIMZKE K €€ TOJI0KEHUIO PABHOBECHS.
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Bsenenue

OreHKa TOTPEITHOCTU TPUOJIMZKEHHOTO pertenns TuddepeHnaabHOr0 YpaBHEeHUsI IPH 110~
KOOPJIMHATHOM OIEHUBAHUYU UMEET SKCIIOHEHIINAIbHBII POCT, JIaKe €CJIN caMa, IIONPEITHOCTD Pac-
TeT He Tak ObicTpo. Takoit addexkt HasbiBaeTca 3hderkTom pacKpyTku win s¢dpdekrom Mypa
[1, c. 155].

Ojiun U3 c1oco0OB MOCTPOEHUs OIEHKU ITOI'PENTHOCTH, MMO3BOJIAONNN n30ekaTh dhderTa
pacKpyTKH, ObLT peyioxkeH B [2|. HucmenHoe pererne 3aKI0YAIOCH B SJITUIICOUT, KOTOPBIi
cojiepzKaJl TaKxKe 1 TouHoe perrrenre. C UCobp30BaHIEM Pa3HOCTHOTO YPABHEHUS JJIsd TOTPEIll-
HOCTH 9TOT SJITUIICOU]T TIEPECUUTBIBAJICS Ha KAXKJIOM IIare.

Hns siroro merosa Illtepmepa B [3], Giaromapst 60jiee TOYHOMY OINEHUBAHUIO MAJIBIX CJIa-
raeMbIX, ObLI IPEJIOKEH CIOCO0 MOJIydeHus 6oJiee TOTHON OIEHKH MmorpentHocTu. B crarbe [4]
5TUM crocoboM 611 06001eH Mero; Hymeposa (HesiBHBI By xmmarossiii Meros [IItepmepa).

B ganHoii pabore mpejyiaraeTcst pacipocTpaHuTh pe3yabrar paboThl 4] Ha HesiBHbBIH MHO-
TOIIATrOBBIIT METO T JITFOOOTO TTOPS KA.

1. IlocraHoBKa 3ajga4n

st BeIYUC/IEHUS TPUOJIMZKEHHOT0 pelenHns 3a1adu Korrm

yv' = flzy), y0)=y, ¥(0)=y, 0<zxr<X, y feR (1.1)

Oy/1eM UCHOJIb30BaTh HesiBHYIO k -maroByto dopmyiry meroga [TItepmepa (em. [5, c. 143))

k
v2ym - hZf(mm—h ym—l) + h2 Z 6zvzf(xma ym) + W, m 2 k.

=2

Baech Yy, siBiIsieTcs NPUOJIUKEHHbIM 3HaYeHueM it y(Z,,) B TOYKe x,, = hm; h — no-
crosiuublii miar; (§; — koadduimentsr Meroga [lrepmepa; V — KoHeuHas pasHOCTH (HA3aJL),
T. e. Vdy = Gy — Qp_1; V' — KOHeYHas pasHOCTb i-ro nopsjka, Via, = V(Vila,),
i=2,3,..., B YaCTHOCTH KOHe4Has Pa3HOCTb BTOPOro Iopaaka V2 ompejessercs hopMyJoi
Vi, = V(Van) = @m — 2am_1 + Gm_2; W, — omubKa, IojydaeMas U3-3a OKPYIJIeHHi 1
00pbIBa UTEpaIii.

[MorpermuocTs 2, = Y(Tm) — Ym TUCIEHHOTO PEIIEHUS YIOBIETBOPSET PA3HOCTHOMY ypDaB-
HEHUIO

V2 = W (f(@m-1,Y(@m-1)) = [ (@m-1, Ym-1)

+ h? Zﬁzvz (f(wmay(xm)) - f(mmvym)) + Ny — W, (1.2)

rne N,, — ommbKa k-ro meroma Illtepmepa HA m-M 1are:
Nm = _5k+1hk+3y(k+3)<€)7 Tm—k S 5 S Tm.-

[Hesbio paboTHI ABJIAETCA MOJTyYeHUE TAPAHTUPOBAHHON OIEHKU MOTPEITHOCTH 2, .
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2. OieHuBaHNE NOTPEHIHOCTH C IIOMOINBIO 3JIJIUTICOU/IOB

B crarbe [2] 611 IpeoxKeH Crocob MOCTPOEHNUsT OIEHKHU HOTPEITHOCTH, HEe TPUBOJISIIHAN K
sdderry packpyTku. HucjieHHOe pelleHne 3aKI09aJ0Ch B JUIUICOR, COJEPIKAIUNA TOUHOe
pellieHne, KOTOPbIi IePecUnThIBAICA Ha KAXKJIOM IIare.

Crioco6 oty uenus 6osiee TOTHOM OTEHKH OTPEITHOCTH Jist siBHOrO MeTosa [Itepmepa ObLT
[peJJIOXKEH B 3], /U1t HeIBHOTO JIBYXIIIANOBOTO YHCIeHHOrO MeTosa (Meroga Hymeposa) — B [4].

B nannoit pabore 1oJiydeHHble paHee Pe3yJIbTaThbl Oy IyT 0000IIEeHbI Ha HEABHBIN MHOIOIIIA-
FOBBIIT MeTOJ1 JTI060r0 MOPSJIKA.

B cayuae, Koryia npaBasi gacthb uddepennuanbaoro ypasaenns (1.1) siBisercs JuHeRHONR
no y, . e. f(x,y) = A(z)y, ypasaenue (1.2) MOXKHO 3amucarh B BUJe PA3HOCTHOIO yDaBHEHUS

k
vQZm = thm—lzm—l + h2 Z ﬁzvl(Amzm) + Nm — W, (21)

1=2

e A, = A(z,,). Ilyerb npu Becex paccMaTpuBaeMbIX 3HAYEHUAX 1M CIPABEJJIUBLI OIEHKH
N > |Np| 1w > |wy.
Tak ke Kak U B 2] BBeJIeM BCIIOMOraTeIbHYIO EPEMEHHYIO Uy, U TpejctaBuM (2.1) B Buje

CHUCTEMBI

Vm =Um—1 + hAm—12m-1 + b Qm, m >k,

k

2 =Zm—1 + hvm + h? Z BV " Anzm), m>k—1, (22)

=2

rie Q,, = N,, — w,,, ¢ HAYAJIbHBIMUA 3HAYCHUIMU

k
Rk—1 — Rk—2 i—1
Vo=V =...= V2 =0, vp_1= T —h E BiV* (Ak:—lzk—1)-
i=2

[MoscraBum v, U3 nepBoro ypasHenus (2.2) BO BTropoe U mepeiijieM K MaTpUIHON 3amucu:

0
Um . 1 hAm—l VUpn—1 h_lQm
(Zm) N (h 1+ h2Am—1> (Zm—l) + h? iﬁiviil(Amzm) + ( O > . (23)
1=2

B [2] onenKka BeKTOPOB HOIPEITHOCTH Zy, = (U, 2m )’ (371€Ch 1 HuzKe BepxHUil nnjexc T —
3HaK TpaHCHOHI/IpOBaHI/Iﬁ) CBOMJIaCh K IT1OCJIeI0BATE/JIbHOMY HaXO02K/ICHUIO OIICHOK U3 YPaBHCHU A
JJIgd BEKTOpPa IIOIpPEenIHOCTH

k—1
Z:n = ZCz‘Zr;z‘ + Q:n, m > k.

1=0

BekTop norpemnocreit T BAKJTIOUAJICH B SJUIUIICOMIT (em. [6]),  9TOT SIUITUIICOMT TIEPECINTHI-
BaJICS Ha KazKI0M mare. JIjis cuMMeTpraecKoil MoI0sKuTeIbHO-0IpeIeIeHHOM MaTpunbl B pas-
Mepa (2% 2) smmancons, E(c, B) ¢ nentpoM B ¢ onpeaensica kak B2S +c, rae S = E(0, )
— eJIMHUYHBII Iap ¢ HEeHTPOM HadaJjle KOOD/IUHAT.

Hns wegBroro asyxmiarosoro meroga (merona Hymeposa) B [4] g mocienoBaTeibHOTO
HAXOXKJICHUSI OLEHOK BEKTOPOB IOI'PEHIHOCTEIl ObLIO IIPEJIOKEHO 3allUCaATh [PEICTAB/ICHAC

Ty = CoZom 4 C1Zm—1 + Qe m > 2,
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rie
0 0 1 hA, 1
C(] — h2 5 Cl - 1].h2 3
— 1 _
0 12Am h 1+ B A1
B BHUIE
= _— > =
Lo = Do Z,y, + B (V(Amzm)> +Qn, m>2, rtme D (h 14 h2Am—1)

B srOM CiIydae TOYHOCTH OLEHKU IIOIPENTHOCTH YBEJMYMBAJIACH 3a CUYET TOIO, YTO HCIIOJIb-
30BAJINCh HE OIEHKHM BEJWIUH A, _;Z,_;, & OIEHKHI MX IePBBIX Pa3HOCTEH, TO €CTh OIEHKA
[POKMCXOJIUJIA € YUIETOM 3HAKOB MAJIbIX CJIAraeMbIX.

[IposejieM 0106HOE YIIy dIleHre I HesIBHOIO MHOT'OIIIANOBOTO MeTojIa. [Ijist 9TOro BhipasumM
B (2.3) i-e pasnoctu uepe3 V(A _iZm—i):

Um) (1 hA;,—1 Up—1 L , 0 h1Q,,
(z’”> - <h 1+ hQAm—1> (Zm—1> i hz;% (V(Am—izm—i>> " ( Qm ) - 24

rjie KO3 PUIMEHTHI 7y, BBIpAyKaoTCsa depe3 [3;.
Bropoe ciaraemoe mpaBoit 4acTu paBeHCTBa COAECPKUT Beanauny V(A,,_izm—i). Bbipasum
OlEHKY TIepBbIX pasnocreil P! > max |V (A;z;)| uepes onenku
0<i<l

L> |4, L >|VAl/h, 2% >max|z|, v > max|v.
0<i<i 0<i<l

U3 Bropoit crpouku (2.2) cieayer, 9ro

k-1
Vz, = hv, + h? Z ViV (Arm—iZm—i)- (2.5)
=0

B cuiy nepasencrsa |V(A4;z)| < |VA|zP + L|Vz)|, ucnonbsys npsimo nosryuaemyio us (2.5)
OIIEHKY, MMeeM

k-1
V(Aiz)| < hL'zP + L(hof + > LPYY " |4j]).

i=0

Orkyza ciemyer, 910
h
P! < — (L'zf + LvP). (2.6)
1= nLY |
i=0

Bamernm, 9ro mar h 1o7zKeH ObITh BEIODAH TAKUM MaJIbIM, YTOOBI 3HAMEHATE b 1podn B (2.6)
ObLIT TTOJIOXKUTETHHBIM.
[Iycrb morpemHocTh HAYaJbHBIX 3HaUeHuil He mpesocxomur d, torjga Z; € E(0,Z;) npu

B \2
1=0,....k—1, tne Z; = (O 0) npu ¢ =0,....k—2 un Zk_1:2((vk1) O). 31ech

0 &2 0 52

25 F
vk S vy = 5t héL; i,

rie v; — K03 UIMeHTsl, KOTOpble BO3HUKHYT B (2.5) mocJie paciiChbiBAHNs IEPBBIX PA3HOCTE].
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[Ipennaraercs, HaUMHas € 9TUX 3HAUEHUN, HA KaXKJOM IIare IMepecYduThIBATDH JLIUIICOUT
E(0,7Z,,), conepxXKamuii BeKTOp Torpentocteit (v, zm )’ .
[Tpu ymuokenun marpurpl D Ha simncons, £(0, B) Hao UCnoab30BaTh (CM., HATIPUMED,
[6, c. 74]) paBeHcTBO
D - E(0,B) = E(0,DBD™).

HpI/I CJIO2KECHHU JIBYX IJIJIMIICOUA0OB HaJA0 HCIIOJIb30BaTh BJIO2KEHUE

[Tapamerp p MOXKHO BbIOpaTh (cM. [7]) U3 ycioBUsS MEHUMAIBLHOCTH CYMMbI KBAJPATOB IOJIY-
oceit (p = /TrBy/TrB;) wm mMunnmasbuoctn obbeMa (p = \/n—Tr(By ' By)) simmcona,

COJIEPZKAIEr0 CYMMY JIAHHBIX JIIUIICONJIOB.

CyMMOfI BTOPOI'O U TPpEThETro Cllara€cMbIX B HpaBOﬁ HqacCcTu (24) ABJIAETCA BEKTOD
W' Qm
5 k—1
! )
=0

a’ ab

k—1
b bQ))? ric a = h71Q7 b = h2P7}1 Z |’7z/| + Q7 Q =
a =0

cozepKaruiicst B sjummconse F(0, (

N + w.

B pesymnbrare, obIas moc/ie[0BaTe IbHOCTD JICHCTBHI BBITVISIUT CJIEIYIONIAM 00pa30M.

1. OHpe,ILe.HHIOTCH Ha4daJIbHbIC 3HaYCHUA:
k
20
* % ok _ B E
=0

Yeranasaupaerca m = k.

2. Bprunciasiercs npeJBapuTesibHad OIleHKa IIOI'PEIIHOCTH:

‘ h
e =Th  + W(gm@(?\o&d +laal) + 2, o L(|ew| + [azl)
k
< +L) |sz‘|2;§1—¢> + (N +w)(h™" + |ao|L), 27
=3
2D =2 el om >k

Baech 2z — ysydlleHHas OIEHKa ONIMOKH, IIOJIydeHHAs Ha IPEBLIYIINX Iarax, Hada/lb-

Hble 3Havenus 2 =0 npu i =0,....k—1, 2 = 2—};5; mar h rtakoii, aro |ag|h?L < 1.

3. Tlo upepapurenbHoit onenke 22 us (2.7) naxoaures simncous E(0, Z,,), comepzKamuii
BEKTOP Zm = (Um, 2m)T 13 (2.4). /151 9TOrO BBIUUC/IACTCS SITHIICOL, B KOTOPOM JICZKUT
CyMMa 3JLIMIICOUJIOB, COJIEPZKAIMX caraeMble mpasoil actu (2.4). lajee Bbraucisgercs
YAy4IIeHHas OlEeHKa HOIPeITHOCTH

* 2,2
2 =V 1Ly,

rae syumncoun E(0,Z,,) = Z24S5;, S; = E(0,I) — equaudnblii map.

SareM m yBeJIMYMBaeTcd Ha 1 UM MPOUCXOIUT MEPEXOJT K IIYHKTY 2.
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3. IlosiyyeHue OLIEHKHW HNOT'PENIHOCTU C OOJIBbIIEI TOYHOCTHIO

st TOro, 9TOOBI MOJIyYUTH OIEHKY HOIPENTHOCTHU C eIle OOJIbIIeil TOYHOCTBIO, HaJI0 BTOPOe
ciaraemoe B (2.3) IpeJCTaBUTh B BHJIE CYMMbl BeJIMYKMH JBYX TUIOB. K mepBoMy TuIily oTHeceMm
YIEHBI, COJIepXKalle z; U v; TOJBKO C MHIEKCOM M — 1 W NPHUCOEIMHUM UX K IIEPBOMY CJlarae-
momy (2.3). Ko Bropomy Tuity oTHeceM «MaJible» WIEHbI — DA3HOCTH MOPsiIKa He MEHbIIe YeM
G € {0,1,...,k — 1} u, BOBMOXKHO, cjaraemble, COJepKallue HEOTHOPOJIHOCTh (. Ilpuem,
[PeJUIOKEHHBI B IyHKTE 2., coorBeTcTByeT G = 1, a Merosn crarbu [2| coorBercTByer G = 0.

Jna G > 2 npejpcraBuMm

k G k
Z /Bivi_l(AmZm) - Zﬁzvz_l<Amzm) + Z Bzvz_l(Amzm)
=2 =2 i=G+1
Bropoe ciraraemoe MOKHO OLEHUTBL 4epe3 OLEeHKY pasHocrein G -T0 HopsKa, IPEIBAPUTE/ILHO
BbIpa3uB Bce pasHocTu (i — 1)-ro mopsiIKa depe3 pasHoCTH mopsaka G.
HepBoe CJIara€eMoO€ HY>KHO Hpeo6pa30BaTb TaKNM O6pa30M, 4TOOLI B HEro BXOJMJIN YJICHDbI
TOJILKO JINOO IIEPBOTO, JIUOO BTOPOrO THUIIA.

I[JIH 9TOI'O BLIIIOJIHUM CJIeyIoniue HpeO6paBOBaHI/IH'

G
S = Zﬁzvz_l(Amzm Zﬁzz 1 vz - qu q)(v Zm)
=2

G
= Z Bi(VIT AL - 2 + Z(i — 1BV A1) - Vi, + S,

i=2
IJe ciaraemMoe Ss = Z Bi Z 1 (ViT171A,, ) (Viz,) noseaserca Toibko B ciydae G > 3.

C yuerom 3navenus szm uz (2.1), umeem

Z@Z (VA ) (P2 (A 12 1)

k
+B2Y BV (A zn) + VI Qn).

Cuauasa npeobpasyeM z,, u Vz, B S, HCHOJIb3ys BTOPYIO cTpoKy (2.2). [Toayuum

G k
S = BV Ap) - (zmot + hom + 12D BV (Apzm))
=2 1=2
G

k
+) (= DBV T Ap) - (hvw + 57> BV T (Anzn)) + Ss.

=2 =2

Terepb 1peobpasyeM v,,, UCIOJIb3ys nepByio cTpoky (2.2). Ioryunm

G
S=> BV An) - (2ot + h(Umot + hAp 1zt + h 7 Q)
=2

k G
+ h2 Zﬁzvl_l(Amzm» + Z(l - 1)Bi(vi_2Amfl) . (h(?}m,1 + hAmflszl + h_lQm)

=2 1=2

k
+ 02D BV (Apzm)) + Ss.
=2
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YteHbl MOJIyYE€HHOM CYMMBI, COJIEpKAIllie B KAUeCTBE MHOXKUTEIEH 2, 1 U Uy,_1, HAJO
[PUCOEJMHNUTD K MepBoMy ciaraeMoMy (2.4). JIms ocTaabHBIX WIEHOB, KOTOPBIE He IIPHHA/Ie-
’KaT KO BTOPOMY THUITY, HY2KHO TIOBTOPUTD BCIO TIPOIEAYPY pa3bueHus Ha, cjaraeMble IepBOro u
BTOPOI'O TUIIOB 3aHOBO.

[TocmoTpuM, Kak mpe/itosKeHHbI MeTo pabotaer pu G = 2. B sTom ciyuae S3 = 0,

k
_ 1 2 h 1 2 -1
S = 12(VAm + h° A A1) Zm-1 + 12Amvm,1 + 12Am(Qm +h ;:2 BiV' T (Amzm))-

CretoBaTesibHO, 3amuch (2.3) paBHOCHIIbHA 3AIHCH

()= G S ) () 51
Zm B h(I + %Am) I + h2<Am—1 + % + %AmAm—l) Zm—1 ‘

0 -1
i=2 i=3
Haitnem onenky norpentaoctn nesisnoro Merosa Illrepmepa 5-ro nopsiixa.
B srom ciayuae cripaBeuinBa CJIe/IyIomas OleHKa BTOPOH KOOPANHATEI BTOPOTO CJIAraeMOro
upasoit gacru (3.1):

h2

1
—A,,Q,, + —
12 O+ 12

4 4
Am Z Biviil (Amzm) + Z ﬁiviil (Amzm)
1=2 =3

L h*L 1 h*L
< —Q+ —P. 4+ —P*(1+—).
SOt et 120 (1 12 )

B1ech B KadecTBe ONEHKM TepBbIX pasHocreil Pl : max |V(Aiz)|| < P! ucnombsyercs
0<i<

ornenka (2.6). Tperbu pasHocTH GbLIN BBIPAYKEHbI Yepe3 BTOPbIE, JIJIsi KOTOPBIX HUXKE OyJer

nostydena orenka PP Iax [V2(A;2)| < P2
AN

IIycrs BeImosneno Hepasencrso L’ > h™2||V?A;||. Torma, ncnonssys onerkn Vz; n V2z;,
nostydennble u3 (2.5) n (2.1) coorBercTBenHo, i k > 4 uMmeem

k—1 k—1
< RAL'2P + 2hL (hof + 12 1P + L(BLzf + 12> 1P+ Q).
j=0 Jj=0
Orkyma
1 k—1
P? < — (hQZlB (L + L%) + 20°L'vf +2h°L" ) |v5| P + Q).
1—h2L Y |yl 7=
§=0

4. YwmcaeHHBIA YKCIIEPUMEHT

[IponemoncTpupyeM paboTy IPEJJIOZKEHHOT'O METO/Ia OIEHKHU MOTPEITHOCTH Ha, KOHKPETHOM
npuMepe. Bprancienus Oy/ieM IPOBOJUTH € TOYHOCTBIO JI0 56-TO JIBOMYHOTO 3HaKa, T. €. C
0= %2_56 = 27%7, PaccMOTpuM JIMHe{HOe ypaBHeHue

" 9 cos?
=5 Y
2+ cos?x
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¢ TOUHBIM pemenneM y(x) = sinz +  sin 3z.

Yucennoe perntenne OyJjieM TakxKe cauTaTh MeTosioM [IITepmepa 5-ro mopsijika ¢ TOYHOCTBIO

d =27° ¢ marom h =278,

Onenka N = 55|y@ A7 < 1.5-1077, 1. . |[y®| < 244, Ouenka w =7-10""%.

B Tabmie IpuBeeHbl TOJILKO OIeHKH, He mpesocxosmme 1074,

| Xo || 100r | 200r | 4007 | 600w
4.1076
9.-10%[8-107[3-10°F
9.-10%[7-107[5-10[2.10°°

QQQ
I
o=l o

Pe3yanaTb1 YUCJICHHBIX 9KCIIEPUMCHTOB ITOKa3bIBAalOT, YTO IIPKU y4Y€TC 3HaKOB MaJIbIX CJlarae-

MbI
Ccd.

X TOYHOCTDb OI€CHKH ITOI'PEHITHOCTU HEABHOI'O METOJa U_[TepMepa SHaYUTEJ/IbHO yBe/JINYrUBaeCT-
KpOMe TOr'o, IPOUCXOAUT yBeJIMIECHUE JIJIMHBI MHTEPBaJia IIDUMEHUMOCTU METO/la Oll€CHHUBa-

HUA IIOI'PEITHOCTU C ITOMOIIBIO SJIJITUIICOUIOB.

[1]
2]

3]

4]

[5]

[6]

7]
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Awnnoranusi. PaccmarpuBaercs: mpocTeiiiasi Iporeypa SKCTPAIIOJISIIIT, a UMEHHO, YIBOEHUE
IIara, /il yCKOPEHUs CXOINMOCTH HbIOTOHOBCKUX METO/IOB K OCOOBIM PEIIeHUsIM IJIAIKAX HeJIH-
HeWHbIX ypaBHeHuit. JlemoHCTpUpyeTCcs, 94TO yCKOpsromuii 3deKT 3Tol Mporeaypsl i pa3-
HBIX HBbIOTOHOBCKUX METOJIOB MOXKeT ObITh pas3HbiM. JIjis JIMHEHO-KBapaTUIHbIX ypaBHEHUN
[PUBOASATCHA TEOPETUYECKUE PEe3YJIbTATHI, JAIONINe KOJIMIEeCTBEHHBIE OIEHKH OTEHIIMAIBHOIO
addekTa oT FKCTpamnosun Ay MeroaoB Heorona, Jlesenbepra—MapkBap/ira, a TakyKe HEIaB-
HO IIPeJJIO’KEHHOT'O HBIOTOHOBCKOI'O METOa C MOJ3a/[a9aMi JIMHEHHOrO IIPOrpaMMUPOBAaHUs, B
OIIPEJIE/IEHHOM CMBIC/IE 00BICHSIONINE HADIIOMAEMYIO Pa3HUIly. TeopeTudecKn aHaan3 OCHOBAH
Ha WHTEPIIPETAIINHA STUX METOJI0B KaK BO3MYIIEHHOro Merona HbIOTOHA ¢ cOOTBETCTByOMAMA
OIIEHKAMHU HA BO3MYIIEHUs, & TAKXK€ HA TOHKUX PE3yJIbTATaX, KOJUIECTBEHHO XapaKTePU3YIO-
IUX 1Al TAKON0 BO3MYIIEHHOTO METOJA U €r0 JIOKAJbHYIO CXOAUMOCTh C JIMHEHHOW CKOPOCTHIO
K OCOOBIM DEIeHUsIM, B KOTOPBIX BBIIOJIHAETCS YCJIOBUE 2-PErYISPHOCTH 110 HAIIPABJIEHUIO U3
s/Ipa MepBoOi Mpon3BoAHON. TakxKe TPOBOIAATCA INCIEHHBIE IKCIEPUMEHTHI I TJI00AN3AIHil
YKa3aHHBIX aJI'OPUTMOB, CHAOXKEHHBIX BLIOOPOM IIapaMeTpa JJINHBI I1ara, Ha JIByX TeCTOBbIX Ha-
6opax. DKCrepuMeHTaAIbHbIE HADJIIOAEHUsT TIOATBEPIKIAI0T TEOPETHIECKIE PE3YJILTATEI, & TAKAKE
JEMOHCTPUPYIOT, 9TO B CIydasix, KOTJA yPABHEHNE COJEPKUT HEJIMHEHHBIE U HEKBAIPATHIHBIC
wieHbl, 3MEKT OT IKCTPAIIOJISIITUN BHIPABHUBAETCS.

KitroueBbie cyioBa: HeJlMHEHOe ypaBHEHUE, 0coboe perienne, metos Heorona, meron Jlesen-
6epra-MapkBap/Ta, HbIOTOHOBCKHUI METO/I C TIOA3a/a4aMU JIMTHEHHOTO IIPOrPAMMIPOBAHNUS, SKC-
TPAIOIAIIA

Buaaromapnaoctu: MccienoBanne BBITOJMHEHO 3a CUET T'paHTa Poccuifickoro Hay<dHOro (POHIA
(mpoekt Ne 24-21-00015, https://rscf.ru/project/24-21-00015/).

Jns nurupoBauusi: Hamaunos A.@., Yekos E.H. YckopeHnue CXOJIUMOCTH HHIOTOHOBCKUX Me-
TOJIOB K OCOOBIM DeIeHNsIM HEeJMHEHHbIX ypaBHeHull // BecTHUK pOCCHHCKUX yHUBEPCUTETOB.
Maremaruka. 2024. T. 29. Ne 148. C. 401-424. https://doi.org/10.20310,/2686-9667-2024-29-148-
401-424


https://doi.org/10.20310/2686-9667-2024-29-148-401-424
https://rscf.ru/project/24-21-00015/
https://doi.org/10.20310/2686-9667-2024-29-148-401-424
https://doi.org/10.20310/2686-9667-2024-29-148-401-424

402 A. ®. Uzmanios, E. . Yckos

SCIENTIFIC ARTICLE
© A.F. Izmailov, E.I. Uskov, 2024
https://doi.org/10.20310,/2686-9667-2024-29-148-401-424

Accelerating convergence of Newton-type methods
to singular solutions of nonlinear equations
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Abstract. We consider the simplest extrapolation procedure, specifically doubling the step,
intended for acceleration of convergence of Newton-type methods to singular solutions of smooth
nonlinear equations. We demonstrate that the acceleration effect of this procedure can be
different for different Newton-type methods. For linear-quadratic equations we provide theo-
retical results yielding quantitative estimates of the potential effect of extrapolation for the
Newton method, for the Levenberg-Marquardt method, and for the recently proposed LP-
Newton method, in some sense explaining the observed difference. Theoretical analysis relies on
interpretation of these methods as a perturbed Newton method with the appropriate estimates of
perturbations, as well as on sharp results yielding a quantitative characterization of a step of such
perturbed method, and its local convergence at a linear rate to singular solutions satisfying the
2-regularity condition in a direction from the null space of the first derivative. Furthermore, we
perform numerical experiments with globalized versions of the algorithms in question, equipped
with choosing the stepsize parameter, on two sets of test problems. Experimental observations
confirm the theoretical results, and also demonstrate that in cases when the equation contains

nonlinear and nonquadratic terms, the effect of extrapolation is evened out.

Keywords: nonlinear equation, singular solution, Newton method, Levenberg—Marquardt me-

thod, LP-Newton method, extrapolation
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Bsenenue

3BeCTHBIM CPEJICTBOM YCKOPEHHsI CXOAMMOCTH HBIOTOHOBCKUX METOJOB K OCOOBIM pere-
HUSIM HEJIMHEHHBIX YPaBHEHHN siBjisieTcst SKcTpanossnus |1, 2]. OxHako, Kak JeMOHCTPHPYETCS
B 9TOIl cTarhbe, yeKopsromuii 3(beKT 3Toii mpoIeLyphl /i PA3HbIX HBIOTOHOBCKHUX METOIOB MO-
JKeT ObITh PA3HBIM, U IEJIbI0 PabOThl ABJISIETCS TEOPETUIECKOE OObIICHEHNE STON PA3HUIIBI JIJIst
JIMHERHO-KBaIPATUIHbIX yYPABHEHU, a TaK:Ke YNCICHHBINA anagms 3(deKTa 0T SKCTPAIIO/ISIIAN
JUIsT TJI00ATM30BAHHBIX OJTHOMEPHBIM MOMCKOM MeToj10B Hbiorona, JleBenbepra—Mapksap/ira,
a TaKzKe HbIOTOHOBCKOI'O MeTO/[a C MO/3aauaMU JIMHEHHOTO IIPOrPaMMUPOBAHHUsI (COOTBETCTBY-
IOTIHe CCBLIKK HA JINTEPATYPY MPUBOJIATCS HUZXKE).

Hcnonb3yeMble B CTaThe 0603HAYEHNs BIOJIHE TPAUIMOHHEL. epes L oboszHadgaeTcs op-
TOTOHAJIBHOE JIONOJIHEHNE JIMHEHHOTO nojnpocTpancTsa L. Ecim He ykazaHo uHoe, OyjieM cuu-
TaTh, 9T0 || - || — eBKJIMIOBA HOpMA; B HEKOTOPBIX CJIydasX OyIeT TaKyKe HCIOJb30BAThCS
00 -HOpMa, KoTopas st u € RP onpegensiercst Kak ||ulloo = max{|u;| | 7 € {1, ..., p}}. Hna
3aJaHHbIX U, U € RP, ¢ >0 u 6 > 0 onpemesmM MHOXKECTBO

K. 5(a;0) = {u e R” | lu —a|| <&, [[[0](u = a) - [Ju —al|o]| < dllu—all]o]}.

Yepes [ obosHauaeTcs euHUIHAsT MaTpulia, a depe3 im A u ker A — obpa3 (MHOXKeCTBO 3Ha-
YeHuit) 1 siipo (MHOXKECTBO HyJIeil) Marpuiibl (JuHeiHoro oneparopa) A. Jljis cuMMeTpruaHOro
6usmneitnoro orobpaxkenuss B : RP x R? — RP u mug 3agannoro v € RP gepes Blv| o6o-
3HAYAETCs] MATPUIIA JUHEHHOTOo oneparopa Blv, -]. Hakowern, 3amics O(t)u ucmosn3yercst jijis
npoussejsiernst Buja Au ¢ marpuneit A = O(t) B ciydasx, Korja jpyras creruduka 3Toii
MaTpHUIIbl HE UMeeT 3HaYCeHUd.

1. IlocTraHoBKa 3aga4M U HbBIOTOHOBCKHE METOIbI

PaccMaTpuBaioTes HbIOTOHOBCKIE METOJIbI JJIsl PENIeHHs] HeIMHEHOrO ypaBHeHNs]
O(u) =0 (1.1)

¢ JI0cTaTOYHO ryiaikuM orobparkennem P : RP — RP. Taxkue MeTO/IbI 110 UMEIOIIEMYCsT TTPUOJIU-
xennio u € RP reHepupylorT ciieyioliee npudnkenne Kak u + v, rje v € RP ecTb perrenue
O/I3a/Ia9 1, XapaKTEePU3YIOIIel KOHKpeTHbIN MeTo. Hampumep:

e no3asada Metona Hetorona (NM; em., manpumep, |3, pasa. 2.1.1]) — 310 smHeapuzoBaH-
Hoe ypaBrenue (1.1), T. e.
O(u) + ' (u)v = 0; (1.2)

e 10/3a1a9a MeTojia Jlesenbepra—Maprsapsra (LM; npoucxoaut us pabor [4,5]; cM. Takxe,
Hanpumep, [6, pasm. 10.2], a Takzke 0630p COBPEMEHHBIX T€OPHil CXOAUMOCTH B |7]) nmeer
BT

1 1
S1®(w) + @' (wo]|* + So(w)|o]* — min, (1.3)

¢ dyuknueit o : RP — R, onpenessionieil 3naueHns napaMerpa peryJisipu3aliiu, 9To
PaBHOCUJIBLHO JTUHEHHOMY ypaBHEHUIO

(@'(u) " @(u) + (¥ (w) " @' () + o (u) v = 0; (1.4)
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® 110/133/1a9a HBIOTOHOBCKOI'O METOJIA C o3aadaMu inHeiiHoro nporpamyuposanus (LPN;
[8]) mmeer BHI

v = min, [ @(u) + @' (wo]| <yl [lv] < vl (1.5)

otHOCUTENBHO (v, y) ¢ 7 € R, 1 ecim ucmosib3yercst 0o -HOPMa, TO 9TO 3a,1a9a JMHEHHOTO
IIPOTPaAMMUPOBAHUS, UTO U JIAeT HA3BAHUE METOJLY.

Kak obcyzxmaercs Hike, Bce mepevncaeHHble METO/Ibl MOT'YT HHTEPIPETUPOBATHLCH KaK BO3-
myterHblit Meros Hetorona (pNM) ¢ nogzanadei

O(u) + (' (u) + Qu))v = w(u), (1.6)

rie orobpaxkenust §2 : RP — RPP n w : RP — RP xapakTepusyoT pa3jndHble BO3MYIIE-
nust 6azoBoro NM. CpoiictBax 6azoBoro NM u pNM BO/IM3HM HEOCOOBIX peIeHuil n31araoTcs
B [3, pasn. 2.1.1|. Baecy pemenne @ ypasmenust (1.1) maspiBaercs meocoObiM, ecim @' (a) —
HEBBIPOXKJICHHAST MATPUIIA, U OCOOBIM B IIPOTHBHOM CJIydae.

Jlannast paboTa IMOCBSIIEHa UMEHHO CJIydaio 0coboro perienus 4. Kio4ueByio pojib 1pu
9TOM WTI'DAET YCJIOBUE 2-peryasgpHocTu orobpaxkenunss ® B Touke 4 10 Hampasienuio v € RP
[9, pasz. 1.3.3], cBozsIeecst B paccMaTpUBAEMOM 3J1€Ch Cilydae oTobpaxkenus u3 RP B RP k
HEBBIPOZKICHHOCTH JIUHelHoro onepatopa u +— L& (u)[v, u] : ker ®'(u) — (im ®'(a))*, rae
II — onepaTop opToroHajbHOro npoekTupobanud Ha (im ®'(7))+. Baxmuoe cpoiicTBo, KoTOpOE
JIETKO IIPOBEPHUTH, COCTOUT B TOM, 4TO M3 2-perysigpHoctu P B TOUKe U 1O HAIPABICHUIO U
BBITEKaeT cymmecTBoBanne € > 0 u 0 > 0 Takux, 9ro miad u € K. 5(u, v) marpuma ' (u)
HEBBIPOXKJICHA, TTPUIEM

(@' ()™ = O(llu—al™) (1.7)

upu u — 4. C ucnojb30BaHeM 3TOr0 (paKTa, CIEAYIOMUi pe3yIbTaT 0 JOKAJILHON CXOAUMOCTH
pNM c smneitHO# ckopocTbio 6611 ostyder B [10, Teopema 1] (em. Takzke |11, Teopema 3.1|, re
UCHOJIB3YIOTCs G0JIee ciabble MPeIIOIOKEH s IIAIKOCTH ), U sIBJISETCS PA3BUTHEM PE3Y/IbTATOB,
nostyuenunix [1,2]| s 6azosoro NM. [Tis Besikoro w € RP BBeJieM OJJHO3HAYHOE PA3JIOKEHUE
u = +uy, u € (ker ®(u))*, uy € ker &' (a).

Teopema 1.1. IIycmv & : R? — RP dsaorcdv duddeperuupyemo sbausu u € RP, u ezo
8MOPAsA NPOU3BOOHAA NUNWUYUELEA OMHOCUMEALHO U, M. €.

CI)”(U) _ @”(ﬂ) = O(Hu - ﬂ”)

npu u — w. Hycmo @ sasasemca pewenuem ypasnenus (1.1), npuvem O 2-peeyaapro 6
mouke U no nanpasienuto U € ker ®'(u) \ {0}. ITyemv das Q : RP — RPP 4y w : RP — RP
cywecmeyem 6 > 0 makxoe, wmo oyenky

Qu) = O(llu—al)), w(u)=O(lu—all*),
() = O(Jlur — @ l) + O(||u — al*)
Nw(u) = O(flu — allur = @) + O(flu — ul|*)

svinoanaomesn oaa u € K. s(u; 0) npu € — 0+ .
Tozda dns nobwix € >0 u § > 0 natidymea € =e(0) >0 u § = 0(v) > 0 maxue, wmo das
searoti nanaavnot mouku u’ € K. 5(i; U) cywecmeyem eduncmeennas nocaedosamenssHocmy
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{u*} C RP maxasn, wmo das xasicdozo k evmoansemcsa ut = uF+oF 2de vF ydosaemeopaem
(1.6), u das omoti nocaedosamervnocmu u das Kasicdozo k umeem mecmo uy # Uy, ub €
K_ 5(u; v), {u*} cxodumes w a, {||u* —ul||} cvodumca x nyao monomono,

|ui™ — | ko
= 0O(|[u" —u
o~ D
npu k — oo, u
kE+1 = 1
lim HUQk _UQH -
k—o0 ||u2 — UQH 2

Xapakrep cXOAuMOCTH B TeopeMe 1.1 ClIyzKuT OCHOBOI /IS TEXHUK YCKOPEHUS CXOIUMOCTH
HBIOTOHOBCKUX METOJIOB K 0COOBIM perieHusM |1, 2|, oHO 13 KOTOPBIX SIBJISIETCST SKCTPAIIOJIS-
1151, KOTOPad B CBOEM IIPOCTEHIIIEM BapuaHTe COCTONT B FeHEePUPOBAHNN, AaPAJLJICILHO ¢ OCHOB-
Hoit TocsieoBaTebHOCTLIO {uf}, BemoMmoraTesbHOl moce0BaTeIbHOCTH {UF} HOCpeICTEOM
yapoenust tmara (p)NM:

ot =k 4 20", (1.8)
Kaxk nokazano B |2, Theorem 4.1], aus 6asosoro NM MozkHO oxkuiath {u”} nmmeiinoit cxomnu-
MOCTHU C aCHMITOTHIECKUM OOIIUM YacTHBIM 1/4, B TO BpeMsi Kak Jjisi OCHOBHON MTePAIOHHO
nociegosarenbroctn {uf} omenku B Teopeme 1.1 rapaHTHPYIOT TaKoe CBOHCTBO TOJILKO ¢ 1/2.
Bamernm, uro (1.8) He cBsi3aHO HU ¢ KAKUMU JIOMOJTHUTETHHBIMU BBIYUCIUTETHHBIMU 3aTpaTa-
MU, KPOME OJIHOTIO JINIIHETO BhraucaeHns P Ha KaxKI0i nrepaiuu, 9To Tpebyerca /i ONeHKN

KaxuecTBa IIOy9eHHOro IpubmKenns ur+!,

Kpowme Toro, skcrpamnosisiius HUKaK HE BIIHAET
Ha OCHOBHYIO IOC/Ie0BATeLHOCTL {uf}, U 1109TOMY JIerKo KOMOUHUDYETCS C PasJuvHBIMU
peammsarusvu pNM, 1 B 9acTHOCTH, ¢ IVIOGATHBAIMSIMI CXOUMOCTH METOJIOB 9TOr0 KJIACCA,
B TOM YHCJIE C PACCMATPUBAEMBIME B Pa3fl. 4. aJrOPUTMAMHE, MCIIOJb3YIONMMI OJHOMEPHBDII
HOWCK /I /IAlITHBHOIO BBIOOpa Iapamerpa JumHbl mara. Ojnako, 3hdekT or sKCTpaoss-
[N MOYKHO OKUJIATH TOJIBKO IIPH ACHMIITOTHIECKOM MPUHATHH [OJTHOTO HBIOTOHOBCKOTO IIAra,
IIOCKOJIBKY JIaHHAs IIPOIeIypa OCHOBAHA Ha XapaKTepe CXOJANMOCTH HMEHHO IIOJIHONIATOBOIO
pNM; em. [12,13].

Bosspammascs k¥ 6azosomy pNM, amsa meroma LM, ucronmssyomero o(u) = O(||®(u)]|?)
¢ dukcupoannbiM 6 > 0, ra ocuose (1.7) B [10, pazz. 3.1| nokaszano, 9To npu 2-peryisipHOCTU
¢ B rouke u mo nanpasiennio U € ker ®'(u) \ {0} maitmyrca € >0 u 6 > 0 Takue, 9TO JJIA
u € K. s(u, v) (1.4) sanuceiBaerca B Buje (1.6) ¢ w(-) =0 u

Qu) = o (u)(¥'(w)™)" = O(llu — @l = [|@(w)]|) (1.9)

npu u — 4. B [14, pazn. 3.2] npemioxkena ajbrepHATHBHAsT HHTepIperarys moa3agaqdn (1.3)
meroza LM kak nopzagaau (1.6) pNM, ¢ (-) = 0 u coorBercTByIONEi Oenkoii Ha w. B orin-
qKe OT IPUBEJIEHHON BBIIle MHTEPIPETAINN, sIBHO OCHOBaHHOI Ha ¢opme (1.4) urepanuoHHoi
nojzajiadan Metojia LM, ajibrepHaTUBHAS MHTEPIpETAIUs IMPUMEHUMA W B CIydae ypaBHEHUs
¢ JOTMOJIHUTEIbHBIM OFpaHUYEHUEM, HO ITOJIydYaeMble IIPU 9TOM OIEHKH HECKOJIBKO cjabee U He
MTOJIXO/IAT JIJI MCIIOJIB30BAHUA B pa3/l. 3 HUKeE.

Hns merona LPN| caosa ¢ ucniosnibzosaruem (1.7), B [10, pasj. 3.2] mokasaHo, 4rTo B Tex ke
Ipe/IoyIozKeHnsx Hafigyres € > 0 u 6 > 0 Ttaxue, 9uro misag u € K. 5(4, 0) so6oe pertenne
noxzagadn (1.5) yaosiersopsier (1.6) ¢ (-) =0 u HEKOTOPBIM w, JJIsi KOTOPOIO

lw(@)ll < y(@)l|@(w)|I* = O(||u — all[|®(u)]]) (1.10)

upu u — U, rae y(u) — omrmmasbHoe 3Hadenue 3agadn (1.5).
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2. CpasBHuresibHBIN 3P PEKT OT IKCTPATIOIAIAN

Haunem ¢ mpocToro nmpuMepa, XOpoIro JeMOHCTPUPYIONIETo 3(PPEKTHI, 0 KOTOPBIX HIET PeUb
B 9TOM pasz/ieJie.

Mpumep 21.Iycrs p =1, ®(u) = v?>. Exuncreennbiv permenueM ypasuenus (1.1)
sgpisercd 4 = 0, oHO siBJsieTcsa 0coObIM, 1 P 2-peryisipao B Touke ( 110 J1I000MY HEHYJIEBOMY
HAIIPABJIEHUIO.

Urepanmonnoe ypasuenue (1.2) NM umeer ug u? +2uv = 0, uupu u # 0 ero eguHcTBeH-
HBIM periieHreM sipjsiercss v = —u/2. [losromy u+2v = 0, T.e. NM ¢ skcTpanossiueii 3a omun
Imar monajiaeT B TOYHOe PelleHne u3 J000ro HavaJbHOrO MTPUOJIMZKEHNUS .

Ianee, nrepanuonnoe ypasuenue (1.4) meroga LM umeer sug 2u® + (4u? + o(u))v =0, u
npu u # 0 ero eUHCTBEHHLIM permenneM apiagerca v = —2u®/(4u?+o(u)). Ecm o(u) = |u|?,

To 2041
u+ 20 = a(u)u = |u] ’
(4u? +o(u)  (4u® + [ul??)’

yto ipu 6 > 1 j@aeT oreHku
1
u+2v = Z|u|29_1 + 0(]u|29_1) = O(|u|29_1)7

aro ipu 6 > 2 npespamaercs B onenky u + 2v = O(Jul?).
Haxkowner, urepanumonnast noazagada (1.5) meroma LPN umeer Buy

v —min, —yu* <u?+2uv < qut, —yu? <o < qu?

U, cKazkeM, Ipu u > 0 eIMHCTBEHHBIM DeIleHreM STON 3a/1a41 JIMHEHHOTO IPOrpaMMUPOBAHNUS
assterca (v, y) = (—u/(2+u), 1/(2u + v?)). Torma w+ 2v = u?/(2 + u), 9ro Kaer oneHKn

1
u+2v = §u2 + o(u?) = O(u?).

Oyuknus B upumepe 2.1 saBiisgercs KBaIpaTuIHON CKAJIIPHON (DYHKITIEH 0/THOM TepeMEHHOM].
ObpaTumcst Terepb K Caydaio o0IIero JUHeHHO-KBIPATHIHOTO oToOpakenusd P : mycThb

B(u) = Au + %B[u, ), (2.1)

e A — (nxn)-marpuna, a B : RP x R — RP — cummerpuanoe GujmHeiHOe 0TOOparKeHue.
Torma ®'(u) = A+ Blu], n ypasuenue (1.1) mveer pemenne @ = 0, B kotopom P'(0) = A,
1, COOTBETCTBEHHO, 9TO PEIeHue siBJIsieTcsi 0CcoObIM, eciiu MaTpuiia A BbIpOXKeHA. YCI0BHE
2-perysisipaoctn @ B Touke ( 10 HampasjaeHuio v € RP mpu 3TOM COCTOUT B HEBBIPOKJICHHO-
crn uneiinoro oneparopa B(v) : ker A — (im A)Y, B(v)u = IB[v, u], tae II — oneparop
OPTOrOHAJILHOIO HPOeKTHpoBanus Ha (im A)L.

Ureparmonnas nomzagada (1.2) NM npurnmaer Bu

(A+ Blu))v = —Au — %B[u, ul. (2.2)

Ecmu u € ker A, to npasyio gacrb (2.2) moxkuo 3amenuth Ha —(A + Blu|)u/2, u Torma ypas-
HeHue (2.2) umeer perienne v = —u,/2, IPUYEM ITO PEIIeHHe eJNHCTBEHHO B CIy4ae HEBBIPOXK-
nennoctn A + Blu|. TIpu stom u + 2v = 0, T. e. 9KCTPAIOJIANHsT HEMEJJIEHHO JaeT TOYHOe
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pemenne. B uucro kBagparmunoMm ciaydae, korna A = 0, ycioBue u € ker A BbIIOJIHSIET-
¢ aBTOMATUYCCKN, U 3HAYUT, SKCTPAIOJISINS J1aeT TOYHOE peIleHue 3a OJUH IIar U3 JI0O0ro
HAYATBHOIO NPUOIMKEHUsT U, B KOTOPOM Marpuinia Blu| HeBbIpOKIeHA.

Hasee, urepanuonnas noazajada (1.6) pNM npunumaer su

(A+ Blu] + Q(u))v = —Au — %B[u, ul + w(u), (2.3)

u npu u € ker A npasyio yactb MoKHO 3ameHnTh Ha — (A + Blu] + Q(u))u — Q(u)u) /2 + w(u).
Ecan marpuna A + Blu] 4+ Q(u) obparnma, TO €IMHCTBEHHBIM pererneM (2.3) ABIgeTcs

v = —%u + (A4 Blu] + Q(u)) ™ (%Q(u)u + w(u)) : (2.4)

[Ipu u € ker A umeer mecto onenka ®(u) = O(||ul|?), u, npemnonaras 2-perynapuocts @
B Touke 0 mo mampasiennio v € ker A\ {0}, mra meroma LM ¢ 6 > 1, B cuy (1.9), mua
u € K. 5(0, v) npu pocrarodno Masisix € >0 u 0 > 0 nmeem

Qu) = O(Jlu]*~), (2.5)
u marpuiia A + Blu] + Q(u) obparuma, npudem, anagornaso (1.7),
(A+ Blu] +Q(u) ™" = O(lul| 7). (2.6)

Torga u3 (2.4) (1 Toro, uro w(-) = 0) nosyvyaem

1 _
v = —gu+O(ul') (27)

upu u — 0. [HosTomy skcrpamnossius JaeT npudInKenmne
u+ 20 = O(Jluf*), (2.8)
U, B YaCTHOCTHU, IPU # > 2 mMeeT MeCTO OIeHKa
u+2v=O([[u]®)

mpu u — 0.
Mg merona LPN anamornaubiv obpazom ipu u € ker A u3 (1.10) BBIBOAMTCST OIIEHKA

w(u) = O(||ull*), (2.9)

u B cuiy (2.4), (2.6) (1 Toro, uro Q(-) =0)

1
v =—gu+O(ulP),

u cjiea0BaTeJIbHO,

w+ 20 = O(|[ul]?) (2.10)

upu u — 0.
Tem caMbIM JOKa3aHO
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Mpennoxenune 21. Hyemv A — (nxXn)-mampuya, a B :RP X RP — RP — cum-
mempuunoe busunetinoe omobpastcenue, u nycmov das nexkomopozo v € ker A\ {0} aunetnoit
onepamop g(@) HEGBIPOIHCIEH.

Tozda natidymea € >0 u 6 > 0 maxue, wmo daa u € K. 5(0, v) Nker A, daa ypasnenus
(1.1) ¢ aunetino-keadpamusnvim omobpasiceruem P uz (2.1) cnpasedauso caedyrouee:

e NM ¢ nodszadaneti (1.2) odnosnauno onpedeasem nanpasienue v, U 0L HE20 IKCMPAnNO-
aayus daem u + 2v = 0;

e memod LM ¢ nodsadaueti (1.3), ucnoavayroweti o(u) = O(||®(u)]|?) ¢ durcuposanrvim
0 > 1, odnoznauno onpedessem HanpasieHue v, U OAA HE20 IKCMPANOAAUUA Oaem NPU-
bausicenue u + 2v, das Komopozo svinoanaemcs ouernka (2.8);

e memod LPN ¢ nodsadaueti (1.5) onpedessem nexomopoe nanpasierue v, U OAA 6CAKO020
MAK020 HANPABAEHUS IKCNPANOAAUUA 0ALm NPUOAUNCEHUE U+ 2V, OAA KOMOPO2O GHINOA-
naemes oyenka (2.10).

B wacrnoctu, npu 6 > 1 onenka (2.8) mis meroma LM syare, gem orenka (2.10) ms
Metosia LPN, 1 9370 MOXKeT Cay>KUTh O0ObACHEHUEM OOJIBLIIEro 3MpdeKTa SKCTPAIIOIAINNA JIJId
Meroqa LM, gem gma LPN.

B obmem jmHeiiHO-KBaipaTuaHoM ciydae (korjga A % 0, U, COOTBETCTBEHHO, BBIIIOJIHE-
Hie u € ker A He sIBJIsIeTCS ABTOMATHYECKHM), U JlaKe MPOCTO B CIydae OBIIEro J0CTATOYHO
rimagroro P, corsacuo [15, Teopema 6.1] (cm. takxe [13, memma 7)), 3a oxun mar NM «mpn-
OJIMKEHHO» IONaIaeT B ker A M3 aCHMITOTHYECKHN IIOTHOI'O 3BE3IHOI0 MHOXKECTBA, HAYAIbHBIX
touek u’ € RP, a umenno, nonagaer 8 K. 5(0, v) ¢ coorsercreyomum v = 0(u’/||u’]|), upn
mo6bIx Harepes 3agaHabix € > 0 u § > 0. (Tounoro nomamanus B ker A moxker He OBITH
naxke 1 NM, naxke B JIMHEHHO-KBAIPATUIHOM CJIydae, 9TO JEMOHCTPUPYETCS MPUMEPOM 2.2
umxke, B koropom dimker A = 1; amanoruunsiit a3pdert npu dimker A = 2 nabionaercs
B Tecte Misc 10 B pasi. 4.) OjHako, Kak yKa3aHO B KOMMeHTapusax B Koure [10, pasm. 2|,
rapaHTHpOBaATh yKa3aHHOEe CBOWCTBO Jijig obmero pNM He yaaercs, e TOJIBKO He HAKJ/Ia IbI-
BATh KECTKUE IIPEJIIOIOKEHNsT Ha 2400a.4bHoe (He TOIbKO BOIM3M sipa) moBejieHre ) n w, a
nmenno, Q(u) = O(||ul|?) n Hw(u) = O(||lu|®) arst v U3 paccMaTpuBaeMOro 3Be3HOTO MHO-
JKecTBa HavdaJbHbIX npuoanmxkenuit. g meroma LM sTu mpejioiozKeHusi CBOJIATCS K OIEHKE
o(u) = O(||ul|?), uro MoxkHO rapanTupoBaTh TobLKO mpu 6 > 3. na merona LPN rapanry-
poBaTh Tpebyemoe MOKHO Tpu BbinosiHeHnn orneHku y(u) = O(||ul|), a sTa orenka HIOTKYIA
me ciemyer. Tem me menee, ma npaktuke nonagamne LM u LPN B K. 5(0, ¥) ¢ gocrarotno
MastbiME € > 0 1 § > 0 0ObIYHO HADJIIOMAETCS, €CJIM He 3a OJIHY, TO 3a HeDOJIbIIoe KOJTUIECTBO

HaYaJIbHBIX UTEpaluil.

Mpumep 22 Ilycrb p=2, ®(u) = (u1+u3/2, uyus+ui/2). ExuncrBenHbIM penennem
ypasaenus (1.1) aBagerca u = 0, oHo sBisiercst ocodbiM, ker ®'(0) marsuyro vHa v = (0, 1), u
® 2-perynapno B Touke () 1Mo HampaBJIeHUIO V.

Ha puc. 1 nokazama Jjimnus, 3amaBaemas paBeHcrBoM det ®'(u) = 0, a rakke obsacTu
HAYAJIbHBIX TOYEK, OJMH IIAl PACCMATPUBACMBIX METOJIOB M3 KOTOPBIX npuBouT B K. (0, 0)
¢ € = 0.1, npu JBYX pasHbIX 3HAYEHUSX 0. DTU OOJACTH YMEHBIIAIOTCA PH YMEHbIIEHUN o,
HO, IIO-BUIUMOMY, OCTAIOTCH aCUMITOTHYECKHU IJIOTHBIME B Touke 0.
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B coOoTBeTCTBUM €O CKa3aHHBIM BBIIIe, Jajiee OyJeM paccMaTpuBaTh ciydaii, korga u’ €
K. 5(0, v). Ilo-pexxuemy OymeM HCHOIB30BATL PA3JOKeHHE BCAKOrO 4 € RP B cymmy u =
Uy + ug, TJe B JuHeiiHo-KBaapaTHyHoM ciaydae u; € (ker A)L, uy € ker A.

Cornacno [11, jemma 3.1] jyist o6miero (He o6s3aTeIHHO JTMHEHHO-KBaIPATUYHO) CJIyYast, U
Jlazke BCEro JIMIIb IIpU CHIbHOI nomyriaaakocrn @ B pemennn @ = 0, mia v € K, 5(0, 0)
npu Masbix € >0 u 8 > 0 nmampasienne v NM OJHOBHAMHO ONPEIEIACTCA U Y/IOBICTBOPHET
OLICHKAM

ur +v1 = O([[uallfJull) + O([lul®), (2.11)

1
Uz +vp = §U2+0(\|U1H)+0(||UI!2) (2.12)

upu u — 0. IIpu srom ||u + v|| > 7||u|| ¢ mekoTopeiM durcnpoBanHbiM 7y > 0, U, HOCKOJIBKY

[ur ]| = O(ful});

lur + v | —0 <||U’1‘J|;Jl||) -0 (llm”) +O(|Jul]) = O(1), (2.13)

lu + ]2 [l

T. e. uy +v; = O(|Ju + v||*). Hanee, cornacuo [11, Teopema 3.1|, eciu € > 0 u & > 0 gocra-
TOYHO MaJibl, To st yoboro u’ € K. (0, ¥) nocaemosarembnocts {u*} ¢ maramu vf NM
OJIHO3HAYHO OIIpejiessercs, cxoauress K 0, npuaeMm uf € K. 50, v) nna moboro k, oTKyja n

us onenku (2.13) crenyer, uro uf = O(||u*]|?) npu k — co. Torya, cuosa npusyexas (2.11),

& k k k k
i vl _ (M) ~0 (M) +0(1) = 0(1),

[k + ok [f? [[u®}? [ |2

T. €. UMeeT MeCTO OLlEHKa

up = O([[u*) (2.14)

npu k — 00, KoTopasi coriacyercs ¢ |2, Teopema 2.1, (iii)|, rje sra ornenka mnpuBejeHa 6e3
JIOKa3aTeIhCTRA.
Mg pNM, cormacuo |11, remma 3.1], omenku (2.11), (2.12) 3amensrores Ha

ur +v1 = O([[ur]|[[ul}) + O([ull[|2w)I) + Ollw(w)]) + Ollull*), (2.15)
Uy + vy = %uz +O([[us)) + OINQ(w)[1) + O(J[ull ™| T (u)][) + O(|ful|*) (2.16)

upu u — 0. [y meroga LM, cormacuo (2.5), MOCKOIbKY B 9TOM ciydae w(-) =0, 9TH OleHKH
IIPUHUAMAIOT BU/L

u + o1 = OJlu[[[lul]) + O([[ul*) + O(||u]?),

1 .
uz +va = Sz + O(Jwa]) + O(l[ull =) + O([[ul]?),

qro ipu 6 > 3/2 maer (2.11), (2.12). g meroma LPN, cormacuo (2.9), moCKOIbKY B 9TOM
caygae () = 0, omenku (2.15), (2.16) cpady npuanmaror Buj (2.11), (2.12). Snauur, u s
9TUX METOJIOB B YKAa3aHHBIX CJIydasX MPOXOJAT PACCYKICHHs, POBeeHHbIe Bbite jiyist NM, u
IpUBOJIAIIIE K OneHKe (2.14).

Cremyrormast leMMa YTOYHSET B JIMHEHHO-KBaAPATHIHOM ciydae onenky (1.7).
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JIemma 2.1. Ilyemv A — (n X n)-mampuua, a B : RP X R? — R — cummempuy-
Hoe busuHetinoe omobpadtcenue, u nycms oas nexomopozo v € RP  aunetinoiti onepamop g(@)
HEBBLPOHCOEH.

Tozda natidymes € > 0 u 6 > 0 makue, wmo das u € K. 5(0, v) mampuua A + Blu]
Hesupostcdena, npudem daa w € im A cnpasedausa ovenka

(A+ Blu))™'w = O(JJwl]) (2.17)
npu w — 0.

Hoxaszateunbctso. Jugazaganasix v € RP u w € im A, ymMHOXKAas JIEBYIO U IIPABYIO
qacTH YpPaBHEHUS

(A+ Blu])v =w (2.18)
na [ —II u II, monmy4yaem ypaBHeHUS
(A+ (I —II)Blu))vy = w — (I —II)Blujvy, IB[ulvy = —I1B[ujv;. (2.19)

O6osnaamm uepes A : (ker A — im A cyzxenue mmeiinoro onepatopa A ma (ker A)*, a
aepes A(u) : (ker A)t — im A — cyzkenue yuneitnoro oneparopa A+ (I —11)Blu] na (ker A)=*.
Torma R

A(u) = A+ O([[ul]),
IpUYeM OIlepaTop A obpaTuM, OTKyna u, HampuMmep, u3 |3, semma A.6| ciaemyer, 9ro s u
ngocrarouno 6m3kux K 0 omeparop A(u) Toxke obparum, mpruem

(Aw)™ = A7+ O(|Jul))

npu u — 0. Torma mepsoe ypashenue B (2.19) mpu jo6om vy € RP umeeT eIMHCTBEHHOE
pelienne

vt = (Aw) ™ (w — (I = ) Blujva) = O(|wl]) + O([[ul)v2 (2.20)

npu v — 0 n w — 0.
[Toacrasisis Boipaxkenue u3 (2.20) Bo Bropoe ypasrenue B (2.19), nosydaem

B(u)vs = TO([Juf/[[wl), (2.21)
e neiinblit onepatop B(u) : ker A — (im A)t B sieBoit qacTu umeer Bu
B(u) = B(u) + O([[ul[*).

U3 ueBbipox ienrocTn B(U), cHOBa npuMeHsid |3, jemma A.6|, moydaem cyiecrsoBanne & > ()
u 0 >0 Takux, uro g u € K 5(0, v) omeparop B(u) HEBBIPOXKIEH, MPIYEM

(B(w)™ = (B(w))™" + O(1) = O(||ul| ")

nmpu u — 0. Orcrooga ciemyer, uro (2.21), a 3uauwur, u Bropoe ypasHeHue B (2.19) mmeer
eIMHCTBEHHOE PeIleHne

vz = O([|lwl]) (2.22)

npu v — 0 n w — 0.

Tem cameiv nokaszano, uro jiua u € K. 5(0, ¥) ypasuenme (2.18) mmeer euHCTBEHHOE
pererne v = vy + vy, T. e. Marpunia A + Blu| HeBbIpoxkiena, npudem u3 (2.20) n (2.22)
BBITEKACT oreHKa (2.17). O
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s NM, coriacno (2.2),
1 1
(A + Blu))v = —§(A + Blu])u — §Au,

¥ B TIpenooxKennax jemmer 2.1 nua u € K 5(0, v)

1 1 1 1
v= U= 5(14 + Blu]) ' Au = —Sut O(||Aull) = —put O([furl)

npu u — 0. Tosromy, ¢ yuerom (2.14), ecrm u® € K. 5(0, ¥) ¢ gocrarouno mambivu € > 0 u
0 >0, To
u? +20% = O(|Juf]) = O(||u"|*)

npu k — 0.
Hna meroma LM, ananornano nocrpoennsam seime, aia u € K 5(0, U) BeIBOAUTCH Cliey-
forriee 06001eHne oneHkn (2.7):

1 3 1 _
v = — -+ O(ul*1) + Ol 4ul) = ~ u+ O(ul*~1) + O]

npu u — 0, oTky/Ja u u3 (2.14) BITEKaeT OleHKa
ut + 20" = O(|[u***7") + O(|luz]))
npu k — oo. Torma, cormacuo (2.14),
ub 4 20% = O(||uk||min{20-13}) (2.23)

U, B YaCTHOCTH, TIpu 6§ > 2
u® + 20F = O(||u*|?) (2.24)

npu k — oo, Kak u jjsg NM.
Hakonern, g meroga LPN anajmornaabim obpazom g u € K, 575(0, U) BBIBOJUTCS OIEHKA

v= —%u +O(J|ull?) + O(|| Aul|) = —%u + O([[ull®) + O(lluall)

npu u — 0, a 3Ha4MT, cornacHo (2.14), u oreHka
u® + 20% = O(||u*||?) (2.25)
upu k — oc.

[Ipennoxenue 2.2. B npednonroosicenuar npedsoscerusn 2.1 wnatioymesa € > 0 wu
§ > 0 maxue, wmo dan u® € K. (0, 0), dan ypasnenua (1.1) ¢ aunetino-xeadpamunvim
omobpasicenuem D uz (2.1) cnpasedauso caedyrowee:

o NM ¢ nodsadaueti (1.2) odnosnaumno onpedeasem nocaedosamenvnocmu {vk} wazoe u
{u*} npubauorcenuti, u das coomeememeyIOWUT IKCMPANOAUPOGAHHYIT NPUOAUIICEHUL
sunoanaemes oyenka (2.24) npu k — oo;
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e memod LM ¢ nodsadaueti (1.3), ucnoavayroweti o(u) = O(||®(u)||?) ¢ Purcuposanrvim
0 > 3/2, odnosnauno onpedeasem nocaedosamenvnocmu {v*} wazos u {u*} npubau-
orcenut, u OAA COOMBEMCMEYIOUWUT IKCTNPANOAUPOSANHOIT NPUOAUNCENUT, EBINOAHACTNCA
ouenka (2.23) npu k — 00;

e memod LPN ¢ nodsadaueti (1.5) onpedeasem nocaedosamenvrocmu {v*} wazos u {u*}
npubauscerul, u OAs AOOBT MAKUT NOCAI08AMEALHOCMED, 0L COOMBEMCMBYIOULUL
IKCMPANOAUPOSAHHILT NPubAUdCEHUl unosnsemes ouenka (2.25) npu k — oo.

[Tosrygennble B 9TOM pa3zjiesie pe3y/IbTaThbl CYIIECTBEHHO UCIOJIB3YIOT JTMHEHHO-KBaIpaTH-
HBIIT XapakTep orobpazkenns P. 3a mpejesamn JIHHEHHO-KBAIPATHIHOIO CIydasi OleHKa (2.24)
qutst metoga LM ¢ 0 = 2, u gaxke juist NM, MoxkeT HapyImaTbcsi, B TOM 9ucJie 1 Ipu u € ker A,
u 3ddexT ot sxcTpanoaiun 11 MN u merogo LM u LPN npu 3Tom MoKeT BbIpaBHUBATHCH,
4TO OYIET MPOJIEMOHCTPUPOBAHO B CJIEJIYIONIEM pa3Jerie.

3. I'mo6anu3zoBaHHBbIE AJITOPUTMbI 1 YMUCJIEHHBbIE€ pe3yJ/JiIbTaTbl

AnropurMm 1 HizKe, rytobasusyroniuii cxoauMocTb NM, HCIO/Ib3yeT CTPaxoBOUHBIE ITArn I'Pa-
JIMEHTHOTO MeToma i pyHKnn ¢ : RP — R

o) = Sl eI, (31)

IPaJINeHT KOTOPOIl NMeeT BHJ
¢ (u) = (¥'(u)" D(u). (3.2)

Taxwue marum UCIONIB3YIOTCS B TeX ciydasx, Korjga Hampasiaenne NM ymbo He ymaercst omnpeje-
JINTD, JIUOO OHO OKA3bIBAETCS «CJIMIIKOM JIIMHHBIM» B CMBIC/IC HAPYIICHUSA TECTa (3.3). Shveys
AJITOPUTM OBLT IIPEJIJIOXKEH B [12, aJICOPUTM 3.1], r/e ObLIM YCTaHOBJIEHBI CBOMCTBA €ro IJ100a/ib-
HOW CXOIIMMOCTH.

Anropurm 1. @ukcupyem mapamerper C' >0, 7 >0, p € (0,1) u s € (0, 1). Boibupaem
u® € R? u nonaraem k = 0.

1. Ecim ®(u*) =0, crom.

k k

2. Boruncasiem v kak perenue smneiinoro ypasuenust (1.2). Ecan v we ynaercsa Boramc-

UTH, nan v* HapymaeT HepaBeHCTBO

¥l < max{C, 1/[|®(u")||"}, (3-3)
repexo/inM K mary 4.
3. Ilomaraem a = 1. Eciyin BbIOJIHAETCA HEPABEHCTBO
12(u” + av®)|| < (1= pa)||@(u®)]), (3.4)

mmojlaraeM oy = (v 1 nepexoanM K mary 6. B mporuBHOM ciiydae 3aMeHsieM « Ha »xQ U
pOBEpsieM CHOBA HEPaBeHCTBO (3.4) 70 TeX TOp, MOKa OHO HE BBIMOJHHUTCS, MOCJE Iero
rnojlaraeM (v, = (v U MePEXOJINM K 1mary 6.
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k:

4. Tonaraem v* = —¢'(u¥), rae byukimua ¢ onpenenena B (3.1) (em. (3.2)). Eciu v* = 0,

CTOII.

5. Iomaraem « = 1. Ecin BoInosiHsieTcst HepaBeHCTBO ApPMUXO
p(u” + avt) < p(uf) — pallo*|?, (3.5)

rojiaraeM (y = . B IpOTUBHOM cjlydae 3aMeHsieM « Ha s W IIPOBEPAEM CHOBa HeEpa-
BeHCTBO (3.5) JI0 TeX mop, MOoKa OHO He BBIMOJHUTCS, [OCJIE Yero IMoJIaraeM o = (.

k+1

6. IMomaraem u**! = u* + q*, ysemmuusaem k ma 1 u mepexomum x mary 1.

B orimune or NM, merosn LM MoxkeT ObITh IJ1006a/IM30BaH «IUCTHIMY 00pa3oM, 6e3 KaKux-
JinOO TUOPUTHBIX JIEMEHTOB U, B YACTHOCTH, 0€3 HEOOXOIMMOCTH HCIIOJIb30BaHUS KaKUX-JIIO0
CTPaxXOBOYHBIX IIIAr0B.

AuroputMm 2. @ukcupyem napamerpbl 0 > 0, p € (0, 1) u » € (0, 1). Boibupaem u® € R?
u noyiaraem k = 0.

1. Ecmu ®(uf) =0, crom.

2. Tlonaraem o(u*) = [|®(u*)]|?, u Boramcasem o*

(1.4). Ecm v* =0, crom.

KaK pelneHnue JIMHENHOTO YpaBHEHUA

3. Ilomaraem o = 1. Ecym BbIIOJIHSETCH HEPABEHCTBO

1
k k k k k|12
Pt +ar) < p(uh) = Spout)alot|?, (36)
rie dbyHKIms @ oupejeneHa B (3.1), momaraem oy = . B nporuBHOM cirydae 3ameHsieM
(v Ha »Q ¥ IPOBEpsieM CHOBa HepaBeHCTBO (3.6) J10 Tex Mmop, MOKa OHO He BBIIOJHUTCH,
IocJjie 4ero IojiaraeM o = «.

k+1

4. Tlomaraem u*t! = u¥ + av¥, yBemmmumsaem k ma 1 u mepexomnM K mary 1.

Asropur™ 2 (¢ € = 2) u aHagu3 ero rI06aIBHON CXOIUMOCTH OBLIN TIpe/IoXKeHbl B [16];
cM. Takxke |7, anroputm 6.2, Teopema 6.2)].

Metox LPN Takzke J0mycKaeT «4ucTyro» NIOOATH3AIMIO CXOIUMOCTH, paspaboranuyio B [17,
asroput™m 1, reopema 3.1|. Anropursm 3 HEUXKE OCHOBaH Ha OJHOMEPHOM MOUCKE I (DYHKIUN
f:RP 5 R,

fu) = [[®(w)]|se- (3.7)

Ausropurm 3. @uxcupyem napamerpbl p € (0, 1) u 3 € (0, 1). Boibupaem u’ € RP u
nostaraem k = 0.

1. Ecim ®(u*) =0, crom.

2. Boraucisem (vF) 4;,) Kak permenne sajauum juHeitHoro mporpaMvuposanus (1.5), B koTo-
poil ncnoab3yercs oo -HOpMa. FECam 1 BeImInHbI

Ap = —f(uP)(1 = f(u")),

rie dbyskius fonpenesnena B (3.7), Boimosasiercs Ay = 0, cror.
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3. Ilomaraem o = 1. Ecymm BbIIOJIHSETCH HEPABEHCTBO
fu* 4+ av®) < f(u¥) + pady, (3.8)

nojaraeM «j = . B IpoTuBHOM ciydae 3aMeHsieM ¢ Ha > U IIpOBepsieM CHOBa Hepa-
BEHCTBO (3.8) ZI0 TeX HOp, II0Ka OHO HE BBIIOJIHHUTCS, LOCTIE Yero HOJaraeM o = (.

k+1

4. Tlonmaraem uf*t! = u* + ¥, yBemmamsaem k ma 1 u mepexommu K mrary 1.

B skcniepumenTax, pe3ysibTaThbl KOTOPBIX IPEJICTaBIEHbI HI2KE, aJITOPUTM 3 ObLII TaKzKe cHab-
JKEH BCEeMU MPEJIOKEHHBIME B |17, pasm. 5| MoaudukarmsiMm, yiIydiaionyMi ero MoBeieHne,
KpOMe HEMOHOTOHHOT'O OJTHOMEPHOTO TIONCKa. B mporiemypax oHOMEPHOTO TOUCKa MCIIOTb30Ba-
muce napamerpel p = 0.01 u k= 0.5. B amropurme 1 ucnonszopamics C' = 107 u 7 = 2.

Balryck 3aBepIiajics ¢ yCIexoM B ciiydae Bblosinenus g nekoroporo k < 100 ycaoBus

1@ (u)]| < 107,

JInOO yCJIOBUS
min{ || @ (u")], |@(u""" + 2047} <1078 (3.9)

B CJIy49ac HUCIIOJIb30BaHUA IKCTPAIIOJIAIINN. B ocranbabix CJIy4dadX 3allyCK CUUTaJICA HEYyJaIHbIM,
KaK 1 IIPU BBIIOJIHEHUH JIJIA HEKOTOPOI'O k yciaoBud

(2 (™))" @(uh)[ < 107

JJIsT aIropuTMoB 1 n 2, n
|Ag| < 10710

71 asropuTMa 3, mbo yerosusa «f|vF|| < 10710 B mpomecce omHOMepHOTO TOMCKA Ha COOTBET-
CTBYIOIIUX IIAraxX aJirfOPUTMOB.

B anropurme 2 mpaBmiio BeIOOpa MmapamMeTpa perydpu3aliui ObLI0 MOJIUMUITTPOBAHO CJle-
JIYIOIUM 00Pa30M, UCKIIOYAIONINM CJIUIIKOM OOJIBbIIINE 3HAYEHUS TOTO ITapaMeTpa BIaad OT
pemennit: o(u) = min{1, ||®(u)||?}, npuuem ucnoabzosanocs snauenne 6 = 2.

DKCIepUMEHT TPOBOJIUIICS Ha BCex 3ajadax u3 Tectoporo Habopa MGH [18], mis koropbix
U3BECTHBI TOYHBIE PEIICHUS, 38 MCKJIIOUCHUEM TPeX 3aJiad C JUHEHHbIMU oToOpaxkeHusMu P.
HexkoTopbie 13 BEIOpaHHBIX TAKIM 00Pa30M 3a/1a4 UMEIOT OOJIBITIE YpaBHEHU{l, YeM IIePEMEHHBIX,
U B TAKUX CJIydasiX JIMIIHAE YDABHEHUS YJIAIATUCH (BCera JUHEeHHbIe, 33 UCK/IIOUYEHNEeM TeCTa
Beale, B KOTOPOM BBIOOD YpaBHEHUS I y/IaJI€HUs HE BJIUAET CYIIECTBEHHBIM 00pa30M Ha, TIOBe-
Jlenne aaropuTMoB). NudopMalus o moJIydeHHOM B pe3yJibTaTe TeCTOBOM HabOpe COJIEPKUTCS
B |12, mabmuma 1]. [asee, BeiOpaHHbIe 3aa9u TPaHCHOPMUPOBAJIUCH HOCPEICTBOM TEXHUKH
u3 [19] Takum 06pazom, 9TOOBI U3BECTHOE PEIleHNe U OCTABATIOCH PellleHneM MOJAUMUITTPOBAH-
HOT'O YpPaBHEHUsI, HO MIPH 9TOM BBINOJIHsIOCH rank ®'(u) = p— 1 (3a uckiroueHnem Tpex 3a/1ad
Powell singular, Extended Powell singular, u Variably dimensioned, KOTOpble UMEIOT
U3BECTHBIE 0COOBIE pellleHust B cBoeil opuruHaabHON dhopme). 3agaun Variably dimensioned
1 Brown almost-linear mcrnoJyib30BaJIUCh B IBYX Bepcuax: ¢ p = 10 u ¢ p = 500.

3alrycKn cpaBHUBAEMbIX AJITOPUTMOB OCYIIECTBIINCH n3 100 OMHAKOBBIX CJIyYallHbIX Ha-
JaJIbHBIX TOYEK, PABHOMEPHO PACIIPEJIETIEHHBIX B [y -Tape (runepkybe) pajgmyca 1 ¢ meHTpoM
B pEIICHUH.
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Pesynbrarsr npejcraBiensl B (popMe Tak HasbiBaeMbiX performance profiles, nsnadasibHO
npeiokeHsbx B [20], u amanTupoBaHHBIX B [21] Ha cirydail MHOTOKDATHBIX 3allyCKOB JIJIs
KaXKJI0#f TeCTOBOM 3a/1a9M, ¢ UCIIOJIb30BaAaHUEM CPEIHUX XapaKTepUCTUK 3DPEKTUBHOCTU U TIPO-
IIEHTOB YCIIENHBIX 3a1yckoB. Ha puc. 2 jj1g KaxKJ0ro ajaropurMa rmokas3aHn rpaduk QyHKINH,
3HAYEHNEe KOTOPOil B ¢ IO CYIECTBY COOTBETCTBYET JOJI€ 3ajad B HAOOpeE, IS KOTOPBIX CPeJI-
HU TTOKa3aTes b 3POEKTUBHOCTH JIJIs JAHHOIO aJrOpUTMa OBLI Xy:Ke HauIydIiero e doJiee,
geM B t pa3. [Ipum sTOM cumrTaercs, 9To pe3ysbTar JIOO0I0 HEYIATHOI'O 3alyCcka B OECKOHEU-
HOe YHCJI0 Pa3 XyzxKe JIOoro Japyroro. 3Hadenus (GyHKIUM HA MPABOM KOHIE (P GOJIBIIIX
) COOTBETCTBYET JI0Jie YCIEITHbIX 3allyCKOB aJrOpUTMa, & Ha JIEBOM — JI0JIe 3aJ1ad, JIJIsi KOTO-
PBIX €ro cpeJiHuil mokasare/ib 3MEeKTUBHOCTH ObLT HAWIydIuM. B 1aHHoM cpaBHEHUU B POJIN
nokazareseit 3(pHEeKTUBHOCTH UCIOIB30BAIUCH KOJIMIECTBO UTEPAIil U BpEMs 3aIlyCKa.

[IpeicraBieHHbIe pe3yIbTATHI JEMOHCTPUPYIOT, 9TO 3(DEKT OT IKCTPATIOJISIINN ST METO/Ia
LM cnabee, aem aiisgs NM, a g meroga LPN ciabee, gwem s LM.

DxcrepuMeHT Ha TecroBoM Habope MGH ObL1 fomo/iHeH aHAIOTHYHBIM SKCIIEPUMEHTOM Ha
rHabope Misc(ellaneous), cocTosiimm n3 HEGOJIBITUX CUCTEM HEJIMHENHBIX ypaBHEHUI ¢ 0COOBIMU
peIIeHusIMUI, COOPAHHBIX U3 PA3JIMIHBIX UCTOUYHUKOB (1iepBbie 11 TecToB B3saTh U3 (22, pas. 5|).
A mMenHHO, HAOOP COCTOUT M3 CAEIYIONINX 3a1at.

2. wzommpoBanHoe ocoboe

Misc 1. 9ro ypasuenue (1.1) uz npumepa 2.1, ¢ p=1, ®(u) =u
pemenne u = 0.

Misc 2. Vpasmenue (1.1) ¢ p = 2, ®(u) = (uy, 2u3); uzonupoBanHOe 0COGOE pelleHHe
u = (0, 0).

Misc 3. Vpasuenue (1.1)c p=2, ®(u) = (u}—u3, ujus); Us0IMpPOBAHHOE OCOGOE PEIICHNE
u=(0,0).

Misc 4. ¥Ypasuenne (1.1) ¢ p =2, ®(u) = (u1 + ug, —uy — Uz + Ujuz); U30JIUPOBAHHOE
ocoboe pemenne 4 = (0, 0).

Misc 5. Vpasuenune (1.1) ¢ p = 2, ®(u) = (u?, u3); wzo/mpoBanHOE OCOGOE pEIICHHE
u = (0, 0).

Misc 6. Ypasuenue (1.1)c p =2, ®(u) = (2(u;—u3), u3); n30MpoOBaHHOE OCOGOE PEIIECHNE
u = (0, 0).

Misc 7. ¥Ypasuenue (1.1) ¢ p =2, ®(u) = (u1(u?+uy), us(l+us)); usonuposamnoe ocoboe
perrerne 4 = (0, 0) (mmerorcs Takke Heocobble pemenus (0, —1), (1, —1), (-1, —1)).

Misc 8. Vpasuenue (1.1) ¢ p =2, ®(u) = (ug +u3, 3ujug/2+u3(1+uy)); usomposanmoe
ocoboe pemenre 4 = (0, 0) (umeercs Takzke Heocoboe pemierne (—4, 2) ).

Misc 9. Vpasuenue (1.1) ¢ p =3, ®(u) = (ug +us +uz — 1, u3/5 +u3/2 —ug +u3/2 +
1/2, uy + ug + u3/2 — 1/2); mszomuposannoe ocoboe pemenue 4 = (0, 0, 1) (umeercs Takxke
Jpyroe ocoboe perterne (—5/2, 5/2, 1) ).

Misc 10. Vpasuenne (1.1) ¢ p = 3, ®(u) = (ug + wyus + u3, —2u; + u? + u3, uy + u3);
u3opoBannoe ocoboe pemenne @ = (0, 0, 0).

Misc 11 (muckperusoanHoe H -ypashenme Yanjpacexapa). Ypasaenue (1.1) ¢ Beibupae-
MBIM 3HAUYCHHEM P (B 9KCIICPHMEHTAX HCIOJIB30BAIOCH P =5 ),

7 LI
D, = U — Uy -1, ie{l,....,ph
(W=wi-gow) =1 ie{l....p}

Jj=1
st p = b upubJIMKeHHOe U30JIMPOBaAaHHOE 0CODOE peleHne

u = (1.359753, 1.688205, 2.005894, 2.318350, 2.627810).
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Misc 12. Vpasuenne (1.1) ¢ p = 2, ®(u) = (u1 + au3/2, u3/2) c BemeCTBEHHBIM Tapa-
MeTPOM a (B SKCIEPHMEHTaX MCIIOIL30Baioch a = +/15); u3ommpoBannoe ocoboe perienue
u=(0,0).

Misc 13. Dro ypasnenue (1.1) uz npumepa 2.2, ¢ p = 2, ®(u) = (u; + aud/2, ujus +
u3/2) ¢ BeIeCTBEHHBIM TapaMeTpoM a (B SKCIEPUMEHTaX HCIOJIb30BAIOCh a = 1, Kak U B
npumepe 2.2); nzosuposantoe ocoboe pemenne 4 = (0, 0) (mMeercs Takzke HEocoboe peIIeHUE
(—=1/(2a), 1/a)).

Misc 14. Vpasuenne (1.1) ¢ p =2, ®(u) = (u + u3, uyus); u3oIMpOBaHHOE OCOGOE pere-
e u = (0, 0).

Misc 15. ¥Ypasuenne (1.1) ¢ p =2, ®(u) = (u1 +ujug +u3, ui —2u;y +u3); UB0UPOBAHHOE
ocoboe pemenne 4 = (0, 0).

Misc 16. VYpasuenne (1.1) ¢ p = 2, ®(u) = (u} — ug, u? + u3); mzomposannoe ocoboe
pemenre 4 = (0, 0).

Misc 17. Vpasmenue (1.1) ¢ p =2, ®(u) = (u?—u3, 3u?—3u3); HEU30IMPOBAHHOE PEIIICHHE
u=(0,0).

Misc 18. VYpasHaenue (1.1) ¢ 9uCIOM HEpPEMEHHBIX p = 5, W C YHCJIOM ypDABHEHWM, paB-
HeiM 4, D(u) = (ug +us +ui+uf +ui —2, ug —us +ui+uj +ui, —ud+ui+ud, ud+ui—ud);
HemsosmpoBanuoe pemenne @ = (1,1, 0,0, 0). s sroit 3amadun NM paboraer Kak MeTOs
laycca—HbroToHa, HCIONL3YIOMUiT penenne MUHUMAILHOM HOPMBI UTEPAIMOHHOIO YPaBHEHM
(1.2).

Misc 19. Vpasuenue (1.1) ¢ p = 3 u3 [1, npuwioxkenne| ¢ napamerpamu k = 1, m = 1;
u3osimpoBanHoe ocoboe pemenue U = (0, 0, 0).

Misc 20. VYpasuenue (1.1) ¢ p =2, ®(u) = (uf+ui—2, €' +u3—2); Heocoboe pemenne
u = (1, —1), KoTopoe TpaHcHOPMUPOBAIOCH B 0COOOE MOCPEICTBOM YIIOMSIHYTO! BBIIIIE B CBA3M
¢ nabopom MGH nporieryper u3 [19] (y ncxomHoro ypaBHeHUsI HMeETCsl TaKzKe JPyroe Heocoboe
pemenne (1, 1)).

Misc 21. VYpasuenue (1.1) ¢ p = 2, ®(u) = (u; — 10, uyuy — 5000); HEOCOOOE permeHEE
u = (5000, 10), koTopoe TpaHCHOPMUPOBATIOCH B 0c0bOe TIporierypoit u3 [19].

Misc 22. Vpasuenue (1.1) ¢ p=2, ®(u) = ("7 — 1, u; 4 uy — sin(3(uy + us))); uz0mm-
poBanHOe ocoboe pererne U = (0, 0).

Misc 23. ¥Ypasuenune u3 Misc 22, K pelnennio KOTOPOro JOMOJTHATETHHO TPUMEHSAIACH TPO-
neaypa u3 [19].

Misc 24. Ypasuenue (1.1) ¢ p =2, ®(u) = (u1, 1—uy/(u1+0.1)+2u2); neocoboe pemenne
u = (5000, 10), xKoTopoe TpaHchOpMEPOBAIOCH B 0coboe mporerypoit u3 [19].

Misc 25. Vpasmenne (1.1) ¢ p = 2, ®(u) = (u; + u3, 2(u; — 1)uy); HEOCOGOE pemtenue
u = (0, 0), KoTopoe TpanchOPMUPOBAJIOCH B 0coboe mporieypoit u3 [19].

Pesynbrarhl sKcnepuMenTa Ha Habope Misc mpeacraBieHbl Ha pUC. 3, M BBIBOALI U3 HUX
araorugabl BbiBogaM it MGH: sabdexT ot sxerpanossinum a1st NM Goibiire, 4eM Jj1st METOA
LM, a gnas meroma LM 6ouibine, wem st meroa LPN.

JanbHeimmit sKcrepuMenT ObLI HaIpaBJIeH Ha JEeMOHCTPAIMIO TOTO, UTO 3a IpeIesiaMu
JINHEWHO-KBaIPATUIHOrO ciaydasd 3ddekT or sKkcTpanodanuu jJjid NM u meromos LM n LPN
BBIPABHUBAETCSI, IYTO COTJIACYETCS C paccMOTpeHusiMu B pazi. 3. s storo uz nabopos MGH
u Misc 6bLIn 0TOOpaHBI 3a/1a4i, B KOTOPBIX OTOOparkeHne P He siBIsieTcd JIMHEHHO-KBaIpa-
TAYHBIM, & UMeHHO, Freudenstein and Roth, Beale, Helical valley, Gulf research and
development, Box three-dimensional, Biggs EXP6, Trigonometric, Brown almost-linear;
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Misc 7-9,Misc 14, Misc 20, Misc 22-24. Pe3ysbTaThl Ha pUC. 4 MOKA3bIBAIOT, YTO HA JIAHHON
BBIOOPKE TECTOB CpaBHUBAEMbIE AJITOPUTMbI IMEIOT CXOXKHUI 9@PEKT OT SKCTPAIIOJIAIUN, XOTsI
g metosia LPN addekT Bece ke MeHbIIe, YeM JIJid JIPYTUX aJIlOPUTMOB.
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(¢) C arcrpanosdiueii, o KOJUIecTBy UTeparuii (d) C sxcrpamnonsimeil, 110 KOJUIECTBY BbHIUUCICHUIT

Puc. 5. CpaBHenne Ha TOJIHOM TECTOBOM HAOOpe

Ha puc. 5 npuBejienHble BBIIIE PE3yJILTATHI JOMOJTHEHBI CPABHEHUEM TPEX aJrOPUTMOB 1, 2
u 3 Mex1y coboit. CpaBHEHHE 110 BpeMEHU 3/IeCh He NPUBOJIUTCHA, TOCKOIbKY MeTox LPN i
paccMaTpUBAEMbIX 3/1€Ch YPaBHEHUIT O€3 JIOTOJIHUTETLHBIX OrPAaHUYeHUI HEN30E2KHO TTPOUTPhI-
BAET 110 TOMY IOKA3aTENI0, TAK KaK PEIIeHNe ero mo/3a1ad (3a/1a4d JHHEHHOTO IIPOrPaMMUpPO-
BaHMsl) sIBJISIETCS rOpas3/io 6oJiee 3aTpaTHBIM, YeM perrenne moa3aaad NM u meroga LM (cucrem
JIMHEeHHbIX ypaBHeHuit). BMecTo 910oro npuBoauTesi cpaBHEHUE TI0 JPYTOil BazKHOI XapaKTepu-
CTHUKE, & UMEHHO, 110 Kojm4ecTBy Bhruucienuit ®. Barknoe nabJrojeHne cCOCTOUT B TOM, 9TO
10 TOI XapaKTEePUCTUKE METO/IbI C SKCTPAIOJISINE MOTYT ObITh CYIIECTBEHHO MeHee 3 deK-
TUBHBI, Y€M I10 KOJIMIECTBY UTEpPaIlnii, IIOCKOJBbKY Ha KayKJ0W urepaiun TpedyIOT 10 KpaiiHneit

Mepe OJ[HOTO JIUIIHEro BeluucaeHus O i MpoBepKU yCaoBUs ocTaHOBKH (3.9).

st aJropuTMOB C OJHOMEPHBIM IMOUCKOM 3(PEKT OT IKCTPAIOJIAINA BO MHOTOM OIIpe-
JeJIgeTcs aCUMITOTUYECKUM TTPUHSITHEM TIOJTHOTO IMara, MOCKOJILKY 3Ta TEXHUKA OCHOBAHA Ha
XapaKTepe CXOINMOCTH K OCOOBIM peIleHnsIM MMEHHO ITOJTHOIMIAIOBBIX HbIOTOHOBCKUX METOJOB.
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Tabmuma 1. IIpomeHT cpeaHero KOINIeCTBa MOCAETHNX TOJHBIX MATOB

Tect | NM | LM | LPN
Rosenbrock 98.67 | 49.70 | 70.87
Freudenstein and Roth 99.44 | 98.95 | 99.75
Brown badly scaled 32.14 | NaN | 100.00
Beale 99.08 | 100.00 | 99.93
Helical valley 95.77 | 33.95 | 49.63
Gulf research and development | 24.05 | 13.64 | 17.39
Box three-dimensional 90.71 | 28.46 | 44.85
Powell singular 100.00 | 100.00 | 100.00
Wood 99.23 | 94.97 | 98.16
Biggs EXP6 83.20 4.20 6.91
Extended Rosenbrock 93.48 | 26.68 | 87.02
Extended Powell singular 100.00 | 100.00 | 100.00

Variably dimensioned, p =10 100.00 | 100.00 | 99.82
Variably dimensioned, p = 500 100.00 | 100.00 | 62.91
Trigonometric NaN 53.00 | NaN
Brown almost-linear, p =10 98.24 | 100.00 | 95.34
Brown almost-linear, p = 500 100.00 | 98.27 | 65.41

Misc 1 100.00 | 100.00 | 100.00
Misc 2 100.00 | 100.00 | 100.00
Misc 3 100.00 | 100.00 | 100.00
Misc 4 98.65 | 100.00 | 100.00
Misc 5 100.00 | 100.00 | 100.00
Misc 6 100.00 | 100.00 | 100.00
Misc 7 97.89 | 99.74 | 99.18
Misc 8 98.57 | 100.00 | 100.00
Misc 9 97.75 | 100.00 | 98.77
Misc 10 98.50 | 100.00 | 100.00
Misc 11 100.00 | 100.00 | 100.00
Misc 12 100.00 | 100.00 | 100.00
Misc 13 96.75 | 99.33 | 99.50
Misc 14 99.86 | 100.00 | 100.00
Misc 15 98.43 | 100.00 | 100.00
Misc 16 97.94 | 100.00 | 100.00
Misc 17 87.50 | 100.00 | 100.00
Misc 18 99.76 | 100.00 | 100.00
Misc 19 89.61 | 83.42 | 86.06
Misc 20 89.69 | 55.38 | 79.58
Misc 21 100.00 | NaN 13.21
Misc 22 98.07 | 100.00 | 99.07
Misc 23 13.29 | 18.83 | 13.12
Misc 24 96.56 | 52.57 | 57.29
Misc 25 76.92 | 73.04 | 84.40
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B s1ux skcnepuMenTax eIMHCTBEHHBIN TECT, HA KOTOPOM MHOTJIA HAOJIOIAJINCH CIydan HeroJ-
HOT'O MOCJIETHErO Iara, (JIJIs BCeX TPeX aJiropuTMoB), — 910 Misc 23, B koropom ®'(u) = 0, HO
2-peryIsgpHOCTH He MMeeT MecTa HU 10 KaKoMy HarpasJeHuio. Tabimna 1 comep:ut nandopma-
IIMIO O IIPOIIEHTE CPEeJIHETO KOJIMYIEeCTBa ITOCJIETHUX IOJIHBIX I1aroB Ha OJIMH YCIIENTHBIN 3aIlyCK,
OT ODIIET0 KOTMIEeCTBa UTePAITHii.

WNutepecnoe Hab/IIoieHne COCTOUT B TOM, UTO MO BPEMEHU aJTOPUTM 2 TOKA3bIBAET JIY Ui
pesyibrar Ha npumepHo 70% 3aga4 (10 yKa3aHHBIM BBIIIE TPUYMHAM TU PE3YJIbTATHI 3/1€Ch
He MPUBOJSATCS), a M0 KOJIMYECTBY BbIuucaeHui ® U 0COGEHHO MO KOJMYECTBY UTEPAIHH Ta-
KOIi IPOIEHT TOpa3/io HUXKe; cM. puc. Ha, Hb. BozmoxkHoe oObsicHeHE COCTOUT B TOM, YTO IIO
CPeJTHIM 3HaUYEeHUSAM IIPUHIMAEMBbIX aJITOPUTMaMU TapaMeTPOB JJIMHBI [Iara aJrOPUTM 2 TaKZKe
OKa3bIBAETCH JIYUIINM Ha CPaBHUMOI J0Jie 3a/1a4, KaK U M0 CPeHEMY KOJTUYECTBY MOCJIETHUX
HOJIHBIX IIaroB; cM. Tadsmity 1.

B szakmrodyenmne KpaTKO OIHNIIEM Pe3yJIbTaThl SKcIepuMeHTa ¢ MetogoM LM, B koTopoMm B
npaBuie Jyig HapaMerpa peryagpusanun o(u) = min{a, |®(u)|*} ucnoassobamucy pasmuble
3HaUCHUdA O, a UMEHHO, Hapsaay ¢ 1, paccMmarpusaiuch sHadenus 107, 107° u 1071% Ha
JIAHHBIX TECTOBBIX Habopax Bepcun Merofa LM ¢ MeHbIMI 3HAYEHUSIMA G (9TO B IPUHITHIIE
[IO3BOJISIET AJTOPUTMY 2 BJAJIU OT pelleHuil TeHepUpOBaTh U TPUHUMATE OoJiee JIJIMHHDIE Taru,
OKa3bIBAIOTCs HECKOJIBLKO 0oJiee 3(hPEKTUBHBIMU, HO TIPU 9TOM HECKOJBKO MeHee POOACTHBIMU,
OJIHAKO pa3HUIla HeBeInKa. BMecTte ¢ TeM, BBIOOD 0 = 1 3HAYNTEHLHO IPOUTPLIBAET IO BpEMEHN
paccMaTpruBaeMbIM ajbTePHATHBAM.
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Decomposition of modules over generalized Dickson algebras
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Pazjioxkenune momysieit Haa o000IeHHbIMI ajaredopavmu /Inkcona
Cepreit BukTopoBuy JIIO,HKOBCKI/Iﬂ

MUPSA — Poccuiickuii TeXHOJIOTUIECKUN YHUBEPCATET

119454, Poccuiickas Pejyepariusi, . MockBa, mpoci. Beprajickoro, 78

Awnnsorammsi. CraThsi TOCBSIIIEHA MOJLYJIsIM HaJ| 0000meHHbIMu ajirebpamu Jlukcona. Dtu aJi-
reOpbl HEACCOIMATUBHLI U B OOIEM CJIy4Yae MOIYT ObITh HeaJbTepHATUBHBIMUA. OHU COCTABIISIOT
BaKHBII KJIacc ajaredp m pasjes MareMaTuku. B pabore m3ydaiorcs JieBble, IPABbIE U JIBYCTO-
poHHUE MOy HaJ 00o60mmeHHbIMU aiaredpamu lukcona. Mccnemayercs ux cTpyKTypa 4 IMOJ-
Moy, Ocoboe BHUMaHME YIeJIeHO OMMOIYJISIM C MHBOJIIONNEN Hal 0000IIEHHBIMU aJiredpaMu
Hukcona ¢ naBoJtorueit. Takwme 6GUMOLYIN UMEIOT CriennuIeckrne 0COOEHHOCTH, BHI3BAHHBIE Ha-
JmaueM uHBosTIoNMK. VccieayroTcs MUHIMAIBHBIE TIOJIMOLY/IA U PA3JIOYKeHue Moyseit. B gact-
HOCTH, U3YYIAIOTCS TTUKIMIECKUE TTOIMOJLY/IN.

KuroueBsbie cjioBa: MOIY/Ib, pa3ioxkenne, 06obiennas aareopa JIukcona, MHBOIONMS, KOJIbIIO

dnsa murupoBanusi: Jodkosckut C.B. PasnoxeHnne mojysieit Hai 0000IIEHHBIMU aJirebpamMu
Hukcona // Becrauk poccuiickux yuusepcureroB. Maremaruka. 2024. T. 29. Ne 148. C. 425-439.
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Introduction

Dickson algebras compose a great class of nonassociative algebras (see [1,2]). They are
formed by induction using a doubling procedure of a smashed product (see [3-6] and references
therein). This class of algebras is the generalization of the octonion (Cayley) algebra. There
are wide-spread applications of Dickson algebras in the theory of Lie groups and algebras
(see [7T—11]) and their generalizations (see [12]), noncommutative mathematical analysis, non-
commutative geometry (see [13,14]), operator theory (see [15,16]), PDE (see [17]), elementary
particle physics and quantum field theory (see [18]). In the aforementioned areas naturally
modules over Dickson algebras are very important, but they are only a little studied.

In this article left, right and two-sided modules over generalized Dickson algebras are
studied. They are complicated in comparison with alternative algebras. Specific definitions
and notations are given (see Definitions 1.1, 1.2, 1.3, 2.1, 2.2, Remark 1.1), because generalized
Dickson algebras are neither associative nor alternative. Structure of modules and submodules
over generalized Dickson algebras are investigated. For this purpose auxiliary Lemmas 1.1,
1.2, Corollaries 1.1, 1.2, Examples 1.1 and 2.1 are provided. Dickson algebras posses very
important involution property. Therefore bimodules with involution are studied in Section 1.
Bimodules with an involution are scrutinized in Theorems 1.1, 1.2, Corollary 1.3. For them
necessary and sufficient conditions are elucidated. Identities in them are studied in Proposition
1.1. Subbimodules are investigated in Theorem 1.3 and Corollaries 1.4, 1.5. Relations between
left, right and two-sided modules over Dickson algebras are given in Corollary 1.6 and Remark
1.3. Bimodules which are not bimodules with involution also are studied (see Proposition 1.2).
Left subbimodules are investigated in Theorem 1.4, Proposition 1.3, Corollary 1.7. In particular,
cyclic submodules are studied.

All main results of this paper are obtained for the first time.

1. Modules over generalized Dickson algebras

To avoid misunderstandings we recall necessary definitions and notations in Definition 1.1
and Remark 1.1 (see also [1,3,4] and Appendix).

Definition 1.1. Assume that F' is an associative commutative and unital ring. Then
over F' a unital algebra A is considered, which may be generally nonassociative (relative to
multiplication A x A — A). Assume that A is supplied with a scalar involution a +— a so
that its norm N and trace T' maps have values in F' and fulfil conditions:

aa = N(a)l with N(a) € F, (1.1)
a+a="T(a)l with T(a) € F, (1.2)
T(ab) = T (ba) (1.3)

for each a and b in A.
If a scalar f € F' satisfies the condition: Ya € A fa =0 = a = 0, then such element f

is called cancelable. Using a cancelable scalar f the Dickson doubling procedure provides new
algebra C'(A, f) over F' such that:

C(A, f) = A Al (1.4)

(a+bl)(c+dl) = (ac — fdb) + (da + bé)l and (1.5)
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(a+0l) =a-— 0l (1.6)

for each @ and b in A. Then 1 is called a doubling generator.

Remark 1.1. From Definition 1.1 identities follow: Ya € A Vb€ A T'(a) = T'(a + bl)
and N(a+bl) = N(a)+ fN(b). The algebra A is embedded into C(A, f) as A > a > (a,0),
where (a,b) = a+0l. It is put by induction A, (fn)) = C(An-1, fn), where Ag=A, fi = f,
n=12,..., foy=(f1,...,fa). Then A,(fu) are generalized Dickson algebras, when F' is
not a field, or Dickson algebras, when F' is a field, where 1 < n € N.

If the characteristic of F' is char(F') # 2, then the imaginary part of a Dickson number z
is defined by:
Im(z)=2-T(2)/2,

hence N(a):= Ny(a,a)/2, where Ny(a,b) := T(ab).
If the doubling procedure starts from A = F'1 =: Ay, then A; = C(A, fi) is a *-extension
of F.

Remark 1.2. We consider also the following generalizations of the Dickson algebras.
Let F' be a commutative associative unital ring of characteristic

char(F) # 2; (1.7)
an algebra B has a structure of a F'-bimodule with

r+y=y+z, (z+y)+tz=z+@y+2),

a(ayz) = (aar)z, (xa;)a = x(aa;) and such that axr = xa,

(1.8)

for each @ and a; in F, z, y and z in B, B asthe F-bimodule is free and isomorphic with
the direct sum

B~ (P Fi; (1.9)
§j=0

with elements i; € B for each j = 0,...,n, satisfying Tyi; = & i, where Ty = (igx)iy,
&ey € F foreach k, [ in {0,1,2,...,n}, = in B, where n > 2 is a natural number,
€= (&ki)ki=1,.n+1 (1.10)

isa (n+1)x (n+1) matrix having matrix elements &; such that the corresponding F -linear
operator is invertible.
It will frequently be useful also the additional condition

’ij’ij = Ujio (111)
with nonzero cancelable v; in F' possessing an inverse Uj_l € F foreach j=0,...,n.

Lemma 1.1. Let an algebra B satisfy Conditions (1.7)—(1.10) in Remark 1.2. Then there
exist F'-linear operators m; : B — Fi; which are F -linear combinations of the operators
To, ..., T, for each j € {0,1,...,n} such that Z?:o 7; = idp, where idg(x) = x for each
x € B.
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P r o o f. From the conditions of this lemma it follows that there exists an inverse operator
having matrix p = ¢! with matrix elements py; belonging to F. Then we put m;(z) =
Y reoPikTi(x), consequently, m;(xz) = > ,_,xym;(i;), where z; € F for each [ such that
xr = Z?:O x4, * € B. Then Wj(il) = Zzzomek(il) hence Wj(il) = Zzzopj,kfk,lil = 5j,lil7
where §;; =1, §;, =0 for each k # j. Thus m;(x) = z;i;. O

Corollary 1.1. Let the algebra B satisfy conditions (1.7)—(1.11) in Remark 1.2. Then
vy i;mj(x) = x; for each x € B and j = 0,...,n, where z; € F for each | such that
xr = 27:0 l’lil.

Example 1.1. Assume that F is a (commutative associative) field of characteristic
char(F) # 2, B satisfies conditions (1.7)—(1.10) in Remark 1.2, {ig,1,...,%,} is a basis of B
over F, det(§) # 0. Then there exists an inverse matrix p = £~! with matrix elements py
belonging to the field F.

In particular, let us choose B = A,,(fum)) such that 2 < m € N, where F' is the field of
characteristic char(F)#2, fi=1,..., fu=1, n=2"—1, Ay = F with the trivial involu-
tion (i. e. @ = a for each a € Ay ), ip = 1, where 1 = 15 is the unit element in B (see Remark

1

1.1). Then Z = xgig — X103 — ... — Tuiy, for each = € B, where xy,...,z, denote expansion
coefficients belonging to F' for x such that x = z¢ig + 2191 + ... + ni,. Then Ty(z) = =z,
Ti(x) = —xolp — 181 + Xolis + ... + T, .., Tn(T) = —xoio + X101 + ... + Ty_1in_1 — Tpin,
since igix = iy, 12 = —1, izl = —iyip and (ixd;)iy, =4 for each k #1 with k> 1 and [ > 1.

Therefore, 5= (To+...+Tom_1)(z) = Z, consequently, m(z) = zoio = 3(To+ 575w (To +. .. +
Tom_1))(x). Then my(irx) = xyio for each k > 1, hence m(z) = (mo(ip2))ix = xpig. Thus &
is the invertible matrix.

Lemma 1.2. Let A, = A,(fm)), Ao = A, 2 < n € N, where A is the commutative
associative unital algebra with the trivial involution over the commutative associative unital ring
F' of characteristic char(F) # 2. Let iy = 14, i1 =1 foreach k=1,...,n, i;, =1, 1,
with j; = 2R~ jo =1 + 2871 foreach s=2,...,p, 2<p<n, 1<k <...< k, <mn,
where 1, denotes the doubling generator 1 at the p-th step in Formula (1.5) in Definition 1.1.
Then {i; : 7 =0,1,...,2"=1} s a family of generators of A, over Ay satisfying the identities:

ij(iju) = (i5i5)u, (uij)i; = u(iziy), i;(vi;) = (i50)i;, T(i;(iRv)) =0 (1.12)
for each ue A,, v=v€ A, and j=0,1,...,2" =1, 1 <k #j.

P r oot Since the ring F' is commutative and associative, then as it is known the left and
right F'-module structures can be considered as equivalent: (pp;)u = p(p1u) = p1(pu) = (p1p)u
for each p, p; in F, u € A,, by putting L, = R, on A, for each p € F, where L,u = pu,
R,u = up (see |9, Ch. 2|). The algebra A, is unital, hence A; is unital, and by induction A, is
unital according to Formulas (1.4), (1.5) in Definition 1.1. The elements f; in F are cancelable
for each k, consequently, the product fg, ... fy, is nonzero for each 1 < k; < ... <k, < n,
p > 2, since A, is the unital algebra. For each ag, a; in Ay by the conditions of this lemma
apa; = ajag and Goa; = apa;.

Using Formulas (1.4), (1.5) in Definition 1.1 by induction we deduce that for each z in
A, there exist elements xg,...,7on_1; in Ay such that x = zgig + ... + Xon_1i9n_1. That is,
{i; : 7=0,...,2"} is the family of generators of A, over Ay. Therefore,

21 on—1 2n 1
i (i) = Y ii(i@mim) = Y (i(ijim))Tm  and  (wi;)i; = Y T((imi;)is)- (1.13)
m=0
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From Formula (1.5) in Definition 1.1 we deduce that

L (Le(ag—1 + di—11g)) = (Lelg)(ag—1 + di—11;) and

(1.14)
((ag—1 + de—11i) L)l = (ap—1 + dp—11;) (Lely)

for each aj_y, dy_; in Az_y, where k > 1. Note that 12 = —f, for each k& > 1, since
Ay is the unital algebra. If {l; ... 1;, }4p) denotes an ordered product, where ¢(p) is a
vector indicating an order of pairwise multiplication with a corresponding order of brackets
in ly,..., 1, where 1 <k <n, k # k, foreach [ #5s, [ and s in {1,...,n}, 2<p<mn,
then there exist unique n(ki,...,ky, q(p)) € {1,2} and j(ki,...,kp, q(p)) € {1,...,2" — 1}
such that (—1)"{L,,..., 1k, }op) = i, where n = n(ky,... . kp,q(p)), j = j(k1, ..., kp,q(p)).
Therefore, from (1.14) by induction in k& = 1,...,n it follows that i;(i;im,) = (i;i;)i, and
(imij)i; = im(i1;) for each m and j. For each v =0 € A, from Formulas (1.5) and (1.6) in
Definition 1.1 it follows that T'(lyv) = 0, 1x(vly) = (Lkv)ly = L(v];) for each k& > 1 and by
induction i;(vi;) = (i;v)i; for each j, since 7o = 1. The latter and (1.13) imply (1.12). O

Corollary 1.2. If the conditions of Lemma 1.2 are satisfied and F is a field, Ay = F,
then {i; :j=0,...,2" — 1} is a basis in A, (as in the F -linear space).

Definition 1.2. Let F' bethe commutative associative unital ring. Let B be a unital
algebra over F' with F' C Cg(B). Let M be a unital left Cp(B)-module:

b(byu)= (bby)u, b(u+v)=bu+bv, (b+b)u=bu+bu, u+ (u1 +v)=(u+u)+v (1.15)

for each u, uy, v in M, b, by in Cg(B). Let u; be a Cg(B)-bilinear map py : BXM — M,
that is,

pi(z, utv)= pi(z,u)+p (2, v0), pi(e+y,u)= (e, u)+p(y,w), pi(br,w)=bui(z,u) (1.16)
such that u is compatible with the left Cp(B)-module structure of M :
w1z, bu) = bus (x, u) (1.17)

foreach z, y in B, w, v in M, b in Cg(B). Then M will be called a left B-module. Shortly
p1(x,u) can also be denoted by xu. Similarly is defined a right B-module, or a B-bimodule.

For B = A,(fwm)) with Ay = A, n > 2, where A is the commutative associative
unital algebra with the trivial involution over the associative commutative unital ring F' of
characteristic char(F') # 2, if M satisfies conditions (1.15)—(1.17) and

ij(ije) = (ijij)z (1.18)

foreach v € M, j=0,...,2"" then M will be called aleft A, (f(n))-module. Symmetrically
is defined the right A, (f(»))-module with condition (1.19) instead of (1.18):

(wij)i; = 2(ijiz) (1.19)
for each x € M, j=0,...,2" 1 If M satisfies (1.15)—(1.19) and (1.20):

L, =R, on M for each b € Cp(B), (1.20)
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then it will be called A,(f(n))-bimodule and denoted by pMp or shortly by A, where

B = A, (fn))-
If in the B-bimodule M there exists a Cp(B)-linear map J: M — M such that

J(br) = (Jx)b for each x € M and b€ B, J* =1 (1.21)
and ((3z € M Vb e B bz + J(bx) =0) = (z =0)) (1.22)
and (i;y)i; = i;(yi;) and i;(igy) + i;(igy) =0 (1.23)

for each y = Jy in M and j >0, j # k > 1, where B = A, (f)), I : M — M is the
identity map I = idy, on M, Ix = x, then M will be called the B-bimodule with the
involution J and denoted by gMp or shortly by M. Briefly Jz will also be denoted by .

Theorem 1.1. Let M be the unital A,(fu))-bimodule with the involution J, let the
subalgebra Ay over F be commutative associative and with the trivial involution a = a for
each a € Ay, let also char(F) # 2 and f; possess an inverse element fj’1 m F relative to

multiplication for each j=1,...,n, where 2 < n € N. Then there exists an Ag -subbimodule
My such that a,Mga, = @jlgl i;Moy with JMy = My, and My = Cy(A,(fn))), and there
exists an Ag-linear map 7, from M onto iz My with 71, o 71; = Oy 7k, where Opp = 1,

0k; =0 if k#j, for each k and j in {0,1,...,2" —1}.

P roof By virtue of Lemma 1.2 the Dickson algebra B = A,(f»)) has the family of
generators 3, :={i; : j =0,...,2"—1} over Ay. By the conditions imposed above in Definition
1.2 the algebra Ay and the ring F' are unital such that there is the natural embedding of F
into Ay as F'lu, and hence into B. Therefore, B contains the Dickson subalgebra algrf,
over F' with generators ig,..., 7o _1.

Note that F' C Cg(B) and Fiyf, = Ff,, Fpniy = F3, for each k, since F C Cy,(Ap).
As in Remark 1.2 let Tyu = (ixu)ip for each u € B, and Thx = (ipx)iy for each = € M,
k=0,...,2" —1. We put mo(u) = “T¢ for each u € B, and 7o(x) = &% for each z € M.
Let My = 7o(M), hence My =J{y € M : 3z € M,y = 2}, On the other hand, Ryx = Lyx
for each b € Cg(B) and x € M by Definition 1.2, where Lyu = bu, Ryu = ub for each
u, b in B. The algebra Ay is commutative and associative with ag = ag for each ay € Ao,
consequently, Ay C Cp(B) and hence agy = yag = yag = apy for each y € My and ag € Ap.
Therefore, M, is the Ag-subbimodule in M, since Ay C B and M has also the structure
of the Ap-bimodule 4,My4,. It follows that y = y and 7(y) = y for each y € M, hence
Ty © Ty = 7o, where as usually (goh)(v) = g(h(v)) denotes the composition of maps ¢ and h
with a variable v of h.

For each x € M there is the decomposition x = y + z such that y = %, z=I5Z Let
M_:={z€ M:zZ=—z}. Evidently, My N M_ = {0} and M_ is the Aj-subbimodule in
Ao Ma, such that My @® M_ = 4 Ma,, since J: M — M and J? = I, also By N B_ = {0},
By =my(B), By=Ay, B_:={ue€B:3ve B u="3"}

We put

Sl Fm) ::U{fEF:EIpE{l,...,n} Jje{l,...,n} ... F,e{l,....n}
o €Z ... EloszZEIUG{—l,l}:f:vj‘:l,,,f.%}7

Jp

consequently, i = s, € S for each k > 1, where S = S,(fn)). Note that if y € My,
z€ M_, be B_, then (by —yb) € My, (by +yb) € M_, bz+ zb € My, bz—zb e M_.
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On the other hand, (ixy = yir) < ((ixy)ix = ysk) < (ix(yix) = ysg) for each k > 1,
consequently, from conditions (1.21), (1.22), (1.23) in Definition 1.2 it follows that iry = yix
for each £ =0,...,2" — 1, since s, € S C F, 1y = 1. This implies that ¢,y € M_ for each
k > 1. By the Ag-linearity and Lemma 1.2 this implies that My C Com(B).

Then we put 7;(z) = —s; ' (o(bjx))i; for each € M, j =1,...,2" — 1. Notice that
7r(x) = 7r(y) + 7x(2) = 7p(z) for each k& > 1 and = € M, where y € My, z € M_,
v=y+z y="3lz, »=25Iz since iy € M_ and 7(M_) = {0}. Thus 7y o@p =0 for

each k > 1, since 7x(My) = {0} and 7g(M) = My. From itz = ix(izz) = sz with s, € S
for each k > 1, char(F) # 2, F C Ay C Cp(B) and the conditions (1.15)—(1.19) in Definition
1.2 it follows that L; : M — M and similarly R;, : M — M are Aj-linear bijections for each
k=0,...,2" — 1, since M is the unital B-bimodule with involution, since the algebra B is
unital, 4o = 1. Then we deduce that 7j(z) = 5= 3, (L + J)(bp) )i, = Sty ' (bpx)ix + 7] for
each x € M and k=1,...,2" — 1. Therefore, 7rk M_ — M_ for each k> 1, since z = —Z2
for each z € M_. This implies that 7y o x(x) = To(7x(z)) = 0 for each z € M and k > 1,
since Mo N M_ = {0}, where z = Z=Z2z. Then we infer that @ o x(z) = —74(Z) = () for
each x € M and k > 1, since my(z) = mx(z) with z = I2Jx since L;, R; g = Lz, since
7o(M) = My. Particularly 7x(ixy) = ixy for each k > 1 and y € My, since ixy = yig. This
implies that 7, (M) = 7ty o Tp(M) = Tp(ixMo) = ixMo, My = Myiy, for each k > 0, since
io = 1. Note that i,My C M_ and #o(bpx) = @o(bpz) with z = %x for each & > 1 and
x € M. Thus 7o|n, = idag, ol = 0, where idy,(y) = y for each y € M,. Therefore,
wjo7, = 0 for each j # k, since i;My NixMy = {0}, since i;(ixy) + i;(ixy) = 0 for each
y=Jyin M and j >0, j#k >1, since f; is invertible relative to multiplication in F' for
each 7.

Then we put K = Z?:l 7 on M, and K = Zjigl m; on B. These operators are
idempotent K2 = K and K? = K, since Tjofy = 0jxft; and ;o my, = d;xm; for each
J,k=0,...,2" — 1. Hence I — K also is the idempotent operator.

It is known that the minimal subalgebra A in A,(fu)) generated by {Aq,i;,ir} is
associative for each j,k=0,...,2"—1, since F and Ay are commutative and associative by the
conditions of this theorem (see [1,4,9]). Therefore, M) := Mo® ;Mo @i Mo® (i5i,) My is the
Ajry -subbimodule with involution in M, since iy Mo = Myiy for each k, ;Mo NipMy = {0}
for each j # k, i, € G, where G = Gy (fm)) = {io, ... d2n_1}- S, F C A.

On the other hand, Ky = 7oy = y and k(ijy) = 71,(i;y) = i;y for each y € My and j > 1,
since 7 (i;y) = 7 0 7;(i;) = 0 for each j # k. Then we deduce that KM_ = @31;1 i; Mo,
since L;; : My — M_ and 7;M_ = i;My for each j > 1, since (7;M_)i; = My, Moi; = i;My.
Hence 7y (ixP) = 7o(P) = {0}, where P := M © (@3251 i;Mp). Notice that P is the proper
Ay (fny) -subbimodule with involution in M, that is P satisfies conditions (1.18)—(1.23) in
Definition 1.2. On the other side, the condition

(3z € M Vbe Bbx+ J(bz) =0) = (z=0)) is equivalent to
(Bz e MVjeA{0,...,2" =1} iz + J(ijz) =0) = (z =0)),

since for each b € B there exist aq,...,asm_1 in Ag such that b = agig + ...+ aon_1i9n_1 by
Lemma 1.2. From 7(P) = {0} and Py = 7o(P) it follows that Py = {0}, consequently, P =
{0}, since Py = i;x;(P_) = {0} for each j > 1. Thus P = {0}, consequently, K =1 on M
and hence 4, M4, = @3; i; Mo and consequently, My = Comy(B), where M is considered
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as the Ap-bimodule 4,Mp,,, since M_ N Comy(B) = {0}. Analogously 4,Ba, = @3181 i; By
and By = Compg(B), By = m(B), where B is considered as the Ag-bimodule 4,Ba4,.
Therefore, for each y € My and for each j # k such that 7 > 1 and k£ > 1 we infer that
((i;y)ik) = 0 and m(i;(yix)) = 0 for each t # r, 7. ((¢;y)ix) = (4;y)ir and 7,(i;(yix)) =
i;(yir), where r € {1,...,2" — 1} is such that i;i, € 4,5, since (i;y)ix € Myn—, 1;(yir) €
M ry—. We put v = i;(yir) — (¢;9)ix. Therefore, v € L; My C M )—. From Formulas (1.21),
(1.22) and (1.23) in Definition 1.2 we deduce that v = v. Thus v € My N M_ = {0}, that
is v = 0. Hence (i;y)ir = i;(yi)) for each j # k such that j > 1 and k£ > 1. For j =0
or k=0 evidently ¢;(yix) = (i;y)ix, since ig = 1. Using My = Comy(B) and Conditions
(1.21), (1.22), (1.23) in Definition 1.2 we infer that i;(yix) = —(yix)i; for each y € M, and
j # k such that 7 > 1, & > 1. Then it is similarly deduced that ¢;(ixy) = (4;i)y and
(yix)i; = y(igi;) foreach j # k in {1,...,2" =1}, y € M), since v+v; =0 and v = v; with
v =14;(ipy) — (i5ik)y, v1 = (yix)i; —y(ixi;), since ve M_, vy € M_, MynM_ = {0}, since i;,
ik, iji belongto B_. If j =0 or k=0, evidently ¢;(ixy) = (i;ix)y and (yix)i; = y(ixi;) for
each y € My. By the Aj-linearity and Lemma 1.2 we infer that My C Ny, (B), consequently,
Cu(B) = M. O

Corollary 1.3. Let the conditions of Theorem 1.1 be satisfied and n = 3. Then b(br) =
(bb)x, (bx)b = b(xb), (xb)b= z(bb) for each x € M and b€ B.

Proposition 1.1. If the conditions of Theorem 1.1 are satisfied and there is some
equality with a finite sum like

> Voskrekma{doge) - Ao Yapm) =0

in An(fmy)), where di; € An(fn))s Vowkr,km € Ao for each kj, j, 1, 0, then there exists a
corresponding identity in M.

P r o o f. For the identity satisfying the conditions of this proposition we use the decompo-
sition 4, My, = @3161 i;My and JMy = My, where My = Cyp;(B). Then we substitute one of
dy, on dy;y with an arbitrary fixed nonzero y € M, for each additive {dg(kl) . dg(km)}qw(m),
where S,, denotes the symmetric group of {1,...,m}, 6 : {1,...,m} — {1,...,m} is a
bijection for each 6 € S,,,, q9(m) is a vector indicating an order of pairwise multiplications in
{...}. Then it is possible to make sums of such type equalities with multipliers from Ay. O

This proposition shows that definitions above are natural, because particularly the algebra
has also the structure of the module over itself. There may other equivalent definitions be given.

Theorem 1.2. Assume that F is a commutative associative unital ring, char(F) # 2, a
unital algebra Ag over F' is associative and commutative with the trivial involution a = a for
each a € Ay, My is a unital Ay -bimodule, B = A,(f)) is the generalized Dickson algebra,
and f; possess an inverse element fj_1 in ' relative to multiplication for each j =1,...,n,
A My, = @?iglijMo such that My = Cp(B), where n > 2. Then a,Ma, can be supplied

with B -bimodule with involution BM B Structure.

Proof Weput by =yb, a(by) = (ab)y, a(yb) = (ay)b, (ya)b = y(ab), J(by) = by for
each y € My, a and b in B, J(x+ z) = Jr+ Jz for each z and z in M = @?181%’]\/[07
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since My = Cp(B) and igy = y for each y € My. Therefore, Jx = zoby + ...+ Ton_1ban_; for
each o = gl + ... + Ton_1i9n_y in M with xg,...,29n_1 in My, consequently, J? = I and
hence J is the involution on M. In view of Lemma 1.2 the equalities by = yb, a(by) = (ab)y,
a(yb) = (ay)b, (ya)b = y(ab) for each y € My, a and b in B, supply M with properties
(1.15)-(1.23) in Definition 1.2, since the minimal subalgebra A, in A,(f)) generated by
{Ao, 5,1k, 0} is alternative for each j,k,l in {0,...,2" — 1} (see |1,4,9]), since F and A
are unital, associative and commutative, a = a for each a € Ay, since each x € M has the
decomposition x = xgig+,...,+Ton_199n_1 in M with zqg,...,zon_1 in M. O

Definition 1.3.If M istheleft B-module (see Definition 1.2), E is a subset in B,
D is a subset in B (orin M ), then

E-D=|J{ed:ecE, de D},

ED:U{l‘ZzekdeWEN, Vk:ekEE, deD}

k=1
denote subsets in B (or in M correspondingly). Then it is put
EW = F, (E-D)(l) — E-D;
VYn>1 dE™ = E-E", (E-D)™ = E.(E-D)™Y;
E<> =E, (ED)~” = ED,
Vn >1 E<"> = FE"! (ED)<" = E(ED)<" !>

E(o) — U E™  d(E- D)™ = U(E.D)(n);
n=1 n=1
E<oo> — ZE<”>? (ED)<OO> — Z(ED)<TL>
n=1 n=1

If N isaleft B-submodulein M suchthat 3d € M, D ={d}, £ =B, N = (B{d})<>~,
then N is called a cyclic left B-submodule in M generated by d.
Similar notations are for right B-modules or B -bimodules.
If M is the B-bimodule, then
(E-D)" =(E-D)u(D-E), (ED)*"'> = (ED)+ (DE),
vn>1 (E-D)™ =(E.-(E-D)"t=Uyy(E.D)" Y. E),
(ED)<n,n> — (E(ED)<n—1,n—1>) 4 ((ED)<n_l’n_1>E);

(E . D)(oo,oo) _ U(E . D)(n,n)7 (ED)<OO’OO> _ Z(ED)<n,n>'
n=1 n=1

If N isa B-subbimodulein M suchthat 3d € M, D ={d}, £ =B, N = (B{d})<*>~,
then N is called a cyclic B-subbimodule in M generated by d.

If F is the field and V' is an A, (f))-subbimodule with the involution in an A,(fu))-
bimodule with the involution, then dimgV denotes the dimension of V' over F.

Theorem 1.3. Let the conditions of Theorem 1.1 be satisfied, D C M. Then (BD)<™™> C
(BD)<m+Lm+1>" for each m > 1, (BD)<**> = (BD)<**> for each k > 4. Moreover,
(BD)<**> is the B -subbimodule with involution in M and (BD)<**> = (BD)<*>>
(BD)<oo,oo> — (BD)<oo,oo>.
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P roof. Thealgebra B = A,(fr)) is unital, the B -bimodule with involution A is unital,
n > 2, by the imposed conditions. Therefore, (BD)<™™> C (BD)<m™+bm+1> for each m > 1.
For each x € D the element 7;(x) belongs to (B(B{z}))B for each j =0,...,2" — 1,
since . ()i G )i
1T)11 on 1T )lon 1
m( + 8—1 + ...+ T)
by Theorem 1.1, where s; is invertible in F' (relative to multiplication) for each j > 1.
Evidently, (B(B{z}))B C (BD)<**> for each x € D. On the other hand, R; 7;(x) belong
to (BD)<**> for each j and k in {0,...,2" — 1}, z € D, since by Theorem 1.1 7;(z) €
1;Mp, each x in M has the decomposition x = wgig + ... + Ton_1ion_1 With wo,..., 220
in My, #;(x) = x5i;, My = Cp(B). This implies that (BD)<**> = 2" 14, Vj with Vj =
spcmFU{xj 3z € D 3j € {0,...,2" — 1} z; = ;—ijrj(x)}, where spanp() denotes the
F-linear span of a subset @ in M. Certainly, Vj C M, and consequently, (BD)<*> is
the B-subbimodule with involution in M and (BD)<**> = (BD)<*>> (BD)<>®>®> =
(BD)<>o0>, O

Corollary 1.4. If the conditions of Theorem 1.3 are satisfied and F s the field, then
dimp(BD)<%>> = 2"dimpVy and dimpVy < 2"card(D).

T =

Corollary 1.5. Let F' be a commutative associative unital ring, char(F) # 2, let Ay be a
commutative associative unital algebra over F with trivial involution a = a for each a € Ay,
2<neN, f; beinvertible in F' relative to multiplication for each j =1,...,n+1. Let also N
be an A, (fm)) -bimodule with involution and N be contained in some Api1(fni1)) -bimodule
P such that Cn(An(fm))) = Cn(Ant1(fint1))), then M = N @ (Nl,p1) is an Api1(finsr)) -

bimodule with involution and My = Ny.

Proof By virtue of Theorem 1.1 N has the decomposition N = @i:ol Nyt with
Ny = CN<An<f(n)>>7 hence

2ntl_g
M= P Nij.
J=0

From Theorem 1.2 it follows that M is the A, 1(f(n41))-bimodule with involution and My =
No, since Cn(An(fm)) = Cv(Ans1(finsn))- O

Remark 1.3. For the generalized Dickson algebra B = A, (fn)) with n > 2, there is
its unvolutorial algebra, B, which as an F -linear space, is the same, but has the multiplication
obtained from B by the following formula: @ o b = ¢ with ¢ = ba induced from B by the
involution operator Jb=b for each @, b in B, an addition in B is induced by that of in B.

Therefore, the left B-module zM also has the structure of the right B-module Mp such
that @< (box) = (wb)a, where o denotes the multiplication of x in M on b, @ in B. Using
the tensor product over F' and the involutorial algebra B instead of the opposite algebra B
one gets the involutorial enveloping algebra B¢ = B & » B instead of the enveloping algebra
B¢ = B B®. Then the left B¢ -module peM also has the structure of B-bimodule zMpg,
but generally it may not have the structure of the B-bimodule with involution sMp.

Proposition 12. Let B = A,(fn)), n > 2, where Ay is the commutative asso-
ciative unital algebra with trivial involution a = a for each a € Ay over the commutative
associative unital ring F, char(F) # 2, f; is invertible in F relative to multiplication for
each 3 =1,...,n. Then there exist B -bimodules which are not B -bimodules with involution.
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Proof. Take A,p(fintp) with n > 2 and p > 1, with f; invertible in F' for each
j=n+1,...,n+p. Then M = A, ,(fntp)) has the structure of the B-bimodule pMp, but
it is not the B-bimodule with involution by Theorems 1.1 and 1.2. That is, this M does not
satisfy conditions (1.21), (1.22), (1.23) in Definition 1.2. O

Theorem 1.4. Let gN the left B -module with B = A,(fw)), n > 2, where Ay is the
commutative associative unital algebra with trivial involution a = a for each a € Ay over
the commutative associative unital ring F, char(F) # 2, f; is invertible in F relative to
multiplication for each 7 =1,....,n. Let D C N, N C M, where M has the structure of the
B -bimodule with involution gMpg. Then (BD)<™> = (BD)<*> for each 1 < m < oo and
(BD)<*> s the left B -submodule in gN.

Proof In view of Lemma 1.2 (BD)<!> is the Ag-linear span spana,@Q of the family
Q= {ijx cx e D,jeA0,... ,2”—1}}. By virtue of Theorem 1.1 each element = in M has the
decomposition x = xgig+...+Ton_1ign_1 With xg,...,zon_1 belonging to My, thatis = = f[x],
where 8 = 8, = (ig,...,92n_1), [2]" = (x0,...,22n_1), U" denotes a transposed matrix of a
matrix U. Consequently, i;x = wo(ijig)+, ..., +xan_1(ijion_1) for each j € {0,...,2" — 1},
since My = Cp/(B).

On the other hand, {i;, ...4;, }m) € G foreach ji,...,jm in {0,...,2" =1}, 2<m € N,
where G = G,(fn)), where g(m) is a vector indicating an order of pairwise multiplications in
{...}. Note that si;G =G for each j € {0,...,2" —1} and s € S, where S = 5,(fm))-

Notice also that S C F' C Ay. On the other side, Ag(Ao{z}) = Ao{z} and A¢(Ao{b}) =
Ap{b} for each x € M, b€ B. For each j, k, | in {0,...,2" — 1} the minimal subalgebra
Ak in B generated by {Ao, i;, 15,7} is alternative (see [1,4,9]). Therefore, i;(ixi;)+ix(i;4) =
0 for each j # k with j > 1 and k> 1, [ in {0,...,2" — 1}, since (i; + ix)((i; + ix)iy) =
((ZJ -+ Zk)(lj + Zk>>Zl, Zjlk + ’lk’l] == 0, ’LJ(’lj’ll) = (Z]Z])Zl Then Zkﬁ == Ukﬁ with 2™ x 2™ matrix
Ui with entries in S for each k. From this and Conditions (1.1)—(1.4) in Definition 1.2, and
x = Bla] for each & € zpMp, it follows that span,Q = (BD)<*> and spana,Q = span,(GD),
span, (GD) = span 4, (Gspan,(GD)), since D C gMp, S C Ap. It implies that (BD)<?> =
(BD)<'>. By induction this gives (BD)~™*!'> = (BD)<™> for each 2 < m € N, hence
(BD)<oo> — (BD)<1>.

Certainly (BD)<*> is the left B-submodule in gN, consequently, (BD)<'> is the left
B -submodule in gN. O

Corollary 1.6. Let the conditions of Theorem 1.4 be satisfied. Then (BD)<>>= (DB)<>>

Proposition 1.3. Let the conditions of Theorem 1.1 be satisfied with Ay = F, where
F is a field, char(F) # 2. Let either My = F™ and m € N, or My be a F -linear space such
that My © Fy be isomorphic with My for each y € My. Then for each x € M there exist an
wnwertible F -linear operator V : M — M and b € B and y € My such that Vx = by.

Proof If x =0 the assertion of this theorem is evident. For x # 0 in M there is the
decomposition x = xgig+, ..., +Ton_1ion_1 With xg,...,z9n_1 in M, such that there exists
ke {0,...,2" — 1} with x; # 0. So it is possible to choose such marked k. If M, = F™,
then it has a basis ej,...,e, as the F'-linear space. Therefore, for each 0 # x; € M, there
exists an invertible F'-linear operator V., on My such that V, z; = x,. If M, is the F-
linear space such that M, & Fy is isomorphic with M, for each y € M,, then for each
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0 # z; € M, there exists an invertible F'-linear operator Ve, on My such that V, z; = .
We put V = @3;1 ‘A/_,Ej, where V,, = idy, if ;=0 orif [ =k, where ij : Moi; — Moi;j,
ij(yij) = (Va,;(y))ij = i;(Va,(y)) for each y € My. In view of Theorem 1.1 My = Cp(B),
hence it is naturally V(bI) = (bI)V for each b in F, where I = idy. Therefore, V is the
left and right F'-linear operator on M such that V' is invertible on M, since Cp(B) = F
in the considered case Ay = F' with n > 2. This implies that Vx = by with y = z, and

b=73ca, ij; Where Ay ={je{0,....,2n =1} : z; #0}. O

Corollary 1.7. Let B be the division alternative algebra, let M be a B -bimodule with
mwvolution satisfying the conditions of Theorem 1.1, x = by with y € My, b€ B. Then

(B{z})=™" = ({«}B)~" = (B{x})=™>".

1.1. Conclusion

The results of this paper can be used for further studies of a structure of modules over
nonassociative algebras, operator theory in modules over Dickson algebras, their applications
to PDEs, mathematical physics, quantum field theory, their applications in other sciences, etc.

This can be used for analysis and solution of PDEs utilized in gas dynamics and high
energy density physics, hydrodynamics, particularly, describing tidal deformations and the
gravitational potential of the planet [17,19-21].

It is worth to mention, that spectral theory of operators over Dickson algebras and par-
ticularly Cayley algebras was studied in [15-17]. Therefore, using the results obtained in this
article, it will be important to investigate further operator theory in modules over generalized
Dickson algebras, theory of factors for nonassociative analogs of C* -algebras, analogs of direct
integrals for them, applications in coding theory [22], etc.

2. Appendix
Definition 2.1. Let X be an algebra over a ring F, let M be a X -bimodule and
B C X. We put
Compy(B) :={x € M :¥b € B,xb=bx};
Nuyy(B) :={x € M :¥b e B,Vc € B, (zb)c = z(bc)};
Nym(B) :={x € M :Vb e B,Vc € B, (bx)c = b(zc)};
Nyo(B) :={x € M : Vb€ B,Vc € B, (bc)r = b(cx)};
NM(B) = NMJ(B) N NMJR(B) N NM,T<B) and
Then Comy(B), Ny (B), and Cyp(B) are called a commutant, a nucleus and a centralizer
correspondingly of the X -bimodule M relative to a subset B in X. Instead of Com(X),
Ny (X), or Cy(X) it will be also written shortly Comy;, Ny, or Cp correspondingly.

A left (or right) X -module M is also denoted by xM (or My correspondingly), similarly
for bimodules.

Example 2.1. Particularly over the real field F' = Ay =R for A.(fu)), 2<r, upto
normalization of the doubling generator 1; on k-th step, a scalar f € {—1,1} can be chosen
for each &k =1,2,... (see Definition 1.1 and Remark 1.1). Frequently a is also denoted by a*
or a.
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Definition 2.2. Let N and M be two left B-modules (see Definition 1.2). A map
T: N — M we call a left B-quasi-linear operator, if it is additive:

Tv+w)=T)+T(w)

and left Cp(B)-homogeneous:
T(av) = aT(v)

for each a € Cg(B), v and w € N.

Evidently, each left B-quasi-linear operator is left Cp(B)-linear. Similarly right B -quasi-
linear operators for right B-modules are defined. If N and M are B-bimodules and a map
T : N — M is left and right B -quasi-linear, then T will be called a B -quasi-linear operator.

If for left B-modules N and M the operator T is additive and

T (bv) =0T (v)

for each b € B, v in N, then it will be called left B -linear. Analogously right B -linear
operators for right B-modules are defined. If N and M are B-bimodules and a map T :
N — M is left and right B -linear, then T" will be called a B -linear operator.

The operator left or right B-quasi-linear (or left or right B-linear) T': M — M is called
invertible if there exists a left or right B -quasi-linear (or left or right B -linear correspondingly)
operator V : M — M such that TV =1 and VT = I, where I = idy;, where idy(z) =z
for each x € M. Then V is called an inverse operator of T' and also denoted by T
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Awnnoramusga. PaccmarpuBaercs cynepanddys3nonnoe ypaBHeHHE C JIPOOHBIMU ITPOU3BOIHBI-
mu Pucca mo mpocTpaHCTBY ¢ HECKOJIBKUMU TEPEMEHHBIME 3amlas3blBaHusMu. IpousBomgurcs
JUCKperu3anus 3aja4du. 1o BpeMeHr KOHCTPYUPYeTCsi aHaJIor Pa3HOCTHOro merona KpaHka—
Huxosicon ¢ Kycouno-yinneitnoit nurepossnueii 1y ydera 3ddekra nepeMeHHoro 3amnas3/bsa-
HUS U C 9KCTPAMOJIANIAEN TPOIOI2KEHUEM JIJIsT TOTO, YTOOBI HESIBHOCTH METOJA CTAaJIa KOHEIHO-
Mephoii. [To mpocTpaHCTBY KOHCTPYHMPYETCsS aHAJIOr KOMIIAKTHOW CXEMBbI CO CIeIUaIbHON 3ame-
HO TPOOHBIX TPOM3BOIHEIX Pucca MpoObHBIME IEHTPATLHBIMI PA3HOCTSIMEU. B pe3yabrare MeTo/T
CBOJIMTCS K PEIIEHUIO Ha KaXKJOM IIare BPEMEeHH CUCTEMBbI JIMHEHHBIX aJreOpandecKux ypaBHe-
HUIl ¢ CHMMETPUYIHON U TOJIOXKUTETHLHO ONPEJIEIEHHON IMIaBHON MaTpurieil. V3y4daeTrcs mops oK
MaJIOCTH OTHOCHTEJIBHO IIIaroB JIMCKPETH3AIMU 110 BpeMeHu A U MPOCTPAHCTBY h HEBSI3KH
MeTo/a 6e3 WHTepHOIANAN U ¢ maTeprossmmei, on paser O(A? + h*). OcHosHoOlt pesymbrar
COCTOHUT B JIOKA3aTeIbCTBE TOT0, 9TO MeTO cxoauTed ¢ mopaakom O(A%4-h*) B smepreTuteckoit
U KOMIIAKTHOI HOpME IIOCJIOMHOIO BEKTOpa MOrpentHocTr. [IpuBogsaTCcs: pe3yibraTbl TECTOBBIX
IpuMepoB ist cynepaudy3uOHHBIX yPABHEHUN C IOCTOAHHBIM K II€PEMEHHBIM 3ala3/IbIBa-
HUASAMU. BbraucamMble TOPSIKU CXOAUMOCTH O KAaXKJIOMYy IMary JUCKPETH3allii B IIpUMEpax
OKa3aJIuCh OJIN3KU K TEOPETUUIECKU IOy IeHHBIM MOPSIIKAM CXOIUMOCTH 10 COOTBETCTBYOIIUAM
maraM JUCKPETU3AIINN.

KuroueBsbie cjioBa: ypapuenue cynepaunddy3un, HeCKOJIbKO TEPEMEHHBIX 3aIa3/IbIBAHII, KOM-
MMaKTHAS CXEMAa, KyCOUHO-JITMHEeNHAS WHTEPIOJISIIN

Hans uurupoBauusi: [Tumenos B.I., Jlexomues A.B. KoMmmakTHas cxema Jijisi PEIeHUs Cy-
nepauddy3MOHHOr0 ypasHeHusl ¢ HECKOJbKUMU IIePeMEeHHbIME 3anas3ibiBanusyu [/ Becrauk
poccuiickux yHuepcutreToB. Maremaruka. 2024. T. 29. Ne 148. C. 440-454.
https://doi.org/10.20310/2686-9667-2024-29-148-440-454
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Bsenenue

YpaBHEHUsI B YACTHBIX IIPOM3BOIHBIX C 3alla3/IbIBAIOIINM apryMEHTOM MTUPOKO TPUMEHSIOT-
csl B MaTeMaTHIecKOM MojesnpoBanun (cM., Hanpumep, [1,2]), Takzke B moc/ieiHee BpeMst Bce
Jalle B MaTeMaTHIeCKUX MOEJIAX UCIIOIb3YIOTCs JIPOOHbBIE IIPOU3BOIHbIE. TUCIeHHbIE aJITOPHUT-
MBI PeIlleHnsT YpaBHEHUIT ¢ 9aCTHBIMUA TPOU3BOIHBIME € 3D MEKTOM 3ala3/IbIBaHusl U3y YaIiCh,
Harpumep, B [3,4|. Jlureparypa 1O YUCIEHHBIM MeTOJAM DPEIIeHUs YPABHEHHH C JPOOHBIME
[POU3BOHBIMU OIPOMHA, OTMETHM JIUIIh PaboThl [5—8|, B KOTOPBIX PACCMATPHUBAJIICH IUC/IEH-
HbIe METOJbI PeIlleHnsl YpaBHEHUsT Cyrepanddy3nOHHOrNO THIa, T. €. ¢ JPOOHOI TPOU3BOTHOI
10 IIPOCTPAHCTBEHHON HepeMeHHOi nopsiaka or 1 1o 2. g cynepauddy3noHHBIX ypaBHEHUI
¢ dyrknnonanbHbIM 3¢ derToM 3amasapBanusg B pabore [9] MOCTPOeH U UCCIEI0BAH THCTIECH-
HBI MeTos opanaka A%+ h, roe A — mar pasbueHnus 1o BpeMeHH, a h — mar pa3oueHuns 1o
npocTpaHcTBy, a B pabore [10] moctpoen u ucciiegoBan ducieHHbIi MeTo nopsiaka A2 + h2.
B pabore [11] Ha ocHOBe POIIELyPBI IKCTPATIONAIIN Prudapicona GbLT TOCTPOEH METOJT OPSIJIKa
A3 + h3, oIHAKO IIPU KECTKOM YCJIOBUH IIPOIOPIHOHAILHOCTH Iaros A u h.

Hesbio mamnoit paboThl ObLIO MOcTpoeHue s cyrepanddy3uoHHoro ypaBHeHusd ¢ 3pdek-
TOM 3alla3/IbIBAHI JHCICHHOTO MeToa mopaaka A%+ h*, ocHoBaHHOrO Ha MIEAX KOMIIAKTHOM
pasHOCTHOI cxembl. KoMIakTHast cxeMa m3ydasiach JJIs Pa3HBIX JIPOOHBIX ypaBHEHUiT Oe3 3a-
nas3/pIBaHKsi BO MHOTUX PaboTax, B 9acTHOCTH, Jisi cyOauddysnonnbx ypasaenuit B [12, 13|,
JIUIE IPOOHOTO 110 BPEMEHU U IIPOCTpaHcTBY ypasHenus Bioxa—Toppu B [14], mis cy6auddy-
SMOHHBIX YPABHEHUII C MOCTOSTHHBIM 3ara3jbiBanueM B [15].

B nannoit pabore mys cynepauddy3noHHOro ypaBHeHus ¢ npousBojHoil Pucca u addek-
TOM 3alla3/bIBaHNsl CTPOUTCS aHAJIOT MeToia Kpanka—HuKoOIBCOH 110 BpeMeHHOI 1iepeMeHHOi 1
aHaJI0T KOMIIAKTHON CXeMBbI JIJIs JIpOOHOI TPOCTPaHCTBEHHOMN lepeMeHHoil. OCHOBHOMN pe3yIbTaT
pPaboThI — JI0KA3aTeILCTBO CXOAUMOCTH B HepreTudeckoit nopme c mopaiaxom AZ4ht. Texnuka
JIOKa3aTe/IbCTBa MOTpedoBajIa OrpaHmINTh I(DDEKT 3ama3bIBaHud 0 yPABHEHUT ¢ HECKOJIb-
KHAMHI [T€PEMEHHBIMUI 3alla3/IbIBaHusIMU. B crly mepeMeHHOCTH 3ala3IbIBaHmii, CYIeCTBEHHBIM
9JIEMEHTOM AJITOPUTMAa, SIBJISIETCS] UHTEPIIOJISIIUS U SKCTPAIIOJISAIIS C 38 JaHHBIMEI CBOMCTBAMEI
JUTs (DYHKITUU-TTPEIBICTOPHE IUCEHHON MOe/ I, B paboTe MpUMEHseTCs KyCOYHO-JTUHeHasT
UHTEPIIOJISIHIS ¢ SKCTPAIIOJISIIUEH TPOIO0IZKEHIEM.

1. IlocTraHoBKa 3a/a4m U OCHOBHbBIE IPEIIOJIOXKEHUS
PacemorpuMm ypasnenue cynepinddy3noHHOrO THIA ¢ HECKOJIBKIMU [TEPEMEHHBIMU 3alia3-
,IH)IB&HI/IHMI/I
Ou(x,t 0%u
f?t ) _ da\x!a + b ult — (), ult — (1), ... ult — (1)), (1.1)

e 0 <t <T, 0<ax< X — He3aBucHMble nepeMeHHbie, u(z,t) — uUcKOMasi GYHKIUS

perenus, d > 0 — kodddurmenT cynepauddy3un, BeJIMIUHBI 3a1a3/IbIBAHIS YI0BIETBOPAIOT

orpanmderuaM 0 < 73(t) < 7 mua seex k = 1,..., K u t € [0,T]. Ipobuas npousBomHast
Pucca 1o npocrpancTBy nopsaka o, 1 < a < 2, onpezensgerca ¢popMyJIoil
X
0%u(w,t) 1 0? / u(é,t) i
Olzle  2cos(am/2)T(2 — ) 022 | |v— &t
0

BaﬂaHbl I'paHUYIHbIC YCJIOBUA

uw(0,t) =0, wu(X,t)=0, 0<t<T, (1.2)
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U HavaJIbHbIE yCJIOBUS
u(z,s) =p(z,s), 0<zx<X, —71<s<0. (1.3)

Bynem npennosarars, uro perrenne u(z,t) 3amaaum (1.1)—(1.3) cymecTByer u eIuHCTBEH-
Ho. Kpome Toro, mpu jokasaTebcTBe CXOAUMOCTH HYHCIEHHBIX METOJIO0B Oy/IeM IpPeIIoJaraTh
HeOOXOMMYIO TJIaJKOCTh perenus u(x,t).

JonoymurenbHo Gyiem Tpenoarath, uro dbynkmua f(z,t,ul, u?, ... u) mummunesa o
u”, T. e. cyIIecTByeT IOCTOAHHAA L rakas, aro jys Beex « € [0, X|, t € [0,7T], ul,u?, L uks,
vh, 0%, ..., v BemosnHserca

K
1,2 K 1,2 K k k
|f(z, t,u,u”, oo u™) — f(o, t,o, 0%, 00,0 < Ly E |u® — . (1.4)
k=1

2. duckperusanusi. Merosa Kpanka—HUKo0/JbCOH ¢ KyCOYHO-JIMHEHO
WHTEPHNOJISANNEl U JPOOHBIM OIIEPAaTOPOM IEHTPAJIBHBIX Pa3HOCTEM

T
Mo’
Touky (y3ibl 10 BpeMenn) t; = jA, j = —M,,..., M. Iloxyuensie y3ibl Oygem 0603HAYATD

ti1 =t + 3.

Beenem mar mo Bpemenn A = rne My — marypaJibHoe, u myctb M = [%] Brejiem

J
X
N
Beemem Touku (y3/bl 0 TpocTpaHcTBy) x; = th, i = 0,..., N. Annpokcumaruo QyHKIIT

Pazobbem orpesok [0, X| ma gactu, BBess IIar 1o IMpoCTpaHcTBy h = rie N — neroe.
i
u(z;, t;) B ysnax Gygem obosnauars Us.
[Ipu Beaxkom pukcupoBannoM ¢ = 0,..., N BBeJileM JUCKPETHYIO MPEIBICTOPUIO K MOMEHTY

ti, 7=0,....M: {U}; ={Ui, j — My < k < j}.

Onpegenenne 2.1. Hazosem orobpawenme I : {Up}; — Ui(-) € Ct; — T, tic1]
ONEPAMOPOM UHMEPTIOAAUUU-IKCTRPANOAALUY QUCKDEMHOT, NPEdbCOPUL.

Onpenenenne 2.2 BymeMm roBopurs, 9To onepaTop HHTEPIOISINA-3KCTPAIO AN
UMeeT NopAJOK No2pewHocmu p Ha TOYHOM PEIIeH:H, ecJiu CyInecTByioT Koncrautel Cp n Ch
TaKue, UTO g BCeX 4, j u t € [t; — 7,1, 1] BBIIOTHACTCA HEPABEHCTBO

2

|U;(t) —u(z;,t)| <Oy max U — u(wg, )| + CoAAP.

J—Mo<k<j

Pacemorpum kycouno-mumeiinyio mnrepronsmmo I({Ug};) = Uj(-), 3amaBaemyio cooTHO-

IMeHnAMN 1
Uj(t; +s) = A=t = $)Up_y + (tj+ 5 — te1)Uy), 2.1)
1 <ty +s<ty, J—My<k<y,
C IKCTPAIIOJIAIINEN TTPOJIOJIZKEHUEM
i 1 i i
Ui(t; +s) = Z((—S)Ujf1 +(A+9)U), ty<tj+s <t (2.2)

Kycouno-yiuneiinass HHTEPHOJANNS ¢ SKCTPAIOJIANNEil IPOIOIKEHIEM HMeeT IOPSJIOK 2,
ecm TouHOe pemtenne u(x,t) ABaXK/bl HEIPePLIBHO Aud depeHIupyeMo o ¢ Ha IPOMEKYTKe
[—7,T] (cm. [16, c. 97]). Kycouno-mumeitnas nHTEpHOANTs 00/1a18€T CACAYIOMNM CBOHCTBOM.
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[Tycts w(t) n v(t) — pe3ynbrarsl KyCOUHO-JIHHEHHOI HHTepIOAnuy 1o y3maM {ug}; u {vg};
COOTBETCTBEHHO W t € [ty_1,tx], j— Moy < k < j. Torma

]u(t) — ’U(t)’ S ”U,k,1 — ’Uk71| -+ ]uk — Ukl- (23)

DKCTPAIOJIAIIS TPOJOJIZKEHIEM 00sraiaeT caemyomum coiicrBoM. [lycrs u(t) u v(t) sB-
JITIOTCS Pe3yJILTATaMU SKCTPAIIOJAIUH IIPOIOJIKEHUEM KyCOIHO-TUHEHHON MHTEPIIOIAIMH 110
ysnam {ug}; u {vg}; coorsercrsenno u t € [t;,t;,1]. Torma

2

1 3
lu(t) —v(t)] < §|Uj—1 —vj| + §|Uj — V|- (2.4)

O6a 9T CBOHCTBA IIPOBEPSIIOTCS 110 ONPEJIEJICHHAIO KYCOTHO-JIMHEHHOI NHTEPIIOJIAINN 1 9KC-
TparmnosAnny npogoszkenneM. Oobeanuss (2.3) u (2.4), nomy4aem, aro ecaun u(t) u v(t) pesymnnb-
TaThl KyCOYHO-JIMHEHHON HHTEPIOJIAINN ¢ SKCTPAIONSIMEH IPOIOJIZKEHUEM 110 y3aaM {ug}; 1

{vg}; coorBercrsenno u t € [t; — 7, To

j+%]>

N Lo

lu(t) — v(t)] < = (Juk—1 — ve-1] + |ux — i), (2.5)
rme t € [tk_l,tk] B cllydae MHTepHoJsdiuu u k = j B ciaydae 3Kcrparnossainun. Hazoem 310
CBOIICTBO KGA3UAUNWULEEOCTNHI0 ¢ KOHCTAHTOH 3/2.

Jlist anmpokcuMaImi JpoOHOI mpon3BoaHoi Prcca BeiOepeM MeTom ApoOHBIX TEHTPAIbLHBIX
pasHocreii |7]. Ilycts

o (=D (a+1)
T Tlaj2—k+ 1) (0/2+k+1)

k=0,F1,F2,....

Torma, eciiu dyukimst u(x,t) naTh pa3 HeNPepbIBHO JuddepeHimpyemMa mo r Ha OTPe3Ke
[0, X], To (em. [7])

0%u —a ; a 2 2 2
8‘1‘|a = —h _Z; gku(x - khvt) + O(h )7 |O(h )l S CSh :

Memodom Kpanrxa—Huxoscon Ha30BeM HESIBHYIO PA3HOCTHYIO CXEMY

Uz o Uz 1 i—1 . 1 i—1 ‘
J+1 J —a arri—k —a arri—k
= —Sdh Z‘ gRUSY — Sdh Z’ geU!
k=—N+i+1 k=—N+i+1
+f($17 thr%a U;(thr% o Tl(thr%))? U]l(thr% - TQ(thr%))? R U]Z(t]Jr% - TK@]}%))?

i=1,....N—1, j=0,...,M—1,

(2.6)

C HadaJIbHBIMU YCJIOBUAMUA
Ul(t) = p(x;,t), —1<t<0, i=0,...

1 'paHUYIHBIMUA yCJIOBUAMU
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rae Ui(t) — pesymbrar JefiCTBES omepaTopa KyCcoTHO-THHEHHOM naTepnoamm (2.1) ¢ skcTpa-
nostsrueit (2.2). Obo3Hat M
i—1
SUI=h Y grUh,
k=—N-+i+1

fz_i_% = f(xza tj+%7 U;(tj-s-% - Tl(tj—i-%))a U;(tj-s-% - T2<tj+%))a R U;(tﬂ-% - TK(tj—s-%)))'
Torma metosn (2.6) MoxkeT ObITH 3amucaH B KpaTKoil hopme
Ui, — U

1 , 1 S
J J arTe arrTt 7

Dror Meron ObuT uzyden B pabore [10] B Gosee obimem ciaydae GyHKIMOHAIBHOTO 3alas3-
JIBIBAHUS W JIByX IIPOCTPAHCTBEHHBIX IepeMeHHbIX. Kak ciemyer n3 pesysbraToB paborsr [10],
MeToJ1 yeToituus u cxoautes ¢ nopagkom A% + b2 Iless 3Toif cTaTbu COCTOUT B HOCTPOCHUN
a;aropuTMa 60Jiee BBICOKOTO TIOPsJIKa CXOJMMOCTH Ha ocHOBe MeToja (2.6).

3. Komnakraaga cxema

Bsejsiem citetytomue ornepaTopbl

1—1 7 i+1
g Ui 20+ U
zvj h2 ’

i=1,...,N—1,

i g ol L

CKOHCTpYHPYeM METOJI, KOTOPBIl 110 AHAJIOTUN C TIOJ0OHBIMI METOJAMU JIJIsl IPYTUX yPaB-
HeHuil Oy/ileM Ha3bIBATb KOMNAKMHOU cremots:

HU! , — HU:! 1 . 1 . _
Jj+1 J arri arTi 7
[Tepenuiiem MeToj1 B Bujie
A « 7 A « % I
(H + 5 d63)Uj 1 = (H — Sd5)US + AHJ, . (3.2)
Paccmorpum rirasnyio marpuiy A = H + Edé‘; 9TOil cucTeMbl. PacuuiieM MaTpuIibl
1-— % % ... 0 0 0 .. 0
% — % 0 0 0 0
H = (0] [0 [0} Y
0 0 T 1-— 15 54 0
0 0 0 0 0 1-— %
9o g-1 - G2 91— g—i o g2-N
g1 90 e g3— 9o 91— - g3-N
5o — . . .
9i-1  Gi-2 ... g-1 90 g1 e Gi+1-N

gN-2 GN-3 -+ GgN—i GN—-i—1 GN—i—2 ... 90
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Marpuria H cumMmeTpuyHas U HOJIOXKUTEILHO OIpejiesieHHas. B cuiy cBoiicTB kKoaddurm-
oo

eHtoB go > 0, g =g <0, kK # 0, > ¢gr =0, marpuna 02 Takxke CHUMMETPUYHAS W
k=—o00
HOJIOKUTEIBLHO onpeenennas. OTKyna cieayer, 9ro Marpuia A — cuMMeTpUIHAs U II0JI0KHI-

TEJIBHO ONpejIeJIeHHasd, T. €. cucreMa (3.2) OJHO3HATHO pa3perinMa.

4. HeBsizka KOMOAKTHOI CXeMbI

Oupenenenne 4.1. Heaskoit 6e3 unreprossinuu Meroza (3.1) HazoBem

u(wi, 1) — u(wi, t)
A

. 1
Y, =H + d(50‘ (x, ]+1)+ —dogu(x;, t;) — Hf

;% = f(yci,tﬂ%,u(xi,tﬁ% —Tl(tj+%)),u(l‘i,tj+% —7'2<tj+%)),...,U([Bi,tj+% —TK(tj+%)).

JIlemma 4.1. Ecau mounoe pewenue u(x,t) wecmov paz nenpepuiero dudghepenyupyemo
no T U no t, NPUYEM CMEWAHHBIE YACTVHBIE NPOU3BOOHDBIE D0 WECT020 NOPAJKE HENPEPLIGHDL,
dyrrxuyua f deascdv, nenpepwvieno duddepenuyupyema no T, Mo HeBA3KA 6e3 UHMEPNOAAUUL
memoda (3.1) npedcmasuma 6 sude

P =O0(A*+ 1Y), |O(A* + h*)| < Cy(A* + h?).

HoxasaTeunbcTso. Paznoxnm no dpopmyre Teiiiopa BeMUInHbL, BXOAAIIIAE B OLPe-
JleJIeHne HeBA3KU 0e3 mHTepnossiiuu Meroga (3.1) B OKPECTHOCTH TOYKH € KOODIMHATAMU
(xi,thr%). s kpaTrkocT GyJeM OIyCKaTh apryMeHT (.Z‘Z',tj_,’_%) y dyHKIMN U = u(xl-,thr%)
U ee IPOU3BOIHLIX. Torma

A, u 1, A

o e +O(A?%) — Z QU T g —uyy + O(A?))
d A, A ;

+ Eég(u + 5 U + O(A?*) +u — 5 U + O(A?) — HfjJr%

= Huy +doju— Hf;  +O(A%).  (4.1)

i u 1

Yuuoxum ypasuenne (1.1) npu u = u(z;,t;, %) Ha H, mosrydmm

0“u ;
Hu = dH o + 1 (4.2)
Boimosasterest (em. [14])
0“u
H——— = —02u+ O(h"). 4.3
S = -+ Ol (43)
Torpa uz (4.1), (4.2), (4.3) BBITEKAET YyTBEPXKICHUE JIEMMBI. O

Onpegenenune 4.2. Hepaskoit merona (3.1) ¢ KyCOIHO-IMHEHHON HHTEPIIOJISAIEH 1
SKCTPAIIOJIANNE IPOOJIZKEHNEM HA30BEM BEJIMIHILY

i = T tin) — ui )

(0% 1 7
y A + - dé u(x;, J+1)+ —dogu(x;, t;) — Hf+1, (4.4)

A;_’_% = f($i,tj+%,ﬂ(xi,tj+% —Tl(tj+%)),ﬁ(l’i,tj+% —Tg(lfjJr%)),...,ﬁ(l‘i,thr% —TK(tj+%)),
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rae u(x;,t; +S) — pe3yJabTar KyCOUHO-JHHEHHON MHTEPIOISNNNE ¢ SKCTPAIIOJISAIel IPOI0I-

KeHrueM TOYHOI'O pelICHMA:

(= 1y — s, tiea) (14 5 — ticJule, 1),

b1 <t;+s<ty, j—My<k<jy,

QAL(ZL’Z', tj + S) =

1
(@i by + s) = L((=s)ulzi tj—r) + (A + shulwity), & <tj+s <ty

Jlemma 4.2. Ilpu ycrosuax semmo, 4.1 neeaska memoda (3.1) ¢ xycouno-aunetinot un-
mepnosayuets u sxempanosayuet npodosdicenuem npedcmasuma 6 6ude

~

U= O(A? + hY), |O(A% + h*)| < C(A% + b

Jloka3zaTesbcTBo. HeBaska 6e3 UHTEPIOIAIUT 1 HEBA3KA C KYyCOUHO-JIMHEITHOM NH-
TEPHOJAIHMEN U SKCTPAOJIIHNEN ITPOJIOJIPKEHUEM CBA3aHBI COOTHOITEHUEM

B cuny onpenenenus oneparopa H, mummuresoctu (1.4) ¢dyakmmu f u cBOiCTB omeparopa
KYCOYHO-JIUHENHON MHTEPHOJIAINEN C IKCTPAIIOJIAIACHA TPOAOIZKEHAEM Oy YaeM

K
< max lLfZ ’u(:vi,tj+%—Tk(tj+%)) —ﬁ(xi,tj+%—7k(tj+%))‘ < KLngAZ-
' k=1

YuauThiBast 9Ty OLEHKY, a Tak:Ke yTBepxkKjeHue JeMMbl 4.1, u3 (4.5) BbITEKaeT yTBepKIeHUe
JeMMBI 4.2. O

5. CxoaumMoCTh KOMIIAKTHOMN CXEMbI

PaccmorpuM BekTOpHOE TTpOCTpaHCTBO pasmepHoctu N — 1, B KOTOPOM BBEJIEM CKaJIsIPHOE

npoussesenue: ecm u = (ut,u?, ... uN"h) u v = (vl 0% .. 0N 1o

N-1
(u,v) = Z hu'v'.
i=1
BBejieM SHEPreTuyecKyo HOpMY
ull* = (u, ),

KOMITAKTHYIO HOPMY M HOPMY IIP€JILICTOPUN ITOIPENTHOCTU

Jully = (u Hw), ksl = max o

VX

Beimosastiorest orenku (em. [12])
20 2 2
gllull® < el < flull”. (5.1)

CrupaBe/IJIUBBI CJIEIYIONNAE BCIIOMOTaTe/IbHbIE OIEHKH.
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Jlemma 5.1.
[Hul| < [Jull (5.2)
oxkasaTeabctso. Hapaty ¢ sekropom u = (u,u?,...,uN™1) BBesem BexTOpBI
evemenns v~ = (0,ub, ..., uN"2) u ut = (u? u?,...,0). Ilo onpezenennio sHepreTUIECKoil
HOpMBI BbinosiHATCa cootHomenust |[u™ || < |luf|, [Ju™|| < ||ull.

BekTop Hwu mnpencraBuM B BHIE

h? h?u= —2 + 1
Hu:u+O;—45§u:u+O;4u };H_u :ﬁ(au*+(24—2a)u+ozu+),
TOTrI1a,
1 _ n 1
1Hull < o (alu” [ + (24 = 2a)[|ull + allu™]]) < 5 (aflull + (24 = 20)||u]| + aflull) = |[u].
O

Jlemma 5.2. Ecau aq,as,...,ax — Npou3BosvoHbLE YUCAG, MO

K K

(Ya <2y

k=1 k=1

JJoxkaszaTenabcTBso. [IpoBoaurca naaykmnueit mo K. ]

[ i "
Beesiem morpemuocts € = u(w;, t;) - U; u 1moc/Iofify1o BeKTOPHYIO TIOrPENIHOCTh METOJIA
(3.1) KaK BEKTOp &£, € KOODAMHATAMIE e, i=1,...,N—1

Teopema 5.1. [Tycmwv svinoansomes yeaosus semmo, 4.1. Toeda
lejll < C(A% + 1Y).

Hoxkaszatrensnctso. Ucnonbays (3.1) u (4.4), BeIIHIEM ypaBHEHUS /IS KOOPIHHAT
BEKTOPA MOTPEITHOCTH

gt . —¢t 1 ‘ _ N N
Jj+1 J i i i i i
HT d(5x €11 §d5x€J+H< j+%_ j+%>+wj‘ (53)
Brenent sexroput fiuy = (Fiyp Flypoo o S0 Sivd = Uy Fopoo o D Wiy =
(2/131+1, FETRR ,wﬁ?) u 3anuiieM (5.3) B BEKTOPHOM BHJIe
2
7R e D Laee; + 0 — j
N e A I (fjs = fis1) + 05
1
YMHOKHM 5TO ypaBHEHHE CKAIAPHO Ha BEKTOP €, 1 = 5(53- +€j41), HOMydINM
Si+1 &y a 7 ;
(HT’8j+%) - (déa: Ci+1r i+ )+ (H(fj% _fj+%)’ Jt3 ) (%, €its ) (5.4)

JleBast 4acTh 9TOr0 ypaBHeHUs TPeodpa3yeTcs K BULY

€ir] — E; 1
(H ) = g5 Uesllh = lles 1) (55)
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[Tepsoe cnaraemoe B npapoii yactu (5.4) B CHJLy TIOJIOKUTETHLHOCTH d U TIOJIOKUTEILHOM
OIIPEJIEJIEHHOCTU 0 OIEHNBAETCS CJIEYIONIMM 00pa3oM

— (dogej 1,501) <0 (5.6)
OrnenuM Bropoe ciaraemoe B npasoil wactu (5.4), yanreBag (5.2) u (5.1),

(H(fj+l - f]+ )> g+ ) < HH( +1 _]2;4»%)”“6]4’%”

2 2

N . 3 ~
<N yrp = Bl lesayllr < Wivy = Freg I3 Uesnllr + sl (57)

OneHnM KOMIIOHEHTBI BEKTOpa [ 1= fit 1, YUUTBIBAS JIAIITHTCBOCTD (1.4) byukuun f

‘f;.;.% - ;.;.%l = [f(zi, thr%’ U;(thr% - Tl(thr ) U;<tj+% - T2<tj+%))a R U;<tj+% - TK(thr

1
2
- f(l‘lv tj-‘,—%a ﬁ'('£27 t]-t,-% - Tl(tj—&—%)) ﬁ/(l’“ t]+ TQ(tj—&-%))v s 7a(xi7 t]-t,-% - TK(t]-‘,—%)”

K
< Ly Z |U;(tj+% - Tl(tj—&—%)) - ﬁ(%,tﬁ% - Tl(tj+%>)|~ (5.8)

YauTeiBasi CBOMCTBO KBa3WJIUIIIUAIEBOCTH (2.5) omeparopa KyCOYHO-JIMHEHHOH HHTEPIOIAIIN
C 9KCTpAIoIAIel TPOJOJIZKEHIEM, 10 IydacM

i N 3
|Uj(ts = 7ilty2)) = @ity = milty10))] < §(|€k 1l +lel) (5.9)
rie tj+% —Tl<tj+%) € [try-1.e0) | mmm k(1) = j B ciyqae tﬂ% —Tl(tj+%) > t;. Taxum obpasom,
3 (5.8) u (5.9) caexyer

K

£ i 3
s = Fal L5 D (el + ler]).

=1

[To ompeiesieHIIO SHEPTETUUECKON HOPMBI TIOJTYIaeM

N-1 3 N-1 K
7 ; i Fi 2
I fis1 = fisal? = ) hlfie = j+%|2 < (Lf§) h(> (erp-1l + lex)))*.
i=1 i=1 =1

W3 mory4eHHOro COOTHOIIEHNSI, UCIIOJIb3Ysl OIEHKY JIEMMBI D.2, cjIeryeT

N-1 K
3\2 -
1F5ey = FalP < (Le5)" D 0271 Y (lekaaf* + lexo )
=1 =1

K
3 _
= (Ls5)" 225D (lena- 1 + e ).

I=1
N3Briekas KopeHb, MOIydaeM

K
1

_ ) 3 . 1 1
1fiv1 = Fienll SLf§2K (D (ler@y-1l® + lexll?) ? 2KZ lexp—1ll + lexwl)-

=1
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OHGHHB&H KaxKJ10€ CJ1araeMoe CyMMbI B HpaBOﬁ JaCTH 3TOI'0 COOTHOIIEHU I, II0JIy9YaeM HEPaBEH-
CTBO

Mo<k<j

Fyes = Frgll <3LAK max el (5.10)

s (5.7) u (5.10) BBITEKAET OIEHKA BTOPOTO CJIAraeMoro B mpasoil dactu (5.4)

~ A

(H(fi41 = Fin)ieipn) S OL2° K (llejunlla + llejlla) - max _ [le]

2 J—Mo<k<j

< 2TL25 2K (|lejlla + llejlla) s omax ek (5.11)

Onennm TpeThe ciaraemoe B mpasoil gactu (5.4). Umeem

(dr,e541) < Idslllless - (5.12)

Cornacao jiemMe 4.2 BBITIOJHAETCS

N-1
112 =D hlihy|* < C2(A? + h*)2X
i=1
TO €CTh
5] < CsVX (A% + 1Y), (5.13)
VYauThIBas OINEHKY
3 3
||5j+%|| < §||5j+%||H < Z(ngH“H + [l #),

3 (5.12) u (5.13) nosryvaem
~ 3
(¥y,6541) < 105\/Y(A2 + 1) (el + llgjlla)- (5.14)

Honcrasmuss (5.5), (5.6), (5.11) u (5.14) B (5.4) u, cokpamast Ha (||€41]|m + ||gj]a), momy-
qaeM

1
2A(||5]+1||H —llejllm) < 27Ly2%7 sz max Newlle + 05\/Y(A2 +h?)
nJjm
lejalla < ll&jlln + A2TL 251K Cmaxenln+ A3 05\/_(A2+h4). (5.15)

O603HAYNM JIJIsT KDATKOCTH KOHCTAHTHI
A=27L 28 'K, B= gcsx/f
U 3anuiieM cyeyromntyto u3 (5.15) oleHKy st MPebICTOPUH MTOIPEITHOCTH
{er}ialls < (1+ AA)H{er}sll- + BAA® + 1Y). (5.16)
U3 (5.16) BBIBOJMTCS OIEHKA
Hertill- < —6 H(A%+hf)

it Becex j = 1,..., M. Orkyna ciaejpyer 3aK/II0U9€HIE TEOPEMBI. O
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6. YwuciieHHbIe 3KCIIEPUMEHTHI

[Ipumep 6.1. PaccmoTrpum TecToBoe ypaBHEHHE C TIOCTOSTHHBIM COCPEJIOTOYEHHBIM 3a-

I1a31bIBaHECM:
mfaﬁ’t) - daﬁiﬁ + 3874 (1 — 2)* + u(e, t — (1)) — (£ = 0.5)%*(1 — )’
t3d I'(9) 8—a 8—a Ar®) ., T—a
Toos T I‘(9—a)(x +(1—x) )_—F(S—a)(x +(1—x)7%)
6I'(7) | 6-a 6-a Ar6) 5 o 5—a
e T
- F(E(_E)a) @+ 1 =2)),

rie z €1[0,1], t€[0,1], 7(t) =05, d=100.

Bajianbl HAUAIbHBIE
u(z,t) = *2*(1 —2)*, x€[0,1], t<€[-05,0],

U TPAHUIHBIE YCJIOBHSI
u(0,t) =u(l,t) =0, tel0,1].

TounbIM perierneM ABJIAETCA (DYHKITUS
u(z,t) = 22 (1 — ).
Bsenem ciemyrorue 0603HAMEHUS:
En (A h) = max [uy — Ukl

wp = (u(xy, ty), u(za, ty), .. ., u(xy_1,t)), Ur= (U,i, U,f, .. .,U,iv’l).

Meroz (3.1) rectupoBasicst Jyisi pa3audHbIX maroB A u h. Bbuin 1mojiydeHbl BBIYUC/IA-

Ex(2A R Er(A2h
TeJIbHbIE NOPAJKH cxofuMocTi ordera = logy (- (( N h))), ordery = logy(Z- (( N h))) mo A u h
COOTBETCTBEHHO.
B Tabsmie 1 nmokasaH BbIUUCIUTEIBHBIH HOPAI0K CXOJAUMOCTH 110 A.

Tabsmma 1

3aBUCUMOCTD HOFpeHlHOCTeﬁ 1 BBIYUCJIUTEJIbHBIX ITOPAAKOB CXOJIUMOCTU OT ITaroB h

a A h Eu(Ah) ordery,
1,1 | 1/4000 | 1/10 | 0,0000031166
1,1 | 1/4000 | 1/20 | 0,0000001791 | 4,1211
1,1 | 1/4000 | 1/40 | 0,0000000103 | 4,1201
1,5 | 1/4000 | 1/10 | 0,0000051913
1,5 | 1/4000 | 1/20 | 0,0000003065 | 4,0821
1,5 | 1/4000 | 1/40 | 0,0000000176 | 4,1222
1,9 | 1/4000 | 1/10 | 0,0000086378
1,9 | 1/4000 | 1/20 | 0,0000005535 | 3,9640
1,9 | 1/4000 | 1/40 | 0,0000000341 | 4,0207
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Tabsmia 2 moKa3bIBaeT BHIYUCIUTEIbHBINA HOPSII0K CXOIUMOCTH M0 A.

Tabauma 2

3aBUCUMOCTD HOFpeHIHOCTefI 1 BBITUCJIUTEJIbHBIX ITIOPAAKOB CXOAUMOCTHU OT IIaroB A

o h A Ey(A,h) ordera
1,1 | 1/1000 | 1/10 | 0,0000160075
1,1 | 1/1000 | 1/20 | 0,0000039999 | 2,0007
1,1 | 1/1000 | 1/40 | 0,0000009999 | 2,0001
1,5 | 1/1000 | 1/10 | 0,0000160223
1,5 | 1/1000 | 1/20 | 0,0000040036 | 2,0007
1,5 | 1/1000 | 1/40 | 0,0000010009 | 2,0000
1,9 | 1/1000 | 1/10 | 0,0000160299
1,9 | 1/1000 | 1/20 | 0,0000040062 | 2,0005
1,9 | 1/1000 | 1/40 | 0,0000010014 | 2,0002

[Ipumep 6.2. PaccMoTpuM TeCTOBOE ypaBHEHUE C TIEPEMEHHBIM 3alla3/IbIBAHUEM:

8“;";’ b _ daﬁ?’; Falt+ 1) (1 = 2)* + ulz, t — 7(t)) — (2“3+ Dyeut(1 - o)t
t+1d, 9 s, 8—a Ar@®) 14 7-a
+ Jcos 1 {F(Q_a)(x +(1—-2) )—m(x +(1-2)7)
T oty O e
i (e (1= ) ),

41
e z € [0,1], ¢ €[0,1], T(t):%, d=1.

Basiatbl HauaAJIbHBIE M IPAHUYHbIE YCJIOBUS
uwt) = (¢4 0% (1 -2, we(0.1), te[-1/3,0)
u(0,t) =u(l,t) =0, tel0,1].

u(z,t) = (t+1)*2*(1 — x)* — Tounoe pemenue.

Metron (3.1) TecrupoBasicst it pasandubix maros A u h. B tabaure 3 mokasaH BBIYHC-

JNTEJIbHBIN IHOPAJOK CXOJUMOCTHU 110 h.

Tabmuna 3

3aBUCUMOCTD HOFpeHlHOCTeﬁ 1 BBIYUCJIUTEJIbHBIX ITOPAAKOB CXOJUMOCTU OT ITaroB h

a A h Eu(Ah) ordery,
1,1 | 1/4000 | 1/10 | 0,0000064160
1,1 | 1/4000 | 1/20 | 0,0000003705 | 4,1141
1,1 | 1/4000 | 1/40 | 0,0000000216 | 4,1004
1,5 | 1/4000 | 1/10 | 0,0000139590
1,5 | 1/4000 | 1/20 | 0,0000008242 | 4,0821
1,5 | 1/4000 | 1/40 | 0,0000000473 | 4,1231
1,9 | 1/4000 | 1/10 | 0,0000307599
1,9 | 1/4000 | 1/20 | 0,0000019696 | 3,9651
1,9 | 1/4000 | 1/40 | 0,0000001213 | 4,0213
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1]
2
3
]

[5]
[6]

7]
18]
19]

[10]

[11]

[12]

[13]

Tabsmia 4 moKa3bIBaeT BHIYUCIUTEIbHBINA HOPSII0K CXOIUMOCTH M0 A.
Tabmumna 4

3aBUCUMOCTD HOI‘pGLHHOCTGfI 1 BBIYUCJIUTE/IbHBIX ITIOPAAKOB CXOJIUMOCTH OT IIaroB A

o h A Eu(Ah) ordera
1,1 | 1/1000 | 1/10 | 0,0000001679
1,1 | 1/1000 | 1/20 | 0,0000000419 | 2,0026
1,1 | 1/1000 | 1/40 | 0,0000000105 | 1,9966
1,5 | 1/1000 | 1/10 | 0,0000015431
1,5 | 1/1000 | 1/20 | 0,0000003845 | 2,0048
1,5 | 1/1000 | 1/40 | 0,0000000960 | 2,0019
1,9 | 1/1000 | 1/10 | 0,0000045433
1,9 | 1/1000 | 1/20 | 0,0000011142 | 2,0277
1,9 | 1/1000 | 1/40 | 0,0000002775 | 2,0055
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Peryﬂﬂpnsaunﬂ KJIacCnIeCKMnX YCJ'IOBI/Iﬁ OIITNMaJIbBHOCTHN
B 3aJaY9aX OIITUMMN3allnnn JIMHEMHBIX paciipeaesJieHHbIX CUCTeM
BOJIBTEPpPOBa THUIIa C IIOTOYE€YHbIMU (l)aBOBbIMI/I OrpaHHM4Y€HUuAMMN

Baagumup WMocudosrna CYMMUH 12, Muxann Mocudosrna CYMMUH 12
L ®I'BOY BO «Tam6osckmit rocynapcrsennbiii yausepcuter uMm. 1. P. Jlepskapunas
392000, Poccuiickas Peneparus, r. Tambos, yi. Unrepuanmonanpuast, 33
2 OTAOY BO «Hmxeropoackuit rocynapcTBeHnbt yausepeuter uM. H. 1. JlobateBcKkoros

603950, Poccuiickas Peneparust, r. Huxxnnit Hosropon, np-t I'arapuna, 23

Awnnoramus. PaccmarpuBaercs peryispusanus KJIACCHIECKHX YCJIOBHI  OMTHMAJIBHOCTH
(KYO) — npunnuna Jlarpanxa (ILJI) u npuanuna makcumyma Honrparuna (IIMIT) — B BBI-
MYKJIOH 3a/1ade ONTUMAIBLHOTO YIIPABJICHUN C CHJILHO BBIIYKJIBIM IEJI€BBIM (DYHKIIMOHAJTIOM U C
MOTOYeYHBIMI (PA30BBIMU OI'DAHUYEHUSMHI THIIA PABEHCTBA W HEPABEHCTBA. Y IIPABJIAEMas CH-
cTeMa 33/1aeTCs JIMHEHHBIM (DYHKITMOHAIHLHO-0IIEpATOpHBIM ypaBaenueM 11 poga obimrero Buga B
pocTpancTse L3, OCHOBHOI OIIEPATOP IIPABOIl YaCTH yPaBHEHUS IIPEIIIOIAraeTCs KBA3HHUIIb-
norenTHbIM. [losydenune peryssipuzoBannbix KYO ocHOBaHO Ha MeTOJIe JIBOMCTBEHHON peryJisi-
pusamuu. OcHoBHOe npeaHasnadenue peryaspusoBanubix 111 u IIMII — ycroitunBoe remepupo-
BaHUe MUHUMU3UPYIOIUX npubiukennbix pemenuii (MIIP) B cmbicie /Ixx. Bapru. Perymsipuzo-
Banuble KYO: 1) dopMmynupyiorcst Kak TeopeMbl CyIecTBOBaHus B ucxouoii 3auade MIIP ¢ ox-
HOBPEMEHHBIM KOHCTPYKTHBHBIM [IPEJCTABIEHUEM STHX DEIICHU; 2) BBIPAYKAIOTC B TEPMUHAX
peryssipubIx Kiaccudeckux dyukumii Jlarpamxka u Lamunsrona—Iloarpsaruna; 3) «peojgosieBa-
10T» cBoiicTBa HeKOppekTHOCTH KYO U J1al0T perysisipu3upyomiye aaropuTMbl JIJIsl PEIIeHUsI
ONTUMU3AIMOHHBIX 3a7ad. CTaThst MPOJOJIKAET CEPUI0 paboT aBTOPOB Mo perysspusaiun KYO
IS Psifia, KAHOHUYIECKUX 3a7a9 OIMTUMAIBHOTO YIIPABJICHUS JTUHEHHBIMU PACIIPEIEICHHBIMU CH-
cTeMaMU BOJIBTEPPOBa THUIIA. B KadecTBe NPUIIOYKEHUS IMOJIYUEHHBIX B padoTe «abCTPAKTHBIX
pe3y/IbTaTOBY B €€ 3aKJII0UUTEHLHON JacTu paccMarpuBaercs: peryispusarus KYO B KoHKpeT-
HOHM ONTHMHU3AIMOHHON 3a/lad€e ¢ MOTOYCIHBIMU (PA30BBIMUA OTPAHUICHUSIMU TUIA PABEHCTBA U
HEPABEHCTBA JJIsI yIIPABJISIEMOl CHCTEMBI C 3aIa3/bIBAHIEM.
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Abstract. The regularization of classical optimality conditions (COCs) — the Lagrange principle
(LP) and the Pontryagin maximum principle (PMP) — in a convex optimal control problem
with a strongly convex objective functional and with pointwise state constraints of the equality
and inequality type is considered. The control system is defined by a linear functional-operator
equation of the second kind of general form in the space Lj, the main operator of the right-
hand side of the equation is assumed to be quasi-nilpotent. Obtaining regularized COCs is
based on the dual regularization method. The main purpose of regularized LP and PMP
is stable generation of minimizing approximate solutions (MASs) in the sense of J. Warga.
Regularized COCs: 1) are formulated as existence theorems of MASs in the original problem
with simultaneous constructive representation of these solutions; 2) are expressed in terms of
regular classical Lagrange and Hamilton—Pontryagin functions; 3) “overcome” the ill-posedness
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Bsenenue

Jannast craThs MpooszKaeT cepuio pabor aBTopos [1-6] 1o perysspusaun KiaaccuIecKux
yeasiouit onrumasbaoctn (KYO) — npuaruna Jlarpamxa (I1JI) u npusiuna makcumyma [lomt-
paruna (IIMII) — s psja KAaHOHHYIECKUX 33/1a9 ONTHMAIBHOIO YIPABJICHUS JTUHEHHBIMI PAC-
[peJIeJIEHHBIMI CHCTEMaMU BOJIbTeppoBa Tuma. CucreMaMu BOJIBTEPPOBA THUIIA Mbl Ha3bIBAEM
YIPaBJISIEMbIE CUCTEMbI, KOTOPbIE MOT'YT OBITH OIMCAHBI JIMHEHHBIME (DYHKIIMOHAIBHBIMA (UHA~
4e, byHKIMOHAIBHO-0IIEPATOPHBIMNI) ypaBHeHusMu 11 posa ob1ero Buia ¢ KBA3WHIIBIOTEHT-
HBIM OCHOBHBIM JIMHEIHBIM OoTlepaTopoM npaBoii yacTtu. [lomo0nbiv cBoiicTBOM 00J181210T, TPeK-
Jie BCEro, Pa3JIMTHOI'O POJIa BOJBTEPPOBBI OIEPATOPHI. 3aMETHM, YTO Ha3BAHUE «BOJIBTEPPOBDI
onepaTopbl» (omepartopbl Turna BoJbreppa) NpUCBAMBAIOCH PA3HBIMU aBTOPAMU PA3JINIHBIM
KJIaccaM OIepaTopoOB CO CXOIHBIME CBOHCTBaME (HCIIOJIB3YIOTCS TAKYKe HA3BAHUS: IIPUIUHHBIE
orepaTopbl, HACJIEJICTBEHHBIE OMEPATOPHI U JIP. ), HaunHas ¢ u3BecTHbIX pabor L. Tonelli (1929)
u A. H. Tuxonosa (1938); cMm., HanpumMep, KpaTKuii 0630p Olpe/ie/ieHnii BOJIbTEPPOBBIX Ollepa-
topos |7, Jdonomnnenue|, a rakxe [6,8]. B cirydae JuHEHHBIX OIEPATOPOB 9TH OIPEIEICHNST TaK
WM WHAaYe CBA3aHBI CO CBOWCTBOM KBa3WHIJIBIIOTEHTHOCTH: JINOO 9TO CBOMCTBO BKJ/IIOYEHO B Ca-
MO OIIpeJieIeHIe BOJIbTeppoBa orneparopa (cM., Hampumep, |9, ¢. 10]), ubo mpu ecrecTBEeHHBIX
YCJIOBUSIX CJI€JIyeT U3 TOr0 OIpeiesieHns (CM., HAllpUMep, MeNoYedHblil MTPU3HAK KBA3HHIIIBIIO-
TeHTHOCTH |8, Teopema 2|, onmparommuiics Ha onpejenenue [10] dyHKIMOHATIBLHOIO OMEpaTOpA,
«BOJIBTEPPOBA HA CUCTEME MHOYKECTB», SABJIAIONIEeCd MHOTOMEPHBIM ODODIIEHNEM OIpe/Ie/IeHI
A.H. Tuxonosa). [TosTomy Takue ypaBHEeHUsI MOKHO HA3BaTh (DYHKIMOHATHHBIMU yDABHEHHsI-
MU BOJIBTEPPOBA THIIA.

K ypaBHeHHsIM BOJIBTEpPPOBA THIIA €CTECTBEHHBIM 00pa30oM (0OpallleHneM IJIaBHON YacTi)
CBOJIATCH caMble PA3HOOOpa3HbIe Ha9a/IbHO-KPaeBble 38141 JIjI PAa3/IMYHbIX YPABHEHUN C 9aCT-
HBIME [TPOU3BOIHBIMU (TUIEPOOTNIECKIX, MapaboInIecKnX, HHTErpo-auddepeHImaabHbIX, Ch-
CTeM TAKUX YPaBHEHUN, ypaBHEHUI C 3aIa3/IbIBAHIIME PA3HOI0 POJIA U JIP., CM. PA3HOOOPa3HbIE
KOHKDETHbIe puMepsl B |7, riaBa 2|, 0630psl B |7, 11]). D10 mosBosmio B HacTOsAMIEH cTaThe
nostyuuTh peryigpuzopannabie [LJ1 u IIMII eunoobpasHo i1 NIMPOKOro KJiacca Pacipe iesieH-
HBIX ONTUMW3AIMOHHBIX 3aja4. [Ipu 9ToM cyIecTBeHHBIM 00Pa30M HCIIOIB3YeTCs TTPEJII0KEH-
HOe HaMU paHee MOHsITHe PABHOCTENEHHO! KBA3HMHIIBIIOTEHTHOCTH ceMeiicTBa oneparopos [12]
(ucropuio Bompoca M. B [11]).

B craresx |1, 2] paccmarpuBasuch pasindHble BapuaHThl peryispusanun KYO st 3azaq
C CUJIbHO BBIIMYKJIBIMU IEJEBbIMU (DYHKIIMOHAJIAMU U C (DYHKIIMOHAJIHHBIMU OTPAHUYCHUSIMUI
THUITA PABEHCTBA U HEpPaBEHCTBa. B cBO odepenb, B [3, 4] anasornvnbie BOIPOCH! M3y YasUCh
MIPUMEHNTEIFHO K 3aJadaM TaKyKe C CHJIbHO BBIMYKJIBIME TIeJIEBBIMU (DYHKIIMOHATIAME, HO C
OIIEPATOPHBIM (T. €. 3aJ[aBAEMbIM OIIEPATOPOM ¢ GECKOHEIHOMEPHBIM 06Pa30M) OrPAHUIEHHEM-
paBeHCTBOM ¥ (DYHKIIMOHAJILHBIMU OrpaHUYeHusIMU-HepaBeHcTBamu. Hakower, B |5, 6] peryiis-
puzanusa KYO nposoguiachk Jjisd 3aa4 TakKoro »Ke BUJIa, Kak u B [1—4], HO B curyanuu, Korja
1e1eBol (PyHKITMOHAJ BBIMYKJION 381241 MOYKET OBITh U HE CUJIBHO BBIMYKJIBIM. « AGCTpaKTHBIE
pesysbrarhl» 1o peryisgpusanun KYO B [1-6] nogpobro «pacmdpoBbIBainch» Jist psijia KOH-
KPETHBIX 3a/1a9 ONTUMAJBLHOTO YIIPABJICHUs] PACIPE/ICICHHBIMU CHCTEMAMK BOJIBTEPPOBA THIIA,
(paccMaTpUBaJINCh, B YACTHOCTH, ONTHMU3AIMOHHBIE 3a/a49H, CBA3aHHBIE C CHCTEMON ypaBHe-
HUIT ¢ 3ana3/(bIBaHNeM, ¢ nHTerpoiuddepeHInajIbHbIM yPaBHEHIEeM TUIIA yPABHEHUs TIePeHOCa,
u ¢ runepbosmaeckoii cucremoii nuddepeHnnaIbHbIX YPABHEHH IEPBOTrO TOPSIIKA).

B nacrosimeit pabore paccmarpuBaercs peryispusaiusg KYO B BBIIYK/IbIX 3ajadax OIl-
TUMU3AINE JTMHEHHBIX PACIIPE/ICIeHHBIX CUCTEM BOJIBTEPPOBa THIa, HO, B omiudne or [1-6],
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B KadecTBe OIIePATOPHBIX OIDAHUYEHHi BBICTYIIAIOT HOTOYeuHBIe (ha30Bble OIDAHUYCHUSA THU-
IIa paBeHCTBa U HepaBeHCTBa. B KauecTBe IPHIIOXKEHUs MOJIy9eHHBIX B paboTe «abCTPaKTHBIX
pe3yJsIbTaToB» B Heil paccMmarpuBaercd peryinapusanug KYO B KOHKpeTHOH ONTHMHU3AIMOHHON
3aj1a4e ¢ IIOTOYEeIHBIME (Pa30BbIMU OI'DAHIICHUAMI TUIIA PABEHCTBA I HEPABEHCTBA I YIIPaB-
JsIeMoit cucTeMbl ¢ 3anasapiBanneM. Kax mssecrro [13-16], 3agaun ¢ norouednsivm (Ha3oBbIME
OrpaHUYCHUAMHI BOT YK€ Ha IPOTAKEHHU Oojiee IIeCTH IeCATHICTHH IIPUBJIEKAIOT HMOCTOAH-
HOe BHUMAHHUE CIICIHUAINCTOB B 00JIACTU ONTHUMH3AIUI COCPEJOTOUYCHHBIX U PACIpPEe/IeIeHHBIX
cucteM. Camn ke 1oTO4eqHbIE (ha30Bble OIPAHNYEHNS, C TOYKU 3PEHNs ONTUMU3AIIMOHHON Teo-
pHH, TPAJUIMOHHO OTHOCATCA K UUCIIy HamOOsee CIOKHBIX OIePATOPHBIX OIDAHUICHHN.

Perynapuzarmusa KYO, 1. e. perynsgpusarius [IMII u [1JI, B BeITyK/IbIX 33/ 1a9aX ONTHMAJIBHO-
ro yIpaBJeHUus U MaTeMaTUIecKOro MpOorpaMMHUPOBaHUS Ha Oa3e OCHOBAHHOI'O Ha JIBOICTBEH-
HOCTH TOJXO/a K peryispusanun [17] Obuia Brepsbie mpejjioxkena B paborax |18, 19]. Yka-
3aHHas PEryadgpu3aliisd B TEOPUHU YCJIOBHOW ONTHUMU3AIMU, B TOM YHCJC U B 3aj@adax OITH-
MAJILHOTO yIPABJIEHUS, SABJISIETCH «ECTECTBEHHON IMPOIEypOoil» BBUJLY CBONHCTB HEKOPPEKTHO-
cru KYO [19-22]. Toopst 0 HekoppekTHOCTH KVO, MBI, TIPEXK /1€ BCErO, NMeEM B BUJLY TaKHe X
CBOWMCTBA, KAK HEBBIMIOJHUMOCTD ¥ HEYCTONIMBOCTE [19-22|. Hanmomuum, 910 0 HEBBIIOJHUMOCTH
KYO mbI TOBOpHM TOI/a, KOI/Ia M3BECTHO, YTO B TOH MJIM WMHON 3ajade Ha YCJIOBHBINA IKCTPe-
MyM OHH He MOTyT ObIThb 3alnucanbl. B c¢Boio ouepesb, neycroianBocts KVO Mbl noHmmaem
B TOM CMBICJIe, YTO HEYCTONYMBO 10 OTHOIIEHUIO K BO3MYIIEHUIO MCXOJHBIX JAHHBIX IKCTPE-
MaJILHOW 3aJ1aui BeIyT cebsl JIOMYCTUMBbIE JIEMEHTBI, YIOBIETBOPAIONINE BCEM COCTABJISIONTIM
KVYO coornomennsiM. AHams3 pasjimaHbIX IPUMepOB HeKoppekTHocTH [19-22| nator ocnoBame
paccmarpuBarh KYO kak maremarudeckune OObEKTHI ¢ TPUCYIIIUMUA UM OT HPUPO/IbI CBOWCTBA-
MU HEKOPPEKTHOCTH. B 9TOM cirydae ieHTpajbHas poJib, Kak mokasaHo B [19,20,22|, B 3amauax
YCJIOBHO# OIITUMUBAINY €CTECTBEHHBIM 00Pa30M HEN30€KHO EPEXOJIUT OT KJIACCHIECKOIO TTOHSI-
THUS ONTUMAJIBHOTO SJIEMEHTA K MOHATHIO MUHIMHU3UPYOIIero npudinzxkensoro pemierns (MIIP)
B cmbicie [Tk, Bapru (23|, cM. HuKe onpejiesienne 9Toro noHaTus B pasjese 2.3 (B MareMa-
TUYECKOM ITPOrPAMMUPOBAHUHN TaKUe IMOC/IeI0BATETbHOCTH YaCTO HA3BIBAIOT ONTUMAJILHBIMU
obobmenubiMu tanamu [24]). Takoit moaxon 6ei1 peammsosan B [19, 21, 22] (B [22] maa o6o-
snadenus MIIP ucnosp3oBasoch ciioBocoderanne «00600MIEHHAsT MUHUMU3UPYIOIIAs MOC/IEI0Ba-
TEJIbHOCTB» ) IPUMEHUTETHHO K BBIYKJIBIM 33/[a9aM Ha YCJIOBHBINA SKCTPEMYM C OLEePATOPHBIM
OrpaHUYeHNeM-PaBEHCTBOM U KOHEYHBIM YUCJIOM (DYHKIIMOHAJIbHBIX OrPDAHUYEeHNi-HEPABEHCTB.
Tor ke 1mo/1X0/1 OBLIT pean30BaH U B HAIIMX y2Ke IIUTHPOBAHHBIX BbIIe paboTtax |1-6] mpumenu-
TeabHo K peryaapusanunun KYO 1 KaHOHUYecKnX 3a/1a9d ONTUMUBAINN JTHHEHHBIX pacIpe/ie-
JIEHHBIX CUCTEM BOJIbTeppOBa Tuiia. [losryuennbie B yKazaHHbIX PAOOTAX PE3YILTATHI [IO3BOJIAIOT
BBIJICIUTH CJIEJIYIONINE BazKHbIE, HA HAIl B3IJIsIl, OCOOCHHOCTH MOy YaeMbIX PEryIapU30BAHHBIX
KVYO B BbIIyKJIBIX 33jiauax yCJOBHON onTuMu3anuu. MoxKHO yTBEPXKIaTh, YTO PETyIapU30-
Banabie KYO: 1) npu ycjoBur KOHEYHOCTH 3HAYCHUS MCXOMHOM 3ajadi (GOPMYIUPYIOTCS Kak
TeopeMbl cyriecTBoBanud B Heit MIIP, cocTosimux n3 Munumalsieir peryyigapabiX hyHKIIHOHAJIOB
Jlarpamnzka, IBOfiCTBEHHBIE TIEPEMEHHbIE JIJIsT KOTOPBIX T'€HEPUPYIOTCS B COOTBETCTBUU C BHIOPAH-
HOIT TIPOTIE/yPOii peryssipusanuu ABOficTBeHHOM 3a1a4n; 2) obobmaror KVO, npuBomsT K HIM
«B TIPEJIeIey M COXPAHSIIOT ODILYIO CTPYKTYPY KJIACCHIECKUX aHAJIOTOB; 3) SABJISIIOTCS YCJIOBUSIMIE
ONITUMAJIbHOCTH, BBIPAYKEHHBIMU B CEKBEHIIUAIBLHON (pOpMe B TEPMUHAX PETYAAPHBIX (DYHKIIH-
onasioB Jlarpanxa; 4) «IpeojioJieBaroT» CBONCTBA HEKOPPEKTHOCTH KJIACCUYECKUX AHAJIOIOB U
peJICTaBIIsTIoT o000 yHuBepcaibhubie MITP-o6pasyiorue (pery/ispusupyoriue) aJropuTMbl B
cMbIcsIe [25] st perieHnst 3189 Ha YCJIOBHBIN 9KCTPEMyM.
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Panee perynspuzarusa KYO jj1s1 BBIIYKJIBIX 33/1a9 ONTUMAJIBHOIO yIIPABIEHUS € TOTOYEY-
HbIMU (Pa30BBIME OI'PAHUYIECHUSIMU TUIIA PABEHCTBA U HEPABEHCTBA PACCMAaTPUBAJIACH B HAINX
paboTax B ciiydae yrnpaBjisieMbIX CHCTEM, CBA3aHHBIX ¢ OObIKHOBeHHBIME [18| 1 mapabomyeckn-
mu g depenipaababiME ypaBaerusMu [26]. PacemarpuBaemast HuzKe yrpasiisieMast CHCTEMa
BOJIBTEPPOBA THUIIA CBOEH OOIHOCTHIO CYIIECTBEHHO OTIMYAETCS OT PACCMOTPEHHBIX paHee B
Hammx paborax [18, 26| ynpasiasgemMbIx cucTeM.

Crarbs COCTOUT U3 BBEJCHUS M TPEX OCHOBHBIX Pa3eJ/iOB, IIEPBBIi U3 KOTOPHIX MOCBSIIEH
IIOCTAHOBKE BBIIIYKJION 3342491 OIITUMAJILHOIO yIIpaBIeHUd JIJId JIMHEHHON pacupeae/IeHHOI cu-
CTeMBbI BOJIBTEPPOBA TUIIA C TIOTOYEYHBIMU (ha30BBIMY OIPDAHMYEHUSIMU TUIA PABEHCTBA U Hepa-
BEHCTBA, (DOPMYIUPOBKE U JIOKA3ATEIHCTBY BAXKHBIX BCIIOMOTATE/ILHBIX PE3y/IbTaTOB, OIpPeIe-
sennto MITP-o6pa3ytoriero asropurma. Bropoit pas/iesn mocBsieH goKa3aTe/ibCTBY CXOIUMOCTH
AJIPOPUTMA JIBONCTBEHHON PEryJIsipU3aliiy JIjisi PACCMATPUBAEMOI 3a/1a1, & TaKZKe JI0KA3aTe b
CTBY Ha 9TOi ocHOBe peryiapusoBarabix KYO s nee. Hakomerl, B 3aKII09NTETHHOM TPETHEM
pasjiesie moApPOOHO 00CYKTAETCs, KaK «adCTPAKTHBIE» PE3YJILTATHI IIEPBBIX JBYX Pa3J/IeJIOB MO-
r'yT OBITh «PaCIII(POBAHBI» TPUMEHUTE/IHHO K KOHKPETHOM 3a/1a9e ONTUMAIBHOTO YIIPaB/ICHUsT
C IOTOYEYHBIMU (DA3OBBIMU OT'PAHUYIEHUSMU THUIIA PABEHCTBA W HEPABEHCTBA JIJI YIIPABJIAEMO
CUCTEMBI C 3al1a3/IbIBAHUEM.

[Ipumem cieayrorue obo3HaueHusT 1 coryalrerusi: R™ — MpocTpaHCTBO N -BEKTOPOB-CTOJI-
6moB; (-,-), u ||-||,, — eBKINIOBBI CKaJIsSIpHOE IPOU3BeeHne I HOPMa B R™; BeKTOpHI, eciin He
OTOBOPEHO TPOTUBHOE, cunTaiorcs crojonamu; 0, — woiab B R™; R, — MHOXKecTBO Bcex 110J10-
JKUTEJIBHBIX duces; R — MHOXKECTBO BCEX HEIOJIOKUTETbHBIX 9UCeNT; * — 3HAK CONPSIZKEHUsT
u Tpancrnionuposanus; I[I C R"™ — BBIIYKJIBINE KOMIAKT C HEIYCTOW BHYTPEHHOCTHIO, UT'DAIO-
Uil POJIb OCHOBHOI'O MHOYKECTBA M3MEHEHUsI HE3aBUCUMBIX MEPEMEHHBIX, 9JIEMEHTHI KOTOPOTO
obosnauaem depes t = {t',...,t"}; L, = L,(II) — se6eroBo mpocTpaHCTBO CO CTAHIAPTHOI
Hopmoit (1 < p < o0); Lyt = L(IT) = (Ly(IT)™ (1 < p < 00);
HOpMa TIPAMOTO TIponsseienns & L' (-, '>2’m — CTaH/IaPTHOE CKaJISIPHOE IPOU3Be/ieHne B L'
Ly ={yeLy:yt)<0,tell}; Loy = {y€Ly:y(t)>0,tell}; C = C(II) — npo-
crpancTBo HenpepbiBHbIX Ha 11 dymnkmmit co cranpaprroit nopmoit [|-[o; C" = (C); |lq,

[Nl — cranpapruas

— cTaHJapTHad HOpMa IIpaMoro npousseienns B C; eciim H ruanbepToBO IPOCTPAHCTBO, TO
CKaJISIPHOE IPOM3BEJEHNE B HeM 0bo3HadaeM depe3 (-, )y, a COOTBETCTBYIOILYIO HOPMY Kak
Il 7 ; cybnuddepenimpyeMOCTh MOHIMAETCS B CMBICTIE BBIIYKJIOTO aHAIM3A.

1. IlocranHoBKa 3aJa4u ONITUMAJIBHOTO YIIPABJIEHUS

1.1. Basosas onTuMmu3anuoHHas 3ajada

[Iycrb 3ajaHbl: HATYpadbHbIE YuCTa M, n, ¢, T, 8; dysxmus c(t), ¢ € I, kmacca LY =
Lyr(I1); numeitnpiit orpanmaenusiii omeparop (JI00) A : Li* — L' ¢ HYJIE€BBIM CIIEKTPATHHBIM
paguycom; JIOO B : Lj — L. Paccmorpum JjinHeliHoe DyHKIIMOHAJIBHOE YDaBHEHNE

2(t) = Alz](t) + Blu](t) +c(t), tell, zely, wuels, (1.1)

cuntasi u(-) ynpasisirorieil yHkiweit (yrupasiaenuem). Beuny kpasunmibnorenTHoctn A ypas-
nenwne (1.1) nmeer mst kaxgoro u(-) € L equncrsennoe B LY pemenue z(t), t € II, npuaem

z(t) = S[Blu] +¢|(t), tell, welLs, (1.2)
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rae S : LY — L — JIOO — cymma psga Heitmana: Sly] = Z A'ly], y € LY. Orseuaromiee

yipasiieHnio u(-) pemtenue z(-) ypasuenus (1.1), 3agaBaemoe (bopMyJIOI/I (1.2), obozHaIIM Zz,(-).

Hro6bI moCTABUTEL Jist yupasisieMoii cucrembl (1.1) 3a1ady ONTHMAJIBHOIO yIpaBJICHHUSI,
OyzmeM cuamTaTh, 9TO 3ajanel: ¢yukimonan J([z,ul = Klz| + Mu], z € LY, w € Lj, tue
K : L7 — R — HenpepbIBHBINH BBIIYK/bI dyHKIMOHAI, a M : L — R — HempepbIBHBII
CHJIBHO BBIIYKJIBIH (DYHKITMOHAJ € TIOCTOSTHHOMN cHIbHOM BbiyKyioctu k; JIOO X : L' — C" n
T: LY — C9 dbyukmun w(-) € C u Z(-) € C?% dynukuua F(t,y) : [IxR" — R, HenpepbiBHast
10 COBOKYITHOCTH IEePEMEHHBIX, BBINMyKJas 110 ¢y Ha R’ npu kaxgom t € 1.

Ucnonbsyst pasencrso (1.2) kax opmyiy HOACTAHOBKHU, 3alajuM Ha L5 GyHKIHOHAI
Ju] = Jlzu,u] = Kz + M[u], u € L3, oneparoput Glul(t) = (Z(1), T [2.] ()),, t € I,
w e Ly, n Eu)(t) = F(t,X[z.)(t)), t € II, uw € L§. OueBumano, uro dyukImonas J Hempe-
PBIBEH W CHJIBHO BBIIMYKJ HA L§ € IIOCTOSHHON CHJIbHOI BBIIYKJIOCTH K, a omeparopbl G n &
neiicteyror u3 L5 B C.

IIycte D — BBIIYKJIOE OIDaHUYEHHOE M 3aMKHYTOe MHOXKECTBO IpocTpaHcTBa Lj. Pac-
CMOTPUM 3aJIa1y ONTUMAJBHOTO yipasjienus cucreMoil (1.1) ¢ MUHUMHU3UDPYEMBIM IEJIEBBIM
dbyukmonamom J IpU MOTOYEUHBIX OIPAHUYEHUSX TUIA PABEHCTBA W HEPABEHCTBA

Glul(t) =w(t), tell, ue Ly; Eult) e R_, tell, ue L, (1.3)
U MHOZKECTBE JIONMYCTUMBIX yIpasaeHuil D. DTy 3a1ady CHMBOIMUCCKI 3AIUINEM B BH/IC
Ju] = min, (1.3), we€D. (1.4)
1.2. ToyHast u HPUGINKEHHBbIE ONTUMU3AIMOHHbBIE 3aA9U

Bamaua (1.4) onpenessiercst Habopom ucxonubix panabix f = {A B¢, K, M,Z, Y, w, F, X} .
IIpe moIozKIM, YTO TOYHBIC MCXOIHBIE JaHHbIe 0 = {A% BY % KO MO =0 70 w0 FO 30}
HaM He M3BECTHBI, HO MbI MOKEM OIIEPUPOBATH C MPUOINKEHHBIMI NCXOTHBIMI JTAHHBIMI

fo={AB ¢ K M Z T uw F %},

rjge § — MEHSIONHiics B HeKOTOpoM (ukcupoBanHoM nostynHTepBase (0,dg] wwcioBoii mapa-
MeTp, XapaKTepU3yIOIHil 6JIM30CTh MPUOINKEHHBIX JaHHBIX fO K TouHBIM jaHHbM fC B yKa-
3aHHOM HuzKe ycsousiMu A, B u B cMmbiciie (10102KuTeIbHBIM 3HAYEHHSIM [TApAMETpa § COOT-
BETCTBYeT TIPUO/IMZKeHHAsA ONTUMHU3AIMOHHas 3a1ada suja (1.4) ¢ gammbivm f°, a sHauenmio
§ = 0 — Tounag onTHMUBAIMOHHAs 3a/1a4a Bujia (1.4) ¢ gannbivu ). Takum o6pasom, Mbl cun-
TaeM, 9To npu KaxjaoMm 0 € [0,dy] cymecTByoT CHG,ZLyIOHJ;I/Ie O00BEKTDI: KBA3UHUIBIIOTCHTHBII
JIOO A°: Ly — L JIOO B : Ly — L5 dbynkuus ®(-) € LYY HenpepbIBHbIH BHITYKIIbI
byrkmmonan K° : LT — R; HempepbIBHbII CHILHO BHITYK/IbIT dbynkimmonan M? : L — R
C TIOCTOSHHOMN CcHIbHOH BRIyKaocTH k; JIOO X0 : L — C" m Y9 . L — (9 dynxmun
wW’(-) € C m Z(-) € C% nenpepwisras bynkmus FO(t,y) : II x R — R, BbIIyK/Iasg 10 y Ha
R npu kaxkmom t € II.

CumTaem, 9T0 TIPUOIMZKeHHEBIE ncxonble danubie 0, § € (0,0g], CBAZAHBI ¢ TOIHBIME HC-
XOJHBIME JlaHHBIME O TpuBegeHHBIME HIKe yeaosuayu A, B, B, T, J1.

Veaosue A. Oynximonanst KO : LT — R u M° : L — R upu siobom & € [0, §] ymrmmm-
IIeBBI Ha KazKJIOM ODaHHYEHHOM MHOXKECTBE IPOCTpaHCTB LI u L3 COOTBETCTBEHHO, pUYeM
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JIMIIIAIEBOCTh paBHOMepHa 10 mapamerpy 0 € [0,dp], To ecTb cymecTByIOT HeyObIBAIOIITE
dbyuxmmn Ny (), No(+) : Ry — Ry takme, aro s kaxkgoro [ > 0 u joboro § € [0, o

|K°[21] = K°z0)| < Nu(l) l2r — 22lly, 1w Nlzallyy s ll22ll0,0 <0,

| MC[ur] = M°[us]| < No(l) lur —wallyy  mpn JJually, s uallyy <1 (ur,us € D).

Oynxmua FO(t,y) : II x R™ — R npu mobom § € [0,] pasromepno 1o t € I mHa KaxaoMm
orpanmyeHHoM B R” MHOXKecTBe jmmmumnesa 10 y. [Ipudem JIUIMIMIEBOCTL PABHOMEPHA IIO
napamerpy 0 € [0, dg], To ecthb cymectByer HeyobiBatomast dbyukus N3(-) : Ry — R, rakas,
910 it Kazkaoro [ > 0 u moboro § € [0, &)

[F2(t ) = FO(ty2)| < No(D) lon —woll, mpu t €TI0, lyall, s llyall, < 1. (1.5)

VYcaosue B. Cymecrsyer nocrostanass C; > 0 Takast, aro npu jsobom d € (0, do|
|45 — A < €6, B - B <Cis, [, < Cid, (1.6)

o5 <€ T -1 <0 o~ < Cut - =], < Cud
VYceaosue B. Cymecrsyior vHeyobiBarorue dyukiwn Ny(+), N5(+) : Ry — R, u nocrosinnas
Cy > 0 rakme, aro Jyist Kazxjgoro [ > 0 u joboro § € (0, oy

|K°[2] = K°[2]] < Ny(1)8, | M°[u] = M°[u]| < Cy6 mpu |2y, <1, weD,  (1.7)

[Fo(t,y) — FO(t,9)| <Ns(D5 mpu t€TL, [ly]l, <1 (L8)

Yro0b1 chopmymupoBaTh yeaoBue [, BOCTIONIB3yeMcs CJIEIYIONIMM BBEJICHHBIM HAMU paHee
(ucropuio Bopoca cM., HanpumMep, B [11]) norsTHeM paBHOCTENEHHON KBA3UHUILIIOTEHTHOCTH.
IIycts B — 6GamaxoBo mpocrpanctBo, X — Hekoropoe MHOKecTBO, {G(§)[] : B — Bleex
— ceMeiicTBO 3aBHcAIUX OT Mapamerpa & € X kpasuHuibnoreHTHbIX JIOO (HamoMHUM: KBa-

suamibnorentHocrs JIOO G(€)[]: B — B osnauaer, uro {/||[{G()}*| — 0 mpu k — o).

Hazsosem cemeiictBo omepatopoB {G(§)}eex pasnocmenernno Ke6asunuibnOMeHmmsM, eCIIm

sup {/ ‘{G(f)}k‘ — 0 mpu k — oo.
gex

Ycnosue I'. CemeiicTBo {A‘s Ly — LQL} 5c(0,5,] PABHOCTENEHIO KBASHHU/ILIOTEHTHO.

[Tpu sr060oM & € [0, 0] yupasisiemoe dbyHKIMOHAIBHOE ypaBHEHNE
2(t) = A°[2](t) + B°lu](t) + &(t), te€ll, ze Ly, wcls, (1.9)

UMeeT JUIS KaxkJioro u € L§ enmHcTBeHHOE B Kiacce L' pemenue z(t), t € I, npuuem

2(t) = S°[B[u] + °)(t), tell, wue€lLj, (1.10)
e S° ¢ LY — L — JIOO — cymma paya Heitvana: SOfy] = Y (A%)[y], v € L. Orge-
i=0

Jaroree yrupasiennto u € L§ u 3amaBaemoe dopmyioii (1.10) pemenne z(-) ypasrenus (1.9)
Oyem obosnadath 23(-), d € [0,8]. IIpu mobom & € [0, ] MBI HMeeM HAGOD OTpaHUYEHMIx

GFlu](t) =w’(t), te€Il, ue Ly &) eRY, tell, uelLs, (1.11)
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roe GOlu)(t) = <"‘S [ ](t)>q, tell, ue Ly a &) = FO(t,X°)2°)(t), t €1,

uels; n 3azLaqy OIITUMAaJILHOI'O YIIPpABJICHUA
J°lu] — min, (1.11), w€ D, (0C?)

B Kortopoit J°[u] = J°[22,u] = K°[22]+ M°[u], u € L. 3anaay (OC°) nazosem mounoti sada-
weti, a zagaan (OC°), & € (0,68, — npubausicermvimu 3a0a4aMu OITAMATBHOTO YIIPABICHHS.

, . 5
Yenopust B u I maror Takoe cBOWCTBO ceMeiicTBa OIEPaTOpPOB {A }0 <5<5o [4, nemma 1].

Jlemma 1.1. Cywecmeyem K > 0 maxoe, wmo HS‘S — SOH <K HA5 — AO{

, 0€10,d] .

Jlemma 1.1 mosBostsieT jierko BbiBectu u3 yeiaosuit A, B, B, I' u orpannuennoctn D cyte-
crBoBanne nocrosuabix Cp, Cy u dynknun Ni(-) : Ry — Ry rakux, aro qys § € [0, &)

Hz < (Y, Hzi - ZgHz,m < (0%, wueD, (1.12)

ul
ull2,m

|7 [u] = Tl ||G°lu] — G°Lul| ..

Eu] — E°Ml||, < C26, w e D, (1.13)

|7 [wr] = J°[us],

1] — G°lus] || ||€°[ua] = EMua] || . < N1(D) lux — usl,,
Hu1H2,s ’ Hu2”2,s S ! (ul’u2 < D)

[IpeamnoaraemM, 9T0 BBIIOJIHSIETCSI C/IEAYIONIEE YCIOBUE, HOMOTHUTEIBHO CBSI3BIBAIOIIEE OTPa-
mndenns (1.11) ¢ ynpasisemoit cucremoit (1.9).
Yeaosue . Tlpu mobom § € [0,00] cimabast cxoquMocTh B IpocTpaHcTsBe L 1mocsieno-
. .
BaresibHOCTH  { U’ } _, C D K HEKOTOPOMY 3JIEMEHTY 1, BjledeT 3a CODOOil IOTOYeuHYIO Ha

IT cxomumocts nociesoBarensuocreit {20 [27)] ()}j; u {T°[2)] ()}j; COOTBETCTBEHHO K
20 [z0] () w00 [, ] ()

Jlemma 1.2. [Tpu amobom § € [0,00] onepamopv. G° u E° caabo menpepvienve kax one-
pamopw, uz L5 6 Lo, mo ecmv npeobpasyrom caabo cTolAauylocs ¥ HEKOMOPOMY IAEMEHMY
6 L5 nocaedosamenrvrocms 6 nocaedosamesbHocms, crodauyrocs 6 nopme Lo % 06pasy amozo
aneMeHMA.

HoxkaszaTenbcrtso. U3 ycnosua [l cieayer, uro npu mobom § € [0, 0] cinabas s L
cxouuMocTh TocieoBatesbHocTi {uf}>2 ) C D K HEKOTOPOMY SJICMEHTY U, BJedeT 3a coboii
noroueunyto na Il cxomumocrs {G° [ud] (- )};’i u {& W] ( )}oil K G°lu () u & u(+)
COOTBEeTCTBEHHO. Tak Kak u3-3a orpaHndeHHocTd D B Lj yKa3aHHBIE IIOTOYEYHO CXOIAIINCCS
110CJ16/I0BATEILHOCTH PABHOMEPHO OIPAHUYEHBI, TO OHU CXOJATCS COOTBETCTBEHHO K G [u,] (+)
u & [u.] () u B HOpPME Lo. O

1.3. OOoOIeHHast HUXKHSSI TPAaHb 1 MUHUMU3UPYIOIUE ITPUOJIMYKEHHbIE PENIeHUs

Tak Kax Lo _ BBIIYKJIO U 3aMKHYTO B I'mjab0epTOBOM IpocTpaHcTBe Lo, TO jobasd TOYKa U
[POCTPAHCTBA UMEET €JUHCTBEHHYIO MIPOEKIMIO Ha Lo _; paccrosaue B Ly OT TOYKH v JIO ee
npoekiun Ha Ly obosmaumm 4epes p(v) (p(v) = minger,  |[v — wll2, ). [Ipoexnusa Toukn
v(:) € Ly ma Ly_ ects v(-), tme v(-) — «cpeska mymem ceepxy» dyukman v(-) (v(-) cos-
najaer ¢ v(-) tam, rae v(-) oTpuraTenbHa, U paBHA HYJIIO TaM, e v(-) HeOTpHIaTeJbHA);
coorsercTBerno, p(v) = ||ull21, Tae v(-) — «cpeska mysrem cumusy» dbynkmun v(-).
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IIycTn
D ={ueD:||g°l] -, < pEf]) <ef, TE[0,8], €20,

u DY = DY, JjiemenTapHBIMU BBIK/IKAME MPOBEpAETCs, 4To 1pHu Jobbix § € [0, ], € > 0
MHOYKeCTBO D% BBLITYKJIO I 3aMKHYTO B Lj; U3 orpaHmdeHHocTH D cliejiyeT orpaHmdeHHoCTD
D%¢; Boobie roBops, D¢ MoxKeT 6bITH U 1wycThM. [1010KIM

Bo = inf JOu], ecrm D° #0; By = +oo, ecmm D° = 0.

u€eDO

Bemmmanny 3y MOXKHO Ha3BaTh KJIACCHIECKON HIZKHEl rpambio samatn (OC?). Tomoxum

B.= inf J°u], ecrm D€ #£0; B. = +oo, ecimum DY = ().

ueDOe

O6Go6mmennoit HuzKHeit rpanbio 3a1aan (OCY) HazoBeM Ipejie/IbHYIO BeJ MUY
= = lim S..
ﬁ ﬁ+0 540 /BE

BBuly HEIPEepBIBHOCTH U BBIIYKJIOCTH (BYHKIMOHAAa JU, OrpaHHueHHOCTH, 3aMKHYTOCTH 1
BeIyKIocTH MHOKecTBa D° 3ajaua (OCP) 3aBemomo paspemmma, ecim D° # () [27, Teope-
ma 8.2.8]. A Tak kak dynkmuonan J° cuiabHO BBIIYKIBIA, TO 3agada (OCY) Moxker umers He
Goutee oHoro pemtenus [27, Teopema 8.2.10]. Taxum obpazom, eciu DY # ), zagaqa (OCY) ume-

0 (B3rom cayuae JO(u’) = min JO(u) =

€T POBHO OJIHO peltieHne, OyemM 0603HaIaTh €ro 9epes u 1
u€D

Bo)-
HemocpeicrBerno u3 ompesiesiennsi 0600IeHHON HUKHe# rpann [ cieayer, ato [ < [y.
[TokazkeM, uro nHama 3ajada (OC?) TaxkoBa, 4T0 MMeeT MecTo paseHcTBO 3 = fo.

Teopema 1.1. Beauuunv, 3 u [y cosnadarom. Ecau onu xomeuwnv,, mo sadaua (OC?)
paspewuma, U ee pewerue eduHcmeeHHo.

HoxasareanbctrBo. [Ipu f = +oo pasercreo [ = [y cjeiyer U3 HepaBeHCTBa
B < By. Paccmorpum cayuait B < 4o00. Ilpn € > 0 muHOkecTBo D€ Hemycro, Tak Kak
Be < B < +00. Babukcupyem mexotopoe € > 0. Tak kaxk dynxmmonan J° mempepbiseH u
CHJILHO BBIYKJI Ha L§, a muoxkectso D¢ npu € > 0 BBILYKJIO M 3aMKHYTO B L, TO IIpH JIIOGOM
€ € (0,€° cymecrByer ejuncTBennbil 3ement u¢ € D% raxoit, uro JO [uf] = min JO[u] = 3.

ueDO€
[27, Teopema 8.2.10].

MHuozkecTBO D BBINYKJIO, OTPAHUYEHO U 3aMKHYTO, & MOTOMY U ¢j1abo KoMmakTHo B L§ [27,
reopema 8.2.3]. To ecrb cymectByior u, € D u crpeMsimasgcs K HyJIO MOCIEI0BATEIbHOCTD
{e:}i2, C (0,€%) rakume, uro {u“};°, cmabo B L§ cxomurcs K u,. Pynxummonan J° menpepsbr-
BEH U BBIIYKJI, a MOTOMY U cJabo ToJIyHerpepbiBeH cau3y Ha D |27, Teopema 8.2.7|. Buaunr
CYIIECTBYET TOJIIIOCTIEIOBATETHLHOCTD {eij };il (obozHATMM ee {aj};.’il ), JUIsi KOTOPOif

JY [u,] < liminf J? [u¥] = lim J° [u%] = 3. (1.14)

1—+00 Jj—o0

B cuny yeaosus I cnabas 8 L cxogumocts {u” };’;1 K U, BJIedeT 3a co00il MOTOYedHYIO

na I cxomumocts nocaeposarenbaocteit {0 [2,05] ()};‘;1 u {0 [z,7] ()}j‘;l COOTBETCTBEHHO

K X0 [2,](-) m Y0[z,](-). Orcoma creayer norouetmas ma 11 exommvocrs {G° [u™] (1)}2,
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o
u {50 [u%7] ()} K GOl () m E%u,](-). Tak Kak yKazaHHbBIE MOTOYETHO CXOJANIUECS
T0C/ICIOBATEILHOCTH PABHOMEPHO OIPAHIYCHBI, TO MOMKEM 3alliCATDh IIPEICTBHBIC COOTHOIIC-

i (G0 [u”] = w0l — 16 ] =y, €01 (€00 mpm j = oo Bemay
’ ' —=ll2,1 —ll21

u¢ € D% noyuaem

16° [us) — ||, =0, Hgﬂ ], =o0.

)

To ects u, € D°. Dro osmagaer, aro D’ memycro m [y KOHEUHO.
Tax kax D’ C D%, 10 u, € D, 0 <e <€’ Toeers J(u,) > JO(u) = min J(u) = B
ueDY-¢

Ho 8. — 8 npu € — 0 u nostomy J°(u,) > B, uro Bmecte ¢ (1.14) naer J°(u,) = 3. Nmeem:

By = ing0 JO(u) < J%u,) = B. A tak kak 3 < ), To nosmyqaem 3y = mlpl% JO(u) = J%(u,) = 6,
ue ue

To ectb 3 = By, u, — pemenue 3agaun (OCY).

Tak, ecau ofHa U3 BeawmanH 3, [y KOHEYHa, TO OHH COBIAIAIOT, MHOXKecTBo DY HemycTo,
a sajada (OC®) paspemmma. PaszpenmMocThb, Kak yzKe ObLIO OTMEYEHO, MOXKeT OBbITh JIAIIh
OJHO3HAYHOM. ]

Crenys [23|, BBesieM cirestytoriiee ompe/iesieHue.

Onpenenenne 1.1. Hazoem nocienosarenbnocts u' € D, 1= 1,2,..., MUHIMH-
supytorum npubmkenabiv permennem (MIIP) sagauun (OC?), ecim JO[u'] — B 1upu i — oo
u u € PO (i =1,2,...) Iag HEKOTOPOH CXOJAIIENCsT K HYJIO MOCIE0BATEbHOCTH THCET
€>0, i=12,....

YraxeMm yciaosus (Teopema 1.2), mpu Koropbix MIIP 06si3aresbHO Tak Ml nHAYME CXOMISTCS
K pemennto 3a1aun (OC?). Ham nomozker, B 9aCTHOCTH, CJIeJlyIollee yTBep:K IeHue.

Jlemma 1.3. IIycmv X — 6b6inykaoe 3aMKHYMOE MHOHCECTNEO 2UALOEPMOBA NPOCTPAH-
cmea H, a ¢pynxyus f(-) : X — R ewnyxraa, nosynenpepwena cnudy u cybouddeperniyu-
pyema Ha X. Tozda, ecau ona ABAAEMCA CUALHO 6bINYKAOT Ha X € NOCMOAHHOU CUALHOTU
BUNYKAOCTIU K, MO

F@ =) +0fW),z— vy +alz—ylh, zyeX (1.15)

JlokaszaTeabcTBo. Bociosbsyemes TeM, 4To 00IIee orpe/ie/ieHue CUIbHON BBITYK-
aoctu (27, rir. 8, ¢. 650] aHAJIOTHYHO ONPEETEHIIO CHIBHON BBITYKIOCTH (DYHKIINE KOHETHOTO
KT IepeMeHHBbIX. AHAJIOr JIjId cilydasi THILOePTOBa MPOCTPAHCTBA YTBEP:KIeHUs 27, jeM-
ma 4.3.1] mo3Bosisier cka3arh, 9T0 f CHIBHO BBIIYKJA Ha X C MOCTOSHHON K > 0 TOr/a U TOJIb-
KO TOr/Ia, Korjia Hafijercs Boimykiaas dynkmust g(-) : X — R rtakag, aro f(z) = g(2)+k|2]|%,
z € X. Ilpu srom (em. |28, caescriue 4.3]) dyukiun f u g cybuuddepeHnupyeMbl B TOUKaxX
X OJIHOBpEMEHHO U

Af(y) = 0g(y) +2ry, y € X. (1.16)

Takum obpaszom, Beitykias bynkuus g(z) = f(z) —kl|z]|%, 2 € X, cybmuddepennupyema na
X, T e

9(2) 2 9(W) + (99(y), 2 —y)y, zyeX. (1.17)

Ocranoch 3ameTuTh, uro u3 coornomennii (1.16), (1.17) u odeBumuoro Toxkgectsa |z||%, =
Iyl + 2y, 2 =y} + 112 =yl 2y € X, caenyer (1.15). O
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Teopema 1.2. Ecau 3 < +oo, mo moboe MIIP caabo ¢ L5 crodumca % pewenuro u’

zadavu (OCP). A ecau ewe u pynryuonan J° cyboudgepernyupyem 6 mouxaxr D, mo ecaxoe

0

MIIP cxodumca x u’ cuavho 6 Lj.

HoxkasaTeabcrtso. Iyers 8 < +oo. ITo Teopeme 1.1 zagaga (OC?) umeer ejun-
creennoe pemenne u’. Iycrs {u'},", — nexoropoe MIIP sanan (OC?). IocsenosarenbrocTh
{u'};", orpannvena B Lj Bmecte ¢ D. To ectb ona ciiabo komnakraa B Ly |27, Teopema 8.2.3]
U y Hee CyHIeCTBYeT HOAIIOCICI0BATEIbHOCTD, CJ1Ia00 cXoJdmadacd B L5 K HCKOTOPOMY 3JIEMEHTY
u, € D. Tyers {u%}72, — yKasaHHas HOJIIOCIEIOBATEBHOCTD. BOCIIOIB30BABIINICH BBIK/IA/I-
KaMH M3 JIOKA3aTeJbCTBAa TeopeMbl 1.1, moJsiydaeM, YTO 3JIEMEHT U, COBIAJIAET C DeIleHHeM
u® zamaum (OCY). Tem cambIM MBI JOKa3asm cyiectoBanue y Kaxgoro MIIP zagaun (OCP)
noJoceoBaresibHocTn (a ona Toxke ecth MIIP), ciiabo B L cxomsiieiicst K pereHuo 3a/1a49u.

[Tokazkem Teneps, uro moboe MIIP zagaun (OCP) cmabo B L§ cxomurcest K peHIeHHIO Ug.
Bocnonesyemest e, uTo crabast CXOAUMOCTb B L§ 3SKBHBaJIEHTHA CXOAUMOCTHU B CJIabOil HOD-
Me (cM. [23, reopema 1.3.11]), obosuaunm ee |||, . [eilcTByst OT IPOTHBHOTO, IPEIIOIOKIM,
uro nekoropoe MIIP {u'}°, sanaun (OC®) ne cxomurest ciabo B L K up. DTo 03HAYA-

er, uro cymecrsyer v > 0 u nognociesoparenbiocts {u'} 7, raxue, uto |[u' —u’||, > v
o0

=1
JIOKA3aHHOMY BBIIIIE U3 Hee MOYKHO BBLIEJIUTD IIOIOC/IE0BATEIBHOCTD, CXOAILYIOCs ¢1a00 B L3

a 3HAYUAT U B cJ1aboit Hopme ||- k pemernio 1’ 3amaan (OC?). Iloayunam mpoTHBOpeHme.
w

(J =1,2,...). Tax xax nocseosaresnpuocts {u%},~ ) cama ectb MIIP Bmecre ¢ {u'} TO TI0

I[IpennonoxumM Tenepb, uro dynkuuonan J° cybmudddepenmupyem B Toukax D. Ilycrnb
{u'};2, — mekoropoe MIIP zamaun (OCP). Ilo memme 1.3, BBHIY cmibHOil BhimyKaocTn J°,
st aoboro ¢ = 1,2,... clIpaBeIinBO HEPABEHCTBO

T [ul] = J0 [u?] = (0J°(u0), w' — u®) > & (||l — uO]|o)*.

1) OC
Tak Kak 110 JOKa3aHHOMY MOCJIEI0BATEIBHOCTL {u'},~, ciabo B L cxoqures K permeHnio u’

sagaun (OCY), a no reopeme 1.1 JO [uf] — B = By = J° [u°] mpu i — 00, TO U3 BHIUCAHHOTO
HepaseHcTBa ciaenyer, 910 |[u' — u®||as — 0 mpu i — oo. O

1.4. Perynapusupyroimuii 1 MIIP-obpa3syroiuii onepaTopbl

Curenyst Hameil pabore [25], BBeJieM olpejiesieHre Peryispu3upyoIiero olneparopa B 3ajade ¢
norouednbiMu azosbivu orpannuenuamu (OC?).

Oupenmenenne 1.2, Bapucamuii or § omeparop R(-,0), cTaBsiumii B COOTBETCTBIE
KazK/IoMy Habopy MCXOAHLIX qanbx 0 smement R(f0,6) = u’ € D, ynownersopsiommit yco-
suam (1.6), (1.7), (1.8), nassiBaerca peryaspusupyomum B 3agade (OC?), ecim

J° [uﬂ — B, Hgo[ué] — cuo||271 —0, pE°[])) =0 mpun §—0.

Hanee, o ananoruu ¢ |25, BBemeM <«IOpokKIaeMoe» TUM omnpejesenneM monsitie MITP-
obpazyromiero oneparopa (aaropur™a) B 3agade (OCY).

Onpenenenne 1.3. Iycrs 6 € (0,00), 1 =1,2,..., — cxomdmascs K HyJIIO TI0C/Ie-
JI0BATE/ILHOCTD HOJIOXKUTEIBHBIX qrcel. 3apucsmuii or ', i = 1,2,..., oneparop R(-,d"), cra-
BSIMIl B COOTBETCTBUE KAZKIOMY HABODY HCXOIHBIX JAHHBIX 0 sjeMentT R(f‘si, 5 = u' e D,
nassiBaercs MIIP-oGpasyrommum B 3agaue (OCP), ecim nociaesosarensocts u', i =1,2,.. .,
ectb MIIP B sT0i1 3a1a4e.



466 B.1. Cymun, M. . Cymun

2. /IBolicTBeHHAasi peryJjisipu3anus u ycjgoBus cymniectBoBanus MIIP B BbImyKJ10ii
3a/lave ONTHUMAJIBHOTO yNPAaBJIEHUsI C TIOTOYEYHbIMU (pa30BbIMU
OrpaHNYEHUSMH U CUJIBHO BBIIYKJBIM (DYHKIIMOHAJIOM KadecTBa

B srom pasgene chopmysnupyem u jiokaxkem ycsosus cymiecrBoBanus MITP  (oraensHO
HeoGxouMble U jloctatounbie) B 3a1ade (OCY) ¢ oHOBpEMEHHBIM KOHCTPYKTUBHBIM YCTOM!IN-
BBIM IIPEJICTaBICHIEM KOHKPETHOro k3eMiutsipa MIIP (mamomuanMm, 910 BMecTo TOUHOI 381840
(OC®) B mamewm pacnopszkeHnn nuMeercs ceMeiicTso 3agad (OC®) ¢ BO3MYMEHHBIMI HCXO/HbI-
MU JIAHHBIMH, 3aBUCAIIIIMEI OT mapamerpa o > 0, XapaKTepusyolero ommoKy 3ajaHus ITHX
JIAHHBIX 110 CPABHEHUIO C TOYHBIMU JIAHHBIMU). YKa3aHHBIE YCJIOBUS CYIIECTBOBAHUS MOXKHO
TPaKTOBaTh M KaK yCJOBUs ycToifumporo koncrpyuposanusa MIIP B zamade (OCY). Bygem
MPUJIEPKUBATHCA ODITEH CXeMbI PACCYZKJIEHUIT, UCTIOIb30BAHHOM TPHU MOy YeHUN aHAJIOTTIHBIX
pesysibTaToB B paborax [17,19].

2.1. /JIBoiicTBeHHas peryJjsipu3alius B BBITYKJIOW 3a/la9e ONTUMU3AINU C
MOTOYEYHBIMU (PA30BBIMU OTPAHUYEHUSIMUA W HEOOXO/IMMbIE yCJIOBUS
cymecrBoBanusga MIIP

B nanHOM pasjiese onuieM HpoIeIypy JABOHCTBeHHON peryisipusanuu [17,19] s samadu
ONTUMAJILHOTO YIIPAB/ICHUS € TTOTOUeuHbIME (basoBbiMu orpanndenuavu (OCY) u nosydaembie
¢ ee TIOMOIIBIO HeoOXomuMble ycoBus cytiectBoBanust MIIP B aToit 3a1ate.

2.1.1. [poiicrBennas 3ajada. Beenem mia samaaun (OC%), § € [0,68], peryasaprbrii
dyuknuonas Jlarpamxka

Lo(u, A ) = I [u] + (N, G[u] = ), + (. &)y, » w€D, A€ Ly, p€ Ly,
W COOTBETCTBYIONIYIO JIBOMCTBEHHYIO 3aJIady

VO ) = iI€1£ Lo(u, A\, p) — sup, {\, pu} € Ly x Lo . (2.1)

Oynxnmonan V° ompenenen (KoHeweH) B Kaxkoi Touke {\, u} € Ly x Ly m soruyT. ITosTo-
My OH SIBJISIETCSI JIOKAJBHO JIMIIUIEBBIM HA Lo X Lo, Tak Kak OJarojiaps orpanudeHnoctu D
OrpaHMYeH Ha JIIOOOM OIpaHHYeHHOM MHOXKecTBe |28, Teopema 2.1]. Beumy BbImykiocTs u 3a-
MKHYTOCTH B L3 MHO)XKecTBa D, HENPEPBIBHOCTH M CHJIBHOM BBIIYKJIOCTH Ha D dyHKIMoHATA
Jo(u), 3mech irelsz Lo(u, A\, 1) = {fgg L(u, A\, p) jyist xazioit mapst {\, i} € Ly X Ly, npudem

MUHUMYM JIOCTHIAETCsI B €JUHCTBEHHON TOYKe
u’ [\, p] = argmin {L°(u, \, p), u € D}.

N3 HepaBeHcTBa ‘V‘S()\,u) — VO(/\,,u‘ < sup ‘L‘S(u7 A p) — LO(u, /\,,u)‘ u yeaosuit A, B, B
u€D

u [' mpocThiMu BBIKJIAKAME, UCIIOJIB3Yd jJeMMy 1.1 u orpanndenHoctb D, 1ojiydaem, 9To NpH
nekoropom C' > 0

VOO 1) = VO] < O+ [ Moy + llell2n), {An} € Lax Loy, 6€(0,60)  (22)
[Tpu sro6bIx 0 € [0, ], a > 0 cuabHO BOrHYTHIN (byHKIMOHAI

R () = VO (A 1) — al All31 — alll

%,17 {>\7u} € L2 X L2,+7
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nocruraer Ha Ly X Lo MakcuMyMa B OJHOH TOUKe
{N po ) = argmax {R™ (A, p), {\, i} € Ly x Lo }.

[Iycts af-) : Ry — Ry — Hekoropast GyHKIWsA, yIOBIETBOPSIONIAS YCIOBUIO

)
— — 0, a(d) =0 upu 6 — 0. 2.3
O6murue cBoiicTBa Meroa crabunuzauu [27, ri. 8, § 4] mo3BOIAIOT cKa3aTh, UTO B C/Iydae
paspermmmocTu jBoiicTBeHHOM 3aa4du (2.1) mpu § = 0 orenka (2.2) u ycaoBHe COrJIacCOBaHUS
(2.3) BieKyT 32 CO0OIi CXOUMOCTD

H/\é’a(é) - >‘0H2,1 + ”“M(&) - 'U“OHQ,I =0, 40, (2.4)

rae {A\% p°} — MunuMmasbHOE 110 HOpMeE pellleHne yKaszaHHOl JBOHCTBEHHOI 3a/1a4u.

2.1.2. CynepauddepeHiimag BOrHyTOTO eJIeBOro (hpyHKIIMOHAJIA JIBOMCTBEHHON
3amauu. /laiee Ham norpedyercst popmysia i cynepanddepeniinaia BOTHYyTOro (pyHKITMOHA-
s sHadennit V(- ), KOTOPBIl IO ONPE/ICICHHI0 PaBeH B3ATOMY ¢ OOPATHBIM 3HAKOM Cy61ud-
dbepennmarny Beiykiaoro dynkmmonana —V (-, -). YTobb BeITIICATH 3Ty GOPMYITy, 0bpaTIMes
cHavaJia K obmieil curyaryu, paceMoTpentoit B [17].

[Iycte Y, H — HEKOTOpbIE I'MJILOEPTOBBI IPOCTPAHCTBA, P — OrpaHUYEHHOE 3aMKHYTOE
muoxecrso B Y, Iy(-) : P — R — mmmmunes dyskumonan, I1(-) : P — H — jummm-
nieB oreparop. Cunraem [y u [; paBHOMepHO orpanudeHHbIMU HA P. OupejaesnM COCTABHOMN
dbyHKIHOHAT (€ro ecTecTBEHHO Ha3BaTh (yHKIHOHAIOM Jlarpanzxa)

L(y7 V) = Iﬁ(y) + <V7 Il<y)>7-[7 ye Pv S H?
U COOTBETCTBYIONTHI (IBONCTBEHHBIN) (DyHKIIMOHAT 3HAYEHWI

V(v) = inf L(y,v), veH.
yeP
Cynepmauddepenniuas Boruyroro ¢gpyHkImonaa 3uadenuit V' 3ajaercs cieryroreit hopMyJioii,
[P 3alUCH KOTOPOH HCIoJb3yeTcst 0bobimenHbiil rpaauent Knapka [29, § 2.1].

Jlemma 2.4. Cynepduddepenyuan soenymozo dynxuyuornanra V- 6 mouke v € H pasen

oV (v) =0cV(v) = @{w—}i}r& L(y):y' €P, Ly, v) — ;gf)L(y, V), i— oo},
ede OcV (v) — obobwennwd epaduenm Kaapka dynruuonasa V6 mouke v, c0 X — zamoi-
Kanue eunykaol oborouku muoscecmea X, npedes w—lm nowumaemes 6 cmwicae caaboli
cxodumocmu 6 npocmparcmee H. Ipyeumu crosamu, cynepdugddepernyuan OV (v) ecmo 3a-
MBIKAHUE 8LINYKAOT 000A0UKYU COBOKYNHOCTMU BCET CAGODLT NPEVEN0E BCEGOZMONCHDIL NOCALI06A-
meavnocmeti I, (y'), i =1,2,..., xo2da nocaedocamenvnocmv y' € P, i =1,2,..., aasemca
MUHUMUBUpYrowet oasn Pynkyuonara L(y,v), y € P.

HoxkaszaTenbcTBoO 310l JeMMbl cM. B [17, 1emma 2|.
[puvenny nemmy 2.4 x dynkmmonany VO(A, i), {A, u} € Ly x Ly. B stom caygae Y = L3,
H= L2 X L27 P = Da V(V) = V6<)\7ILL)7 [0<) = J(SH7 [1() = {gd[] - wdag(s[']} .
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Jlemma 2.5. Cynepdugddepenyuan 6ozrnymozo dyrmyuonanra V° 6 mouxe {\, u} € Ly x Lo
pasen

OVO (A, ) = OcVO(\, ) = @{w—hm {G°[u] —w’, &)} - u' €D,

11— 00

Lo\, 1) = inf L¥(u, A, ), i o0},
ue

20e OcVO(\, 1) — obobuwennvidi epaduenm Kaapxa dynxuuonara VO 6 mouxe {\, u}, a npedea
w—lim noxumaemcsa 6 cmuicae craboti cxodumocmu 6 npocmparcmee Lo X Lo.

B cBoo odepenp, jgemma 2.5, B cmIy caaboii HempepbIBHOCTH omepatopo G°[], £°[]
(em. menvy 1.2) m emHCTBeHHOCTH JTst H060# Tapbl {\, 1} € Ly X Lo vmmmvamm u®[\, p],
npeobpasyercs K CIeAyIOmeMy BHLY.

Jlemma 2.6. Cynepduddepenyuan coenymozo dynxyuonana VO 6 moure {\, u} € LoxX Ly +
ABAACNCA OOHOMOYEUHBIM MHOHCECTNEOM U PAGEH

VoA p) =0V (A p) = {G° [W[A 1] =, [N 1]},
2de OcVO(\, ) — obobwennwiti 2paduenm Kaapxa dynxuuonara V° 6 mouxe {\, pu} .

JlokazaTeabcTBO. YTBePXK/JIEHNE JIEMMbI BHITEKAET HEITOCPEICTBEHHO U3 JIEMMBI 2.5
u oykioctn 3agaan (OC®) ¢ CHIbHO BHITYKJIBIM (BYHKIMOHAIOM meid. JleficTBUTeIbHO,
B CHJTy eJMHCTBeHHOCTH Toukn u’[\, ], MUHUMMBHpYIOMEHl CHILHO BBITYKIIbIH (DyHKIHOHAT
L‘S(u, A, i) Ha D, M CHJIbHOI CXOJUMOCTH K 3TOH TOYKe J0OOH MUHUMU3UPYIOIIEH mocieno-
BATEJILHOCTH B 9TOM 3aade Munnmusarun (upu {\, pu} € Lo X Ly ), 000OIIEHHDIN IPa/HeHT
Krapka OcVO(A, /1) COCTONT U3 eMHCTBEHHOTO 3JeMeHTa. [IpyTuMI CIOBaMH, B CHTy PaBeH-
crBa Oc(=VO(\, 1)) = —0cV(\, 1) u copnasienns cybmmbdepenmmana (—V2(\, 1)) ¢ 0606-
menubiM rpagmentoM Oc(—V2(\, 1)) [29, mpeayoskenns 2.2.7, 2.3.1], B3aATEIi ¢ 06paTHBIM 3Ha-
KoM cybmucddepenmman BoITyKIoro dynkmuonana —VO(\, 1), To ectsh cymepauddepenma
soruyToro dbymnknuonana VO(\, u), B xamoit Touke {\, u} € Ly X Ly, cocTout Juiinb u3

ozroro suementa {G° [u[\, p]] — w?, E° [W[A, 1] } . O

2.1.3. MeToa ABOICTBEHHOI peryJisipu3aiuu. B jannoM pas;jiesie onuimeM MeTo T JTBOI-
cTBeHHOM peryssipusaruu [17,19] mpuMeHnTebHO K 3a/1a9e ONTHMAIBHOTO YIIPABIEHHS ¢ IOTO-
gyeunbiMu azosbivu orpanndeHuaymn (OC?) u goKazkeM COOTBETCTBYIONLYIO TEOPEMY CXOJIH-
moctu 31oro Metofa. Cuuraem mpu 3ToM, uto 3agada (OC?) paszpemmma. DTo Ipu e TAHHBIX
[PEJITOIOKEeHNsIX 00 UCXOHBIX JIAHHBIX PABHOCHIIbHO cyIecTBoBanmio B Heit MIIP (cm. reope-
mer 1.1, 1.2).

Jlnsg onmcanus u 00OCHOBaHUS POIETYPHI JTBONCTBEHHON pPEryJsipu3aliii BOCIIOIb3yeMCs
CJIE/IYIOMIElt JIEMMOIH, JaCTHBIM CIydaeM Oosiee obmero yreepxaenus [30, crencrsue 4.3.6(c)).

Jlemma 2.7. ITycmo H — 2uavbepmoso npocmpancmeo, f: H — RU{+oc0} — cobcmsen-
HaA 6uNYKAGA nosynenpepvisnas cnudy gynkuyus ¢ dom f = {z € H : f(2) < o0} = H,
Q C H — szamxnymoe svinyksoe mroxncecmeo. Toeda x© € 0 — mouka murnumyma [ na €
8 MoM U Moavko 6 mom cayuae, kozda 0 € Of(x) + No(x), 2de No(z) — Konyc nopmanret 6
CMBICAE BUINYKN020 GHAAUA KO MHOdcecmsy ) 6 mouke .
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BameruM, 4ro B yciaoBusx jgemmbl 2.7 (em. [30, npesoxenne 4.1.4])
No(z)={pe H: (py—2)ug <0, y € Q}.

[Tpumennm nemmy 2.7, B398 H = Lo X Lo, 1 = Ly X Ly, a B KadecTBe f BBIIYKIIYIO
byuxmmo f(A, ) = =V, p) + alA3, + allpl3y, {Ap} € Ly x Ly C yuerom nemmer 2.6,
MTO3BOJISIIONIEH BhINICaTh CcyOanddepennuan BeiOpannoit (hpyHkIun [, Kpurepuit MUHEMYyMa
JIEMMBI 2.7 JlaeT cJIeJlyIoliee BapuallioOHHOe HEPABEHCTBO

<{g6[u6[>\6,a(5)’ M&,a(d)“ . wé’ gé[ué[Aé,a(é)’Mé,a(é)H} . 2&(5){)\6’a(6), M&,a(&)}’
{)\/’lu/} . {)\S,a(5)7u5,a(6)}>L2XL2 <0, {X;N/} €Lyx Lo (2.5)

CresicTBrIEM BapHAIMOHHOTO HepaBeHCTBa (2.5) SBJISIOTCS COOTHOIIECHMUST

g5 |: 0 [)\5,&(5) 5,(1(5)” . wé _ 2@(5))\670‘(6); (26)
& [uf [Xsa H (t) = 2a(0) > (t) mpum ms. t € Il Taxux, uro x>0 (t) > 0; (2.7)
& u 5[)\60“ H(t)<0 npu .. ¢ € II Taxux, uro x> (t) = 0. (2.8)

U3 coorromenwmit (2.6)—(2.8), B ¢BOIO 04epe/ib, MOTyIaeM:
<g6 [ué [Aé,a(é)’ﬂé,a(é)” . W(‘S7 )\6,0((6)>2’1 — 2a(5>||/\5,a(5)“2 > 0. (29)

<g§ [u5 [)\5,0[(5)““5,04(5)}] 7M6,a(6)>271 _ 2a(6)|lu6,a(6)||2 > 0.

U3z (2.7) creayer Takwxe, uto ecim > () > 0 m1a HEKOTOPOro t, MPUHAIEIKAIIETO
MHOZKeCTBY TIostHOM Mephl B {t € IT: > (¢) > 0}, To

€8 [u (A3 5@ ] (1) — 20 ()b (t) = 0, EWINI®), uPo@)(1)uP@ (1) > 0 (2.10)

W, 3Ha"uT, 1pu 1. B. ¢ € I takux, aro & [u® [A%) 12e@]] (¢) < 0, BbIONHSETCSH pABEHCTBO
p>@ () = 0. Us (2.7) u (2.10) mosryqaem oHOBPEMEHHO, YTO

M&,a(é) (t)f,'é [ud [/\5,04(5)7M5=0‘(5)H (t) >0 mpu . B. t € I1.

Kpowme Toro, u3 (2.9) mosygaeMm paBeHCTBO U HEPABEHCTBO

<{g5 [u(s [)\5,04(5)’ qus,oa(d)}} . wé) 85 [Ué [)\5,01( ”} {)\6,04(6)7“5,04(6)}>L2XL2
= 2a(4) (H)\M ©) H21 + [| > 6)H%,1) > 0. (2.11)

Hautee, Tak Kak

1% (ua [)\6,@(6)’ M(S,a(d)} ASal®), M(S,a(d)) = Js [ua [/\5,04(5)7M5,a(5)“

1 <>\6,a(5)’ G [u5 [Xs,a(a) 5,a(5)ﬂ _ 5> 4 <u5,a(5)>56 [ué [}\6,&(6)’ Ma,a(a)ﬂ >2’1

<10 (uo, N3a(8) | 8.a(d) ) = JO[u] <X5 a(a GO w5>2 i <N6,a(6)7€6[u0]>2 )

<1 (u07 N3a(8) 8.a(d) ) = Jlu <X5 a(6) GO ] w5>2:1 1 <M6,a(6)7€6[u0] _7 80[u0]>2 :
< T+ [P [] = T + HA “(‘”Hm 19 [) = |y + [, [[E°1u") = %

RITE
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To B cuity oneHok (1.6), (1.13) u pasencrsa (2.11) mosydaem mocse psijia 5JIeMEHTAPHBIX [Ipe-
obpa3oBanuii OIEHKY

20(0) (N3 + 16 O15,0) < Csd (I o + 47 l21) + T (u) + C36 — min J* (u)

< 046\/||/\5704(5)||%’1 + || @3  + J(u’) + C36 — ruréilrjl J(u) upu § € (0,6),

nJI

20.(0) (INZ, + (1> 13,) —045\/||>\‘5’“(5)||§,1 + (e @ |3, = I (u’) = Csd+min f°(u) <0,

rae (3, C4 — He 3aBHUCAIINE OT 0 IOJOXKHUTEIbHBIE MOCTOSHHBIE. OTCIOMA HAXOINM, ITO

045 + \/(045)2 — 80(((5)K<5)
4a(6)

VIO 3, + oo, < wn §€(0,6],  (212)

e K(9) = mig Jo(u) — JO(u®) — C30, ciejieTBIEM Hero ABJIAETCH MPeJIebHOe COOTHONTeHHe
ue

a(5) ||{)\6’a(6)’ﬂé’a(6)}||L2xL2 —~0 mpu & — 0. (2.13)

Kpowme Toro, u3 coornorennii (2.6)—(2.8), onenok (1.5), (1.6), (1.7), (1.8), (1.12) u omnenku
(2.12), B cBOIO OYEpE/IB, CIIEILYIOT ONEHKH (B KOTOPBIX mostokuTebhble nocroguusie Cs, Cg, Cr
He 3asucar ot § € (0,dp] ):

167 [ A0, O] = W],y < (|97 [u” [N p O] = ], ) + Cs0

< 20(8) [N ||, + C50 < Cud 4+ \/(Cud)? — 8a(8) K (5) + C56, (2.14)

E0 [u® [N O] (1) = FO(, 20200 o] (1) = FO (b 20205 oo sacon] (1))
— F2(t, 2205 psa say | (1) + F2 (6, 2020 5.0 say] (1)
— P2 (1,2 [20s e ] (D) + F2 (62205 psa0) o) (£))

< Cgd + C70 + F? (ta 26[Zié[)\é,a(é)7“5,a(5)]](t))

F§
FE

< Cs6 4+ C70 +2a(8) O (t) mpum. B. t €1l (2.15)

20(8)[| > |91 < Cu6 + 1/ (C16)2 — 8a(0)K(8) mpu & € (0,3). (2.16)
U3 nmepasencts (2.14), (2.15), (2.16) BbIBOIUM, UTO

G° [u‘S [A‘;’O‘(‘S),M‘S’O‘(‘S)H —w’ =0 mpm §—0, (2.17)
u gyt soboro § € (0,0q] cymecrByer dyukIms @s(-) € Lo Takas, 9ro
g0 [’ [Aé’a(‘s),ué’a(‘s)” (t) < ¢s(t), tell, mpudem |[ps(-)|[21 — 0 mpu § — 0. (2.18)
Hepasenctso B (2.18) o3nawaer, 410

(SN, 22O = 65() € Lo,
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O,ZLHOBpeMeHHO JIJIsI BCEX U € D BBINIOJIHAETCI HEPABEHCTBO

J6 [ué[)\(s,a(é)’ M&,a(&)u + <)\6,0¢(6)7 gﬁ[uép\zs,a(é)’ Ma,a(a)“ . w5>2’1 + <lu5,a(5)’ Sé[uép\é,a(é)’ ,uzs,a(é)]]>2’1

< Jul + (X0, Gu) = w?), | + (D, Eul),

13 KOTOPOTo, ¢ yueToM oreHok (1.13), ciemyer, uto

J(5 [ué[)\(s,a(é)7#6,a(6)ﬂ + <)\6,o¢(5)7 g&[ud[)\&oc((s)’ M(S,oe(&)“ . w5>2 ) + <M6,o¢(6)’ 85[u6[)\6,a(6),ﬂ5,a(6)”>
< J(S[UO] + <>\5,a(6)’ gé[u()] . w6>2 ) + <[L6’a(6),55[u0]>
< JO[u] 4 Cg (§]|A>)

2,1

)

2,1
o1 + 8[| |oq +6), (2.19)

rae Cg > 0 — mocrosaHasg, He 3apucdmasa ot 6 € (0,dyp]. YumreiBas orpanm<deHHOCTH D,
nosyaaeM, aro npu Beex o € (0, &gl

JO [ué[)\é,a(é),ﬂ,é,a(é)ﬂ S JO [U,O] + (JO [ué[)\é,a(é)”ué,a(é)” . J(5 [ué[)\(s,oa(é)”u&aw)]])
+ Cd (Ao + [0 + 1) < T[] + Co (SIN |z + 8| lo0 + ) ,

riae Co > 0 He 3aBucut or 6 € (0,0]. Orcroma, B cuiy ycaoBust cornacoBanus (2.3) ¥ COOTHO-
menus (2.13), caenyer: ms yioboro ¢ € (0,00] cymecrsyer uncio ¢s > 0 Takoe, 4To

J° [ué[)\‘s’a(é),u‘s’a(‘sm < J°u’] + @5, mpmuem @5 — 0 mpum 6 — 0. (2.20)

Urak, ¢ yaerom orpanndenHoctu D 1octpoeno cemeiicTBo 3asucsiumx or d € (0,d0q] sie-
merTo ul[ A% 15O yropneTsopsaromux onenkanm (2.14), (2.15), (2.20) u, crano GBITH,
TaKoe, YTO BBIIOJIHAIOTC cooTHorenus (2.17), (2.18) u oxHOBpeMeHHO

J° [u‘s[/\‘;’o‘(‘s),u(s’a(‘s)ﬂ — neuDr(l) Ju] = B =By = J[u], §—0. (2.21)
u

Cootrrorernus (2.17), (2.18), (2.21) B coorBeTcTBHU C OmpejieeHneM 1.2 MO3BOJISIOT CKa-
3aTh, 4TO onepaTop R(-,d), cTaBAmuil B COOTBETCTBHE KasKJIOMY HabOPY MCXOIHBIX JTAHHBIX f°,
yaossersopsronux onerkaM (1.13), saement ul[A\®) ;520 € D, apnaerca perynapusupy-
oM B 3agade (OC?). Tlpu 3TOM B COOTBETCTBUE ¢ TeopeMoii 1.2 jobast 1moc/ie1oBare b-
nocts ' [\Fe@) 8he@] =12 ) 6F — 0, k — 0o, cxomurcs cabo K PEIICHHIo
sagaun (OCY), a B cayuae cybmuddepennupyemoctn J° wHa D CXOAUTCA CHIBHO, TO €CTh
R(f0,6) = ul [\ 50@)] — 40§ — 0.

Hakonen, ciencrsuem onenkn (2.19), ycnosus (2.3), mpeienbnoro coornorrenus (2.13),
orpanmderHoctn D u cootHomenus (2.21) saBisiercs npeebHoe COOTHOIICHIE

<{)\5,a(5)’ Iu5,o¢(5)}’ {gé |:u6 [)\6,&(5)’ ud,a(é)“ . w(57 86 |:U,6 [)\6,04(5)’ M5,o¢(6)j|:| }>L2XL N 07 5= 0.
(2.22)
Pagsencrso (2.11) u coornomenue (2.22) mMO3BOIAIOT CKa3aTh, 9TO
a(0) ||{/\5’0‘(5),;15’0‘(5)}||ith —0 mopu §— 0. (2.23)
[TokazkeM, 9TO BBIIOJIHSETCS U IPEJIEILHOE COOTHOIIEHUE
lim VO(X3(@) 000y — sup VO, 1) = min J[u] = J[u°]. (2.24)

6—0 {\pYeLoxLa ¢ u€DO
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Bamernm cHadasa, 9To Gsarogaps coornorrernsM (2.21), (2.22) moxkeM 3aImcaTh

lim V(N8 500)) — JO[,0],

6—0

OTKYy/la B CUJIy OIeHKH (2.2), nmpee/bHbIX cooTHomenuit (2.13) u ycaosus (2.3) nosrydaem
VOO 500y 5 JOw®] mpm 6 — 0,
< min JOu] = J[u], cnpasemn-

{Ap}ELax Lo 4 ueD?
BOCTD NIPEJEIBLHONO COOTHOMIEHHU: (2.24).

YTO M O3HAYAET, B CUJIy HEPABEHCTBA sup VO p) <

Takum oOpaszoM, Kak pe3y/IbTaT MPOBEJIEHHBIX BBIIIE PACCYKJICHUN, MBI MOXKeM chopMmy-
JITPOBaTh CJIEYIONLYIO0 TEOPEMY CXOAUMOCTH METOJa JIBOMCTBEHHON DPEry/sipU3alluid B 3a1a4e
(OCY). Dra Teopema CXOAUMOCTH SABJISAETCA CJICJCTBHEM CJIEJaHHOTO B Hadaje pasiena 2.1.3
IPeJIIOJIoKEeHUs O cyllecTBoBanun pemenns sajgauu (OC?). Tlo sroit npuunne cdopmyiiu-
POBAHHBIN B Heil pe3y/braT MOXKHO TPAaKTOBaTh U KakK HEOOXOIMMOE YCJIOBHE ONTUMAJIbHOCTU

yupasiaeans u’, BBIPasKeHHOE B CeKBEHIMAILHOM (hophMe.

Teopema 2.3. ITycmv 3adaua (OC°) umeem pewenue ul.

Bne sasucumocmu om moeo,
Kyna—T %) ocC’ d -
cyuwecmeyem usu nem eexmop Kyna—Taxxkepa 6 3adaye , UAU, OPY2UMU CAOBAMU, DA3

pewuma uaru HEMm deoticmeennas % Heti SGOG%CL, UMETIOTN, MECTNO COOTMHOWEHUA

awHHAM@ O}z, = 0 npu § =0, (2.25)
0 d,a(d ,a(&) : 0 _ 70r1,.,0

JO [ul [)\ ]}%gg})J[u]—J[u]npué—)O,

Gg° [ [XSO‘ ’O‘(‘S)H —w’ =0 npu § =0,

E0 [u® [N 2o O] (#) < ¢s(t), t €T [|@s]l2n — 0 mpu § — 0,
<{)\6,o¢(5)’ Iué,oc(S)}’ {g5 [u(s [/\5,04(5)’ M&,a(&)“ . w5’ 86 [U6 [)\5,04(5)’ M(S,a(d)}} }>L2XL2 -0 npu 5§ — O7

2de ¢5(-) € Lo umnepasencmeo osnavaem exarouenue (EO[ul(A>@ 1 2eON]() — ¢5(-)) € Lo .

5’0‘(5)] npu 0 — 0 caabo cxodames x uo,

Aaemermor ul [Ny a 6 cayuae cybdugppe-
penyupyemocmu J° na D cxodumocms seasemcea cuavnoti. Taxum obpazom, sasucauyuti om
§ onepamop R(-,8), cmasswuti 6 coomeemcemeue kastcdomy 1nabopy ucrodnvir darmvir f°,
ydosaemsoparouuz ovenkam (1.6), (1.7), (1.8), ssemenm R(f°,5) = ud[\2®) ;5] ¢ D,
asaaemcsa peeyaapusupyrowum (6 cmuicae onpedeaenus 1.2) 6 sadaue (OC®). Kpome mozo
BUNOAHAECMCA npedeavroe coomrnowenue (2.24), a 6 cayuae pazpewumocmu 080lGcmeenHol «

(OCY) zadawu u npedeavroe coommowenue (2.4).

SBameuganue 2.1. Teopema 2.3 chopMympoBaHa ¢ yIeTOM «OIMOPBI» HA MPEIETbHOE
coorHotienne (2.13). Eciin ke 9710 1pejiesibHOe COOTHOIIEHHE 3aMEHUTh 60JIee «CHJIBHBIM» TIPe-
JIeJIbHBIM COOTHOIIEHNeM (2.23), To MBI TIOJIyYaeM JIPYTOi BADHAHT TEOPEMbI CXOIMMOCTH METOJIA
JBoiicTBeHHOI perysipusanun B ajade (OCP), Koropblii oTmyaeTcss 0T ¢chOpMyIMPOBAHHOTO
BBIIIIE JIUIIH T€M, YTO UCIOJIb3YyEMOE B T€OpEME 2 3 Hpe,ZLeJH)HOG coorHotenue (2.25) 3ameHsieTcst
}H — 0, 0 — 0. Takoit

L2><L2
BapUaHT TEOPEMbI CXOJMMOCTU HUCIIOJIb3YeTCs ITPU PACCMOTPEHHMU 3ajiad YCJIOBHOW MUHUMU3a-

HA «aHAJIOPMYHOe» MPeJIeJIbHOe COOTHOIeHne H {)\50‘ ‘50‘(‘5

[N ¢ HEOIPAHMYEHHBIMEI MHOXKECTBAMHE JIOIYCTUMBIX 3JeMeHToB D [20-22].
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2.1.4. Heobxomumbie yciaoBus cyimecrBoBauuss MIIP. Kak ciencrsue Teopembr 2.3
cchopMyIIpyeM, HaKOHell, HeoOXoUMble ycaoBus cyrmecrsosanus MITP B samaue (OC?).

Teopema 2.4. ITycmo {5’“};0:1 C (0,00] — durcuposanran cmpemawanca € HYy0 nocae-
dosamenrvrocmo wucea. Bhe zasucumocmu om paspetumMocmu Uil HEPa3PewuuUMocmu 0601-
cmeennoti k (OC?) zadavu cnpasediusco caedyrowee. Jas mozo, wmobw 6 sadaqe (OC?) cywe-
cmeosano MIIP (6 cayuae cyuecmeosarus ono cxodumes cAabo K pewenuto 3a0ayu), Heobro-
JUMO CYUWECNEOBANUE CIPEMAWETCA K HYAI0 NOCAEIOBAMENLHOCTIU Yucen 6k}Z°:1 C [0,00), a
makoice nocaedosamenvrocmu deoticmeenmos nepemennos N, pF} € Lox Ly y, k=1,2,...,
maxux, 4mo oF H { Ak, yf“}H Lo, — 0 DUk — 00 U 6vinoANAOMCA NPEJEADIVIE COOMMOWENUA

WA R e D 0, k- oo, (2.26)
<{)\k,,uk} , {gék [u‘sk [\, M) — W, £ [u‘sk (AR, i) }>L2XL2 —0, k— 0. (2.27)

Oodnospemenrio ¢ npedeavrvim coommouwenuem OF H{)\k"u'k}HLngg — 0, kK — oo, u npe-

deavrvimu coomuowenuamu (2.26), (2.27) swnoansemcs u npedesvroe coomHoueHue
lim VO(AF, %) = sup VO, 1) = min JOu] = J[u’]. (2.28)
k—o0 {AuYELyX Ly 4 ueDO

Ecau nexomopoe MIIP cywecmeyem, mo 1eobrodumo natidemcs u nocaedosamervHocms
deoticmeenmor nepemennwe { N, pFy k= 1,2,..., ¢ yrasannomu e céoticmeamu, ze-
nepupyemas memodom deoticmeennoti pezyaapusayuu meopemv, 2.3, mo ecmv {AF, pkF} =
{A‘Sk’a(‘sk), ,u‘sk’o‘(‘sk)}, k=1,2,...; npu paspewumocmu 060licmeennoli 3a0a4u YKa3aHHaA NO-
cAed06aAMEALHOCTL CTOOUMCA K MUHUMAALHOMY N0 Hopme pewernuto amoti sadavu. Coomeem-
CMBY0UWAA NOCACAOBAMENOHOCTND u® (N k], k= 1,2,..., 6ydem MIIP; 6 cayuae cyboud-
deperyupyemocmu J° na D omo MIIP cxodumes cuivro npu k — 0o % pewenuto u’ 3a-
danu (OC®). To ecmv onepamop R(-,6%), emasswuti 6 coomeememeue npu makom evibope
{)\k, uk }, k=1,2,..., xaostcdomy Habopy ucroonvir OaHHbLT f‘sk, YI0BAEMBOPAIOWUL OUEH-
kam (1.6), (1.7), (1.8) npu & = &%, anemenm v’ [N, ] € D, k=1,2,..., asasemca MIIP-
obpasyrougum 6 3adave (OCY).

Bameganue 22, 3amernM, 9T0 BBHY orpaHudeHnocru D coorrorenus (2.26) Bbl-
k k .
NOJIHAIOTCS TOTJIa U TOJBKO Torya, Korma ud [AF, u¥] € DO g nexoropoit mociienosateis-
HOCTHU CXOJIANIMXCS K HYyJII0 HEOTPHIATe/IbHbIX uncen &, k=1,2,....

SBameuganune 23.C ydgerom 3amedanust 2.1 apyroit BapuaHT HEOOXOIUMBIX YCJIOBHit
cymecreosanusg MIIP B zajaue (OC?) Mbl noyuaem, ecjim uCHoIb3yeMoe B Teopeme 2.4 mpe-
nebroe coornomenne 0F [[{AF, 1| Loxr, — 0, k — 00, BaMEHHTDL Ha «aHAJOTHTHOE» IIpe-

2
NeJIbHOe COoOTHOMIeHne OF H{)\’“,,uk}H Loxly 0, k& — oo. Ilpu sTOM, Kak JIErKO 3aMETUTh,

IIEPBOE U3 YKa3aHHBIX JABYX IIPEAC/IbHBIX COOTHOUIEHUN dBJIAETCA CJIeJICTBHEM BTOPOI'O.

2.2. JlocraTounblie ycJjioBusi cyimecrBoBauusi MIIP B BbImyKJioii 3agade
ONTUMAaJILHOI'O YIIPABJIEHHUS C MIOTOYEYHBbIMU (PA30BbIMU OIrPAHUYEHUSIMU

Kazk oMy u3 JIByX BapuaHTOB HEOOXOMMBIX ycoBuii cymectBoBanusg MIIP, o koTopbix
UJIeT pedb B 3aMevYaHuu 2.3, MOJIXOIUT CBOM BaPUAHT yKAa3aHHBIX JIOCTATOYHBIX YCJIOBUI CyIie-
croBanusg MIIP. Tak kak 1mpejie/ibHOe COOTHOITIEHUE

F O s, = 0, o0
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MO2KHO TPpaKTOBaTb KaK M€EHEE€ 2KECTKOE II0 CpaBHEHHIO C IIPEJCJIbHBIM COOTHOIIEHUEM
SF || {A* ’“}H2 —0, k— oo
y Lox Lo ) )

TO HUZKe TIPUBOUTCA (DOPMYJIMPOBKA U JIOKA3ATEHCTBO BAPUAHTA JOCTATOUHBIX YCJIOBHI, CO-
OTBETCTBYIOIIErO EPBOMY 3 JBYX yKa3aHHBIX MpeJeIbHbIX coorHomennii. CooTBercTByiomnmuii
BTOPOMY IIPEJIEJILHOMY COOTHOIIEHUIO BAPUAHT JOCTATOYHBLIX YCJIOBHI HMPUMEHSETCS IPH pe-
ryaspusann KYO B 3aj1a4aX ¢ HEOrpAaHUMIEHHBIMU MHOKECTBAMHU JIOIYCTUMBIX 3JIEMEHTOB D
(o, [20-22]).

CripaBse/I/inBa cJie/lyIolag TeopeMa, yeTaHaBIMBaIoNIas JO0CTATOYHbIE YCIOBHS CYIIeCTBOBA-
rust MITP B 3amaue (OC?).

Teopema 2.5. [lTycmwv {5'“}:;1 C (0,d0] — durcuposannan cmpemawaaca x Hyso nocie-
dosameavrocmys wuces. Bue 3asucumocmu om padpewiumocmu Uil HEPA3PEWUMOCTIU J60T-
cmeennoti k (OC®) szadawu cnpasedauso caedyrowee. Jas mozo, wmobw 6 3adane (OC®) cywe-
cmeosano MIIP (6 cayuae cyuecmeosanus ono 6ydem crodumuvca caabo K pewenuto 3a0au),
doCMaAmMOYHO CYULLCMBOBAHUA CIMPEMAULLTCA K HYAW NOCACOOBAMENOHOCTIU YUCEN {ek}zozl C
[0,00), a makoice nocaedosamesvnocmu 080UCTMEEHHDIT NEPEMENHBLT {)\k,uk} € Ly x Lo,
k=1,2,..., makux, wmo &~ H{)\’“,,LLIC}HszL2 — 0, k — 00, u 86NOAHAIOMCA COOMHOWEHUA

(2.26), (2.27). Ipu smom nocaedosamenvrocms u® N pF], b =1,2,..., Acasemca uckomvlm
MIIP. Omo MIIP cuavno cxodumca x pewenuro u’ zadavu (OC) 6 cayuae cybouddepen-
yupyemocmu J° na D. Jpyeumu cirosamu, onepamop R(-,6%), emasawuti 6 coomsemcmeue
Kkaorcdomy nabopy uczodnus dannwz 5, ydosaemeopaowus ouenkam (1.6), (1.7), (1.8) npu
§ = 0%, anemenm R(f" %) = us" [Nk u¥] € D, asanemea MIIP-obpasyowum 6 sadave (OCP).
Oonospemenrio ¢ npedesvnvim coommrowenuem O ”{/\k’”k}HLngQ — 0, k — oo, u coomno-
wenuamy (2.26), (2.27) swnoansemca u npedesvroe coommowenue (2.28).

HoxaszaTenbcrtso. Ilpexae Becero, HamoMaum (cM. paszen 1.2), uro dbyHKIHOHAT
JO cnabo nomymenpepsiBeH cuusy Ha D omeparopel G, £ crmabo mempepwiBHBI Ha D, TO
eCTh NepeBosAT ¢aabo cxosmumecs B L5 1ocae10BaTeIbHOCTH yupasieanii u3 D B CHILHO
cxopammecss B Lo IOC/IEI0BATEILHOCTH X 00pa30B. YKasaHHbIE CBOHCTBA, BBUJY BKJIIOUE-
mns u® (A, k] € DO u orpammuennoctn nocnesosaremsmocrn ult [N b, ko= 1,2,
obecrieanBaioT Herycrory Muoxkectsa D) a cieoBaresibHO, U pa3permMocTh (0JHOZHATHYIO)
uexopoit sagaun (OCY). Hanee, tak kak touka u® [AF, u¥] mumuvmsupyer dymxiponan
L‘Sk(-,/\k,,uk), npu u € D MOXKeM 3alncarTh

Jo* [uak [)\k’uku X <{)\k”uk} 7 {gak [usk [)\k7uku _ w5k7gak [uak [)\k’uku }>

<l ({0 0" ) - )

L2><L2

LQXLQ

B cuity yenoBuit TeopeMbl (CM. TpejiesibHOe cooTHOMeHue (2.27)) oTciofia CJIejyer, 9ro npu
JoboM u € D cyliecTByeT CTpeMsIascs K HYJIO II0C/IeI0BaTe/IbHOCTh {wk}zozl HEOTPUIIA~
TEJILHBIX INCesT TaKasl, ITO
k k k k k k
I [ ) < T ]+ (O {9 ) = o™ E ]} ) k=12,
2 2

0

[Tomoxkum 34€Ch U = U~ W HCIIOJIb3yEM OI'DaAHMYCHHOCTDL D, a TaKz>Ke YCJIOBHE COIJIaCOBaHU:A
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5" H{/\k, uk}||L2xL2 — 0, k — oo. Moxem 3anucars, ucrosissys ornenku (1.6), (1.13),

JO [ D ] < O] [ ] = 20| |0 [ A ) = T I, )
k ~6%1 0 0r,.0 k0 5k k odkr. 0 0r,.0 k
+KA¢;@]—Q&@%J+KA¢U—W %J+Ku¢:m]—ghu%J+w
< JO[UO] + C1o6* + 0115k||)\k||2,1 + 0125k||,uk||2,1 + ¢k, k=1,2,...,

rie nocrosiaabie Chg, Cp1, Clo > 0 He 3aBucar or k. I[lomydaem: cymiecTByer cTpeMsimiasicsa K

~ \ o
HYJIIO IIOCJIEA0BATEJIbHOCTD @/Jk} HEOTPUIIATE/IbHBIX 9UCEJI TaKad, ITO
k=1

Tl [NF, i) < O[O+ 9k, k=1,2,... .

Tak Kak omHOBpeMeHHO nMeeM Bryodenus ud [N %] € D"k =1,2 ..., a smauur, B cu-
JIy OrpaHudeHHOCTH D, IpW HEKOTOPOil CcTpeMsAImeiica K Hy IO MOCIeI0BATCIbHOCTH {Ek};il
HEOTPUIATENLHBIX uncesn n Brmouenns u’ [N, %] € DO k = 1,2,..., 10 mnocuenosa-
renprocts u’ [N, pF], k= 1,2,..., ssuserca MIIP B sagade (OC?). asee, npunumas

BO BHUMaHUE CHOBA IIpeJIeJIbHOE cOOTHOIIeHue (2.27) U ToJIyYeHHOe TIPeJIeIbHOEe COOTHOIIEHUE
k
JO[u® [NF, p*]] — JO[u®], k — oo, MoxKeM 3ammcaTh COOTHOLICHNE:

V&’“()\k”uk) _ J‘Sk [ué’“ [)\k7uk]]
+ <{)\k,uk} : {g‘s’“ [u‘sk [N, M) = W £ [uék [A*, 1] }> — J'’], k — oo,

L2><L2
a CJIeJIOBATEJIbHO, U TIPEIesIbHOEe COOTHOIIeHre (2.28) B cuity OrneHKH (2.2) U mpeJesbHOTO COo-
k ko k
OTHOIIIEHHST ¢ H{)\ J b }HszLg =0, k— . O]

2.3. PerynsapusoBanHble npuHOUNO Jlarpan»ka u npuHINI MaKCUMyMa
IlonTpsArnHa B BBIIYKJIOU 3a/laUe ONTUMAJIBHOI'O yHPaBJIEHUs C IOTOYE€YHbIMU
dazoBbIMU OrpaHUYEHUAMU

2.3.1. PerynsapuzoBannbiii npuHnuil Jlarpamxka. «O0benunuB» TeopeMbl 2.4, 2.5,
cpopMyImpyeM, HaKOHEI, Pery/isipu30BaHHbIe IPUHIUII JlarpanzKa u npunmun makcumyma [Ton-
TparuHa B ¢popMe Kpurepues cyinecTBoBanus MIIP B BbIykI0ii 3a/1a1€e ONTUMAIBHOTO YIIPaB-
JIEHUS C TIOTOYEYHBIMU (Pa30BBIMU OrpaHumyeHusMU. PeryngpuzoBanublii mpunnui Jlarpanxka
(BBuy perymsiproctu byHKImi Jlarpanka ero MOXKHO HA3BIBATH TaK¥Ke PeryJsipU30BAHHOM
reopemoii Kyna—Takkepa) MOXKHO 3aIucarh B CJIEIYIOIIEM BHJIE.

Teopema 2.6. IIycmo {5’“}:;1 C (0,90] — Purcuposanman cmpemawanca x Hys0 nociedo-
8AMENBHOCTIL YUCEA. BHe 3asucumocmu om paspetumocmu Uil HepaspeuuMocmu 080U CMeEeH-
noti x (OC°) zadawu cnpasedauso caredyrowee. JTas moeo, wmobwvi 6 sadave (OC®) cywecmeo-
sano MIIP (6 cayuae cyuecmeosanus ono 6ydem caabo crodumves K MoYHOMY PEUWEHUIO 3a-
davu), Heobrodumo u docmamouro, Ymobv. CYUWECMBOBaAL NOCACI0OBAMEALHOCTG JB0TUCMEEH-
HOIT NePEMEHHDIT {)\k,uk} € Lyx Loy, k=1,2,..., maxas, wmo &* H{)\’“,,uk}HszLg — 0,
k — 0o, u ewnosnssucy npedeavrve coommuowenus (2.26), (2.27). Ipu smom nocaedosamenn-
noemo u® e k], k=1,2,..., asaaemca uckomvim MIIP, cTo0auumcs cusvio K pewenuso
u® zadavu (OC) 6 cayuae cybouddeperuupyemocmu J° na D. Jpyeumu croéamu, onepamop



476 B.1. Cymun, M. . Cymun

R(-,6%), cmasawuiti 6 coomsememeue kasicdomy Habopy UCTOOMBLT OAHHHIT fo* ydoeaemeops-
rowuz ouyenxam (1.6), (1.7), (1.8) npu & = 6%, anemenm R(f‘sk, 5’“) = % [Adk"”(dk),u‘sk’a(‘sk)} €D,
asasemea MITP-o6pasyrowum 6 3adaue (OC?).

Oodnospemenrio ¢ npedeavrvim coommoweruem OF ||{)\k, “k}”LngQ — 0, k— 00, u coom-
nowenuamu (2.26), (2.27) ewvnoansemes u npedeavroe coommowenue (2.28). B kawecmse
nocaAedosamesbHoCmuU {)\k,,uk}, k= 1,2,..., moocem O6bimb 63AMaG 2€HEPUPYEMAA MEMO-
dom 060TcMBENHOT PE2YAAPUIAUUL MeEoPembl 2.3 NOCACIOBAMEALHOCTND {Xsk’“(‘;k),u‘sk’“(‘sk)},
k=1,2,..., cxodawaicsa ¥ MUHUMAANOHOMY NO HOPME PEULEHUI0 JB0TUCNMEEHHOT 3a0a4U 6 CAY-
YAe Pa3peuUMOCmu nocieoned.

2.3.2. O munummzanuu pyskoun Jlarpanxka. Kiodesoit 3aja4eit npoueaypbl ABOii-
CTBEHHOH peryJ/igpusaiuu nporecca npub/mzkentoro pemenns sajgaun (OC?) apingerca 3anaua
munuvuzanun ynkimonana Jlarpanka LO(u, A, 1), {\ pu} € Ly X Lo, 3anaun (OC?)

Lo(u,\, ) — min, u € D, (2.29)

pelmeHne KOTopoit Mbl 0603HamIN depes u’ [\, p]. s yrpomenns n3/I0AKeHns TPe/IoI0KIM,
aro mpu KazkaoMm § € (0,80] bymkmmonansr K°[z] : L — R, M°[u] : L§ — R mudbdepentu-
pyembr o @perte, a bynxmaa FO(t,y) : 11 x R" — R mudbdepenmupyema o y #a R” 1pn
kaxkjoM t € II. Torma npu xkaxaom 0 € (0, 0p] muddepennupyemsr o Pperrte va L oneparop
&[] (paccmarpuBaem ero Kak omepatop u3 L3 B Ly ) u dbymrkumonan Jlarpamka L°(-, \, p1).
B stom cirygae pemenme u®[\, ] samadm (2.29) yIoBIeTBOPAET KPUTEPHIO MIHIMYMA

L (WA i), A ) [u— '\ @] >0, weD, (2.30)

rjie L5 (4, \, p) [.] — npoussomnas Operme dynknuonana L°(u, A, i) 110 mepeMeHHOf U B TOU-
ke U € L§ mpu dbuxcupoBannbix A, g. Ilyers W0[u, A, p](-) € Ly — dynkmma Pucca dbynxmu-

oHaJsa Léi (w, \, 1) [.] € (L))" . Kpurepuit (2.30) MO2KHO 3amucarh B BUJIE
(WOl (A, g, A, ], — U [A, ,u]> >0, uweD. (2.31)

Haiiem npescrasienne dynxmmm W[, A, u(t),t € I, B Tepmunax 3agaan (OC?), § > 0.
HemnocpeacTBeHHO BLIMUCIIAS, HOTyYaeM

L‘S/ (@, A, p) [v] = (¢° U>2 + (Y0 [a, A, B‘S[U]>27m, ve L ue Ls, (2.32)

snecy ¢° [u] () € Ly — dynxmus Pucca dynkumonana M2 (@) € (L), a % [a, A\, u] () € LY
— (yHKIMA, KOTOpas 3amaeTcs (hopMyJIoit

W0 [a, X () = (%) [ [a] + 6 [, Al + &5 [@, 1] (), (2.33)

re &S [u] (1), @5 [u, A\ (-) u ¢ [a, pu] () — bynknun Pucca npunaexamux xiaccy (L5)*
dbyHKIOHAIOB K5/( 2), (T )*[)\”5} u (25)*[u(-)(F‘s; (-, 20 [28] (1)) )] coorsercrrento.

Tax xkax ($9)" = ((E—A4°)"") = (E=A4)) " = (E—(4))", e E — enn
HUYHBI onepatop B L', To onpenessiemast dopmysioit (2.33) u Bxoggmas B (2.32) dyHkuus
Y[, \, 1] ectnb (emmHcTBeHHOE B LY') perenue ypaBHEHUs

Y(t) = (A°)" [WI() = ¢S [a) () + 05 [, \] (1) + g5 [a ] (1), tell, we Ly (2.34)
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[Tepemucas (2.32) B Buje L5/ (@, A\, ) [v] = ((B)" [¢0[a, A, p]] + ¢°[al, v>2 v € L§, naxo-
JUM HCKoMOe TipeicTasienne byrknun WU, A, p] B TepMuHAX 3371847 (OC‘S).

Wla A () = (B°) [0l A ] (1) + Sla)(r). ¢ eI (2.35)

B KoTopoMm 0 [u, \, ] — enumcTBenHOE B LY pemenne ypasuenns (2.34).

2.3.3. Cayyaii orpaHm4eHHbIX ynpasJjennii. Pacevorpum sagaay (OC®) B curyanun,
KOoTr'la JOIIYCTHUMBIC YIIpaBJIEHUA IIPDUHUMAIOT 3HAYCHUA U3 HEKOTOPOI'O OI'PaHUYECHHOI'O 3aMKHY-
TOro u BhIIyK/I0ro MuO)kectBa U C R®, To ectb D = {u(-) € L%, :u(t) € U, t € II}. B sTom
ciydae nosrydaem u3 (2.31) kpurepuit Murumyma GyHKInoHana Jlarpanzka B BUJe CJIeLYIOIEro
JIMHEapU30BaHHOI'O IIOTOYECYHOI'O IIPUHIUIIa MaKCUMYyMa.

Jlemma 2.8. Qynruyua u(-) € D ecmv pewenue 3adavu (2.29) mozda u moavko mozda,
Ko2da

<\I/5[ﬂ,/\,u](t),ﬂ(t)>s = max (V°[z, )\,,u](t),w>s npu n.e. t € 1l (2.36)

wel

2de Wolu, \, u] sadaemea dopmyaoti (2.35), 6 komopoti °[i, A, ] — pewenue (2.34).

Hdoxkaszatreunnbcrso. Heobxogumocts jyist perenns @ 3amaqn (2.29) yeiosust (2.36)
JIOKa3bIBaeTCA IIPOCTEHIINM UIr0JIbYaTbIM BapbUPOBaHUEM, & JOCTATOYHOCTD HOJIydaeTcd CTaH-
JAPTHBIM puMeHenneM teopeMbl A. A. Jlanynosa (cm., mHanpumep, [14, § 2.4, § 8.2]). ]

O6oznaunm uepes US [\, ] MHOKecTBO Beex ynpabienuit us D, yiosiersopstoniux (ipu
cOpPMYJTIPOBAHHBIX BIIIE IOMOJHUTEIBHBIX YCIOBUAX A DepeHImpyeMocT) IPUHITAITY MaK-
cuMyMma JileMMbl 2.8. B nammewm ciydae, 61aroapsi CHiIbHOMN BBIITYKJIOCTH 11€/IEBOTO (DYHKIIHOHA-
a, MHO}KeCTBO Ul [)\ {] cocTomT W3 OHOTO BIeMenTa, 0603HauMM ero qepes ul, [\, u]. Ouesu-
1o, uro ud [\, ] = u’[\, p]. To ecTb HerocpeCTBEHHO U3 TeopeMbl 2.6 1 JleMMbI 2.8 Ho/Tydaem
CJTeJIYIONIUI PEry IsipU30BaHHbIN TTOTOYEYHBII TPHHIUI MakcuMyMa jist 3agaau (OC?).

Teopema 2.7. IIpu chopmyruposarmvir 6viue JONOANHUMENOHIT YCAOBUAL Juddepernyupy-
k
emMocmu 6ce ymeepmcc?eHu;z meopembt 2.6 0CTNAHYMCA CNPAGEOAUCHLMU, ECAU 6 HUT U° [)\k , uk}
samenums eesde na ul, [)\k,u }

3. IIpumep. OnTuMusanoHHas 3a/a49a ¢ NOTOYEYHBIMU (Pa30BbIMU
OrpaHUYEHUSMU AJId yIIPABJIIEMON CUCTEMBI C 3a0a3bIBaHUEM

EcrecrBennbIit mepexo1 0T Ha9a IbHO-KPAeBOil 3a/1a71 K SKBUBATEHTHOMY el (DyHKITHOHA b
Homy ypasHenuio 11 pojia BosibTeppoBa THIIA OCYIIECTBISETCS ¢ IIOMOIIBIO OOPAIIEHHS TJIaBHOM
JacTu 3aja49u. PasHooOpasHble KOHKDETHBIE MTPUMEphbl HadabHO-KPAEBbIX 3ajad (JJIs mapa-
0OJIMTIECKHX, TUIEPOOINIEeCKNX, HHTErpoauddepeHnnaabHbIX YPaBHEHUN ¢ YACTHBIMU ITPOM3-
BOJHBIMH U CHCTEM TAKUX YpPaBHEHMI, pa3INIHbIX YPABHEHHUI C 3aI1a3/IbIBAIONINM apr'y MEHTOM
U JIp.), KOTOPbIe JIOMYCKAIOT SKBUBAIEHTHOE OIUCAHKE C MOMOIIBLI0 (DYHKIMOHAJIBHBIX ypaBHEe-
HUI BOJIKTEPPOBA THUIA, MOXKHO Haiitu, Hanpumep, B [7] (cM. Takzke 0630p B [11]). I3 MHOKE-
CTBa CAMbBIX PA3JIMYHBIX ITOAO00HBIX HAYAJIHHO-KPAEBBIX 38189 MbI JIJIsT HJLTIOCTPAINI H3JI0XKEH-
HO¥ BBIIIIE TEOPUHU BBIOpaJ HAYAJIbHYIO 3a1a4dy JJId CHCTEMbBI ¢ 3alla3blBaHneM. B mpumepe
BBIIUCHIBAIOTCST T€ OCHOBHBIE KOHCTPYKIIMH, KOTOPBIE U YIaCTBYIOT B (POPMYIUPOBKE PEryJIs-
puzoBarHbix KYO (dopmupyrommast kpurepuii MuanMyMa GyHKInonasa Jlarpanxa GyHkims,
COTIPsiZKEHHOE ypaBHeHue, . .. ). ChopMyIupoBaTh ¢ UX TOMOIILIO COOTBETCTBYIOIINE PETYJ/ISPHU-
zoBanuble KYO — KoHKpeTHbIe peatum3aiuu chOpMyJIMPOBAHHBIX BBIIIE TEOPEM yrKe He CJIOXKHO.
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[Iycrs n=1; T =10,1]; p € (0,1) — durcuposannoe uucyo; 7 € R™ — dbukcuposaHubiii
BekTop; a(-),b(-) € Ly™™, d(-) € L, &(-) € C™[—p,0] — duxcuposannsle HyHKIUU.
PaccmorpuMm HavasbHyO 3329y JId JTMHEHHON yIIpaBjgeMoii cucreMbl jinddepeHInaTbHbIX

YPaBHEHHI ¢ 3ama3bBaomum aprymMmenToM (z(-) — m-BekTop-pyHKIHA)
& =a(t)x(t) +b(t)x(t — p) +d(t)u(t), te]0,1]; (3.1)
x(t) =¢&(t), te[=p,0); x(0)=n, (32)

riae u(-) € Ly — yupasienne. Pemenne HadaabHol 3agaun (3.1), (3.2) noHnMaeM Kak pereHne
B CMBIC/IC <«IIOYTH BCrofy» u3 npocrpanctsa (W0, 1])™ abcomoTHo HelpepbIBHBIX Ha OTPe3-
ke [0,1] dyHKIMil ¢ KBaJIPATHIHO CYMMUDPYEMBbIMH NEPBBIME [TPOU3BOIHBIME, PACCMATPUBALA
nepsoe u3 ycsosuit (3.2) Kak Tpebyemoe B (3.1) yciaosue moonpesenenust x(t) ciaesa or t = 0:
x(t—p) =&t —p) upu t — p < 0. Ilpusenem 3agady (3.1), (3.2) K 95KBUBAJIEHTHOMY ypaBHE-
Huto Buja (1.1), mokasas TeM caMbIM, 9TO KazkjaoMy u(-) € L oTBedaeT eJMHCTBEHHOE B KJIacce
W dyukmuit z(-) € (W4[0,1])", yrosrersopsiomux BropoMy yciosuio (3.2), pemrenue 3Toii
sagaun. g sroro ciaemaem B (3.1), (3.2) 3ameny o dopmyite

x(t) =n+/0tz(g)d§, t €[0,1], (3.3)

YCTAHABJIMBAIONIEH B3aUMHO OJJHO3HAYHOE COOTBETCTBUE MeXKy Kiaccom W dyakumii z(-) u
npocrpancTBoMm L' dbyskmumit z(-) (Takoe mpeobpaszoBanue 3amaun (3.1), (3.2) ecrecTBeHHO
Ha3BaTh oOpalleHneM TJIaBHON YacTu 1ol 3a1aun). «[logcrapissay (3.3) B (3.1) (¢ yuerom npu
t € [0, p) mepBoro yciaoBus (3.2)), mosydaem

zwzmeﬂ@A?@@+wmwuw[pamm+wmm,tﬂmm (3.4

zwzamwﬂwllwa+mmu—m+www,temm. (35)
HOJIO}KI/IM x(t) = {&t - ,0 t € [0,p);m t € [p1]}, t €0,1; M[2](t) = fotz(()dg,
As[Z] {Om, € [0, pJ; P2(Q)d¢, t € (p, 1]}, 2(-) € L. Bamumewm (3.4), (3.5) B Buge

z(t) = a(t) {n + Mu[z](8)} + b(0) {x(?) + A2[=](1) } + d(t)u(?)
= {a(t)A1[2](t) + b(t)A2[2](t)} + d(t)u(t) + {a(t)n + b(t)x (1)}, tell (3.6)

Ypasuenne (3.6) n ects ypasaenne Buja (1.1), sxBuBasieHTHOE HavdaIbHOI 3a1ade (3.1), (3.2).
Baecy 11 =1[0,1]; Al2](t) = a(t)A1[z](t) + b(t)As[2](t), 2(-) € Ly, t € I (KBa3UMHHIBIOTEHT-
HOCTh omeparopa A[] 1 L§* — LI' jerko mpoBepsieTcsi, HAIPUMED, ¢ HOMOIILIO IIENOYETHOIO
npusHaka [8, reopema 2|, cm. makxke [11, c¢. 269]); Blu](t) = d(t)u(t), u(-) € L5, t € II;
c(t) =alt)n+b(t)x(t), t € Il. Ecom z(-) € W — permmenne 3agaqu (3.1), (3.2) npu HEKOTOpOM
u(+) € L§, To cBazannas ¢ z(-) dopmysoii (3.3) dynkius z(-) € LY ecTb pelnieHne ypaBHeHUs
(3.6) mpu Tom ke u(-). U maobopor, eciim z(-) € L' — perenue ypasuenus (3.6) npu jgan-
HoM u(-) € L5, 1o dbynknus z(-), casannasg ¢ z(-) dopmyioii (3.3), ecTb pelneHne Kiacca
W samauan (3.1), (3.2) npu srom u(-). OrBevaromue yupasienuto u(-) € L perrenns 3a1aqn
(3.1)—(3.2) u ypaBuenus (3.6) o6o3HaIMM 1Uepe3 T, M Z, COOTBETCTBEHHO.
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[Tycts 3aman0 crepyiomee: byukiuu Q(-) € C™, v(-) € C; HenpepbIBHAs BBIMYKJas (DYHK-
st F () : R™ — R; BbIIyKJI0€ OrpaHitdeHHOe U 3aMKHYTOe MHOXKeCTBO D mpoctpaHcTBa L.
PaccmoTpuM 3a1a1y onTHMAaIBLHOTO praBﬂeHI/IH cucremoii (3.1), (3.2) ¢ MUHUMUBUPYEMBIM Iie-
neBbIM byHKIoHATIOM J [u] = Hu”2 s+ W E L3, npu orpannienusax

Q1),z(t),, =~(t) (tell), Flx(t) <0 (tell), z()e (WF0,1)", (3.7
" MHOZKECTBE JOIIYCTHUMBIX praBJIeHI/Iﬁ D 9Ty 3a/1a49y CUMBOJIMYECKHN 3allMIIEM B BU/IE
Jlu] = min, (3.1), (3.2), (3.7), ueD. (3.8)

Cuenas B 3aja4e (3.8) 3ameny (3.3), MOIydnuM CJICIYIONYIO SKBUBAJIEHTHYIO 3aJa1y OIITH-
MU3AIMN yrpasisieMoii cucrembl (3.6):

Jul = min, Plz,](t) = () = (QF),m),, (Eell), Fn+Mz]() <0 (tcIl), ueD,

)
(@), M[2](2)),,,» 2 € Ly (t € 1I). D10 sazaua (1.4) ¢ n = 1; )
Klz] = 0, Mlu] = Jlu]); Glu] = Plz] (E(1) = Q) []() 1[2](2),
g=m); wt) =) = (Q),m,,; Elu)(t) = Fn+Ml[2]W) (F(t.y) =Fn+y), El0) =
Mil2(@), r=m).
[Iycrs f = {n,

.—.>||
—

a,b,d, & Q,v; F} — mabop naHHbIX 3ajgaqu (3.8), KOTOPbBIE IIOJBEPTralOTCs
posmymennto, u Tounbiit Hatop fO = {n° a® 0%, d° €% Q% ~°; F°} mam me mssecren, HO MOXK-
HO OIIEPHPOBATDL C HPHOJIMKEHHBIME Habopamu 0 = {77 Lad b0 d0 €0, Q0 A0 7.7-"5}, 5 € (0, ]
(6o > 0 dukcuposano), KoTopble cst3anbl ¢ Habopom O ciemytomumu yeaopusamu 3.1-3.3.

Venosue 3.1. Oymkmua FO(-) : R™ — R jmnmmiesa Ha KaxIOM OTPaHTIEHHOM
MHOKECTBE, IPUIeM JIMIIIUIEBOCTh paBHOMEPHA 110 Tlapamerpy d € [0, dg], To ecThb cymecTByer
HeyObiBatormasa dyukimusa L1(-) : Ry — R, makas, aro mis gobsix [ > 0 u § € [0, 0
soimosmeno |F0(y1) — F(y2)| < L1(1) yr = well,, mon flwall,, . llvell,, <1

Ycanosue 3.2. CymecrByer nocrosauas C > 0 Takas, aro npu Jjobom § € (0, dg
BEJIHTUHBL Hn(s - T,O“m’ Ha(S o aoHQ,me’ Hb5 B boHQ,me’ Hd5 - do”oo,mxs’ Hgé B §0||Cm[—p,0]’

H75 _ 70”07 HQ5 - Q‘)Ham He npeBocxoadaT seanannbl Co.

Yecnosue 3.3. Cymecrsyer HeyObiBatomas dbyukiuus Lo(-) : Ry — Ry Takas, uro
s kazkgtoro | >0 n moboro 4 € [0, 8] maeem |F(y) — FO(y)| < Lo2(1) 6 mpu yll,, <1

[Tpu sio6om ¢ € [0, dp] MBI UMeeM yIpaBIAeMYy0 HAYAJIbHYIO 38189y
i =a’()a(t) + b (t)x (t — p) + d°(H)u(t), t€][0,1]; (3.9)
z(t) =&(t), tel-p0); z(0)=1", (3.10)
HABOp OrpaHITIeHii
(@t),z(t)),, ="(t) (tell), F(zt) <0 (tell), z()e (Wy[0,1])",  (3.11)

u 3aa4ay ontuMusaruu cucreMsl (3.9)—(3.10) ¢ MurnMusupyeMbiM GyHKIOHATIOM e 7 [u]
npu orpanndernsx (3.11) u MHOMKeCTBe JOIyCTUMBIX ylpaBieHuit D. DTy 3a1ady OnTHMAJb-
HOT'O yIIpaBJIeHUdA CUMBOJIMYECKU 3alliIleM B BHJIE

Jlu] = min, (3.9), (3.10), (3.11), ue€D. (3.12)
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[ycts 2°(-) — oreuaomiee yrnpasienuto u(+) pentenne HadaabHoit sagaum (3.9), (3.10).

Crenas B 3agade (3.12) sameny z(t) = n° + fot 2(¢)d¢, t € [0,1], coorBeTcTByIOIILYIO 00-
paleHnio IIaBHoii Jactn HadasbHoi 3agaqdu (3.9), (3.10), mosaydnM SKBHBAJICHTHYIO 334y
OITUMM3AIIN YIIPABJISEMON CUCTEMBbI

= {a’(t) )+ V()N [2](8) } + d(t)ult) + {a® ()0’ + ()N}, tell, (3.13)
rne X°(t) = {&(t—p), t€[0,p); n°, t € [p,1]}, t € II. Dry zanauy samumem B Buje

Ju] — min,
P [8] (1) = () — (Q(0), "), (t€ID), FF (' +M[=] (1) <O (t€ll), ueD, (3.14)

e PO [2] (1) = (Q°(1), A
Honoxxus A°[2](t) =
tell, ue Ls; 05(t) =

I(t)), , ze Ly (tell), z5 — orsevatomee u pemenue (3.13).

u

1z
EL "M (1) + P (0)A[2(F), t € TL, 2z € LY B[uf(t) = d°(t)u(t),

a’ ()’ +b°(t)x°(t), t € 11, nepenuceisaem (3.13) B popme (1.9). Basaia
(3.14) mveer Bug (OC9%), snecw: Jo[u] = Ju] (K°[2] =0, Mo[u] = Ju]); Glu] = [z‘s] =
(@(1), Ai[2](1)),,, (E°(t) = Q°(1), T°[](t) = MilZ](t), ¢ =m); w‘s(t) = 6( IR CAGRN
EL)(t) = F (0" + Malz](8) (F(t,y) = FO(r° +y), Z°[=)(0) = Mal=)(0), v =m).

[Ipu cieaHHBIX OTHOCHTETBHO cemelicTBa 3a1a4d (3.12), § € [0,dp], HpennonokeHnsx ce-
meitcTBo 3aa4 (3.14), ¢ € [0, d¢], yaoBaersopsier yeaosusim A—J1. JleficTBUTEIbHO, BBITIOJTHEHIE
yenosuit A, B u B nposepsiercst a/1eMeHTapHBIMI BBIKJIAAKAMU, UCXO/Is U3 IIPEIIIOJIOKEeHUI B
ycaoBugx 3.1, 3.2, yenoBun 3.2 m ycjaoBugx 3.2, 3.3 coorBercTBeHHO. Bhinosnenue ycmosus [
cJieJlyeT U3 [EeNoYedHOro IPU3HaKa PABHOCTENIeHHOl KBasuHuIboTeHTHOCTH |11, Teopema 2|.

st mpoBepKu BbINOJIHEHUs yejioBust JI 3amerum, aro Jyist Kaxkjgoro w € L npu ¢ € T1,
ucnosb3ys obosnadenune ((t,() = {1, 0< (<t 0,t<(<1}, 0 <t <1, 0< (<1,
HOJTy 9aeM

TO[0] () = S0[0] (1) = M [9] (1) = / (1, 0)25(C)dC = / (t,0)S° (B[] + €] (O)dC.

PacemorpuMm cnadasa ciydait m = s = 1. Ilepexoid K cOnpsizKeHHBIM OllepaTopaM, MoJIydaeM

T[] (1) = 2°[20] (1) = /0 B S u(t, )] (CQ)u(¢)d¢ + /0 St ) Q) (Q)dE, t €1, u € Lo,

YTO, OUYEBH/IHO, O3Ha4YaeT Bbinosnenue ycaosud /. [Iposepka Boimosnenns /| B obmem cirydae

AHAJIOTUYHA — MOYKHO BOCITIOJIb30BAThHCSI MATPUYIHBIM IpeJicTaBieHueM S u B.
[pemnonozkus, uro bynaxkmun F°(-), § € (0,0, mmdbdepeHupyeMb!, MOKeM BLIIICATD

JIUIs HAIIlero IIpuMepa KpI/ITepI/II/I (2 31) u (2 36) pellIeHnst 3a/1a49u (2 29). HpHMbIe BBIYHC/IEHHSI

saior: §ffal(t) = 0, ¢lm () = [INOQdE, ol () = J, n(€) (F7 (23(0))) de.

t € 11. ITo omnpeneneHnio COMPSIKEHHOI'O OllepaTopa

(A% (9] () = Aj[ (a®) 9] () + A3 [(V°) ] (1), t €L, ¢ € Ly,
A [y) (1) = / y(Q)dc,

1
{/ y(C)d¢, 0 <t <1—p; Om,l—p<t§1}, tell, ye Ly

t+p

A3 [yl (1)
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To ectb ypasuenue (2.34) MOXKHO 3aIlNCATH B BUJIE

b(t) - / (X(0))" $(Q)dC = Wl A pl(t), 1—p<t<1:
: 1 (3.15)

»(t) —/t (@®(€) (Qd¢ = [ (B°(0)) 9 (Q)d¢ = I’[a, A (1), 0<t<1—p,

t+p

rae ho[a, A, ) ( ft {)\ +u() (]-"6/( )> }df, t € I1. ®opmupyromias KpuTepuu
(2.31) n (2.36), KOTOPBIM YyI0BIeTBOpseT permernne u’[\, ] 3amaun (2.29), bynaxmma WO [u, A, u]
3ajiaercst popMyJIoii

WOla, \, ) () = ()" ¢0la, A, p)(t) + 2a(t), ¢ eI,

e Y°[ii, A, j1] — perenue colpszKenHoro ypasHenus (3.15). DTo ypaBHeHue BOJILTEPPOBa TUIIA.
Emncreennoe B LY pemenne 1 [u, \, ] ypasnenus (3.15) abcomoTHo Henpepbisao Ha I1 1
npunajiexxutr kaaccy (W3 (I1))™. Vpasuenue (3.15) 9SKBHBAJEHTHO CHCTeMe ypaBHEHMUI

b+ (a°(0)" () = —AOQW) — pt)(F7) (5(1) ), 1=p<t<1; (1) =0;  (3.16)
b+ (@) D) + (0 + p) et + p)
“AXDQ (1) = p(t) (F') (51) )", 0<t<1—p;  (317)

(1= p) = / @) 0 + MOQUQ) + uO(F, (@3(0)) )" i, (3.18)

cocrostieit u3 3aaun Komn (3.16) j1y1st 00bIKHOBEHHOTO jindbepeHInaabHoro ypaBHeHUsI, PAc-
cmaTpuBaemoro Ha orpeske 1 —p <t < 1, ¢ ycsoBuem Komum B Touke ¢ = 1, U HadaJIbHOI
sagaun (3.17), (3.18) mia pacemarpusaemoro na orpeske 0 <t < 1 — p muddepeniuagibHOTo
ypaBHeHusi ¢ onepexernneM (3.17), B koropoii yciaosue (3.18) urpaer posb yciaosust Komu B
Touke t = 1 — p; Tpebyemoe B (3.17) u (3.18) moonpejesnerne GyHKIUM 1) crpaBa OT TOYKH
t =1 — p obecneunBaercs 3amadeii Kommu (3.16).
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Abstract. In this paper, we study the question of conditions for the existence and uniqueness
of a fixed point of a mapping over a complete metric space. We first discuss the concepts of F'-
contraction and F™ -contraction in fixed point theory. These concepts, developed respectively
by Wardowski and Piri with Kumam, have catalyzed significant research in various metric
spaces. We then propose a generalization of these concepts, p — F -contraction and p — F* -
contraction, and demonstrate its effectiveness in ensuring the existence and uniqueness of fixed
points. This new approach provides greater flexibility by including a function p that modulates
the contraction, extending the applicability of F- and F* -contractions. We conclude the
paper with an example of a mapping that is a p — F -contraction and a p — F™* -contraction,
respectively, and has a unique fixed point. However, this mapping does not satisfy the conditions
of Wardowski and the conditions of Piri and Kumam.
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Awnnoranusa. B pabore ucciemyercs Bompoc 00 yCIOBUSX CYIIECTBOBAHUSA U €IMHCTBEHHOCTH
HEITO/IBIKHON TOYKU OTOOParKeHUsI MOJTHOIO METPUYIECKOrO IIPOCTPAHCTBA. BHavyae 0bCy K 1a-
1oTCst ToHATUsT F -cxkartus u F™* -cokaTust B TEOPUU HEIOJBUKHBIX TOUYEK. DTH IOHSITHS, Pa3-
paboranubie coorBeTcTBeHHO Bapmosckum u [Tupu coBmectno ¢ Kymamom, moctyKuanm Karta-
JIN3aTOPOM 3HAYUTEIbHBIX HCCJIEIOBAHUN B PA3JIMIHBIX METPUIECKUX MMPOCTPAHCTBAX. 3aTEM
[peJIyIararoTcs 0000IEeHNs STUX MOHATUH — p — F' -cokatme u p — F* -cxkaTue, JeMOHCTpUPYET-
cs1 uX 3 HEKTUBHOCTH B 00ECIIEYeHNN CYIIIECTBOBAHUSA U €IMHCTBEHHOCTH HEIIOIBUKHBIX TOYEK.
DTOT HOBBII [TOJIXO]T 0becIednBaeT OOJIBINYI0 FTHOKOCTD 38 CYET UCIOIL30BaHNs (DYHKIUU p , KO-
TOpasl PEryJiupyeT CxKaTHe, PACIIupsisl BOSMOXKHOCTA npuMmenns F - u F* -cxxkaruii. 3aBepiiaer
CTATBIO IIPUMEP OTODparKeHus, ABJIstommerocst p — F -cxkatuem u p — F* -cokaTueM u MMeroIero
€/INHCTBEHHYIO HEMOABUKHYIO TOUKY. [Ipr 3TOM 9TO OTOOparkeHne He yIOBJIETBOPSET YCIOBUAIM
Bapnosckoro u ycimoBusim Iupu u Kymawma.

KoiroueBble cii0Ba: HENOABUXKHAsI TOYKA, CYIIECTBOBAHWE, €MHCTBEHHOCTbH, [ -cxxarwue,
p — F -cxxarne

s muruposanusi: Yaxap P., Jexuauc C., Mepuena B., I'e6b6ati X. Teopema 0 HEIIOABU>KHOIT
rouke p—F -cxxarus // Becruuk poccuiickux yauBepcuteroB. Maremaruka. 2024. T. 29. Ne 148.
C. 485-493. https://doi.org/10.20310,/2686-9667-2024-29-148-485-493 (In Engl., Abstr. in Rus-
sian)
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Introduction

The introduction of two distinct approaches to the concept of F'-contraction and F*-
contraction, whereas F* stands out as an adaptation of the F -contraction [1]|, developed
respectively by Wardowski [2] and Piri with Kumam on [3| and authors on [4], has catalyzed
significant research in the field of fixed point theories [5]. These approaches have found extensive
applications in a multitude of metric spaces, such as b-metric, conic, partial, and fuzzy spaces,
among others [6-10]. Essentially, this concept guarantees the existence of a fixed point S :
X — X, where (X,d) represents a complete metric space. The F' and F* have the possibility
of assimilating these two contractions to well-established contractions such as Boyd-Wong [11]
and Matkowski [12], for this, we must ensure certain conditions. Once S satisfies the following
property, known as the F'-contraction mapping:

37 >0,Ve,y € X, Sz # Sy, F(d(Sz,Sy)) +71 < F(d(z,y)),
where F':[0,+00) — R is assumed to satisfy the following F[R] conditions: [1]

e (1p): F is strictly increasing, i.e, 0 <t < s = F(t) < F(s),

e (2p): lim F(t) = —o0,

t—0t

e (3r): There exists k € (0,1), such that lim t*F(t) =0,

t—0+
or we use the F*[R] conditions [12], which means that F' verifies (1z), (2r) and
e (3p+): F is a continuous function in (0, 4o00).

However, while this theory represents great mathematical interest, it has seen numerous different
applications and a strong attraction for scientific research. We find that Awais et al [13]
establish fixed-point results for F' -contractions of Reich type for single-valued and multivalued
applications in complete metric spaces. Sahil et al [14] introduced the notion of generalized F -
contraction and established fixed point theorems for this type of functions in complete metric
spaces. They also explore F' -expansions and their applications. We find also Inayat et al [15]
establish fixed-point results for generalized F -contractions in complete metric spaces. They
generalize and unify several known results in the literature. But, Meir Keeler [16] addresses
fixed-point results for a class of contractions in metric spaces. He demonstrates that F'-
contractions (and F'x-contractions) fall under the category of Meir-Keeler contractions. Many
results derived from F -contractions also apply to Meir—Keeler mappings.

Whereas, Zhukovskiy [17] extends the fixed point theory to f-quasimetric spaces, parti-
cularly generalizing the concept of F'-contraction. Unlike the classic F'-contraction proposed
by Wardowski, where the parameter 7 is constant, the article introduces a generalized version
where 7 is a variable function that depends on F(d(x,y)). As illustrated in [17, example 7],
this new formulation allows 7 to vary based on the distance between two points x and
y, providing greater flexibility in analyzing contractions within nonsymmetric metric spaces.
This generalization maintains key results, such as the existence of a unique fixed point and
convergence of iterations towards that point, while broadening the scope to f-quasimetric
spaces.



488 R. Chakar, S. Dehilis, W. Merchela, H. Guebbai

Our objective is to introduce a new class of contraction, p— F'-contraction condition defined,
for p: R — R, as follows:

Ve,y € X d(z,y) >0 = F(d(Sz,Sy)) < p(F(d(x,y))).

This relation only indicates that it can be a generalization of F' -contraction with p(t) =t — T,
t € R. These assumptions are as follows:

e (1g): p is increasing,
e (2g): p is continuous,
e (3g): Forall teR, p(t) <t

In this work, we will demonstrate that the hypotheses (1g), (2r), (3g) are sufficient with the
class F|R] and F*[R] to ensure the existence of a fixed point for an operator S.

1. Preliminaries

Our goal is to demonstrate that if S is a p — F'-contraction, where F' is either of class
F[R] or of class F*[R] and p satisfies (1g), (2g) and (3g), then S has a unique fixed point.
But before beginning all this, we need the result presented by the following lemma.

Lemma 1.1. Suppose that p: R — R is verifying (1g), (2r) and (3g), then,

Vte R lim p"(t) = —o0.

n—-+00

P r o of Suppose that there exists ¢ty € R, such that,

lim p"(ty) = M.

n——+o00

We define the sequence {tn}nzo by to chosen in R and t¢,.; = p(t,), for all n > 0. This
means that lim ¢, = M. Using (2r) we get,

n—-+400o

lim t,11 =p( lim t,) = M= p(M).

n—-4o00 n—+400

And this is a contradiction with (3g). O

2. p— F*-contraction

In this section, we show that the class of function p[R] is compatible with the F*[R,]
to ensure the existence and the unicity for a mapping S through the new condition p — F'-
contraction.

Theorem 2.1. Let (X,d) be a complete metric space. Let S : X — X and for p verifying
(1R)7 (2R) and (3R>7 Fe F*[R],

Va,y € X d(a,y) >0 = F(d(Sz,Sy)) < p(F(d(x,1))).
Then, S has a unique fized point > € X and

Vige X lim S"zg = x™.

n—-+4o0o
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Proof. For zy € X, we define the sequence {z,},>¢ given by z,; = Sz, forall n > 0.
We remark that if exists ny > 0, z,, = Sz,, then z,, will be the fixed point x*°. Now,
suppose that for all n >0, d(z,,Sz,) > 0. We obtain,

F(d(xy, Sxy)) = F(d(Stp_1,S%,)) < p(F(d(zp-1,2,))).
Applying (1,) n-times we find

F(d(wn, Sty)) < p(F(d(wn-1,70))) < p*(F(d(Tn-2,20-1))) < ... < p"(F(d(w0,71))).
Then, using Lemma 1.1,

Jim F(d(zn, Swa)) = lim p"(F(d(z0, 21))) = —o0,
and by (2r) we conclude that
lim d(z,,Sz,) = 0.

n—-+o0o

Now to obtain the fixed point we have to show that {z,},., is a Cauchy sequence.

We suppose the existence of some ¢ > 0 and two sequences of natural numbers {¢(n)}, -,
and {¥(n)},>, such that:

Vn >0 () >Yn) >n, dTem),Tem) =€ Ad(Tpm)—1, Typn)) < €.

We obtain,

)
IN

ATy, Ti(n)) < ATpn)s Tpm)—1) + A(Tpm)—1, Ty(n))
AT p(n), Tpm)-1) + & = d(Tpm)-1, STe(m)-1) + €.

IN

But,
m d(@pm)-1, STpm)-1) =0 = lm d(zem), Tpm) =€

n—-+o0o n—-+o0o

On the other hand and using lim d(z,, Sx,) =0, we can conclude the existence of ny > 0,

n——+o0o
€ €
Vn > ng d(Zpm), STem)) < 7 A(ZTyp(n), STym)) < 7
Now, we show that
Vn > No d(xcp(n)Jrl’ :L’w(n)Jrl) = d(Sl‘w(n), S:L‘w(n)) > 0. (2.1)

In fact, suppose dm > ng, such that

(T pm) 41, Typgmy41) = 0.
Then,

™
IA

d(% (m)» »Wm ) < d(Zp(mys STp(m)) + AT p(m) 415 Typ(my+1) + A(STyp(ny s Typ(m))
E

< S4o045=
< JH0+7=3

Which is a contradiction. From (2.1) and using p — F -contraction hypothesis, we obtain

F(d(Spmy, STym))) < p(F(d(Zpm)s Tyn))))-
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Then
F(e) < p(F(e)) < F(e).

The last contradiction allows us to confirm that {z,}, .y is a Cauchy sequence converging to
x*>°. Then
d(Sx>, ) = lim d(Sx,,z,) =0 = 2™ = Sz*™.

n—-+4o0o

Suppose now that there exists another fixed point for S denoted y*°, ie. y>* = Sy>, and
x® £y = d(xz>®,y>) > 0. Now,

F(d(z%,y%)) = F(d(52%,5y>)) < pF(d(x™,y™)) < F(d(z™,y7)),
which is a contradiction, then S has a unique fixed point . O]

3. p— F-contraction

Our objective now is to show that the family of conditions (p1), (p2) and (p3) ensure,
for a p — F -contraction mapping S, a unique fixed point, when F is in the class F[R,]. To
achieve our goal, we add a condition on p :

VB>1VteR > |p"(t)| " < o0, (3.1)

n>P(t)
where P(t) is the smaller natural such that, p”®(¢) < 0.

Theorem 3.1. Let (X,d) be a complete metric space and S : X — X be a p— F -
contraction. Then S has a unique fixed point x>, i. e.

x> =Sz and Vroge X lim S"xy = x™.
n—-+oo

Proof For zp € X, n €N, we introduce the positif real sequence {a,}n>0 by
an = d(zy, Sxy) = d(Th, Tni),

where {x,}n>0 C X is given by zy € X and z,41 = Sz, Vn > 0. If there exists ng > 0 such
apn, = 0, then z,, = Sz,, is the fixed point.

Now, suppose that a, > 0, for all n > 0. Using the p — F'-contraction hypothesis, we
obtain

Fan) < p(F(an1)) < p*(F(an-2)) < ... < p"(F(ap)).

Then,
Lt Pl = Bp ot (Flao)) = —eo,
and
lim a, = 0.

n—-+00
Let

n > p(F(CLQ)),
then

a"F(a,) < afp"(F(ap)) <0 = lim a*p"(F(ap)) = 0.

n—-+o0o
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We take n > N > P(F(ap)), N bigger enough such that,

Bl

lanp(Flag)l £1 = ay < [p"(F(ao))| ™%,

then, for all m >n > N,

[un

d(xma xn) S d(l’m, xm—l) + d(xm—la xm—?) +. _I' xn-‘,—la xn Z |P “E = 0.
n>N

Then, {x,},>0 is a Cauchy sequence and it is converging to z* in X. It is clear that = is
a fixed point of S. Suppose now that y>* € X is also a fixed point of S. Then,

F(d(z™,y>)) = F(d(Tz>,Ty>)) < p(F(d(z*,y>))) < F(d(z>,y>)),
which is a contraction. Then, S has a unique fixed point. O

4. Illustration

Let X ={x,|n=12,...,00} and define the metric d : X — X as follows: for m > n
AT, Tm) = (T, Tp) = %, and d(z,,z,) =0.
Let S: X — X be defined by S(z,) = z,41. Then we have:

d(S(n), S(xm)) = :

and

d(S(zn), S(Tm)) _n
d(Tp, Tp,) n+1

— 1, n— .

Therefore, S is not an ordinary contraction. Let’s define the function F(d) = Ind, which
satisfies the conditions F[R] and F*[R].
Now, let’s compute 7:

1 1 n+1
+In—=1n
n+1 n n

T=—F(d(S(z,),S(xm))) + Fd(xp, xp)) = —In

— 0, n— oo.

This implies that S does not satisfy the conditions of the Wardowski and Piri-Kumam theorems
(where 7 > 0). Let us show that S satisfies the conditions of the theorems proven in this article.

Now, let the function p(t) = In (et +1> =t —1In(e’ 4+ 1). This function is increasing as:
e 1

'(t) =1— = > 0.
Pt) et+1 et+1

Furthermore, p(t) <t for t > 0, and p is continuous. Thus, p verified all conditions (p),
(p2) and (ps).

Finally, we have:

1 1 e 1
o) =o(F(5)) = o 2) = (5577) = Iy = F(d(S, Si,)
We have introduced the concept of p— F -contraction, which extends the classic F'-contrac-
tion. This new approach is crucial because it generalizes fixed-point results in metric spaces
by incorporating a function p that adjusts the contracting behavior of the F -function. This



492

R. Chakar, S. Dehilis, W. Merchela, H. Guebbai

generalization is important as it not only covers traditional F'-contractions but also broader

versions like those of Wardowski and Piri-Kumam, offering greater flexibility in constructing

unique fixed points and analyzing contractive behaviors in various contexts.

As a future direction, it would be interesting to apply this notion of p — F'-contraction to
f -quasimetric spaces [17], where distances are not necessarily symmetric. This would open up

the exploration of new classes of contractive mappings and further validate the effectiveness of

this generalized approach in more complex spaces, where distances may be asymmetric or only

partially defined.

Acknowledgment: We would like to thank to the editor and reviewer for their great
assistance and remarks proposed to improve our paper.
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O )\-KoMMyTuUpOBaHUU, J€BOM (IIPABOM) MCEBIOCIEKTPE U
JieBOM (IIpaBOM) YCJIOBHOM ICEBJIOCHEKTPE JIMHEHHBIX HEITPEPBIBHBIX
OIIepaToOpoOB Ha yJIbTPaMETPUYECKNX OAHAXOBBIX IMPOCTPAHCTBAX

.o
xkasag 9TTAUB
Pernonasphas akajemusi oopasoBanusi u obydyenust Kacabianka Cerrar,
YuuBepcureTcKasi cpejHss mkojga Xammana Anp—DParaBaku

26402, Mapokko, r. Xaju Cyasiem, gopora B Bepperm,

Annoramuga. B pabore MBI JIeMOHCTPUPYEM HEKOTOPBIE CIEKTPAJbHBIE CBOWCTBA A -KOMMY-
THPOBaHUS JTMHEHHBIX HEIPEPBIBHBIX OIIEPATOPOB B YIBTPAMETPUIECKIX OAHAXOBBIX MPOCTPAH-
CTBaX, a TaK¥Ke U3ydaeM orneparopubie ypasaenus ASB =S u AS = SB. Mubl paccMarpuBaem
HEKOTOpbIe CBOWCTBA ITUX OIEPATOPHBIX YPABHEHU; IPUBOIUM UILTIOCTPATUBHBIE TpUMepPbI. C
JIPYroii CTOPOHBI, Mbl BBOAUM U U3ydaeM JIeBblil (IIpaBblii) [CEBIOCIEKTD U JIEBbIi (IIpaBblii)
YCJIOBHBIN TICEBJIOCIIEKTD JIMHEHHBIX HEINPEPBHIBHBIX ONEPATOPOB B YJIBTPAMETPUIECKUX OaHAXO0-
BBIX IIPOCTPaHCTBax. MBI J0Ka3bIBaEM, UTO JIEBBIE IICEBIIOCIEKTPhI, CBA3AHHDIE ¢ PA3JIMIHBIMUA
€ > 0, ABJSIOTCS BJIOXKEHHBIMEI MHOXKECTBAMH, & TIepEcedeHne BCeX JIEBBIX TICEBIOCIIEKTPOB sB-
JIAETCsl JIEBBIM CIIEKTPOM. MBI BBISBIISIEM CB3b MEXKJLY JIEBBIM (IIPABBIM) IICEBIOCIIEKTPOM U
JIeBBbIM (IIPABBIM) YCJIOBHBIM IICEBIOCIEKTPOM. BoJjiee TOro, J0Ka3bIBaeM €eIle psijl pe3yIbTaToB,
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1. Introduction and preliminaries

The classical theory of commutators was studied by H. Weyl [1| and J. von Neumann [2] and
it played an important role in quantum mechanics [3-5]. In [6], C.R. Putnam collected some
properties of the commutation of continuous linear operators in a Hilbert space over the field of
complex numbers C. Recently, many researchers studied and explored the operator equation
AS = ASA where A € C\{0}, A and S are continuous linear operators on complex Hilbert
spaces, see [7-9].

In ultrametric operator theory, the author [10] extended and studied the operator equation
of the form AS = ASA where A € K\{0}, A and S are continuous linear operators on
ultrametric Banach spaces over K. He presented some spectral properties of A-commuting
operators on ultrametric Banach spaces over K and he gave an illustrative examples, see [10].

Recently, A. Ammar et al. [11] introduced and studied the pseudospectra of closed linear
operators on ultrametric Banach spaces. On the other hand, A. Ammar et al. [12] introduced
and studied the condition pseudospectra of continuous linear operators on ultrametric Banach
spaces and gave some of its properties.

In [13], the author presented and studied the determinant spectrum, the M -determinant
spectrum, and the C'-trace pseudospectrum of ultrametric matrix pencils.

There are many studies on pseudospectra and condition pseudospectra of continuous linear
operator pencils and \-commuting of operators in ultrametric operator theory, see [14-17|.
In Section 5., we consider the problem of finding the eigenvalues of the generalized eigenvalue
problem of the form

PNz =0,

where P(\) = YL A F A, A € M,(K), A € K, z € K* and M,,(K) is the space of all
n x n matrices over K. [ is the identity matrix of M, (K). If C' € M,,(K), the determinant
of C' is denoted by det(C) (for details on the space M,,(K) see [18] and [19]).

Throughout this paper, Q, is the field of p-adic numbers, £ is an ultrametric infinite-
dimensional Banach space over a complete ultrametric valued field K with a non-trivial
valuation |-| and L£(€) denotes the set of all continuous linear operators on £. Recall that
K is called spherically complete if each decreasing sequence of balls in K has a non-empty
intersection. For more details, see [20]. Let S € L£(&), R(S), N(S), S*, 0,(S), o(S5) and
p(S) denote the range, the kernel, the adjoint, the point spectrum, the spectrum and the
resolvent set of S respectively [20].

The aim of this paper is to demonstrate some spectral properties of A-commuting of
continuous linear operators on ultrametric Banach spaces and we introduce and study the
operator equations AS =SB and ASB =S for some S € L(£). Moreover, some illustrative
examples are provided. On the other hand, we introduce and study the left (right) pseudo-
spectrum and the left (right) condition pseudospectrum of continuous linear operators on
ultrametric Banach spaces. We obtain some results related to them. We continue by recalling
some preliminaries.

Definition 1.1. [20] A field K is said to be ultrametric if it is endowed with an
absolute value |-|: K — R, such that

(i) |a| =0 if, and only if, o = 0;

(ii) For all A\,a € K, |Aa| = |Al|al;
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(iii) For each A\, a € K, |X + af < max{|A|, |a|}.

Definition 1.2. [20] Let £ be a vector space over K. A mapping ||-||: £ — Ry is
said to be an ultrametric norm if:

(i) Forall z € £, ||z]| =0 if and only if z =0,
(ii)) For any =z € £ and XA € K, || Az| = |A|||z],
(iif) For each z,y € &, [lz +yl| < max([|lz], [ly[]).

Definition 1.3. [20] An ultrametric Banach space is a complete ultrametric normed
space.

Example 1.1 [20] Let ¢y (K) be the space of all sequences (x;),. in K such that
lim; .o ; = 0. Then ¢ (K) is a vector space over K and

I (@)sen | = sup ||
1eN
is an ultrametric norm for which (cq (K),| - ||) is an ultrametric Banach space.

Theorem 1.1. [21]| Let € be an ultrametric Banach space over a spherically complete field
K. For each z € £ = E\{0}, there exists z* € E* such that z*(z) =1 and ||z*| = ||=|~".

Definition 1.4. [20] An ultrametric Banach space £ over K is called a free Banach
space if there is a family (z;);ezr € € indexed by a set Z such that all z € £ is written in a

unique fashion as = = >, ; A\iw; and ||z]| = sup,ez [Ail||zi]|. The family (z;);cz is called an

orthogonal basis for £. If, for each i € Z, || = 1, hence (z;),.; is called an orthonormal
basis of £.

Definition 1.5. [20] Let w = (w;); be a sequence of K* = K\{0}. We define &, by
Co={r=(2;);: VieN z; €K, and lim \wl|%|xz| =0},
71— 00
and it is equipped with the norm

Vee &, o= () || = sup(jwi]?|zi]).
€N

Remark 1.1. [20]

(i) The space (&,,] - ||) is an ultrametric Banach space.
(ii) If
<'7'> :gw ng —>K7 (xvy) Hzxiyiwi)
=0
where = = (z;); and y = (y;);- Then the space (&, || |, (:,-)) is called an ultrametric

Hilbert space.

(iii) The orthogonal basis {e;, ¢ € N} is called the canonical basis of E, where for all i € N,
lesll = fowil2.
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Remark 1.2. [20] Let K=Q,, if p=1(mod4), then i =+/-1€Q, and i = —1.

Definition 1.6. [20] Let S € M, (K). The spectrum o(S) of S is defined by
o(S)={NeK: S— Al is not invertible}.

By Definition 6 of [13] (where B = I'), we have the following:

Definition 1.7.If Se M,(K) and € > 0. Then the ¢-determinant spectrum d.(5)
of S is the following set:

d.(S)={N e K: |det(S — \I)| < ¢e}.
From Remark 2 of [13] (where B = 1), we get

Remark 1.3. Note that for each S € M,,(K) and £ >0, o(S) C d.(S) and dy(S) =
a(9).

The X-commuting of operators is defined as follows.

Definition 1.8. [10]Let A,B € L(E), A and B are called A-commuting operators
if AB= ABA for some \ € K*.

Example 1.2 [10] Let K = Q, with p = 1(mod4), let A and B be defined on

Qp x Q, respectively by
0 1 0 i
a= (o) mam= (" ).

Example 1.3. [10] Let A € K*, let A and B be defined on K3 by

Then AB = —BA.

1 0 0 0 00
A=11 X O and B=|[1 0 0
1 A\ 010
Then AB = ABA.
Example 1.4. [10] Let A € K such that |A] > 1 and let A, B € L(cy(K)) be given
respectively by

Ty T I3

T’p7ﬁ7”'> for all (z1,29,23,...) € co(K)

B(Jfl,l‘g,x;;, .. ) = (

and
forall n>1, Ae,=-¢e,.1,

where (e;,)n>1 is a base of ¢(K). Hence AB = ABA.

Let A € L(E) be given, set S\(A) ={B € L(£): AB = ABA}. We collect some properties
of A-commuting operators.

Proposition 1.1. [10] Let A€ L(E) and X € K.
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(i) If B1,By € S\(A), hence By + By € S\(A) and BBy € S\2(A);
(ii) If B is invertible and X\ # 0, then B™' € S1 (A)
(iii) SA(A) is closed in the uniform operator topology;
)

(iv) If AB = ABA and AB # 0, then Ap(B) = p(AB)A where p is a non-constant
polynomial.

Proposition 1.2. [10] Let A,B € L(E) and N € Z, such that AB = ABA,

AB #0 and ||B|| <pﬁ. Then
AeP = P A,

Proposition 1.3. [10] If A,B € L(E), XA € K* with AB = ABA, hence 0,(AB) =
Ao,(BA).

Proposition 1.4. [10] Let A,B € L(E), A € K* with AB = ABA. Then p(AB) C
Ap(BA). Furthermore, for any p € p(AB), R(u, AB) = X"'R(\"'u, BA).

Proposition 1.5 [10] Let A,B € L(E) and X € K* with AB = ABA. Then
(i

(ii

) N(AB) = N(BA);
)

(iii) For all p € K, N(AB — ) = N(BA — \"'p);
)

R(AB) = R(BA);

(iv) For any p € K, R(AB — p) = R(BA — X" 1p).
From Proposition 1.5, we conclude:
Theorem 1.2. [10] If A,B € L(E) and X € K* with AB = ABA, then
0.(AB) = \o.(BA).
For A € L(E), set r(A) =lim, . ||A"||#. We have the following proposition.

Proposition 1.6. [10] Let A, B € L(E) and A € K with |\|=1 and AB = ABA.
Then r(AB) < r(A)r(B).

We continue with the following definitions.

Definition 1.9. [20] Let £ be a non-Archimedean Banach space over K and let
B e L(€), the spectrum o(B) of B is defined by

o(B)={p€eK: B—ul is not invertible},
the resolvent set of B is defined by p(B) = K\o(B).

Definition 1.10. [13]Let B € M,(K), the trace Tr(B) of B is defined by > .  b;;
where for each i € {1,...,n}, b;; € K are diagonal coefficients of B.

Proposition 1.7. [13| Let B,C € M,(K). Then
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(i) Forany A € K, Tr(B+ XC)=Tr(B)+ XT'r(C),
(ii) Tr(BC)=Tr(CB).
We have:

Definition 1.11. [13] Let B € M,(K), ¢ > 0, the trace pseudospectrum Tr.(B)
of B is given by
Tro(B)=o0(B)U{NeK: |Tr(B—X)| <e}.

The trace pseudoresolvent Trp.(B) of B is defined by
Trp.(B) = p(B) N {pn e K: |Tr(B — ul)| > c}.
Lemma 1.1. [20] Let S € L(E) with ||S|| <1, then ||(I —S)7'| < 1.
2.  A-commuting of ultrametric operators
Similar to the proof of Proposition 1.6, we conclude:

Proposition 21. Let A,B € L(E) and X € K such that |\ =1 and AB = ABA.
Then r(BA) < r(A)r(B).

Question: In Proposition 2.1, if || # 1, does r(BA) < r(A)r(B) hold?

Definition 2.1. Suppose that ||€]| C |K|. Let A € L(E), the approximate spectrum
oap(A) of A is defined by

Oap(A) ={p e K: Ixp)nen € E VR €N ||z,|| =1 and JLH;O |(A = pl)z,|| = 0}.

Proposition 22. Suppose that ||E|| C |K|. If A,B € L(E), N € K* with AB =
ABA # 0, then 0,,(AB) = Ao,,(BA).

Proof Let p€ 0,(AB), thenthereis (z,)nen in € such that foreach n € N, ||z, || =1
and lim, o [[(AB — pul)x,|| = 0. Since

[(AB — pl)a |
A

I(BA — ED)a,|| =

; (2.1)

Then § € 04,(BA) that is, u € Aogy(BA). Similarly, if £ € 04,(BA) and using (2.1), we get
W€ 04p(AB). O

Lemma 2.1. Let A,B € L(£), X € K such that AB = ABA # 0. Then for any n € N,
A"B = \"BA™.

Proof Since AB=ABA#0. Then A’B = AMABA = A\>BA?. One can see that for all
neN, A"B— \"BA". 0

Proposition 23. Let A,B e L(E), XA €Z, such that AB = ABA, AB # 0 and
|A|| < pT5. Then
e B = BeM.
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Proof By |4 < pﬁ, we get e and eM exist. Since AB = ABA # 0. Using Lemma
2.1, we conclude that e4B = BeM. O

In the finite-dimensional ultrametric Banach space, we obtain.

Proposition 24.If A, B e M,(K) are invertible matrices and X\ € K* such that
AB = ABA, then \" = 1.

Proof From det(AB) = \"det(BA) and det(BA) = det(AB). We get A" = 1. O

From Proposition 4.2, we have the following:

Corollary 2.1. If A, B € M, (K) are invertible matrices and A € K* such that AB =
ABA, then |\ =1.

Proposition 25. Let A,B € M,(K) and X\ € K* with AB = ABA. Then u €
d.(AB) if and only if § € d - (BA).

B
Proof From det(AB—pul) = det(ABA—pul) = X\"det(BA—£1) for p € K and A € K*.
Then p € d.(AB) if and only if £ € d__ (BA). O

B
Proposition 26. Let A,B € M,(K) and A € K* with AB=ABA and AB # 0.
If tr(AB) #0 or tr(BA) # 0, then A = 1.

Proof Since tr(AB) = Mr(BA) = Mr(AB) and (tr(AB) # 0 or tr(BA) #0), we get
A=1. O

Let & is a free Banach space over K, we set Lo(E) ={A € L(E) : A* exists}.
Proposition 27. [20] If A,B € Lo(E,) and X € K, then
(i) (A+AB)* = A* + \B*.
(i) (AB)* = B*A*.
Definition 22. [20] Let A € Ly(&,). We have
(i) A is said to be selfadjoint if A* = A;
(ii) A is said to be normal if A*A = AA*;
(iii) A is said to be unitary if A*A = AA* = 1.
The following proposition describes some spectral properties of \-commuting operators.

Proposition 28. Let A,B € Ly(E,) and N € K with AB=ABA#0. If A isa
selfadjoint, then ABB* = BB*A and ABB* is selfadjoint.

Proof If A, Be Ly(E,) with AB = ABA, then (AB)* = (ABA)*. Hence
B*A* = \A*B*. (2.2)
Since A is a selfadjoint and by (2.2), we get B*A = AAB*. On the other hand
ABB* = ABAB* = A\\"'BB*A = BB*A,

and
(ABB*)* = (BB*)*A* = BB*A = ABB".
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As the proof of Proposition 2.8, we get the following:

Proposition 29. Let A,B € Ly(&,) and N\ € K with AB=ABA#0. If B isa
selfadjoint, then BAA* = AA*B and AA*B is selfadjoint.

By Proposition 2.8 and Proposition 2.9, we conclude that:

Lemma 2.2. Let A,B € Ly(&,) and X € K with AB = ABA # 0. If A and B are
selfadjoint operators, then AB%* = B2A and BA? = A%B.

Proposition 210. Let A,B € Ly(&,) and N\ € K with AB = ABA # 0 and
BA%?#£0. If A and B are selfadjoint operators, then \ € {—1,1}.

Proof From AB = ABA, we get A’2B = \BA?. By Lemma 2.2, we have A’B =
B?A = X\BA?% Since BA?+#0, we get A =1. Then \ € {-1,1}. O

We give another proof of Proposition 2.10 without the condition BA? # 0.

Proposition 211. Let A,B € Ly(&,) and A € K with AB = BA#0. If A and
B are selfadjoint operators, then A € {—1,1}.

Proof. From A and B are selfadjoint operators, we get (AB)* = (ABA)*, hence
BA = B, (2.3)

Using AB = ABA and (2.3), we get AB = A?AB. Hence \* =1. Thus \ € {-1,1}. ]

Proposition 212. Let A, B € L(&,). If there is an unitary operator U € Ly(E,)
with AB = UBA = BAU, then AB?A = BA?B.

Proof. Since AB=UBA = BAU, we have
AB*A =UBABA = BAUBA = BAAB = BA®B.
]

Lemma 2.3. Let A, B € Ly(E,) be selfadjoint operators. If there is an unitary operator
Ue€ Ly(E,) with AB=UDBA. Then

(i) U and U* commute with AB;
(i) U and U* commute with BA.

Proof. (i) From AB = UBA, we have BA = ABU*. Hence AB = UBA = UABU".
Thus ABU =UAB and U*AB = ABU"*.

(ii) From (i), we get U*BA = (ABU)* = (UAB)* = BAU*. On the other hand BAU =
UU*BAU = UBAU*U = UBA. O

Proposition 2.13. Let A, B € Ly(&,) be selfadjoint operators. If there is an unitary
operator U € Ly(E,) with AB=UBA. Then AB*A = BA?B.

Proof. From Lemma 2.3, UBA = BAU. Therefore, BA’B = BAAB = BAUBA =
UBABA = ABBA = AB?A. ]
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Lemma 2.4. Let A,B € L(£). If AB*> = B*A and BA* = A’B, then AB*A = BA®B.
Proof Onecanseethat AB2A = B?A? and BA?B = B?A?. Thus AB?A = BA?’B. [
Question: Let A, B € Ly(€) be selfadjoint operators. Is the converse of Lemma 2.4 hold?
Example 21 Let K=Q, andlet A and B be defined on Q; by

a 0 0 0
A= (b )\a) and B = (1 0),
where Aa € Q,\{0}. Then AB = ABA.
Example 22 Let A€K* let A and B be defined on K3 by

a 0 0 000
A=1b la 0 and B=|1 0 0
c \b Na 010

Then AB = ABA.

Lemma 2.5. Let A, B € Lo(E,). If there is unitary operators U,V € Ly(E,) with AB =
UB*A* and BA =V A*B*, then the following statements hold:

(i) AB commutes with U and U*;

(i) BA commutes with V and V*.

Proof (i) From AB = UB*A*, we have B*A* = ABU*. Hence AB = UB*A* =
UABU*. Thus ABU =UAB and U*AB = ABU*.

(ii) By BA=VA*B*, we get A*B* = BAV*. Thus BA = VBAV*. Hence BAV = VBA
and V*BA = BAV™*. O

Theorem 2.1. If A, B € Ly(E,) are selfadjoint operators and A € K* with AB = \BA #
0, then AB and BA are normal commuting operators.

Proof Set S = AB, hence S* = BA. From S = AB = ABA, we get S = AS*. Then
SS* = \(S*)? = S*S. Thus AB is normal and SS* = S*S. Hence AB and BA are normal
commuting operators. ]

Theorem 2.2. Let A € Ly(&,) and let B € L(E,) and N € K* with AB = ABA # 0,
A*B = BA* and A*A =1 with B#0. Then A\ = 1.

Proof. From AB = ABA, hence A*AB = MA*BA. Since A*B = BA* and A*A =1
we get B =AA*BA = ABA*A = AB. Hence (A—1)B =0. Since B#0, weget A=1. [

Proposition 2.14. Let A, B € Lo(E,). If there is unitary operators U,V € Ly(E,)
with AB =UB*A* and BA =V A*B*. Then AB and BA are normal.

Proof By Lemma 2.5, we get UB*A* = B*A*U. Then
AB(AB)" = ABB*A* =UB*A*B*A* = B*A*"UB*A* = B*A*AB = (AB)*AB

and
(BA)*BA = A"B*BA = BAV*BA = BABAV* = BA(BA)".
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Definition 23. [22] Let A € L£(£), A is said to be bounded below if for each
xe&, M|xz| <|Az| for some M > 0.

We have the following statement.

Theorem 2.3. Let A,B € L(E) and X € K* such that AB = ABA # 0. Then AB is
bounded below if and only if A and B are bounded below.

P r oo f Suppose that AB is bounded below and AB = ABA # 0. Then there is M > 0
with for each x € &,
Mjz[| < [|ABz|| < [[A][|| B].

Hence B is bounded below. Since M||z|| < ||ABz|| for any = € £, and AB = ABA # 0, it

follows that for every z € &, WZYBHH:CH < ||Az||. Consequently, A is bounded below.
Conversely, it is easy to see that if A and B are bounded below, then AB is bounded

below. ]

3. Some properties of ultrametric operator equations

In this section, let A, B € L£(£). We shall study the operator equations AS = SB and
ASB = S for some S € L(£). We continue with the following results.

Lemma 3.1. Let A, B,S € L(E) such that AS =SB and ASB=S. If A>—1 or [ —B?
1s invertible, then S = 0.

Proof From AS =SB and ASB =S, we have S = SB% Then S(I — B?) = 0. Since
I — B? is invertible, we conclude that S = 0. Similarly, one can see that (4% —1)S = 0. From
A? — T is invertible, then S = 0. O

Further, R(S) denotes the range of S dense in &£, i.e. R(S)=E.

Proposition 3.1. Let A,B,S € L(E) and R(S) = &€ such that AS = SB and
ASB =S. Then A?=1.

Proof. From AS =SB and ASB = S, then (A?—1)S =0. Hence R(S) C N(A%—1).
Since R(S) =&, we get A*=1. O

One can see the following:

Lemma 3.2. Let A,B,S € L(E) with ASB = S. If S is one to one, then B is one to
one.

Proof. It follows by S is one to one and N(ASB) = N(S). O

Theorem 3.1. Let A, B € L(E) such that A is injective and R(B) is dense. If A%2S = SB?
and A3S = SB3, then AS =SB for some S € L(E).

Proof Set U = AS and V = SB. Using A%2S = SB? and A3S = SB?. We get
AU = VB and A2U = VB2 Then A(AU) = AVB = (UB)B, thus (AV — VB)B = 0. By
R(B) is dense, we get B # 0 then AV =V B. From AU =V B = AV, we get A(U—-V) =0.
From A is injective, then U = V. Hence AS = SB. O
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Theorem 3.2. Let A,B € L(E) with A is injective and R(B) is dense. If A2SB? = S
and A3SB® =S, then ASB =S for some S € L(E).

Proof From A%2SB? = S and A3SB3 = S, then A2SB? = A3SB3. Hence A2SB? —
A38B3 = 0. Thus A(A?2SB?—ASB)B = 0. From A is injective and R(B) is dense, we obtain
that A2SB? — ASB =0. Thus ASB = S. O

4. Left (right) pseudospectum and left (right) condition pseudospectum of
bounded linear operators on ultrametric Banach spaces

We introduce the following definitions.

Definition 4.1. Let £ be an ultrametric Banach space over K and let A € L(E).
(i) A is said to be left invertible if there exists B € £(£) such that BA = I.
(ii) A is said to be right invertible if there exists C' € L£(€) such that AC = I.

Definition 4.2. Let £ be an ultrametric Banach space over K. Let A € £(&), the
left spectrum o!(A) of A is defined by

oc'(A) ={\ € K: A — X is not left invertible in £(£)}.

Definition 4.3. Let £ be an ultrametric Banach space over K. Let A € L(£), the
right spectrum o"(A) of A is defined by

0"(A) ={X € K: A— Al is not right invertible in L(E)}.

Definition 4.4. Let £ be an ultrametric Banach space over K, let A € £(£) and
e > 0, the left spectrum o'(A) of A is defined by

ol(A) =o'(A)U{X e K: inf{||C)|| : C;a left inverse of A — X[} > e '},
with the convention inf{||Ci|| : C; a left inverse of A— A} = oo if A—AI is not left invertible.

Definition 4.5. Let £ be an ultrametric Banach space over K, let A € £(£) and
e > 0, the right spectrum o’(A) of A is defined by

"(A)=0"(A)U{X e K: inf{||C,]| : C, aright inverse of A — A} > &'},

with the convention inf{||C,|| : C, a right inverse of A — A\I} = oo if A — Al is not right
invertible.

We obtain the following results.
Remark 4.1. From Definition 4.4 and Definition 4.5, we get
o'(A) C ol(A) C 0.(A)

and

o"(A) C ol(A) C o.(A).
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Proposition 4.1. Let €& be an ultrametric Banach space over K, let A € L(E) and
e >0, we have

(i) o'(A)=()0oL(A) and o"(A) =) oL(A).

(ii) For all &1 and &5 such that 0 < &1 < &2, ¢'(A) C ol (A) C oL (A) and o"(A) C
ol (A) C ol (A).

Proof. (i) From Definition 4.4, for any ¢ > 0, o'(A) C oL(A). Conversely, if A\ €
() oL(A), hence for all £ >0, X € gl(A). If A& 0'(A), then

e>0

A€ {XeK:inf{||C) : C)aleft inverse of A — X[} > &'},

taking limits as ¢ — 0T, we get inf{||C}|| : C; a left inverse of A — A} = co. Thus ) € o!(A).
Similarly, we obtain ¢"(A) = ﬂ ol (A).
e>0

(ii) For &; and &5 such that 0 <&y < e, Let X € ol (A4), then
inf{||C|| : C; a left inverse of A — M} > e7! > &5,
hence X € 0!, (A). Similarly, we have ¢"(A) C o (A) C oL, (A). O

Proposition 4.2. Let £ be an ultrametric Banach space over K, let A € L(E) and
e >0. Then

U A+0) cdA). (4.1)
CeL(E):]|C|<e

Proof If A€ Uccrie) o)< o'(A+ C). We argue by contradiction. Suppose that A\ ¢
ol (A), hence A & o'(A) and inf{||C}]| : C; a left inverse of A — A} < e~ !, thus ||CCy|| < 1.
Let D defined on & by

D=> ¢(-co".
n=0

One can see that D is well-defined and D = C;(I+CC))~!. Henceforall y € £, D(I+CC))y =
Cly. Set y = (A — M)z, we have for all z € £,

r=D(I+CC)A—-XN)x=DA-XN+CC(A— X))z =D(A—- XN+ ().

Hence A+ C — Al is left invertible which is contradiction with A € Ugc )< d(A+O).
Thus, (4.1) holds.

Theorem 4.1. Let £ be an ultrametric Banach space over a spherically complete field K
such that ||E|| C |K|, let A€ L(E) and £ > 0. Then,

A= |J dUA+o).

CeL(€):||Cll<e
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P roof. According to the proposition 4.2 the embedding (inclusion) (4.1) is satisfied.

Conversely, suppose that A € d(A4). We discuss two cases.

First case: If X € o'(A), we may set C' = 0.

Second case: Assume that A € ol(A) and A ¢ o'(A), then for all C; a left inverse of
A — X, we have ||Cj|| > %. Hence, there exists y € £\{0} such that

Iyl ~ e

Set y = (A—Al)z, then Ciy = z. From (4.2), we have [|[(A—A)z| < ¢||z|. Since ||€]| C K],
then there exists ¢ € K\{0} such that |¢| = |z||. Putting z = ¢ 'z, then |z|| = 1, hence
|[(A—=AI)z||<e. By Theorem 1.1, there exists ¢ € £* such that ¢(z)=1 and ||¢]| = ||z|| "t = 1.
Define

forall ye &, Cy=—o(y)(A— A)z.
Then C € L(€) and ||C]| < e, since for all y € &,
1Cyll = lleW)II(A = AD)z]| < ellyl].

Furthermore, we have (A—AI+C)z = 0. Thus A—AI+C' is not left invertible. Consequently,
A € Uoese) o)< o' (A+C). u

We continue with the following definitions.

Definition 4.6. Let £ be an ultrametric Banach space over K, let A € £(€) and
e > 0, the left condition pseudospectrum AL(A) of A is defined by

AL(A) =o' (A)u{x e K: inf{||(A— AD|||Di|| : D; a left inverse of A — X} > e '},

with the convention inf{|[(A — AI)||||D:|| : D, a left inverse of A — A} = oo if A — Al is not
left invertible.

Definition 4.7. Let £ be an ultrametric Banach space over K, let A € £L(£) and
e > 0, the right condition pseudospectrum AZ(A) of A is defined by

AL(A) =0"(A)U{X € K: inf{||A = X|||| D;|| : D, a right inverse of A — X[} > &'},

with the convention inf{||A — X ||||D,|| : D, a right inverse of A — A\[} = oo if A — A\ is not
right invertible.

We have the following results.
Remark 4.2 From Definition 4.6 and Definition 4.7, we get
ol(A) C AL(A) € A(A)

and

o"(A) C AL(A) C A(A).

Proposition 4.3. Let €& be an ultrametric Banach space over K, let A € L(E) and
e >0, we have
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(i) o'(A) =[)AL(A) and o"(A) = [ AL(A).

e>0 e>0

(ii) For all &1 and ey such that 0 < &1 < &5, 0'(A) C AL (A) C AL (A) and 0"(A) C
AL (A) C AL (A).

Proof. (i) From Definition 4.6, for any ¢ > 0, o'(4) C AL(A). Conversely, if A €
MNeso AL(A), hence for all € >0, A € AL(A). If X & o'(A), then

A€ {XeK: inf{||[A = X|||D)|| : D a left inverse of A — X} >~ '},

taking limits as ¢ — 07, we get inf{||A — X||||D,|| : D, a left inverse of A — A} = co. Hence
A € o'(A). Similarly, we obtain ¢"(A4) = (.., AL(A).
(ii) For e; and ey such that 0 <& <es. Let A € AL (A), then

inf{||A — M ||||Dy|| : Dy a left inverse of A — M} > &7 > &5,
hence A € AL (A). Similarly, we have o"(A) C AZ (A) C AZ_(A). O

Proposition 44. Let £ be an ultrametric Banach space over K and let A € L(E)
and for every € >0 and ||A— M| #0. Then,

(i) A€ AL(A) if, and only if, \ € aé”Aan(A).

(i) A€ ol(A) if and only if € AL (A).

[A=XT]|

Proof. (i) Let A € AL(A), then X\ € o'(A) or
inf{||(A — AD||||Ci]| : C; a left inverse of A — A} > e 1.

Hence \ € o!(A) orfor all C; a left invertible of A — X, ||| >

A€ OiHA*MH(A)' The converse is similar.

(i) Let A € o'(A), then, X\ € o'(A) or for all C; a left inverse of A — A, ||Cj|| > &7
Thus A € o'(A) or for all C; a left inverse of A — A, ||[(A — AD]||||Ci]| > e Y[(A = AD)].
Then, A € A' . (A).

TA=AT]
The converse is similar. O

1
Ay Consequently,

One can see the following corollary.

Corollary 4.1. Let £ be an ultrametric Banach space over K, let A € L(E) and ¢ > 0.
If a,8 € K with B#0, then AL(BA+ al) = a+ BAL(A).

Proposition 4.5. Let £ be an ultrametric Banach space over K, let A € L(E) such
that A# X and Cy =inf{||]A— | : X € K} and € > 0. Then o.(A) C AlCL(A).
A

Proof. Let u € ol(A), then u € o'(A) or for all C; a left inverse of A — ul, ||Cy]] >
el Since ||A — ul|] > C4 > 0. Then p € o'(A) or for all C; a left inverse of A — ul,
|A— uI||||Ci|| > e 'C4. Hence X € AZCL(A). O

A

Lemma 4.1. Let £ be an ultrametric Banach space over K, let A € L(E) and € > 0. If
X € AY(A)\d'(A). Then there exists x € E\{0} such that ||[(A— X)z|| < g||A — \||||z||.
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Proof. If A€ Al(A)\o'(A), then for all C; a left inverse of A — \I, we have

1
|4 =TG-

Thus .
ol > ——m.
|| l” €||A— /\]H
Then there exists y € £\{0} such that
|Cuyl| 1
) (4.3)
lyll — ellA— Al
Set y = (A — M)z, then Ciy = z. From (4.3), we have |[(A— X)x| < e||A — A||||=||. O

Theorem 4.2. Let £ be an ultrametric Banach space over K, let A € L(E), N € K and
e > 0. If there exists C € L(E) with ||C|| < e||A=X|| and X € c'(A+C). Then, X € AL(A).

P roof. Assume that there exists C' € L(E) such that
IC|| < el]A— M| and X € o'(A+ C).

If A\ZAL(A), hence \ ¢ o'(A) and for each C; a left inverse of A—\I, ||A—\||||Cy]| <&t
Consider D defined on £ by

D =) C(-ca)".
n=0

Consequently D = Cj(I+CC))~!. Henceforall y € £, D(I+CC))y = Cyy. Put y = (A—\I)z,
then
Ve e E) DIA= XN +C)x ==z

Then A — A + C is a left invertible which is a contradiction. Thus A € AL(A). O
Set C.(€) ={C € L(E) : |C]] <e|]|]A— M|}, we have.

Theorem 4.3. Let £ be an ultrametric Banach space over a spherically complete field K
such that ||E|| C |K], let Ae L(E) and £ > 0. Then,

A= | dA+o0).
cec:(&)

P roof By Theorem 4.2, we have Joee_ (s ol(A+ C) C AL(A). Conversely, assume that
A e AL(A). If X € o'(A), we may put C =0. If A € AL(A) and X & 0'(A). By Lemma 4.1
and ||&|| C |K|, there exists x € E\{0} such that ||z|| =1 and ||[(A— A)z| < e||A— \]|.

By Theorem 1.1, there is ¢ € £* such that ¢(z) = 1 and ||| = ||z||”* = 1. Consider
C on & defined by for all y € X, Cy = —¢(y)(A — AI)z. Hence, |C| < €]]A — A\|| and
D(C) = &. Moreover, for z € E\{0}, (A — A+ C)xz = 0. Then, (A — X + C) is not left
invertible. Consequently, A € Ucec. (e o(A+C). O
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5. Determinant spectrum of non-Archimedean polynomial pencils

From Proposition 1 and Theorem 2 and Theorem 3 of [13|, we get.
Theorem 5.1. Let C € M, (K). Hence,
(1) If 0 <eq < e, TTgl(C) C T’I“gz(c),

(i) If p € K and o € K\{0}, hence Tr.(aC + pI) = OATT‘%‘(O) + B,
(iii) For any a, X € K, we have Tr.(al) = {)\ eK: [N—al < ﬁ}

Theorem 5.2. Let C,S,A € M,(K) and € > 0. If S=ACA™, then Tr.(S) = Tr.(C).

Theorem 5.3. Let C € M, (K), hence for any € > 0,
5

T B
T(;(C) + f(O, ’n|

) C T (C)

with v = max{e, 0}, if 6 <e, we get
5

TT5(C> + Bf(O, |n|

) C Tr.(C).

We have the following example.
Example 5.1 1If
10
A= (0 2) € M(Qy).

Then for any € > 0,
Tro(A)={1,2} U{Ae€Q,: [3—2)|, <e}.

By Definition 5 of [13|, we get.
Definition b5.1. Let C € M,(K), € > 0. Then the e-trace set tr.(C) of C is
tro(C) ={NeK: |Tr(C - \)| <e}.
From Remark 1, Theorem 4, Proposition 2 and Proposition 3 of [13], we get.
Remark 5.1 Foreach ¢ >0, tr.(C) C Tr.(C).
Theorem 5.4. If B,C € M, (K). Then, for any € > 0,
(i) tre(BC) = tre(CB),
(ii) tro(B) +tr(C) Ctr.(B 4+ O).

Proposition 5.1. Let C € M,(K), ¢ >0, if \,u € tro(C) and o € K with
la| < 1. Then ap+ (1 —a)X € tr.(C).

Proposition 5.2. Let C € M,(K), ¢ >0 with ||C| <e. If \,u € tr(C), then
A—p e tr(C).

The following propositions are valid.
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Proposition 53. Let Be M,(K), A€ K and ¢ > 0. If there exists C € M,(K)
with |Tr(C)| <e and Tr(B—X —C) =0, then X € tr.(B).

Proof. Since Tr(B— X —C) =0 and |Tr(C)| < ¢, hence Tr(B — ) = Tr(C) and
|Tr(C)| <e, then |Tr(B — \)| =|Tr(C)| <e. Hence A € tr.(B). O

Proposition 54. Let A € M,(K), A\ € K and € > 0. If there is C € M,(K)
with |Tr(C)| >¢e and Tr(A— X —C) =0, then X\ &€ tr.(A).

P roof. Assume that there is C' € M, (K) with |Tr(C)| > ¢ and Tr(A— X —C) = 0.
If Aetr.(A), thus |Tr(A— M)| = |Tr(C)| < e which is contradiction with |T'r(C)| > ¢ and
Tr(A— M —C) =0. O

Proposition 5.5. Let Ae M,(K), A€ K and ¢ > 0. If X\ € tr.(A), then there
exists C € M, (K) with |Tr(C)| >¢e and Tr(A— X —C)=0.

Proof If A&tr.(A), hence |Tr(A—A)| >¢e. Set C = TT(A*M I. Thus C € M, (K)
and |T7(C)| = |Tr(ZA2AD )| = | ZHAAD oy (1)) = | THAAD ) |Tr(A )| > e. ]

Proposition 5.6. Let A€ M,(K), A€ K and € > 0. If X € tr.(A), then there
ezists C' € M, (K) with |Tr(C)| <e and Tr(A— X —C) =0.

Proof If A€ tr.(A), hence |Tr(A— M) <e. Set ¢ =T 7 Thus ¢ € M, (K)
and [Tr(C)| = [Tr(THA20T)| = rMTrw—\WT”\ ITr(A = AD)| < . O

From Definition 6 and Remark 2 of [13], we get.

Definition 5.2. Let C € M,(K), € >0, the e-determinant spectrum d.(C) of C
is the set
d-(C) ={A e K: |det(C — )| < e}.

Remark 52 If Ce M,(K), then for any ¢ >0, o(C) Cd.(C) and dy = o(C).
Using Proposition 4 of [13], we get.
Proposition 5.7. Let C € M, (K). Then for any ¢ > 0,

() 0(C) = Moy d-(O).

(il) For any 0 < ey <&y, d,(C) Cd,(C).
We get:
Example 52 Let

= G D e Ma(Q,).
Then for any € >0, d.(C) ={p e Q,: |u(p—2)|, <e}.

Example 53 Let a,06€Qp, c€Q, and

C= (g Z) € My(Q,).

Hence for any € >0, d.(C)={A € Q, :|a— A[p|b— A, < e}
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Example 54. Let
a b
C = (C d) € MQ(QP)
Thus for any € >0, d.(C) ={A € Q,: [\ = \Tr(C) +det(C)|, < e}.
Example 5.5. Let

c=(y o) < M@,

Then for any ¢ > 0,
d:(C) ={A e Qy: |)‘2|p <e}

We have the following propositions.

Proposition 58 Let Dy, Dy € L(Qy) be two diagonal operators with for each
1€ {1, . ,n}, Dlei = )\iei and Dgei = ;€5 with )\1,/% € @p; )\,L # )\i+1 and 273 7é Mia1- Then
d=(D1, D2) = {p € Qp : [\ = ppalp - [An — pipinlp < €}

Proof Foreach ie{l,...,n}, (D1 —ADs)e; = (A\i — A\;)e; where (ej)1<j<n is a basis
of Qp. Hence, |det(Dy — ADy)|, = [A1 — Malp - - [An — Apin]p. Consequently for any e > 0,

de(D1, D2) = {p € Qp : [det(Dy — puDs)l, < €}
={neQ: | = Mlp- - [pptn — Anlp < €}
m

Proposition 5.9 Let C € M,(K) be invertible and X\ € K\{0}. Then for any
e >0,
A €d.(C) ifandonlyif \7' € L (c™. (5.1)

P r o o f. By virtue of the relation
det(C — ) = det(AC(A™' — C 1)) = det(\C) det(A! — C 1),
where A # 0, (5.1) is satisfied. O

Proposition 5.10. Let B,C € M, (K) with det(B) # 0 and € > 0. Then d.(BC) =
d.(CB).

P roof. Since B is invertible, then

det(BC — M) = det(B(C — AB™")) = det(B) det(C — AB™")
= det(C' — AB™ 1) det(B) = det(CB — \I).

Then A € d.(BC) if and only if A\ € d.(CB). O

Now, we consider the problem of the eigenvalue of the polynomial pencil given by

where P(A\) = >  AFA; and A4, € M,(K) and = € K", we introduce the determinant
pseudospectrum of polynomial pencils. Set P(A) = Y7  A*A; and A;, € M, (K), we have.
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Definition 5.3. Let P(A\) € M,(K), the resolvent set p(P(\)) of the polynomial
pencil P()) is
p(P(N\)) ={X € K: P()) is invertible},

the spectrum o(P(X)) of P(A) is K\p(P(A)).

Definition 5.4.Let P(\) € M,(K), >0, the e-determinant spectrum d.(P(\))
of the polynomial pencil P()\) is defined by

d.(P(\) = A €K : [det(P(\)] < £}

Remark 53. From the Definition 5.4, if P(\) € M,,(K), then for any ¢ > 0, o(P(\)) C
d:(P()\)) and dy = o(P(N)).

Proposition 5.11. If P(\) € M,(K), then
(i) a(PA) = Nesg de(P(N));
(ii) For all 0 < ey < g9, we have d.,(P(N)) C d.,(P(X)).

Proof. (i) Obvious.
(ii) Let 0 < &1 < g9 and A € d.,(P()\)). Then |det(P(\))| < &1 < e9. Hence \ €
de, (P())- =

Example 5.6. Let
11
A= (1 1) € M3(Qy).
Set P(A\) = A\?A% — I. Then for any ¢ > 0,
de(P(A) ={A e Q: [2A=1)(2A+1))|p <}

Let A, B,C € M, (K). We consider P(\) = AN?A+AB+C. For all A € p(P()\)), R(\,P) =
(MA+AB+C)7 L

Proposition b5.12. Let A, B,C € M, (K). If the inclusions A € p(P) and p € K
with RO, PY(X = j2)A+ (A~ w)B)| < 1, then € p(P) and | R, P)|| < [R(\, P)|.

P roof Because

WPA+puB+C = NA+AB+C— (N —p*)A+ (\—pu)B)
= (NMWA+AB+C)(I—R\P) (N —p)A+(A—pn)B)),

and ||[R(A, P)((N* = p®)A+ (A= p)B)|| <1, thereis R(u, P) and [|R(u, P)|| < |R(A, P)||. O
The next theorem presents the perturbation of operators.

Theorem 5.5. Let £ be a non-Archimedean Banach space over K, let B,C € L(E).
Let p € p(B,C) and A\ € K with |A\ — u| < [|[R(u, B,C)C||™', then X\ € p(B,C) and
IRO B, C)|| < |R(u, B,C)|| where R\, B,C) = (B — AC).
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Proof Let uep(B,C), we have:
B—=XC=B—puC+puC —\C = (B—puC)(I—(\—p)R(u,B,C)C).
Since A € K with |\ — u| < |[|[R(i, B,C)C||~!, by Lemma 1.1,
(I~ (A =R B,OYC) ™" and [|(I = (A~ p)R(n. B.C)C) || < 1
Then A € p(B,C) and R(\, B,C) = ([—()\—/L)R(/L,B,C)O)_IR(/L,B,C). Thus A € p(B,C)
and RO\, B, O)]| < ||R(u, B, C)|. .
From Theorem 5.5, we have.
Corollary 5.1. o(B,C) is closed in K.

From the results of M. Vishik [23] for C' = I, there is a nonanalytic resolvent of an operator,
for that we assume that application A € p(B,C) — R(\,B,C) = (B — XC)™! is analytic on
p(B,0).

Theorem 5.6. Let £ be a non-Archimedean Banach space over an algebraically closed field
K, let B,C € L(E) with R(\, B,C) is analytic on p(B,C). Then

d
aR()\ B,C)=R(\ B,C)CR(\, B,C). (5.2)

Proof. Let A€ p(B,C), let pe€ K with |A—pu| <|[R(\, B,C)C||~!, by Theorem 5.5,

we have:

R(u,B,C) = (I—(u—NR(\, B,C)C) 'R\, B,C)

i ((u = MR\, B,C)C) R(X, B, C).

[en]

Then
B,C) — R(\, B
HR(“’ ’CZL_ f“’ ) ROLB.C)CR( B O)H
= [t = 2t mo B oYy RO BLC)|
k=2

< [A—plsup [[(p = A" (R(\, B, C)C)*R(A, B,C))|

hence B,C) — R(\,B,C
H (1, ) (A, 5,C) —R(A,B,O)CR(Aﬁ,C)H -
u—))\ - A

Therefore, (5.2) is satisfied. O

From Theorem 5.7 and B = I, we get.

Theorem 5.7. Let £ be a non-Archimedean Banach space over an algebraically closed field
K, let C € L(E) such that R(\,C) is analytic on p(C). Then
d

aR(A C) = R\, C)2
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