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O cymecTBOBaHUM MOJIOXKUTEJIBHOTO pelieHns KpaeBoil 3aa4n
JIJIsl OJTHOTO HeJnHeHoro (pbyHKINOHAJIbHO-An(depeHITnaIbHOTO
ypaBHEHUsS APOOHOTO IOPSIKA

T'ycen Dabaepxanosua ABJIYPATUMOB

OI'BOY BO «/larecranckuii rocyJapCTBEHHBIN YHUBEPCUTET»

367025, Poccuiickass @eneparus, r. Maxaakasma, yia. M. Tagekuesa, 43a

Annoranus. PaccmarpuBaercs KpaeBast 3a1a49a,

Dy x(t)+ f(t,(Tx)(t)) =0, 0<t<1, tme ac(n—1n], neN, n>2,
2(0) = 2'(0) = --- = 2"=2(0) = 0,
z(1) =0.

DTa 3a/a9a CBOJUTCA K SKBUBAJEHTHOMY HHTErDAJILHOMY YPaBHEHHUIO C MOHOTOHHBIM OIl€pa-
TopoMm B npocrpanctee C HenpepbiBHbIX Ha [0,1] dysxmmit (npocrpancrso C mosaraercs
YHOPSITOYEHHBIM KOHYCOM HEOTPUIATENHHBIX (DYHKIWN, YIOBIETBOPSIONNX IPAHUIHBIM yCJIO-
BUsM paccmarpuBaemoii 3agaqan). C moMoIpbio U3BeCTHON TeopeMbl KpacHOCeJIbCKOro o Hero-
JIBIZKHBIX TOUKAX OIEPATOPa PACTsizKeHHsl (CxKaTHsl) KOHyCa JIOKA3aHO CYIIECTBOBAHUE XOTs Obl
OJIHOTO TIOJIOKUTEILHOTO PEIIeHNsT pAacCMaTPUBaeMoit 3a1a4u. [IpuBeieH npumMep, WILTIOCTPUPY-
IOITH# BBIIIOJTHEHUE JOCTATOUYHBIX YCJIOBUI, 00€CIIeInBAIONX PA3PEITIMOCTD TIOCTABICHHON 3a-
nauan. [TostyueHHbIE PE3YIIBTATHI SIBJISIFOTCS [IPOJIOJIZKEHIEM UCCIeioBannil aBropa (cM. [BecTHEK
poccuiickux yauepcureToB. Maremarnka, 27:138 (2022), 129-135]), mocBsIIeHHBIX BOIPOCAM
CYNIECTBOBAHMS U €JMHCTBEHHOCTH HOJIO?KUTEIbHBIX PEIeHI KPAeBbIX 33184 JIJIsl HeJIMHEHHbBIX
byHKIIMOHATBHO- TMDDEPEHITUATBHBIX YDABHEHMUIA.

Kurouesbie ciioBa: GyHKIMOHAIBHO- UMD dEpEHIInaIbHOE ypaBHeHNe JIPOOHOTO MOPSIIKA, 110~
JIOXKUTEJIbHOE PellleHne, KpaeBas 3a/1a4a, QyHKIus ['puna

Hnsa nurupoBauus: A6dypazumos I.5. O cylecTBOBaHUU IOJIOXKUTEIHHOTO PEIeHUs] Kpae-
BOI 330841 JIJTsT OJTHOTO HEJTMHEHHOrO (PYyHKIIMOHATHHO-Tu(MHEpEeHITnaIbHONO YPABHEHHS IPO0-
noro nopsiika // Becrruk poccuiickux yausepcureroB. Maremaruka. 2023. T. 28. Ne 142.
C. 101-110. https://doi.org/10.20310/2686-9667-2023-28-142-101-110
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On the existence of a positive solution
to a boundary value problem for one nonlinear
functional-differential equation of fractional order

Gusen E. ABDURAGIMOV
Dagestan State University
43a M. Hajiyev St., Makhachkala 367025, Russian Federation

Abstract. The following boundary value problem is considered:

Dy x(t)+ f(t,(Tx) (t) =0, 0<t<1, where a€(n—1,n], neN, n>2,
z(0) = 2'(0) = ...2("=2(0) =0,
z(1) =0.

This problem reduces to an equivalent integral equation with a monotone operator in the
space C' of functions continuous on [0,1] (the space C' is assumed to be an ordered cone of
nonnegative functions satisfying the boundary conditions of the problem under consideration).
Using the well-known Krasnosel’sky theorem about fixed points of the operator of expansion
(compression) of a cone, the existence of at least one positive solution of the problem under
consideration is proved. An example is given that illustrates the fulfillment of sufficient condi-
tions that ensure the solvability of the problem. The results obtained continue the author’s
research (see [Russian Universities Reports. Mathematics, 27:138 (2022), 129-135]) devoted to
the existence and uniqueness of positive solutions to boundary value problems for nonlinear
functional-differential equations.

Keywords: functional-differential equation of fractional order, positive solution, boundary
value problem, Green’s function

Mathematics Subject Classification: 34K10, 34K17.

For citation: Abduragimov G.E. On the existence of a positive solution to a boundary value
problem for one nonlinear functional-differential equation of fractional order. Vestnik rossiyskikh
universitetov. Matematika = Russian Universities Reports. Mathematics, 28:142 (2023),
101-110. https://doi.org/10.20310,/2686-9667-2023-28-142-101-110 (In Russian, Abstr. in Engl.)
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Bsenenue

B mnocsiesiane rosipl cTasia J0CTaTOYHO MHTEHCUBHO Pa3BUBATBLCS TEOpHs JpOOHOTO jud de-
PEHIIMPOBAaHNs U WHTETPUPOBaHUsA. Bosbioe pacnpocTpaHenye JpoOHbIe yPABHEHUS IOy TUTN
B MHOT'OYHCJ/IEHHBIX IPUJIOXKEHUSAX HAyKW U TeXHUKU. B dacTHOCTH, B (PU3UKE OHU IIUPOKO
UCIIOJIb3YIOTCS TIPU ONMUCAHUU PA3JIUYHBIX CTOXACTUYECKUX IPOIECCOB, Juddy3un B cpegax
dpakTasbHON TeoMeTpuell, Mpu U3ydeHUn J1eDOPMAINOHHO-IIPOYHOCTHBIX CBOMCTB IOJIUMED-
HBIX MaTepuajioB. Kpome Toro, akTuBHOe pa3BuTue JIpobHble jnddepeHImabuble ypaBHeHus
HAIIUIA B XUMUYIECKUX Iporeccax. [loaTomy Kitace 3aiat, B KOTOPBIX HCIIOIB3YeTCs] aHATNTHIe-
CKUil anmapar JpoOHOr0 UCUUC/IEHUs, JOBOJBHO IMUPOK U AKTYaJIeH.

C pasBurmeMm Teopun JpobHOTO MuddEpEeHIINPOBAHNS U NHTETPUPOBAHNS BO3POC MHTEPEC,
B TOM YHCJIE, K MCCJIEOBAHNIO KPAEBBIX 3aJ1a4 JIJIs HEJTMHEHHBIX JTPOOHO-Tud depeHnaIbHbIx
ypasaenuit. Hanpumep, B |1, 2| mosydensl goctaTodHble YCJIOBUS CYIIECTBOBAHUS U €IHHCTBEH-
HOCTH CHUHTYJISIPHBIX HEJTMHEIHBIX KPAeBbIX 33/1a9 € IIOMOIIBIO T€OPEMBI O HETIOJIBIZKHON TOUKe
B Konycax. B [3| ucciemyercs cyiecrBoBanne MooKUTEIbHBIX PEITIEHUN CUCTEMbI HEJIMHEHHBIX
yDPABHEHWI CMEIaHHbIX JPOOHBIX TOPSIKOB. B pabore [4] Ha ocHOBE NPUHIUIIA CXKATHUSA U AJTb-
tepuatusbl Jlepe-Illayepa /oka3aHo cyIecTBOBaHNE U €IMHCTBEHHOCTH HEJIMHENHO TPOOHOI
KpaeBoii 3aj1axu ¢ mpousBoHoit Kamyro. C momorrsio uzBectHoit Teopembr ['o-Kpacnocebckoro
B [5| HaiijileHbl JoCTATOYHBIE YCIOBUS OTCYTCTBUS W CYIIIECTBOBAHUS XOTsI ObI OJIHOTO HJIH JBYX
[IOJIOXKUTEILHBIX PEIIeHNT HeJIMHeHHON JTpoOHON KpaeBoil 3ajatiu. [IpobHble 3a1a4u ¢ mpouns-
BozHoit Karyro, momumo [4], paccmarpusarich Takke B paborax [6-8]. B mocrarouno obmeit
[IOCTAHOBKE BOIIPOCHI CYIIECTBOBAHUS IMOJIOXKUTEIbLHBIX PEIIeHN KPAeBbIX 3aJad JIJIs HeJIU-
HEHHBIX BO3MYIIEHHBIX JPOOHBIX ypaBHeHuit 6putn nzydensl B |9, 10]. Ormernm erme myGimka-
mun [11-14|, nocsieHHbIe JTaHHO TeMaTHKe.

CiiejiyeT OTMETHTD, UTO, HECMOTPsI Ha MHTEHCUBHOE PAa3BUTHE Teopuu JIpoOHO-uddepen-
IMaJIbHBIX YPABHEHUI, B JTUTEpAType CPABHUTEILHO HEMHOI'O PabOT, B KOTOPBIX ITOJIPOOHO pac-
CMATPUBAJIMCH ObI BOIIPOCHI CYIIECTBOBAHUS U €JIMHCTBEHHOCTH TIOJIOXKUTEILHOTO PEleHust Kpa-
€BOIl 3aJ1a4 JIJId HEeJIMHEHMHBIX (PYHKIIMOHATLHO- (M depeHInaIbHbIX YPaBHEHUN JIPOOHOTO T10-
paaka. B manHoll cTaThe mpenpuHaTa HOIBITKA B ONPEJIeIEHHON CTEeHH BOCIIOIHUTE STOT IIPO-
6es1. C omornbio TeopemMbl KpacHOCeIbCKOr0 0 HEIOIBUZKHBIX TOYKAX OIEPATOPA PACTAKEHUS
(czkaTHsI) KOHyCa MOy 9eHbI JIOCTATOUHBIE YCJIOBHsI CYIECTBOBAHUSI TTOJOKUTETHLHOTO PEIIeHNUST
KpaeBoll 3aJlavuu JijIs OJIHOTO HEJIMHEHHOTO (DyHKITMOHAILHO- UM dOEPEHITNATLHOIO YpaBHEeHUs
JipobHOTO TIopsiaka. Cpeu moc/e THIX pe3y/IbTaTOB aBTOPa 10 HACTOSIIEH TeMATHKe MOXKHO OT-
METUThH OCHOBaHHbIEe Ha OJIM3KUX MOJXO0aX yTBEPXKIEeHUs, OyOJInKoBaHHbIe B paborax [15,16].

1. IlocTraHoBKa 3agauu

B naibHeiinem jijig cokpartienusi BoIKIaI0K depe3s C' obosznaunm npocrpancrso C[0, 1],
gepe3 L, — mpocrpancrso L,(0,1) 1 W" — mpocTpaicTBo BelnecTBeHHLIX (YHKIHA, Ompe-
nenennbix Ha [0, 1], ¢ abcosoTHO HenmpepbIBHON (1 — 1) TPOU3BOHOIA.

PaccMoTpuM Kpaesylo 3ajady

Dgya(t) + f (¢, (Tx) (1) =0, 0<t<1, (1.1)
2(0) = 2'(0) = ...2"2(0) = 0, (1.2)
z(1) =0, (1.3)

rie a« € (n—1,n] (neN, n>2) — mexoropoe neiicTBuTeNBHOE YnCI0, D, — 1pobHAasd
npoussBoanas Pumana—/luysumwig, T: C — L, (1 < p < 00) — JIHHEHHBIN TOJOKATEIbHBLI
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HenpepbIBHbI onepaTop, dyukuus f (¢, u) neorpunaresbua Ha [0, 1] X [0,00), MOHOTOHHO BO3-
pacTaeT 1o BTOPOMY apryMeHTy W Y/IOBJETBOpsieT ycjiaosuio Kapareomopu.

Oupenmenenne 1.1. Ilog noroorcumesvrom pewenuem 3amaqau (1.1)—(1.3) Gyaem
nojapasymeBarh Gynkimio r € W nonoxurensbuyio B uarepsase (0, 1), yI0BI€TBOPSAIONLYIO
Ha yKa3aHHOM MHTepBase ypasuenuio (1.1) u rparnanbiM yeaoBusam (1.2), (1.3).

2. OcHoBHBIE PE3YJIBTATHI

Pacemorpum skBuBasienTHOe 3a/1a4e (1.1)—(1.3) unTerpasbHoe ypaBHeHne

x(t) = /OlG(t,s)f (s,(Tz) (s)) ds, 0<t<1, (2.1)

rie G(t,s) — dynknua 'puna oneparopa —D§, x(t) ¢ kpaesbiMu yciosusmu (1.2), (1.3),
onpejiesieMast (opmyJIoit

(D) e
6.9 = 4 oo — gyt
M)

ecm 0 < s <'t,

ecmt < s <1.

Jlemma 2.1. fdpo G(t,s) obaadaem caedyrouumu c60tcmEamu:

1. G(t,s)>0, (t,s)€]0,1]x][0,1];

1 a— 1)e1
2. maX0<t<1/0 G(t, S) ds = % 5
5 — 82 a—1
3. maXop<¢<i G(t, S) = % 5y

4 Gt,s) <G(s,s), (ts)el0,1]x[0,1].

Jloka3zaTesbcTBO. Boinonnenne cBoiictBa 1 04eBUIHO.
Bsejem Tenepb 0003HaAMEHMS:

st aTux pyHKIuEi mmeem

/91
0

t
1 a—1 a
t 1—1t
/92 5 = ( )
t a

1 toz—l — @
/ G(t,s)ds = ——,
0

OTKY/Ia CJIeJIyeT CIPaBeJIMBOCTh CBOHCTBA 2.

(t,s)ds = :
(t,s)ds

CrietoBaTesIbHO,
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HHamnee, nmeem

% — (o — 1)t°2 [(1 gt (1 _ §>a_2]
< (a— 1)1? [(1 —s7 2= (1 ;)M] <.

Orcrona cieyer, uro yHKusa ¢;(t,s) MOHOTOHHO yObIBaeT 10 ¢, a MOITOMY npu t > s 3ra
dyukius gocturner MakcuMmyMa B Touke t = s. C JIpyroit cTOpOHbBI, OUYE€BUTHO,

r?gjcgg(t, s) = (s(1—s))*"".

Taxum 0Opa3oM, BBIIOJIHEHHE CBOHCTBA 3 YCTAHOBJICHO.
Haxkowerr, cBoiicTBo 4 BbITeKaeT U3 MOHOTOHHOCTH 10 ¢ dyHKIWA ¢1(t,s) 1 go(t, s). [l

[Ipeamonoxum, aro dbyuxiws f(t,w) mpu n. B. t € [0,1] u J0OBIX HEOTPUIIATETBHBIX U
V/IOBJIETBOPSIET YCJIOBUIO

f(t,u) < a(t) + buP/d, (2.2)

rie b>0, a(t) e, qe€(1,00).
Bammmem ypasaerue (2.1) B omepaTopHOM BH/Ie

xr=GNTzx,

rie N: L, =L, — oneparop Hembimxoro, G: L, — C.
Oneparop A, omnpejesieMblii paBeHCTBOM

(Az)(t) = / Gt 9)f (5. (Tx) (s)) ds, 0<t<1,

JIeficTBYeT B IPOCTPAHCTBE HEOTPHUIATEJbHBIX HEHNPEPbIBHBIX (DYHKIMHA, MOHOTOHEH M OCTaB-
JISleT MHBAPMAHTHBIM HOPMAJIBHEIA KOHyC K HeoTpHuaTenbHBIX (ByHKImil mpocrpancrsa C,
Y/IOBJIETBOPSIONINX IPAHUIHBIM ycsaoBusM (1.2), (1.3).

Jasee mys nokasaTebCTBa CyIIECTBOBAHES 110 KpPaifieil Mepe OHOro MOJIOKUTEILHOIO pe-
menns 3agaan (1.1)—(1.3) HaMm moHa00uTCs CIeyonas n3BecTHas TeopeMa KpacHOCeIbCKO-
ro [17] (em. rakske [18, Theorem 2]).

Teopema 2.1. Ilycmv E — 6anaxoso npocmpancmeo, K C E — xouye, a 21, —
dea ozparuvennur omrpwmor wapa E ¢ yenmpom 6 navane xoopouram, npuvem by C .
Ipednorosicum, wmo ® : K N (Q\Qy) — K — snoane nenpepuishoiii onepamop maxoti, wmo
BHINONHEHO 00HO U3 JBYT YCA06UT

(1) Yee KNI ||Px|| < |lz|| u Vo € KNOQy ||Px| > ||z,
(i7) Ve e KNoy ||Px| > |lz|| v Ve e KNOQy ||[Pz| < |z

Toeda ® umeem nenodsuoicnyro moury 6 K N (Q\Qy).
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Jlemma 2.2. Onepamop A : K — K enoane HENPEPLLEEH.

HJoxaszatennbcrtso. Onperennv dbyaknmo ¢(s) = maxo<i<; G(t,s), s € [0,1]. 3a-
METHM, 9TO COIVIACHO JieMMe 2.1

Iycth R>0u S={z€ K :|z||lc <R}. dna z € S mieem

1

|Az||c = max / G(t,s)f (s,(Tz)(s)) ds < max G(t,s)f (s,(Tz) (s)) ds

0<t<1 J, o 0=st<l

P
q

1 1 P
< / g(s)a(s) d8+b/ 9(s) (Tx)a (s)ds < |allr, g, +bllgll, [T,
0 0

P 2 p 2
< llall gl +ollglle, 7 ll=llf, <llall,lgll, +olglw, 7 Ry,

rje 7 — HOpMa omneparopa T %—1—& = 1. CnenoBarenbro, MHOKeCTBO A(S) paBHOMEpPHO
OrpaHIIEHO.

Mt jiroboro € > 0 1OJI02KUM

N
lall,llglle,, +blgle, 7 Rz,
[Iycrs st mobwix ty,ty € [0, 1] BbITONHEHO
|to — t1| < 0.

B cuny (2.2) mist Becex © € S umeem

(A0)(t2) = (A0)(0)] < [ 1G(t25) = Gt ) (5. (T) (5) s
<l =) [ £ () (9) ds < (lalhyllolley + bl TRE ) 1= 6 <

OTrcrofa, O9eBHJIHO, CJIejlyeT paBHOCTEIIEHHAs HEIIPEePhIBHOCTD oreparopa A na S.
Taxum obpazom, corstacHo Teopeme Aprera—Ackonn oneparop A BrosHe HenpepbiBeH. [

Baenem obosnauenums:

O = {w €K : lwlle < 7”}, o0 = {UJ ek : |lwllc = 7“},
O ={wekK:|wc<R}, 0%={wekK:|w|c=R}
9252\917

rme r, R > 0, npuuem r < R.

Teopema 2.2. [Ipednonosicum, wmo ewvinoaneno nepasencmeo (2.2) u

1. p#q;
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2. 0as p > q BbINOAHEHO YCAOBUE

q

pP—q q pa
( ) > llalke, gl :

p
P \pblglle, 7

3. (TH@) <1, te[0,1];

4. cywecmeyem maxoe wucao > 0, wmo npu n. 6. t € [0,1] u u € [0,7]

St u) = pr,

aa—i—ll“(&)

0 > 7
eoe b = (a — 1)o-1

Tozda xpaesasn 3adava (1.1)—(1.3) umeem no kpatinets mepe 00HO NOAOAHCUMEALHOE PEULEHUE.

Hoxkasatrenanbctso. [Ipoepum Boimosnenune yemosust (i7) teopemsr 2.1. [liist 9T0ro
IOKazkeM cyirnecTBoBanne duciaa R > 0 Takoro, uro upu x € 0)

[Azllc < |lzllc- (2.3)

Heiicreuresnbro, B cuity (2.2) masa x € 0y nmeem

1

||Az||c = max / G(t,s)f (s,(Tx)(s)) ds < max G(t,s)f (s,(Tx) (s)) ds

0<t<1 J o 0<t<1

P
q

E
(s)ds < llalle, gl + bllgll, 17|,

1 1
g/ﬂwmmﬁw/ygwm
0 0
< lallz, llglle,, +bllglle, 7o llzlE& = llallw, g, +bllgll, 72 R (2.4)

Paccmorpum dyukimio
_ g
90(5) _8_68 -7
e >0, v>0, 0 >0, 0 # 1.
Hecsoxxuo mpoBepuTh, 9T0 HanbOJIbIIEe 3HAYEHWE ITON (DYHKIUKA pu ¢ > 1 Ha MOJI0XKU-
TEJIbHOM MOJIyOCH JIOCTUTAETCS B TOUYKE

1\ 71
Smaz = <ﬁ) ) (2.5)

[Mosoxkus 3 = b||g||]Lq,T§, v = llall,llgll, n o = p/q, upunnmaz so BuuManue yciosue
2 TeopeMbl, 00eCIIeUnBAIOIIee HEOTPUIIATEIBbHOCTh (PYHKIIMH © B TOYKE Spaz, 43 (2.4) mpu
R = Sipay, nomyunm (2.3).

B cnyuae 0 < 0 < 1, BbiOpaB B KadecTBe R J11000€ TOJI0KHUTETLHOE YHUCJI0, JIJIsi KOTOPOT'O
©(R) > 0 mpu OIpe/ieIeHHBIX BbIIe 3HAYEHUsIX [3, 7 U 0, OYEBUJHBIM 00pa3oM, obecrednm
BeIIoTHEHNE (2.3).

VkazxkeM Terepb Takoe ducao r > 0, aro upu x € 0

[Az]lc > [lz]lo-
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B cuity yciosuit 3 u 4 TeopeMbl M COOTBETCTBYIOIIMX CBOCTB byHKImu I'pruna jgemmbr 2.1
s x € 0§); uMmeeM

| Azlle = max/o G(t, 5)f (5, (Tx) () ds

0<t<1

T max §)as = ur X .
il 0 ) o 1F( ) - C

0<t<1

Taxum 0O6pa3oM, IpU COOTBETCTBYIONIEM BbIOOpe © U R, HETPYTHO 0OECIIEYUTH BBIMIOJIHE-
uue yeqosus (i4) reopembl 2.1. CrieioBaTe/IbHO, BIIOJIHE HENIPEPBIBHBII oriepaTop A umeer 1o
KpaitHeil Mepe OJIHy HEMOJBUKHYIO TOUYKY B (), 9TO B CBOIO OUYepE/lb SKBUBAJIEHTHO CYIIECTBO-
BAHWIO XOTsi ObI OJJHOIO TMOJIOXKUTETHHOrO perienusi kpaesoil 3agaqdn (1.1)—(1.3) rakoro, urto
r < ||z|lc <R, tme r u R ompeJie/ieHbI BbIIIIE. O

Caenyroruit mpuMep WILIIOCTPUPYET UCIIOJIb30BaHIE TEOPEeMbI 2.2 IPU HUCCIEI0BAHUN KOH-
KPETHBIX KPaeBbIX 3a/1a4.

[Ipumep 2.1. PaccMoTpum KpaeByio 3ajiady

Dgf:c(t) + b(/lx(s) ds> +a=0, 0<t<l, (2.6)
z(0) = 2/(0) = z(1) =0, (2.7)

rne a > 0 u b > 0— HeKoTOpbIe JIEHCTBUTETbHBIE YUC/Ia, KOTOPBIE OIPEJIE/INM HUKE.

31ech, ouesuaHo, = 5/2, p/q =3 u f(t,u) = bu® + a. B ganbueiimem g ynobersa
U TIPOCTOTHI BBIYMCJICHWIT TOIokuM p = 6 u g = 2. B mepasenctse (2.2) B kauectBe a(t), B
YaCTHOCTH, MOYKHO B3STh IIOJIOKUTEILHOE YUCI0 a. B cuiry jemmbr 2.1,

5 — §2)3/2
g(s) = max G(t,s) = ( ST A

0<t<1 I'(5/2) 37

(S . 82)3/2.

CurietoBaTeIbHO,

Il / 2(s) ds — — /1< ypgs = A L 2
= s)ds = ——= 5—5 §=——=4/— = ,
Iz .Y ENZAN 3/7 V140 ~ 335x

s yiuneiinoro unterpasbuoro oneparopa 1': C' — Lg, orpe/iesieHHONO PaBEHCTBOM

(Tx)(t):/ox(s) ds,

BBITIOJIHEHNE YCJIOBUA 3 TeopeMbl 2.2 odeBuiHO. Kpome Toro, Hopma 3Toro omneparopa 7 = 1.
Torna yciaoBue 2 TeopeMbl 2.2 TPUHUMAET BT

357 a
> .
2b 357

(2.8)

Brisicnnm, HaKoHEI, IMPU KaKUX IMOJOXKUTETbHBIX 3HAYEHUSIX 7 W [1, COOTBETCTBEHHO, BbI-
MOJTHSIETCs ycIoBUe 4 TeopeMbl 2.2 U MOYXKHO TapaHTUPOBaTh Tpebyemoe B Teopeme 2.1 pacts-
»kerme orneparopa A. YcimoBue 4 TeopeMbl 2.2 B JJAHHOM CJIydae MPUMET BHJ] HEPABEHCTBA

bu? +a > pr, (2.9)
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rie

5\ % /2\**3/x
> [ = — —— =~ 17.88.
0=(3) (5) =

W a
Herpynaao mposeputb, uro HepaBeHCTBO (2.9) BBINOJIHSAETCS Ha MHTEPBaJe [3 —r — —,00].

b b

C apyroit CTOPOHBI, COIACHO Teopeme 2.2 HepaBeHCTBO (2.9) 10JIKHO ObITh 0GecredeHo mpu
a
u € [0,7]. CremoBaresbHO, CIPYIIIUPOBAB COOTBETCTBYIOIIIE HHTEPBAJIbL, TTOJYIUM I = —.

Uckomoe R B coorBercTBun (2.5)

v/ 351

R = max — .
° 2%

YunreiBas TpeboBanre 1 < R, OKOHYATEHHO MOy IUM ITPABIIIO BRIOOpa IPAHUI] MHOXKECTBa §2

a V35T
— ) 2.10
P T (2.10)

Taxkum o6pa3oM, TIpU BBITOJHEHHN HepaBeHCTBa (2.8), BbOMpast unciaa r u R B cOOTBET-
crBui ¢ (2.10), na ocHOBaHNH TeopeMbI (2.2) 3aK/I09aeM, 9To Kpaepad 3aa4a (2.6), (2.7) nmeer
XoTst OBl OJTHO TIOJIOXKHUTEIBHOE perieHne takoe, uro 1 < ||z|c < R.

B wacraoctu, npu @ = p = 18, b = 1, Jjilerko nNpoBepUTH, YTO paccMaTpUBaeMas 3a/a4a

v/ 351

HMeeT 110 KpaifHeil Mepe 0J[HO TOJIOKUTeIbHOe pererne takoe, 910 1 < ||z||¢ < :

2
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! «Yumsepcurer Dyapao Moniane»
1100, Mozambuk, r. Mamyro, ['itaBubrit kammyc, I1.4. 257
2 «BpICHIMi HHCTUTYT HAyK 1 TexHojoruii Mosam6ukas

1100, Mozambuk, 1. Mamnyro, yi. 1.194, No 332, Ilearpasnbubrii C.

Awnnsoramumsi. CraTbsl OCBSIIEHA UCCJIEIOBAHUIO HEJIMHETHOIO MHTErPAJIBHOIO (DyHKIIMOHAJIA
suga F(u) = [, f(s,u(s))ds, rae © — 3aMKmyTOe OrpaHmveHHOE MHOXKECTBO B R™ | mOpOXK-
naomast dyaxima f : Q x X — R (rme X — BemectsenHoe cenapabesibHoe 6aHaX0BO IIPO-
CTPAHCTBO) y0BJIeTBOpsieT ycsosusaM Kapareomopu.

Usyuarorcs peiictBue u orpanudeHHOCTD dyHKImonasa F na npocrpancrse C(X) nempe-
PBIBHBIX BeKTOp-DyHKImi  : 8 — X u Ha npocTpatcTBe Lo (X) CyIecTBEHHO OrpaHIMYEHHbBIX
BeKTOP-bYHKIMIA (C €CTeCTBEHHBIMU HOPMAaMU).

OCHOBHBIMU PE3yJIBTATAME CTATHH SABJISIOTCA 1) 9KBUBAJEHTHOCTD JEHCTBUS U OIPAHUYEHHO-
cru dynkimonasa F Ha npocrpanctBax C(X) n Loo(X); 2) paBeHCTBO JJIst STUX IIPOCTPAHCTE
YUCJIOBOH XapaKTePUCTUKU (DYHKIMOHAJIA B BHJIE CyIPEMyMa HOPMBI 3HAYEHWI (DyHKIMOHATA
HA 3aMKHYTOM I1ape; 3) BhIPAYKEHUE ITOH YUCIOBOI XapaKTePUCTUKU B TepMuHax GyHknuu f,
MTOPOKTATONIEN (PYHKITHOHAT.

Jia pacupocrpanenus csoiicts dynkuumonana ¢ C(X) Ha Lo (X) cymecrBeHHO HCIOJIbL-
sytorca pe3yiabrarel U. B. Illparuna o6 onmeparope Hembinikoro u nmopoxkaarorieit byHKIAM, a
TaK>Ke ero WJeW M METO/Ibl, OCHOBAHHbBIE Ha IOCJIEI0BATEHLHOM JI0KA3ATEIHCTBE CIEIUATHHBIX
BCIIOMOTATEJIbHBIX YTBEPXKJIEHUN, KOTOPBIE UCIOJIB3YIOT, B YACTHOCTH, TEOPEMBI HEIIPEPHIBHOTO
¥ U3MEPUMOro BIOOpA.

Ionyuennsie qyia GyHKImoOHaTa F PE3ynbTaThl KOHKPETH3UPYIOTCH JIIS CIIy9ast JJAHEHHOTO
MHTErPaJIbHOrO (PYHKIMOHATA Ha IIPOCTPAHCTBAX OAHAXOBO3HAYHBIX MyHKIW (korga f(s,x) =
a(s)[z] mas mexoropoit dbyHkuuu a : @ — X* ), B 9aCTHOCTH, YCTAHOBJIEHO, YTO HOPMa 3TOrO
dbyukuuonana ma npocrpancrsax C(X) n Loo(X) pasua [ [la(s)||x-ds .

KuaroueBbie ciioBa: 6aHAXOBO IMPOCTPAHCTBO, OTPAHUYIEHHBINH (DYHKITHOHAJ, HOPMa, JTHHEHHOTO
byHKIIMOHAJIA, CONPSIKEHHOE ITPOCTPAHCTBO
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[IMBaHKe [OTEHIMAIA B 06IaCTH MATEMATUKH, CTATUCTUKY U ee npuioxkenuit» (Iloguporpamma
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Abstract. The present article is devoted to the study of a nonlinear integral functional of the
form F(u) = [, f(s,u(s))ds, where Q is a closed bounded set in R™, and the generating
function f : Q@ x X — R (where X is real separable Banach space) satisfies Carathéodory
conditions.

We study the action and boundedness of the functional F' on the space C(X) of continuous
vector functions u : Q — X and on the space Lo (X) of essentially bounded vector functions
(with natural norms).

The main results of the article are: 1) the equivalence of the action and boundedness of
the functional F' on the spaces C(X) and L. (X); 2) equivalence, for these spaces, of the
numerical characteristic of the functional in the form of the supremum of the norm of the
functional values on a closed ball; 3) expressing this numerical characteristic in terms of the
function f that generates the functional.

Moreover, to extend the properties of the functional from C(X) to Lo (X), we essentially
use the results of I. V. Shragin on the study of the Nemytskii operator and its generating
function, as well as his ideas and methods based on the consistent proof of special auxiliary
statements that use, in particular, continuous and measurable choice theorems.

The results thus obtained for the functional F' are specified for the case of a linear integral
functional on spaces of Banach-valued functions (when f(s,z) = a(s)[z] for some function
a:Q — X*), and in particular, it is established that the norm of this functional on the spaces
C(X) and Lo (X) is equal to [, [la(s)||x~ds.
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Bsenenue

UccnieioBanne CBONCTB HEJIMHEHHBIX (DYHKIIMOHAJIOB Ha IIPOCTPAHCTBAX HEIIPEPBHIBHBIX U CY-
IIECTBEHHO OTPAHUYIEHHBIX (DYHKIUH ABJISIETCS BayKHOU 3aadeil (PyHKIIMOHAJIHLHOTO aHAIN3a,
KOTOpas HaXOUT MHOTOYNCIEHHBIE TTPUIOZKEHNS, B YaCTHOCTH, B TEOPUH ONITUMAJIBHOTO yIIpaB-
senns. CTaThs MOCBAIIEHA UCCISI0BAHUIO HEJTMHEHHOTO HHTErpaabHOro (byHKIMOHAIa BUIA

Fu) = / F(s,u(s)) ds,

rie () — 3aMKHyTOe OrpaHmIeHHOe MHOXKeCcTBO B R"™, mopoxkaaroras pyakims f: Qdx X — R
(rme X — BemecrBeHHoe cernapabesibHoe GaHAXOBO MPOCTPAHCTBO) YJAOBJIETBOPSIET YCIOBHSIM
Kapareogopu. Vccneayercs jeficTBre u orpaHnyeHHOCTh (hyHKIMOHAIa F Ha IpoCcTpaHcTBax
HEIPEPBIBHBIX U OIPAHMYEHHBIX BeKTOP-PYHKIui u : 2 — X.

B crarbe MCHOML3YIOTCS Pl M3BECTHBIX IOHATUN M3 TEOPUM Mepbl ¥ (PYHKIMOHAJIHLHOIO
aHasm3a (HarpuMep, 6GaHAXOBO IPOCTPAHCTBO, COIPSIZKEHHOE MPOCTPAHCTBO, Mepa Jlebera, Jiu-
HEHHBIN (DYHKIIMOHAJ), ¢ KOTOPBIMU MbI OyJIeEM OIIEPUPOBATh 0€3 CCBHLIOK U KOTOPBIE OIUCAHBI
B KJaccuueckux Monorpadusax (cm., nanpumep, [1-3]). Ilpu ucrnop3oBaniu MeHee U3BECTHBIX
HOHSATHI U TEOPEM CTapaeMcsl JaBaTh TOYHBIE CCHLIKH.

B nepsom naparpacde BBOJSTCS OCHOBHbIE 0O03HAYEHNsT, OOIIe JJisi BCeil CTaTbu.

Bo Bropom maparpade J0Ka3bIBAETCA PsiJl ClIENUAIbHBIX YTBEPXKIEHUN J1isi (DYHKITHOHA~
na F'| cBI3aHHBIX C PacIpOCTPAHEHHEM HEKOTOPBLIX CBONCTB (DYHKIMOHAJA C IPOCTPAHCTBA
HEIPEPBIBHLIX (PYHKIMU Ha IIPOCTPAHCTBO CYINECTBEHHO OrpaHmdeHubix dpynkunumit. [Ipu sTom
CYIIECTBEHHO WCIOJIb3YIOTCA PE3yJIbTaThl U uien Jokazareabcrs padbor U. B. Illparuna [4-7|
(cm. Takzke [8-11]), B TOM 4mnc/e CBs3aHHbBIE C IIPUMEHEHHEM TEOPEM HEIPEPBIBHOIO BBIOODA
Maiikiia 1 u3mepumoro Beibopa (cM., Hanpumep, [12], reopema /11 u ciencrsue 1 Ha c. 328-329,
teopema 15 Ha c. 332-333), a Takke HeKOoTOpBIE Hien u3 (13, c. 146-149| u [14].

B rperbem naparpade NpuBoJATCS KPUTEPUH JIEHCTBUS U OMPAHUYEHHOCTH (DyHKIIMOHAJIA
F ma npocrpancTBax HENPEPLIBHBIX U CYIIECTBEHHO OIPAHUYCHHBIX (DYHKINI, & TakyKe SKBU-
BaJIEHTHOCTD 3TUX CBOWCTB JIJIs1 YKa3aHHBIX MPOCTPAHCTB. JloKa3aTeIbecTBO MPOBOJUTCS Iy TEM
HEIOCPEJ/ICTBEHHOIO IPUMEHEHHs YTBEPXK ICHUH TIPeIbl Iy Iero naparpada.

B gerseprom naparpade KOHKPETU3UPYIOTCS PE3YJIBTATHI IPEbIILYIIEro s CIydast JIn-
HEHOro MHTErpaabHOro (byHKINOHAJIA.

[Tosyuennble B cTaThe pe3yabTaTbl UCCJIEI0BAHNS WHTErPAJIbHOTO (hbyHKIMOHAAa F MoryT
OBITH MCIIOJIB30BAHBI JIJIsT MCCJIEIOBAHUSI JIMHEWHBIX W HEJIMHEHBIX HHTErPAIbHBIX OIIEPATOPOB
B (DYHKIMOHAJIBHBIX TPOCTPAHCTBAX.

1. OcHoBHBIEe 0003HAUYEHUHA

B pabore Oyaem UCIOIB30BaTh CJIEIYIONINE OCHOBHBIE 0OO3HAMEHUST:

() — 3amMKHyYTOe OrpaHmYeHHOe MHOXKecTBO B R"™ ¢ knaccumueckoit mepoii Jlebera p Ha
o -aarebpe Y m3MmepuMbix 110 Jlebery moamuoxkects ().

XE — Xapakrepucrudeckasi gyHkims MHOxkectBa E C Q (xp(s) = 1, ecmn s € E, u
Xe(s) =0, eciiu s € E).

X — BermecTBeHHOE cemnapabesibHoe 6aHaXOBO IPOCTPAHCTBO ¢ HOPMOit || - ||.

Oyukiusa u : 2 — X Ha3bBaeTCs U3MEPUMOIi, eciu mpoobpas Jrboro 6OPeIeBCKOro MHO-
xectBa B X u3mepuwm 110 Jlebery.
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Hepes Lo(X), Loo(X), LS (X), C(X) 6yaem obosnadars MHOKecTBa DYHKIWMHA © : ) —
X, cocrosiue, COOTBETCTBEHHO: M3 BCEX M3MEPUMBIX (DYHKITHNA, U3MEPUMBIX OrPAHIICHHBIX
dbyHKIMit, B3MEPUMBIX QYHKIMHA, MHOKECTBO 3HAYEHUT KOTOPBIX OTHOCUTEIHHO KOMIIAKTHO B
X, u HenpepbiBHBIX dyHKIMiE. OOpaTnM BHUMAaHAE HA IETIOYKY BJIOXKEHHN JMHEHHBIX ITO/IIPO-
crpancrs C(X) C LS (X) C Loo(X) C Lo(X), rje nepsble Tpu U3 HUX sIBJISTIOTCS OaHAXOBBIME
IPOCTPAHCTBAMU C SUP -HOPMOIL: |[t]| 0 = sup,eq [|u(t)]]. Ecim D C X u V moboit u3 cumso-
noB Lo(X), LS (X) wm C(X), o V(D) ={ue V(X): u(Q2) C D}.

Loo(X) — dakrop-npocrpancTso mpocrparcTBa Lo (X), TO ecTh MpOCTPAHCTBO KJIACCOB
[ -9KBUBAJIEHTHBIX CYIIECTBEHHO OrpaHuueHHbIX dyHKmmid u : ) — X ¢ #Hopmoit |[ufe =

ess sup ||u(t)]| x.
teQ

2. Hexkoropsblie cBoiicTBa HEJIMHETHOTO MHTErPAJIbHOTO (PyHKIIMOHAJIA

VrBepxKaeHnss 3Toro naparpada CymecTBeHHO HMCIOIL3YIOTCA IS IIOJIYYeHNs] KPUTEPUst
JIEiCTBYST ¥ OTPAHUYEHHOCTH HEJTMHENHOIO MHTErpajbHOrO (byHKIMOHAJA Ha IPOCTPAHCTBAX
C(X) nu Ly (X), HO, Ha HAII B3IVISl, IMEIOT U CAMOCTOSATENIbHBIN HHTEpec. Pasiudnble mpue-
MBI JIOKA3aTe/ILCTB ObLIH TodepiHyThl 3 padbor . B. [lIparuna o6 ncciieioBanun oneparopa
cyneprosuruu (Hembilikoro) B pyHKIIMOHAIBHBIX IIPOCTBAHCTBAX U MOPOXKIAIONINX €ro (DyHK-
it [4-7] (em. rakxke [8-11]), HO HpU HMCIOIB30BAHUK B HAIINX IIEJISIX MMEIOT OCOOEHHOCTH,
[OSTOMY IIPUBOMM IOJIHBIE JI0OKA3aTeILCTBA YTBEpKIeHuii. Lcroib30Banbl TaK»Ke HEKOTOPBIE
HJien JI0Ka3aTesbeTs u3 |13, ¢. 146-149| u [14].

JIemma 2.1. ITycmos wmnoorcecmeo D C X ewnykao u 3amrhymo, u nycms u € Lo(D).
Toz0a cywecmsyrom makue Komnaxmmse muodtcecmsa A, € ¥ u dynrkyuu u, € C(D) (2de
n e€N), umo

p(Q\ Ay <1/n u uyla, =ula,.

B wacmmocmu, w, — u nowmu 6ctody na mnogcecmee 2 (u no mepe).

HokaszaTennbctso. g kaxmoro n € N Boibepem cornacno C'-cBoiicTBy Jly3una
(ero dopmysupoBka it (YHKIMA €O 3HAUYECHUSIMU B GAHAXOBOM IPOCTPAHCTBE MMEETCs, Ha-
upumep, B [12, c. 40]) Takoe 3amkHyTOE MHOXKeCTBO A, € X, uro u(N2\ A,) < 1/n un dysxuums
u| 4, HempepbIBHA. B ey ciaeqcrBust n3 reopembl Maiikiia 0 HEIPEPHIBHOM BBIOODE (CM., HAIIPHU-
Mep, [12, c¢. 329]) cymiecTByer HempepbIBHOE MPOJIOJIKEHNe U, (DYHKIUU |4, € 3aMKHYTOTO
mojMHO)KecTBa, A, KommakTa ) Ha Bce () ¢ coXpaHEHHEM 3aMKHYTOIl BBIMYKJIOH 000J0YKN
muoxkecTsa 3uadennii. [To mocrpoenmo, u, € C(D) u uy|a, = ula,. O

[Iycts dpyukmua f: 2 x X — R ynosmerBopsier ycaopusim Kapareoopu, To ecTh
(Cl) Vze X dyukuusa f(-,r) usmepuma;
(C2) Vs € dyukmusa f(s,:) HempepbIBHA.

Oyurnuonas F, mopoxennbiit dyukimeir f, dopMmaabHO Ompee M paBeHCTBOM

Flu) = /Qf(s,u(s)) ds. (2.1)

Ecan koneunstit unrerparn B (2.1) cymecrByer i Beex GyHKmit u : 2 — X U3 HEKOTOPOro
noxmuo)kectBa Vo C Lo(X), To BeIpaxkenue (2.1) ompenenser dyukmumonan F : V. — R,
KOTODBIi, BOOOIIE TOBOPsI, HEJIMHEEH.
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Bameuanue 2.1. B ureparype gacro Bmecto yeiaosus (C2) pacemarpusaior 6oJiee
caaboe yemosue (C2a) meripepsiBHOCTH f(S,+) mpu mouTu Beex s. Opnako npeanosoxenue (C2)
BMecto (C2a) He orpanmauBaer oOuHOCTH. [leficTBUTEIbHO, ecin [ YJOBJIETBOPSIET YCJIOBUIO
(C2a), to, nepeonpesenus GyHKIMIO f, TOJOXKHUB ee paBHOil Hyimo Ha MHOXKecTBe Ny X X
JIUIST HEKOTOPOro MHOzKecTBa, Ny C € HyseBoil Mepbl, HoayduM (DYHKINIO, yIOBICTBOPSIONLYIO
yesosuio (C2) u mopozKaaionyio Tor xe dbyHkiuonan F.

Jlemma 2.2. Jlaa 410600 usmepumoti pynkuuu u : Q2 — X dynxuyus ¢ : 2 — R, onpede-
aaemas pasencmeom p(s) = f(s,u(s)), asasemca usmepumoti. Boree moeo, ecau u, € Ly(X)
U U, —> U noumu 6ctdy wa muoocecmee 0 (no mepe), mo nocaedosamesvrocmy GyHKuul
on(s) = f(s,un(s)) crodumes x Pynrkyuu @ noumu 6crody na Q0 (no mepe, coomeememeen-
HO).

YTBepzKIeHIe JIEMMbI XOPOIIO H3BECTHO U BBITEKAET, HALIPUMED, U3 TeopeM 2 u 3 paboTst |6
u TeopeMbl 2.5 paborsl [8] (cm. Takxe [5]).

Jlemma 2.3. Jlas a106020 3amrnymozo muoocecmea D C X dynryua ¥ : Q — [0, 00,
onpedeanemasn pasercmeom P (s) = sup,cp |f(s, )|, asasemes usmepumot.

Hoxkaszarensnbctso. Ilyers {z,: n =1,2,...} cuernoe Bciomy mioraoe B D MHO-
)kecTBo. SadurcupyeMm npousBoiabHoe ¢ € R. MuoxkecrBa E, = {s € Q: |f(s,z,)| > ¢}
m3mepumsl 1o yeaosuio (Cl). Ilo yenosuio (C2) [¢(s) > ¢ < (In € N) |f(s,z,)] > ¢ |.
[TosTomy

{SGQ:w(s)>c}:DEn€Z.

NamepumocTh dyHKIMKA 1) JIOKa3aHAa. O]

[To nemme 2.3, st 1000ro 3aMKHYTOTO MHOXKecTBa ) C X KOPPEKTHO OIlpe/jie/ieHa BeJlu-
qHHA

1(D) = / sup |/(t, z)| d,

zeD
KOTOpas MOKeT MPUHUMATh KOHETHOe HEeOTPHUIATe/IbHOe 3HadeHne uin 3HadeHne +oo. O6o-
suadenne [(D) wam Oyjer yao6HO HCHOJIB30BaTh B (DOPMYJIMPOBKAX yTBEPXKJIEHUN 9TOrO U
cJIeTyIomero naparpados.

YrBepxkaenue 2.1. /laa mobozo samrnymozo muoocecmsea D C X umeem mecmo pa-
8EHCMEBO
sup [ |f(s,u(s))|ds = 1(D) (22)
uELO(D) Q
Joxkaszateunsnctso. [Homoxum (s) =sup,ep |f(s,2)|. o memmanm 2.1 u 2.2 Besm-
YUHBl (KOHEYHBIE WJIN OECKOHEYHBbIE) B JIEBOIl M IPaBOil YacTsX paBeHCTBa (2.2) CYIIECTBYIOT.
OueBnIHO, 9TO

. / (s u(s))| ds < (D). (2.3)

u€Lg (D

Yepes B(X) obosnauum o -aiarebpy GopeseBckux MHOXKecTB B X 1 yepes A = X ® B(X)
npousBesierne o -aare6p > u B(X) (To ecTh HAMMEHbBINYO 0 -arebpy, COIEPKAIILYIO BCE PO~
ussesenust AxX D, e A € X u D € B(X) ). ITo reopeme 3 paborst [6] byukmus f: QxX — R
usmepnma (B empicie VU € B(R) f~1(B) € A).
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Paccmorpum MHOXKeECTBa
A={s€Q:y(s) <oo}, Ag={s€Q:1(s)=+o0},

KOTOpBIE, 110 JieMMe 2.3, m3MepuMbl. /lajee paccMOTpuM pasie/ibHO JIBa CIydast.
1-4 cayuadi. Iyers pAp = 0. Onpegennm muokectBa W, C Q2 x X (n=1,2,...) paBen-
CTBOM

W, ={(s,x) € Ax D: |f(s,z)] > ¥(s) —1/n} U (Ag x D).

U3 usmepumocru dbyuknuii f u ¢ caempyer W, € A. Bosee toro, u3 yciosusi (C2) BbITeKaer,
uro Vs € Q muoxkectBo W, (s) = {z € X: (s,x) € W, } memycro u3amkuyTo B X. Ilo Teopeme
u3MepumMoro Beibopa [12; c. 332| cymecrByer usmepumMast byHKIWs U, : @ — D Takasi, 4To
(s,un(s)) € W, ms Bcex s € €.

ITo mocrpoenmio, u, € Lo(D) n

/|f(s,un(s))|d32/(@Z)(s)—l/n)ds:l(D)—,uQ/n, n=12...
Q Q

[Tepexojisi B 9TOM HEpaBEeHCTBE K cylpeMyMy 110 BceM n € N, 1oJiydaeM HEpaBeHCTBO

sup )/Q |f(s,u(s))|ds > I(D). (2.4)

uELo(D

2-1 cayuadi. Illyers pAg > 0. B srom cirydae, oueBuIHO

Omnpenennm MHOXKecTBa Z, C 2 X X (n=1,2,...) paBeHCTBOM
Zn={(s,x) € Ag x D: |f(s,z)| >n} U (A x D).

B cuny mamepumoctn dbyskmmit f u ¢ umeem Z, € A, a B cuy yciosus (C2) Vs € )
MHOXKeCTBO Z,(s) = {x € X: (s,z) € Z,} menycro n 3amxuyTo B X. Ilo Teopeme nzmepumoro
BbIOOpa cymiecTByeT uaMepuMast GyHKIWA v, :  — D rakas, aro (s,v,(S)) € Z, IId Bcex
s € €.

ITo nocrpoenuto, v, € Lo(D) u

/ |f(s,vn(s))]ds >n-puAy, n=12,...
Q

[lepexons B 9TOM HepaBeHCTBe K cylpeMyMy 1Mo n € N, moJrydaeMm

. [ 1 utlds =+,

u€Lg (D

4T0 BMecTe ¢ (2.5) nokaspiBaer (2.4).
U3 (2.3) u (2.4) BbiTekaer (2.2). O

Crentytortiee yTBep:K1eHIE B HECKOJIBKO NHOM hopMmyinpoBke ycranossero V. B. [llparunabim
[4], [7], cxema ero mokasarenbcTBa 3aUMCTBOBaHA U3 ITUX PabOT.

YrBepxkaeune 2.2. Ecau mnooicecmeo D C X zamrnymo u ewnyxao, u F: C(D) — R,
mo F : LS (D) — R.
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JokaszaTeabcTso. [IPeaosoKuM, 9T0 yTBEPKICHAE HEBEPHO, TO €CTh JIJIsI HEKO-
toporo u € LS (D) suauenue F'(u) ymbo He ompeseseHo, Jnb0 MMeeT OJHO U3 3HAUeHU +00.
[To nemme 2.1, dyukiust f(-, u(+)) usmMepuma, OITOMY PABEHCTBO

AME) = / lf(s,u(s)|ds, FE €3,
E
KOPPEKTHO ompejienser Mepy A : L — [0, 00]. Ilo mamemy npesmosoxenuo
A(Q2) = oo. (2.6)

Jlokaxkem cymecTBoBaHue s* € () TAKOro, UTO JI/Isi JII00O0I OTKPBITOM OKpecTHOCTH U TOUYKM
s* nmeem A(U) = oo. Ilpenmosnoxkum nporusaoe. s kaxKaoro s € €2 BbIOepeM OTKPBITYIO
okpectaocTh Uy Toukm s Takyio, uto A(Us) < oo. U3 orkperroro mokperrusa {Us: s € Q}
koMmItakTa () m3BjIedeM KoHeuHoe moanokpeirue {Uy, ..., Uy, }. Ilo cBoiicrBy cuerHoit mosya-
surmHocTH Mephl mveem A(Q) < SOF A\(U;,) < oo, uTo mporuBopeunt coorHomenuio (2.6).

O6o3naunm uepe3 K 3ambikanne MHOKecTBa 1({2). OdeBHIHO, 9TO MHOXKECTBO K KOM-
nakTHO. [losToMy st Ji0GOrO  HATYPAJBHOTO 1 CYIIECTBYeT KOHEYHOE IOKPBITHE
o, = {DF: k = 1,2,...,M,} C X wmmoxectBa K samMkmyThIMEH mapamu D mmamerpa,
MeHbIIero uem 1/mn.

BaMbIKaHne J1060ro MHOXKecTBa F C ) Gymem 0603Ha4aTh CHMBOJIOM k.

Yepes V; 00603HAUMM OTKPBITHIil AP € MEHTPOM B Touke s* pajuyca 1/i. B cuny Beibopa
TOuKH s$* u 1o cpotictBy cuerHoit ajmruBHOCTH Mepbl y oo A(Vi \ Vi) = A1) = oc.
[TosToMY HaiijleTcst Takas MOJIOCIeI0BaTeLHOCTb {iy, }, uTo st Muoxects B, =V, \V; .,
IMeeT MeCTO

MNE) > M, n=1,2,... (2.7)

Jna xaxkaoro n € N Boibepem corsiacao C'-cBoiicTBy Jly3mHa Takme KOMIIAKTHBIE MHO-
wecrsa Ej) C E,, uro pu(E, \ E}) — 0, xorma j — 00, n OYHKIWMH u|g; HENpEepLIBHDI.
B cuy menpepbiBrOCcTH Mepbl A e (2.7) maiigyres takue j = j(n) € N, gro )\(Efb(n)) > M,,
n=12,....

Hanee, nyis kaxkjgoro n € N, u3 onpejie/ieHus NOKPLITHI 0, CJIeIyeT U,i‘flufl(DfL)ﬂE%(n) D)
EX™ . TosToMy B cruty HONYaIITHEHOCTH Mepbl A HAMIyTCH k(n) € {1,2,...,M,} rakue,
970

ANA)>1, n=12..., (2.8)

e A, = u_l(Dﬁ(n)) nE™.

[Tokazkem, aro maO)KecTBO A = {s*} U (UX

* ,A,) 3amrHyTo. CHava/a 3aMETHM, YTO B CHUILY

D™, B i ul,, A

KOMIAKTHOCTH MHOXKeCTB LDy ", Ej u HerpepbiBHOCTH (DYHKIMN | ity MHOXKECTBa Ay
n

KOMITAaKTHBI, 3HAYUT, 3aMKHYTHI. /lasiee, mmeem

(Vp € N) A= {s*} U (UzzlArJ U (U?f:pﬂAn) ={s"}uU (UﬁzlAn) U (U%O:p-i-lAn)

CAU(UZnAn) CAUY,,, = ACAU(MLY,,,)=Au{s}=A

p+1

Takum 0Opa3oMm, 3aMKHYTOCTh MHOYXKeCTBa A JToKa3aHa.
Bosbmem HekoTopbie Touku x, € u(A,). [Nockombky muOXKecTBO K KOMIAKTHO, TO, HE
orpanmyuuBasg OOIIHOCTH, MOXKHO CIUTATh, UTO X, — T JJId HeKOToporo xy € K. Omnpemennm
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dbysrmmo v : A — K paBeHCTBOM

o(s) = { u(s), ecmm s€ A\ {s*}

To, ecom §=Ss*

Jlokaxkem, 94TO (DYHKIIUA ¥ HEIpepbIBHA.

Kommakrel A, momapHO He mepecekaroTcs, U Jjis JII0O0r0 HATYPAJIbHOTO 1 QYHKIWS U4,
HenpepbiBaa. [losTomy dyHKIMsS v HenpepbiBHA B 0601 Touke s € A\ {s*}.

JlokazkeMm HemnpepbIBHOCTH (GyHKIMU v B ToUKe §*. BadurcupyeMm mnpousBosibHoe € > 0 u
BbIOEpEM HATYPAJIBHOE YUCI0 m > 1/ Takoe, 9TO JJIs BCEX N > M BBINOJIHIETCS HEPABEHCTBO

|zn — o] < €. (2.9)

PaccmoTpuM oTKpPBITYIO OKpecTHOCTH V =V, = Toukm $* u 3aduKCHpyeM MPONU3BOIBHYIO TOUKY

s € (VN A\ {s). deuo, uto s € A, st nekoroporo n > m. Hockombky v(s),z, € DE™
. k(n)

u diam D, < 1/n, nmeem

|lv(s) —x,|| <1/n<1/m <e. (2.10)
13 (2.9) u (2.10) cremyer
[o(s) = v(sM) = llv(s) = woll < [lo(s) = wall + [Jen — ol < 2e.

HenpepbiBrocts byHKIMu v B TOUKe S*, 3HAYMUT, 1 Ha BceM MHOXKecTBe A Jl0Kazana.
ITo crencreuro w3 Teopembr Maiikiia o HenpepblBHOM BbiOOpe [12, ¢. 329] cymectByer w €
C(D), rakoe uro w|s =v. Torma w|a, =ula, (n=1,2,...), u B cuny (2.8)

/Q\f(s,w(s))\ ds > Z/ £ (s,w(s))|ds = A(Ay) = o0,

4710 nporusopeunt yeaosuio F: C(D) — R. ]

YrBepxkaenne 2.3. Ecau mnooicecmeo D C X zamrnymo u ewnyxkao, u F: C(D) — R,
mo oasa A0bozo komnaxma K C D mmoocecmeo

M(K) = {[f(s,u(s))]: uw € Lo(K)}

UMEEM PasHOCMENEHHO a6CO./L'meHO HENPEPBIBHDLE UHTIE2PAADL, TIO ECITIID
(Ve > 0) (36 > 0) (Vu € Lo(K)) : EE€Y, uE <6 = / F(s,u(s))| ds < .
E

Jloka3zaTesbcTBo. Unes jokazare/ibcTBa aHATOTHYHA UCIIOIB3YEMOI TIpU JTI0OKa3a-
TeJIbCTBE Npu3HaKa Jlebera pasHocTenenHoi HenpepbisHOCTH B |13, . 146-149]. ITpemooxum,
YTO yTBEpKJeHue HeBepHo. Torma

(Jeo > 0) (V6 > 0) (Fus € Lo(K)) (FEs € X) : puEs < A /E |f(s,us(s))ds > eo.  (2.11)

[TocTpouM peKypCUBHO II0C/IEI0BATEILHOCTH HOJOKATEILHBIX Yucea 0,, MHOXKecTs F, € ¥ u
dbyurIwit u, € Loo(K), ymoBmerBopsomue g n = 1,2, ... CIEIYIONNM YCIOBUIM:
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1) o 1f(un()]ds > e

2) pE, < 6,-1/2 (mo oupenenenmio, §y = 1);

3) WE <0p = [|f(s,un(s))|ds < eo/2.

B cuny (2.11) cymecrytor Ey € ¥ e uy € Lo(K), ymosiaerBopsiomiue ycaoBusaMm 1) u 2)
ans o= 1. To yreepxaenuo 2.1, [, |f(s,u1(s))|ds < oo, Torma mo csoiicTBy abcomOTHOM
HeIPepBIBHOCTH MHTerpasa Jlebera cymecrByer d; > 0, Tak 4TO BBINOJHEHO YCJIOBUE 3) JIJIsI
n=1.

[IpeAmonaokuM, 9T0 CymecTBYOT 0,, F, € u,, yIoBierBopsone ycaoBusam 1), 2), 3)
it n=1,2,... k—1. B cuny (2.11) naiinyrea Ep € ¥ e uy € Lo(K), yaoiersopsitoriue
yeaousm 1) u 2) gst no = k. o yreepxaennio 2.1, [, |f(s,ux(s))|ds < oo, Torma mo csoii-
CTBY abCOJTIOTHO# HempepbhIBHOCTH nHTerpasa Jlebera cymecrByer dp > 0, TaK 9TO BBIITOJTHEHO
yesosue 3) quist no= k.

[To npuHIMIy MaTeMaTHIeCKONH UHJLYKIIUH, [TOCIE0BATEIBHOCTU 0y, E, € Uy, yIOBIETBO-
psitoriue yesoBusim 1), 2), 3) jijist BceX HATYPAJbHBIX N, CyIecTBYIOT. Takum obpazom, 5Tu
HOCJIEIOBATEILHOCTH OYIeM CYUTATH IOCTPOCHHBIMU.

BBegem B paccMoTpeHne MHOXKECTBA

Go=|J B, A=E.\G, (n=12,.).

k=n+1

fcHo, uro MHOKecTBa A, momapHo He mepecekaioTcs. bosee Toro, 0, < 0,-1/2 (n=1,2,...),
TaK 4TO 110 YCJIOBUIO 2)

nG, < io: pEn<§:52—k<5n, n=12...
k=n

k=n+1
Torpa us yesosuii 1), 3) u nosyajurusaocTn nnrerpasa Jlebera ciemyer

€o

J e m@nasz [ i eias- [ euelaza-F=F @)

n

Oupenesnm yskiuo v : 2 — X paBeHCTBOM U = » .~ Xa,Uy,. fcHo, uro v() C K,
tak ato v € LS (D), e B cuy (2.12)

[ 1ol ds > > J 1wt - > J s s> IE R

Urak, ynknnonan F e neiicreyer uz LS (D) B R, uro nporusopeunt yreepxaennio 2.2. [

CaenctBue 2.1. Ecau mmnooicecmseo K C X ewnykao u xomnaxmuo, v F : C(K) — R,
mo

sup /Q|f(s,u(s))|ds < 00.

uGLo(K)

YrBepxkaeuune 2.4. Ecau mmoocecmeo D C X samrnymo u ewnykao, u F: C(D) — R,
mo

sup |F(u)| = sup |F(u)|=I(D).
ueC(D) u€Lo(D)
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Hoxaszarebctso. Hepasencrso sup,eop)|F(u)| < sup,ep,p)lF(u)] < I(D) oue-
BuHO. JloKaxkem obpaTHOE HEPABEHCTBO.

Badukcupyem npoussosbibie v € C(D) u ¢ > 0. Ionmoxknm K = co(u(Q) U (—u)()).
OueBuyino K C D, u o Teopeme Masypa muoxkectBo K komnaxktao. Haiinem corsiacuo yreep-
Kjeanio 2.3 Takoe 0 > 0, 4To

FEe¥X ub<dé = sup /|fsz ) ds < e. (2.13)

z€Lo(K)

Onpenenum muoxkecrBa F,, E_ u dynkmuio u; : {0 — X paBencrBamu
By ={s€Q: f(s,u(s) >0}, E-={se€Q: f(s.u(s)) <0}, 1= xmu—xpu.

OueBnro, uro uq(2) C K. Ilo memme 2.1, cymecrByer kommakr A C Q0 u GyHKInA up €
C(K), Takne aro p(2\ A) < 1 ui|a = usla.
CorsacHo nocrpoernto u (2.13)

/ [f(s,u(s)[ds = F(u) = Flug) + [ f(s,ua(s))ds — [ f(s,ua(s))ds < F(uz) + 2e.
Q O\A O\A
B cuy npoussosbroct ©w € C(D) n € > 0 U3 9TOro HepaBeHCTBA BBITEKAET
sup / |f(s,u(s))|ds < sup |F(u)l. (2.14)
ueC(D ueC(D)

[Iycrs reneps v € Lo(D) mpoussosbho. CorsacHo JemMe 2.1, CyIecTByeT MmocjenoBa-
TesibHOCTh yHKIMi v, € C(D), cxomgmasica mo Mepe K v. Ilo jemme 2.2, mocsenosa-
TEJIBHOCTh HEOTPUNATEJBHBIX DyHKIUi w,(s) = |f(s,v,(s))| cxomures mo mepe kK dyHKInm
w(s) = |f(s,v(s))]. Tlo reopeme Dary

/|fsv |ds<sup/ n(s)ds < sup /|fsu )| ds. (2.15)
Q

neN ueC(D)

U3 (2.14), (2.15) u yreepxKaenns 2.1 ciaeyer

I(D) = sup /\fsv )| < sup |F(u)].

CEL() UEC( )

YTBepKIeHNE JTOKA3aHO. ]

3. Kpurepnii geiicTBusg n OrpaHMYE€HHOCTN HEJIMHEITHOTO MHTErPaJIbHOTO
dyHKIIMOHAJIa HA IPOCTPAHCTBE HENPEPbIBHBIX (DYHKITUI

Kak u B ipesibiyeM maparpade, 00 beKTOM HAIIEro UCCACTOBAHUS ABJIACTCH (DYHKITNOHAT

- / £(s,u(s)) ds

nopox ieHHbiil dyukimeit f: Q x X — R, ymosaersopsiomeit yeiopusim Kapareomopu (C1) u
(C2). Hus samkiyTsix MuokectB D C X OyzeM HCHOIB30BaTh 0003HAUEHHE

1(D) = /D sup|f(t,)| d

Takxke BBesieM 0003HAYEHNE /T 3aMKHYTHIX mapos B, = {x € X: ||z|| <r} (r > 0).
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Teopema 3.1. /Jlasa aw0boz0 evinyxaozo komnaxma K C X umerom mecmo caedyroujue
ymeeprcoenus:

1) [F:C(K)=R] & [F:Li(K)—=R|] & [[(K)<oo];

2) Ecau F:C(K)— R, mo sup |F(u)]= sup |F(u)|=I(K)< oco.
ueC(K) u€Lo(K)

Jloka3zaTesbcTBO. BbITeKaeT HENOCPEJICTBEHHO U3 CAeJACTBUSA 2.1 U yTBEpK-
nenust 2.4. ]

Teopema 3.2. Caedyrowue ycaosus a), b) u ¢) sxsusarenmmv, meatcdy coboi:
a) F:C(X)— R u oepanuuen;
b) F:Lyo(X)— R u oepanuuen;
c) Vr>0 umeem mecmo 1(B,) < 0.

Boaee mozo, ecau F : C(X) = R u oeparuuen, mo dasn arwbozo r >0

sup |F(u)] = sup |F(u)| = I1(B,) < cc. (3.1)

u€C(X), [lullo<r u€Loo (X)), [lulloo<r

Hoxkaszatrensnctso. CpoiicrBo ¢) = b) =-a) BbITeKaeT U3 OYEBUIHOIO HEPABEHCTBA

sup |F(u)] < sup |F(u)| < I(B,), r>0.
ueC(X), [lulloo<r u€Loo (X)), lufloo<r
[Iycts BBIIOHEHO ycsoBue a). VI3 yrBepkjenusi 2.4, npuMeneHHoro K mapam D = B,
BbITEKaeT cooTHoleHre (3.1), a u3 Hero cjeayer ClpaBeJInBOCTb YCJIOBHUA C). O

N3 teopem 3.1 u 3.2 HemocpeICTBEHHO BBITEKAET CJIEIYIONIUI Pe3yIbTar.

CaeactBue 3.1. [Iycmv X xoneunomepro u pynryuonan F deticmeyem uz C(X) 6 R.
Tozda amom ¢ynryuonan oeparuyen, boree moezo, F : Loo(X) — R, oepanuuen, u das 1106020
r >0 umeem mecmo coommnowenue (3.1).

Teopembr 3.1 u 3.2 JOMOJIHAET CJIEYIONIAS TEOPEMA.

Teopema 3.3. Ecau F : C(X) — R u oepanuyen, mo daa mobotl oeparuyernol nocae-
dosamenvrocmu {u,} C Ly(X), crodswetica no mepe x nexkomopomy u € Loo(X), umeem
mecmo F(u,) — F(u).

Hoxkaszarenabctso. llyecrs u,u, € Loo(X) yI0BIETBOPSIOT YCIIOBUIO TE€OPEMBI. Bbi-
Gepem r > 0 Takoe, ato u, () C B, upu mobom n € N. Onpegennm dbyskmuu v, v, :  — R
(n=1,2,...) paBercrBamu v(s) = f(s,u,(s)), va(s) = f(s,un(s)).

[To n1emme 2.2, moc/ie10BaTEIbHOCTD U3MEPUMBIX (DYHKITUN v, CXOJUTCH 110 Mepe K (PYHKITII
v. Boiee Toro,

lon(s)] <Y(s), s€Q, n=1,2,...,

rae Y(s) = sup,ep, |f(s,2)| ecrb unTerpupyemas (byHKINHA, HOCKOIBKY B CHILYy TEOPEMBI 3.2
Jot(s)ds = I(B,) < oco.
ITo Teopeme Jlebera, F(u,) — F(u). O

N3 teopembr 3.3 u jeMMbl 2.1 HENIOCPEICTBEHHO BBITEKAET CJIEJIYIONINN PE3yJIbTaT.

CaencrBue 3.2. Mnooicecmeo F(C(X)) ecrody naomno 6 F(Ly(X)).
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4. JlunHeiiHnblii MHTErpaJbHbIN (PYHKIIMOHAJ B IIPOCTPAHCTBE HEIIPEPBIBHBIX

dbysKIIMiT

B sTom nmaparpade KOHKpeTH3upyeM pe3yJIbTaThl IIPEIbIYIIero Ha caydail TMHEIHOrO NHTe-
rpaibHOro byHkImoHaa. [IpuBojsinascs HuzKe TeopeMa obo0ImaeT yreepkienue us |2, c. 178
181] 06 orpaHUYEHHOCTH U BBIPAZKEHWUHU JIJIsT HOPMBI JIMHEHHOTO WHTErPAIbHOIO (BbyHKIMOHAIA
na npocrpancree C(R).

Ecom Y — HekoTopoe 06aHaxoBO HPOCTPAHCTBO, TO 3HAYEHUE JUHEHHOTO (YHKIIMOHAJIA
g:Y — R Brouke y € Y Oyuem obosnauars depe3 ¢ly|. Compsizkennoe K Y 6GaHAXOBO
POCTPAHCTBO (IIPOCTPAHCTBO JIMHEHHBIX OrpaHWYeHHBbIX (yHKImoHaIoB ¢ : Y — R ¢ ecre-
CTBEHHOIN HOpMOIi) Oyiem obo3HavYaTh Yepe3 Y .

[Iycts a: Q — X*. Oyukmuonan H dopmasbHO Onpeie/inM paBeHCTBOM

Hu] = /Q a(s)[u(s)] ds. (4.1)

Eciu koneunbiit unrerpas B (4.1) cymecrsyer jyist Beex dyuknumii u : 0 — X u3 HEKOTOPO-
ro JMHEeHHOro mojnpocTparcTBa Vo mpocrpancTtBa Lo(X ), To Beipaxkenue (4.1) ompemessier
nuueitablit byakmmonan H @V — R.

Oynknus a : Q — X* HazwpiBaercsa *-cjaabo uzmepumoit (3, c. 41|, ecsim npu jobom © € X
BerecTBenHas QyHKIms a(s)[r] n3mepuma.

deno, uro muneinbiit dyukimonan H ecth dacTHbIl crydail dyrkimonana F suga (2.1) ¢
nopox atorieit ynknueit f(s,z) = a(s)[z|, npuaem ecom bynkmusa a(-) *-caabo n3mepnma,
to yukiws [ yaorerBopsier yeaosusm (Cl) u (C2).

Teopema 4.1. Caedyrowue ycaosus a), b) u c) sxsusarernmov. mesrcdy coboti:
a) H e (C(X))*, moecmov ¢ynxyuonar H deticmeyem uz C(X) 6 R u ozpanuuen;
b)  H e (Lu(X))";
c) Dynrkyua a(-) *-caabo usmepuma u ||ally =3 Jo lla(s)||x- ds < oc.

IIpu evinosnenuy 1106020 u3 s5mux Yycaroeul

IH e = 1H ooy = llall- (4.2)

JoxaszaTesbcTBoO. YIBEPXK/IEHHE TEOPEMbl BHITEKAET HEIIOCPEJICTBEHHO U3 Teope-
MBI 3.2, C yYeTOM CJIeJIyIOMuX (PaKTOB:

1) Ecmm H : C(X) — R, 1o dbyrknus a(-) *-ciaabo u3MepnMa,;

2) [la(s)l[x+ = sup,ep, la(s)[z]|;

3) [H|lv+ = supyey, juj<i [H[u]|, e V = C(X) mm V = Lo (X). O

Bameuanue 4.1. Ecau npocrpancreso X* cenapabesibHO (9TO CIpaBeIMBO, B 4acT-
HOCTH, ec/iu cenapabesibHoe 6aHaXOBO MTPOCTPAHCTBO X peIIEKCHBHO), TO YCJIOBHE C) TEOPEMBI
4.1 5KBUBAJIEHTHO CJIEJYIOIIEMY YCJIOBHIO:

c)* dyskmusa a: Q) — X* unrerpupyema no Boxuepy (3, c. 44-45].

HeiicTBuresnbro, ecim X* cemapabesibHo, TO 110 cireactBuio 4 u3 (3, c. 42|, *-caabast n3me-
PUMOCTDb (DYHKIIUU @ IKBUBAJIEHTHA €€ U3MEPUMOCTH.

Caencrsue 4.1. I[Tycmv X koneurnomepro, u gynruuonas H deticmeyem uz C(X) e R.
Tozda H € (C(X))*, H € (Loo(X))* u umeem mecmo pasencmeo (4.2).
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Cuencrue 4.2. Ecau H € (C(X))*, mo das 10600 ozparuientots nocaedosamesbHocm

{un} C Loo(X), cxodawetica no mepe x nexomopomy u € Loo(X), umeem mecmo cxodumocmy

Caencrsue 4.3. Ecau H € (C(X))*, mo mnoorcecmseo H(C(X)) asasemes 6crody naom-

Hom 6 H (Lo (X)).
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B mamnnoii pabore mpejjiaraeTcst KOHIEIINs KaTerOPHOIoO MOIX01a K HCCae0BaHuio audde-
PEHIMPOBAHU B PA3/IMIHBIX HEKOMMYTATUBHBIX ajredpax, OCHOBAHHBIN Ha MJiee, IPeJI0KEH-
Hoit B [1,2|. Huzke Mbl onmmmem caM MeToJ| U IPOJEMOHCTPUPYEM Ha HECKOJBbKUX MPHUMepax,
KaK JIAHHBII MeTo/1 paboTaeT Jijisi PA3JIMYHBIX BAPUAHTOB JMUM@MEPEHIINPOBAHNNI B I'PYIIIOBBIX
1 HEKOTOPBIX JPYTUX aCCOIUATUBHBIX ajredpax.

Cama 3ajiava uzydenus jguddepeHnupoBanuii cBsa3ana ¢ mpobsiemoit J[xkoHcoOHA O TPUBH-
asbHOCTH BHemHuX Judddepeniuposannit B anrebpe Lq(G) (em. 6ubmmorpadmuio k [1]). [Tpu
uzydennn nuddepeHiupoBannii B aaredpax 6€3 TOmoJOruIecKoit CTpyKTYpbl Juddepeniinaib-
Hoe ucuncyenne Pokca Bo3uukIIO (cM. [3] u apyrue paborsr Pokca) Kak BasKHbIH HHCTPYMEHT
n3ydenns Teopun y3ioB. Kiraccuaeckue accormaruBuble audepeHImpoBannsi B TAKOM aJireb-
parvIecKoM CMbBIC/IE HAYa/IUd U3ydaTh HE3ABUCHMO, OHU HAILJIN CBOU MPUJIOKEHUS HAIPUMED B
kpunrorpadun. Bosee noapobro 06 ncropun uccienopanuii auddepenrmposanuii cu. [4].

BakHbIM MOTHBHPYIONIUM MPUMEPOM SIBJISETCS €IUHAsl KOHCTPYKIINS JIJIsT KJIACCHIECKUX
b depeHImpoBaHuil, OPOKIEHHBIX aCCOIUATUBHON CTPYKTY PO, U st JuddepeHnnaabHoro
ucuncyienns B cMmbicsie Dokca.

CyTh MeTo/a COCTOWT B ONUCAHWM oleparopa AudepeHNnnpoBaHusa KakK XapakTepa Ha
HEKOTOPOU KaTeropuu (qame BCEr'o T'PYIIIONJIe, CBSI3aHHOM CO CTPYKTYPOIl I'PYIIIIOBO# ajreod-
poi). Korkperno, auddepentmposanust (T. e. IHHEHHBIH ollepaTop, yI0BIeTBOPSAIONTHN TPABUITY
Jeitbuuma d(uv) = d(u)v + ud(v), mmbO ero aHaIOry) OTOXKJIECTBIIAIOTCA € XapaKTepaMi Ha
IPYIION/Ie IPUCOEIMHEHHOTO neficTeus. [1o xapakTepoM mpu 9TOM Mo/Ipa3yMeBaeTcst 0ToOpa-
xkeune X : Hom (I') — C, xoropoe yJ0oBIe€TBOPsieT I Hapbl KOMIIOHUPYEMbBIX MOP(hU3MOB
1, CBOWCTBY

X op) =x(1) + x(¥).

B ciydae ayirebp 6e3 ocHaIeHUS TOTOJIOITYIECKON CTPYKTYPOit, quddepeHnimpoBanus B3a-
HMMHO OJIHO3ZHAYHO OTOXKJIECTBJIAIOTCS C T. H. JJOKAJIbHO-(PUHATHBIMEI XapaKTepaMy Ha IPYIIIIONIE
npucoeunennoro jeficreus. [lpu sTom ymodno paboraTh ¢ mjaeaJ oM KBa3UBHYTPEHHUX TUd-
dbepenruposanuii (HeopMaaIbLHO TOBOPS, 910 IubdepeHInpPOBatusi, KOTOPbIe MIPEJCTABUMbI B
BUjle OECKOHEYHON CYyMMBblI BHYTPEHHUX) M BO3HUKaoIeil dgakTop anrebpoil Becex auddepen-
[IMPOBAHUIA 110 KBA3UBHY TPEHHUM — KBasUBHEITHUM JuddepeHnupoBaHusM (9Ta KOHCTPYKITHS
ObL1a mpejiokena B [5]).

CrpykTypa ajredbp BHEITHUX U KBA3UBHEITHUX Tu(MQEepEeHINnpOBAHN 3aBUCUT OT CTPOEHUS
KJIACCOB COIPSAZKEHHBIX JIEMEHTOB, OT CTPYKTYP HEHTPAJIH3aTOPOB. DTa CBI3b OXKUIaeMa B
KOHTEKCTE Pe3yJIbTATOB [0 OIMMMCAHUIO TIePBbIX KoroMoJioruii Xoxmmibaa (eM. [6] u paborsr [7,8],
B IIOCJIEJHUX TaKKe U3JI0zKeHa DoJiee ToApobHast uctopus Boupoca). [Ipu onucanuu crpyKTypbl
BOBHUKAIOT U JIPYTUE UHBAPUAHTHI IPYTIIbI, B YACTHOCTU U3YYEHHBII B cBoe BpeMst CTOJLTHHICOM
WHBApPUAHT — YHUCJIO KOHIIOB I'PYIIIIHI.

PasBuTne mperaraeMoro moixoga HaXOMUT Pa3HbIe TPUJIOXKEHUs: ajareOphl, MTOPOK ICHHBIE
MaJIbIIEBCKUME TosTyrpynnam, (o, 7)-nuddepennupoanus, quddepeHnpoBaHusa HaJl IPYII-
HOBBIMU ajirebpamu ¢ KoadhuUImeHTaMu B KOHEUHBIX 110J1sIX ([OC/IeHUIT TIpUMED IPe3BbIYaiiHO
MHTEPECEH ¢ TOYKH 3PEeHUs MPUIOKeHui (cM., Hanpumep, [9])).

Eciu ocHacTuth rpymnmnoByio ajgredpy CTPyKTYpPOil HOPMHUPOBAHHOTO MPOCTPAHCTBA, TO 3a-
Jlada TpUBOAUT K b depeHInpoBaHuaM CO 3HAUYEHUAME B cBOOOHBIX Oumoyssx Haj C[G].
[IpumedarenbHO, 9TO B MOCJIEIHEM CIydae YAaeTcs MOJIYUNTh JOCTATOYHO OOIIUN Pe3ysbTar o
TPUBHATBHOCTH ajireOpbl KBasuBHeNHuX nuddepernnposanuii (mogapobuee cm. B [10]).
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1. I'pynnoump neiicTBus u JIMHENHBbIE OIIePATOPHI

[Iycts A : G x G — G — neiictBue rpyuibl Ha cebe. C ero moMOIIBIO OIPEIE/ UM TPY IO
neitcrust I'y. B kadecTBe 06beKTOB Bo3bMeM 31eMenThl rpymmbl G, 1. e. Obj(T')) := G. B ka-
JecTBe MOPGU3MOB BO3bMeM Tapbl 13 MHOKecTBa G X G, 1. e. Hom (T'y) := G x G. Hauasom
MopdusMa ¢ = (m, g) moa0KuM 00beKT S(¢) := m, a B KadecTBe KoHna t(¢p) := g(m). Unpimu
CJIOBAMH,

Hom (a,b) = {(a,9)[ g(a) = b}.

Dumomopdusmamu (MHOTIA OyIeM HA3BIBATD UX «IIETJISIMI» ) HA30BEM MOPMOU3MBI, ¥ KOTOPBIX
COBIQJIAeT HA4dajo W KoHell. ['pynmna 3H10MOphU3MOB BOKPYT 00bEeKTa M H30MOpQHA CTabu-
JIN3ATOPY dJIEMEHTa M,

Hom (m, m) = Stab(m).

Hng maper mopdusmos ¢ = (m,g1),%¥ = (m/,g2) Tmakux, aro m' = g;(m), onpemennm
KOMIIO3UITUIO 1) 0 (0 110 popMmyJie

Vo= (m,g2g)

AcconmaTuBHOCTh KOMITO3UITUHU CJIEJIyeT U3 aCCOMUATHBHOCTU YMHOXKeHUsi B rpyie. Heii-
TPaJIbHBIN MOP(U3M BOKPYT OOBEKTa M UMEeT BH]L (m, e), rae € — HEWTPaJbHBIA JIEMEHT B
rpyniie G. Mopdusm obparnbtii k (m,a) umeer sug (a(m),a™t). Taxum obpasom, 'y meii-
CTBUTEJILHO SIBJISETCSI TPYIIIONIOM.

Hnst snementa u € G GyeM 0603HAYATH Yepe3 [u] MHOYKECTBO JIEMEHTOB OPOUTHI OTHOCH-
TeabHO JeicTBua \. MmuoxkecTso opbuT 6yaem oboznadars G*. OmpemenuM cybrpyImon Ly
CJIEJTYIONTUM 00pa30M

Obj(I'y) = [u], Hom (I'y,)) = Hom (a,z), a € [u], z€G.
I'pynmony I'y mpencraBum B BuJe HECBS3HOTO 0OObeIuHeHUs cyOrpymmnounos I, T. e.
Iy= [] T
[u]eG>

Bagaaum Ha rpymnmnouge 'y IPOCTPaAHCTBO XapaKTepPOB, AaHAJOIMIHOE U3YUEHHOMY paHee B
paborax [2,5,11]. IIycts nmeem meroropoe kosbio K. Torma

Onpenenenne 1.1 Byrem maswBars dynkmuio y : Hom (I'y) — K xapakrepom,
€CJIn JIJIsl JTI000U mapbl KOMIIOHUPYEMBIX MOP(MU3MOB ¢, 1) BBITIOJTHAETCS

X o¢) = x(¥)+x(9). (1.1)

®opmysty (1.1) ymobHO mepenucarh B 9KBUBAJIEHTHOM BUJIE

x(m, gag1) = x(m, g1) + x(g1(m), g2). (1.2)
Hac 6y,H‘yT I/IHTepeCOBaTI) B OCHOBHOM JIOKaJIBHO CbI/IHI/ITHbIe XapaKTepr.

Onpenmenenne 1.2. HazoBem xapakrep X JIOKAJbHO (DUHUTHBIM, €CJIU JJIT KAXKIOTO
g € G muoxkectBo Mopduzmor ¢ € Hom (x, g) Takux, aro x () # 0, koneuno. [Ipocrpancrso
JIOKaJIbHO (DUHUTHBIX XapaKTepOB CO 3HAYeHUsSIMU B Kojiblle R Oyzuem obosmadars X (I, R).
Eciit 970 He BBI3BIBAET pasHOYTEHH, TO OyaeM nucatb Koporko X (I).
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O6bIYHO MBI GyjieM paboTaTh o craHjapTHbIME IpytnosbiMu ajnrebpamu C[G], T. e. du-
HUTHBIMH JIMHefHbIME Kombunanuamu - . x(g)g, rae z(-) : G — C. Oanaxo, rakxke y nac
Oy/LyT BCTpEUYaThCs U aaredpbl HAJL APYTUMEU KOJIbIIAMU. A UMEHHO, IIyCTh R — KOJIBIIO, 0603Ha~
unm vepes KR[G] dbunurHble mneiinbie kombunanuu Y o x(g)g, rae dynkmus z() 1 G — K
€O 3HAYEHUSIMU B KOJIbIE K.

2. XapaKTepr n InmopoxkKJaaeMblI€e TO2KeCTBa

[lycts A : G X G — G — cBOOOJIHOE U TPAH3UTUBHOE JIEBOE JIeHiCTBUE TPyl Ha cebe.
Korga peus uzer o dpukcupoBanHoM jeiictBun, 6yeM jiist KpaTkoctu mucatb A(g, h) =: g(h).
[IpomomxuM gefictBre A\ 1o Jmmeitnoctn g0 geiictsusg A : G X R[G] — K[G] na rpymmosoii
asrebpe. A umento, eciim z(+) : G — R — bunurHag QyHKIWA, ONPeIe/ UM JeficTBUE 3/IeMeHTa

g 110 dhopmyIie
g (Z a:(h)h) = Zx(h)gh.

heG heG

PacemorprM cemelicTBO oiepaTopoB, JIefiCTBYIONMX B IpynnoBoii airebpe K[G|, mopoxia-
eMoe XapakKTepaMu Ha rpymmouae [ 'y.

Ounpenenenne 2.1. Oboznaunm yepes B(K[G], A) npocTpaHcTBO onepaTopos, jeii-
creytonux B RG] Takux, 4ro miad kaxuaoro a € B(RK[G], \) Bbimosmeno

a(uww) = ua(v) +uv-v " (v au)). (2.1)
s kparkoctn Oyaem nucats B Bmecro B(RK[G], A).
JIemma 2.1. IIpocmpancmeo onepamopos B xanonuuecku uzomoppro X (I'y).

Hoxkaszarennbctso. Omeparop « Jexur B B, eciu (U TOJBKO €CIM) TOXKIECTBO
(2.1) BBIIOSTHEHO Ha BeexX oOpasyroIux. 3amuiieM orneparop « Jjisd g € G B Buje

alg) =Y x(h,g)gh. (22)

heG

Toxecrso (2.1) mrs obpasdyiomux ¢; 2 € G 1aeT cieayioree

a(g201) = > X(h, g291) 92910 = g2 Y (x(h, 91)g1h + gix(g1(h), g2)h) =
heG heG

= g20(g1) + 9201 Y X(h, 92)g7 " (h) = go0(g1) + 929197 (95 (9))
heG

Bﬂ‘er MbI BOCIIOJIB30BaJINCh «HepeHyMepauI/Ieﬁ» QJIEMEHTOB TI'DVYIIIbLI, HCIIOJIBb30BaB TOYHOCTDL
neiictsus: ecm g (h) = m, To h = g;'(m), a TakKe TPAH3UTUBHOCTHIO, MOCTABHUB 3HAK
CYMMUPOBAHUS 10 BCEHl TpyIIIIe.

HOCKOHbe B BBIKJIaJIKE BCE II€EPEXOAbI 9KBUBAJIEHTHDI, IIOJIy49aeM, 9YTO U3 BBIIIOJIHEHUA TO2K-
nectBa (2.1) caemyer, uTo i Ko3bQUIMEHTOB, onpe/ieeHHbIX GopMysioii (2.2), 6y/1eT BbIIOJI-
HATBHCs cBOiicTBO (1.2), a 3HAYMT paccMaTpuBaeMoe OTOOPAKEHUE sIBJISIETCST XapakTepoM. [

CewmeiicTBO omiepaTopoB B 06001aeT moHATHS Kraccuieckoro juddepeHimpoBanus u aud-
depennnasibaoe ucunciaernne Pokca.
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Teopema 2.1.

o [Fcau umeem deticmeue aesvmu cdsuzamu tr_, mo moocdecmeo (2.1) npunumaem 6ud
a(uv) = a(u) + ua(v).

o Fcau N\ — deticmesue conpaotcenusamu, mo moocdecmeo (2.1) onpedeasem dudgepenvu-
posanus, m. e. 3adaem npasuno Jletibruua

a(uww) = ua(v) + va(u).

Bropoe Toxk1ecTBO — «KJIacCuuecKoe» MpaBuiio JIeiibHuIia, onpeaessioniee «KIacCuIecKoe»
muddepentmposanue. [lepsoe ke ToxkAeCTBO (r(1) +u (V) — COOTBETCTBYET TOXKIECTBY, KOTO-
poMy yoBIeTBOpAIOT T. H. npousBoaabie Pokca (Fox derivative), aro cieyer u3 onpeeenus
B [12, c. 96].

Camo nousTue juddepenimpoBanusg Pokca ObLIO BBEJICHO B OpurnHajbHoii pabore P. Pok-
coMm (em. [3]). B mambneitmenm muddepennuanbhoe ncanciaenne Qokca MPUMEHSIIOCh K Pa3In-
HBIM 3aJ1a9aM, B 9aCTHOCTH K Teopuu y3J0B (cM. [12]).

C yueToM CKa3aHHOIO IOJIy4YaeM

Caencrsue 2.1.

1. IIpocmparcmeo dugpdepenyuposarut Poxca KaHOHUMECKU UIOMOPHHO NPOCMPAHCMEY

B(Z|G],tr_);

2. IIpocmpancmeo dupdepenyuposaruts 6 C[G] ranonuwecku uzomopdro npocmparcmsy
B(C[G], \), 2de X — deticmeue conpsotcenusmu.

OrmernM, 9TO crocob 3ajaHus ceMeicTBa OmepaTopoB Hpu momorn (hopmysbl (2.2) He
eaunncTBeneHn. Harpumep, MOXKHO paccMOTPETh OIEPaTOPhI, 3ajaBaeMbie (POPMYJIOit

alg) =Y x(h.g)h.

heG

[Ipu sTOM paccyxkaeHust B ayxe JieMMbl 2.1 Oy/IyT IPUBOAUTD K JIPYTUM WHTYKTHBHBIM TOXK/T€-
CTBaM BHUJIA

a(uv) = fla(u),v) +g(u, a(v)) (2.3)
JUIsl HEKOTOPbIX OusmuHeitnbix dyukiuit f,g. OaHuM U3 BO3HUKAIONIMX TaKUM 00PA30M Ce-
MeiicTB siBistiorest (o, T) -auddepeHimpoBanusi, KOTOpble OyyT paccMoTpeHbl Hizke. OTme-
TUM, 9TO BO3HHMKAIOIIUE TAKUM 00pa30M CeMeiCcTBa OlepaTopoB He 00si3aHbI OBITH aJredpaMu.
Tem He MeHee, TpU PEIIEHUN 3aJa91 UX OIUCAHUS €CTECTBEHHA CJIEIYIONasd CXeMa: PACCMOTPe-
HUE OIIEPATOPOB, TOPOKIAEMbIX TPUBUAIBLHBIMEI Ha MET/IAX XapaKTepaMu, 3aTeM pacCMOTPEHUE
dakTop mpocTpaHcTBa 110 HUM. TakuM 00pa3oM, BOSHHKAET AHAJIOI ITOHITHS BHEITHUX U BHYT-
pennux T depeHImpoBaHmii, KOTOPble, KOHETHO, He 00s3aHbI 00PAa30BbIBATH UJEAN (IIOCKOJIh-
Ky OmepaTopsl He 00pa3ytoT aiareopy). O HaKko, KaK MOKa3bIBAET MPEJIaracMblil HUYKe pUMeD
uddepeHIMpoBaHuii co 3HAYEHUSIMU B KOHETHOM KOJIbIle U JinddepeHImpoBannii B ajreope,
HOPOZKJIAeMOIl MaJIbIIEBCKOH IIOJIYTI'PYIIION, €CJI COOTBETCTBYIOIIECe CEMENCTBO OlIepaTOPOB BCe
JKe obpasyeT ajredpy, TO olepaTophl, MOPOKIaeMble TPUBHAJIBHBIMI Ha MET/IAX XapaKTepaMu,
Oy/IyT 00pa30BBIBATL HJICA.
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3. Omnwucanme anredbpsl nuddepeHIUpPOBaHMIIT

Jlajtee MBI COCPEIOTOUNMCSI Ha, M3YUIEHUH «KJIACCUIECKUX» AudHepeHnpoBatuii, T. €. yIo-
BJIeTBOpstoNuX npasuity Jleitbnuna. 3adpukcunpyem 0003HATEHUS.

Onpegenenune 3.1. Hanee gepes Der(C[G]) mbl Oyiem o603HauaTh anredpy JTHHEi-
ubix orneparopos d : C|G| — C[G], ynosnerBopsomux mnpasuiy Jleiibauma

d(uv) = d(u)v + ud(v), Yu,v € C[G].

Jaee Mbl OyaeM paboTaTh TPYIIIONIOM, MOPOXKIaeMbIM JIefiCTBUEM T'PYIIbI Ha cebe 1pu
IIOMOIIU CONPsIzKEHUH 1 0003Ha4IuM ero jjis kpatkoctu [
[Iycte d — muddepennupoBanne. B cuty auneitHocTH, Jjist 3/1eMeHTa IPYIIIOBOI ajredpbI

u= Y, ANg naiinyrca kosdunuentsr dj g, h € G rakue, uro cupasenmsa HOpMyIa
geG

d(u) =Y (Z dZAh) g. (3.1)

geG \heG

e O6o3naunm 1yepes X (I') mpocTpaHCTBO BCeX JIOKAJIBHO (DUHUTHBIX XapAKTEPOB Ha IPYTI-
nouge I

e Ilommpocrpancrso B X (I') oKanmbHO (DUHATHBIX XapaKTEPOB TPUBHAIBHBIX HA METIIAX
oboznatmm depe3s Xo(I'), T e.

Xo(I') ={x € X(I')|V¢ € Hom (a,a) : x(¢) = 0}.

o Yepes X (I'yy)) m Xo(I'yy)) MBI Oysem o603HAYATE IIOAIPOCTPAHCTBA OOIIEIO IPOCTPAH-
CTBa XapaKTePOB, ¢ HOCUTE/ISIMHU, JJOKAJIN30BAHHLIME B COOTBETCTBYIONIEM CyOrpYIIIOnIe
suppx C I'fy.

Oupenmenenune 3.2. Hazosem nuddepennuposanus, 3anasaembie dopmyloii (3.1)
pu IoMOIH XapakTepoB u3 mpocrpanctBa Xo(I'), kBasuBayTperHUMHU nuddepeHnmpoBaHm-

amu QInnDer(C[G]).

[Mousitne KkBasusHyTpennero auddepentuposanus 66110 BBegeHo B [5| (pasgen 3.3, u Ha-
3BaHbI ci1abbiMu TuddepentmpoBanusiyvm ). HecmoxkHO yoeuThes, IT0 BCsIKOe BHY TpeHHee aud-
depenImpoBanne siBJsieTcs KBasupHyTpeHHIM. OO0paTHOe — BooOIIe roBopst HeBepHO. CooTBeT-
CTBYIOIIAM IIPHMEPOM sIBJIAETCS CBOOOIHAs rpyma (cM. mpuMmep B [2]|) mau rpynna [eitsenbepra
1 BOOOIIE HUILIBIIOTEHTHBIE TPYIbl padra 2 (cm. [13]).

[Tpu srom KBasusHyTpernue quddepeniuposanus oopasyior uiaean B aarebpe Der(C[G]).

Teopema 3.1. [5, reopema 3.1| IIpocmpancmeo QInnDer(C|G]) keasusnympernnux dudg-
pepenyuposarut obpaszyem udeas 6 anzebpe cex duddheperuyuposarul.

DTa Teopema JiesaeT KOPPEKTHBIM CJIEJYIONIee OlpeIe/IeHue.
Ounpenmenenne 3.3. Pakrop ajnredbpy
QOutDer(C[G]) := Der(C[G])/QInnDer(C|G])

Ha30BeM aJIredpoil KBa3UBHENTHUX /T depeHImpoBaHuii.
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Yepes ((H)) s noarpyunst H B rpymie G 0603Ha4UM HOPMAJIbHOE 3aMBIKAHHE TIOJIPYTI-
el H. Yr106e! onpenemnts roMmomopdusm Ty, 1 ((Z(u))) — (C,+), 3amernm, 910 KazKblit
ssiemenT h € ((Z(u))) umeer Buj

h=tizty oo tozmty
riae t; € G,z € Z(u). BagaauM roMoMopdu3M CJIeIy oM 06pa3oM
T (h) == 7y (21) + - 4+ 75 (2).

Ounpegenenne 3.4. O6osnaunm uepes Q([u]) mpocrpancTBO Beex roMoMOphuU3MOB
) = {((Z(w))) = (C, +).

Hedopmasbio rosopsi, mpoctpanctso Q — 3T0 Te roMOMOpGMU3MBI Ha, IEHTPAIH3ATOPE,
KOTODBIE TTOPOXKIAIOT HEKOTOPBIH JIOKATLHO (DMHUTHBIN XapakTep. PazymMeercs, «IMOPOXKIAIOT»
C TOYHOCTBIO JIO XapaKTepa TPUBHAJLHOrO Ha meTiax. lIlpm sTom majieko He KaxKJblii roMO-
MOP(}U3M IEHTPATU3ATOPA TOPOIUT HEKOTOPHIN JIOKAIbHO (PUHNUTHBIN XapakTep. K mpumepy, B
HUJIBIIOTEHTHBIX TpyIax panra 2 (em. [13, reopema 5|) HuKakoil xapakrep, HETPUBHAILHBII Ha
eT/IgX HaJl OECKOHEYHBIM CYOrpyIIIONI0M, He MOXKET OBITHb JIOKaJbHO (puHUTHBIM. Hanboee
€CTeCTBEHHBIM IIPUMEPOM TaKOi T'PYIIIBI ABJsgeTcsd rpynna [eiizendepra.

Teopema 3.2. [14, Theorem 3.6| /laa xoneuno nopoorcdennvixr epynn G caedyrousue npo-
CMPAHCMBA KAHOHUYECKU U3OMODPHDL:

QOutDer(C[G)) = B Q([u]).

[u]eGE

Ecau, x momy orce, e(G) =1, mo umeem mecmo maxstce KaHOHUNECKUT USOMOPPHUIM

OutDer(C[G)) = € Q([u)).
[

uleGE

Caencrsue 3.1. [14, Corollary 3.7| /laa 060t konewro noposicdernotd epynnov cnpaseo-
AUB KAHOHUMECKUT U30OMOPHUIM

OutDer(C[G]) = @ (X(F[u])/XO(F[u]) x XO(F[u]>/X(l)OC(F[U])) :

[u]leGE

4. (O6006mieHUsT OJ19 APYTUX aJaredp
FC-rpynnbel u xapakTepbl CO 3HAYEHUSIMU B KOHEYHBIX KOJIbIAX

st IpUJIozKeHnii peJICTaB/IsieT NHTEPEC CIydail IPYIIOBLIX aaredp ¢ KoddduimeHTaMu B
KOHEYHBIX KOJIbIIAX JI/IsT KOHEYHBIX I'pyIin. Ha caMoM jiesie ¢ TOYKU 3peHus HaIero 1o0/1Xo/1a HeT
Pa3HUILI MEXK/Ty KOHEYHBIMHU I'PYIIIAMU U TPYIIIAMHA, B KOTOPBIX BCE KJIACCHI CONPAXKEHHOCTH
koneunbl (FC-rpymusi, cm. [15]). B wactHOocTH, Teopema 3.2 u ciejcrsue 3.1 mpuobperaior
CJACIYIONIIA BUI.

Teopema 4.1. |11, Teopema 3.2| IHycmv G — Kxoneurno nopooscdennas FC-zpynna, A —
YHUMAADHOE KOMMYMAMUBSHOE KOALU0, Mo20a

Der(A[G]) = Inn(A[G]) © €D Hom 4,(Z(u), A).

[u]€eGE
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Baech (em. [11, onpegnenenue 2.12]) Hom 4, — MHOXKECTBO &JJIUTUBHBIX TOMOMOP(MU3MOB
u3 nenTpasuzaTopa Z(u) dbukcupoBaHHOTO 71eMeHTa U € G B KOJIbIO A.
Ecin Kombio A KOHEYHO, UMEeeT MEeCTO CJIeIYIoIee pa3jiorKeHne

A= ZP? b...P Zp;n.
Eciin u rpynmia G KonedHa, T0 (akTop Ipyliia 0 KOMMYTaHTY KOHEYHa U
G/|G,G) = Zqi'l D ... ®Zn
ecTh nmpuMapHoe pasioxenue rpynisl G/[G, G.

Teopema 4.2. |11, reopema 4.3| Jlaa xonewnot epynnoe G u xonewnozo xoavua A ece
dugppepenyuposarusn Der(A[G]) 6ydym enympernnumu (Der(A[G]) = Inn(A[G]) ), ecau u
moavko ecat {p1, ..., pnt N{qL, oy gm} = 0.

B wacTtHOCTH, /ISl TPUIOKEHIH WHTEPECHBI CIy9and TPYHIOBLIX aireOp Zy[S3) u Fom Day,.
O BasKHOCTH JIAHHBIX Pe3yJIbTaTOB CM. [9)].

Takum obpaszom, B ciaydae FC -rpymn (B 9aCTHOCTH KOHEYHBIX) U IPYIIIOBBIX aaredp ¢ Ko-
s dunmenTaMu B KOHEYHBIX KOJIbIIaX ajarebpa BHENTHUX IuddepeHmpoBatuii BOOOIEe roBOps
He TpuBHajbHa. [Ipw 9TOM BHyTpeHHUE 1 KBa3UBHYTpeHHNE MM EePEHITNPOBAHNS COBIIAIAOT.

Mausb1ieBCcKue TOJIyTPYIIIThI

JpyruM mpuMepoM HCHOJIH30BaHUs HAIIEl KOHCTPYKIUA SIBJISIIOTCS aredpbl (¢ KOMILIEKC-
HbIME KO3GbUIIenTaMir) Ha i MoJayrpyninamMi. Bo3MOKHOCTD TTOJIYIeHUsT BCEOOBEMITIONINX Pe-
3YJILTATOB JIJIsl TPOM3BOJIBHBIX MOJIYTPYII MPECTABIISIeTCs HaM MaJIOpeabHOl, oaHako B [16]
JUIS CJIyYast MaJIbIEBCKOM MOIYTPYHIBI S MOJIYYeHbI CJIEIYIONUe Pe3y/IbTaThI.

Teopema 4.3. [16, Teopema 2.2| IIpocmparncmeo QInnDer(S) keasusnympernnux dud-
pepernyuposanuti obpasyem udeas 6 anrzebpe Der(S).

OTMeTI/IM, 9TO 3€Chb BMECTO I'DYIIIIOWJa BBICTYIIa€T KaTeropud (BKﬂa,HbIBaeMaﬂ B I'pPYyIIIO-
WJI PPYIIIBL, TOPOXKIAEMON HOIyTPYHIoi S ), U XapaKTepbl OMPEJIEJIsIIOTCs COOTBETCTBEHHbBIM
obpasom Ha 3roit Kareropun (cm. [16, pasgen 2.3|), kak u kBasusHyTpennue auddepenupo-
BaHUs IMOHUMAIOTCA KakK JuddepeHnnpoBanus, 3a/aBaeMble XapaKTepaMy, TPUBUAJILHBIMEI Ha
SH10MOp(hI3MAaX.

XapaKTepHo, 9To ajredbpa guddepeHnnpoBaHuii TaKo MOJIyTPYIIIOBOil ajaredpbl BKJIA/IbI-
BaeTcs B aynrebpy janddepeHnnpoBanuii cooTBeTCTBYOMIEl rpynoBoil aarebpst ([16, Teopema
2.3]).

Cuayuaii (o, 7)-auddepennupoBanuii
Erie oHIM BazKHBIM IIPUMEPOM peaI3allui [IPe JIaraeMoil HAMU KaTeropHoil KOHCTPYKIUN
SIBJISTIOTCSL T. H. (0, T) -niuddepeHnupoBaHust.
[Iycrs A — acconmaruBnast anrebpa naj nojaem K u (0,7) — napa K -JTUHEHHBIX SHJO-
mopdusmos A.

Oupenenenune 4.1. Byuem nasviBars (o, T)-nuddepennupopannem see takue K -
yuHefinbie orobpaxkenus D : A — A, uro mig Beex a,b € A cupasejymuo (o, T)-00001eHHOE
TOK1ecTBO JleitOHua

D(ab) = D(a)7(b) + o(a)D(b). (4.1)
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OrMmernm, 9TO 9TO MPABUIO — YaCTHBI ciydail hopmyist (2.3).

MmuozkectBo Beex (o, T) -auddepentuposanuii Ha A obosnatnm D, - (A).

Jluneitnoe orobpaxenune D : C[G] — C[G| mia kaxzoro 6asucHoro sjiementa g € G
MOZKeT OBIThb 3allICaHO KaK

D(g)=>» Mh,  MeC
heG

Ecau D : C[G] — C[G] —s10 (0, T) -nuddepennupopanue, yIoBIeTBOpsitoiiee (o, T) -IIPaBUILy
Jeitbuuna (4.1), ayist 106bIX g1, g2 € G uMeem

D(g291) = D(92)7(g1) + 0(92)D(g1),
h o _ yhr(g7? o(g;Hh
)\9291 - >‘g2 (o) + )\91(g ) :

Terepb MOCTPOUM HOJIXOAIINI IPYIIONT (¢ XapakTepaMu Ha HeM Mbl U GyJIeM acCOIUMUPO-
Barh Hamu (o, 7)-nuddepennuposanust). Ciieyonas KOHCTPYKIs Obliia IpeiozxkeHa B [17].

Onpegenennme 4.2. [17, c. 5] Oupenennm
e Obj(I"N =G
e Jlnst o6bekToB a,b € Obj(I") mMopdusmamu Gyer MHOKECTBO

Hom (a,b) = {(u,v) € G x Glo(v Yu=a, ur(v’") =b}

e Kommozurmio mopdusmoB ¢ = (uy,v1) € Hom (a,b) u ¢ = (ug,v2) € Hom (b, ¢)
onpeeum Kak Mopdusm ¢ o) € Hom (a,c) Taxoii, aTo

@ o1p = (ugT(v1), vovy).

Torma crpaBe/InBO OnmcaHue Yepe3 xXapakTepbl (o, T)-auddepeHInpoBauii TPYIIIOBOi
anre6pnl. Pacemorpum orobpazkenne VU @ D, - (C[G]) — X(I'), rakoe, uro ecim D(g) =

> Alh, To W(D)(h,g) = Al. Amanormuno crpourcs u obparHoe orobpaxkenne W,
heG

U 00(9) = D x(h, g)h.

heG

Teopema 4.4. [17, Teopema 1| ITycmo G — duckpemmas, KoHeuwHo noposcoennas epynna,
maxas wmo o, 7 € End(G). Tozda omobpasicenue V : D, - (C[G]) = X(I') — usomoppusm.

AHAIOTUYIHO BBOJIUTCS MOHSITAE KBA3UBHYTPEHHETO JnddDepeHIInpOBaHIS.

Oupenmenenne 4.3. |17, onpenenenne 6] Hazosem (o, 7)-muddepenuposanne D
KBa3sWBHYTPEHHUM, ecjin xapakrep V(D) TpuBmajeH Ha IETIISAX.

K coxasennto, camu (o, 7) -auddepeniupoBanust aaredbpy B 0ObIMHOM CMbICTIE HE 06pa3yoT,
OJIHAKO M3YUYEHHE KBAa3UBHYTPEHHUX Jnu(dEPEeHIInPOBaHuii Bce paBHO JOCTATOYHO 1oJe3H0. K
PUMEDY, UMEET MECTO CJIEYIONIEe YTBEPK JICHHE.

Hazosem rpynmy G — (o, 7)- F'C rpynmoii, ecim KaxKJipiii (0, T)-KJIacC CONPSZKEHHOCTH
(U] KOHEUEH.
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Teopema 4.5. |17, reopema 4| Ecau G — woneuno noposcdernasn (o,7)-FC epynna, u
o, T — andomoppudmu, epynnv. G, mo

Diom = B Zi,-(a) @ Inn(I).

[a’](a',‘r)

Baecw Z(, T)(a) — HPOCTPAHCTBO I'PYIIOBLIX XapaKkTepos (o, T)-IeHTpamm3aTopa Z(q ) (a).
B wacrHOCTH, ClIpaBeyIMBO CJIEyIONIee CIeJICTBAE, KOTOPOE OTHIOAb HE ABJISIETCS CaMOOYe-
BUJIHBIM Jts1 (0, T) - dbepeHnnpoBaHmii.

CaexncrBue 4.1. [17, cnencrBue 5| Ecau G — woneunas epynna v o,7 € End(G), mo
sce (0,7) -duddepenyuposanii A6AAOMCA GHYMPEHHUMU.

B zaBepiirenne ormeTnM, 4TO Mpe/IAraeMblii TIOJIX0]T TAKXKE MOZKET ObITh IIPUMEHEH JIJIsl OIU-
canug JTudEepeHITUTPOBAHUI 1 JIPYTUX OMEPATOPHBIX IIPOCTPAHCTB, YIOBICTBOPAIONINX UHTYK-
TUBHBIM TOXKJIECTBaM. BoJjiee TOro, 1Mo Bceil BUINMOCTH IIPOCTPAHCTBO XapaKTepoB Ha KarKJIoif
KATEropuu OTBEYaeT TAKOMY IIPOCTPAHCTBY HaJ HEKOTOPOU ajaredpoit. YcTaHOBIEHUE TTOI0OHOM
JIBOHCTBEHHOCTH MEXKJTy TPOCTPAHCTBAMU XapaKTEPOB KATEIOPHUl U OIIepaTOPHBIX MPOCTPAHCTB
HE TOJILKO MPEJICTABIISICT CAMOCTOSTEIbHBIN UHTEPEC, HO U JIACT BO3MOXKHOCTH IOCMOTPETH Ha
IIPOCTPAHCTBA XapaKTepOB KaK Ha HEKOTOPBIN aHAJIOT COMPSZKEHHOTO MTPOCTPAHCTRA.
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Abstract. We consider the differential equation with delay
@(t) = f(t,x(h(t), t=0, x(s)=w(s), s<0,

with respect to an unknown function x absolutely continuous on every finite interval. It is
assumed that the function f : Ry x R — R is superpositionally measurable, the functions
¢ :(—00,0) > R, h:R;y — R are measurable, and h(t) <t for a. e. ¢t > 0. If the more
burdensome inequality h(t) <t — 7 holds for some 7 > 0, then the Cauchy problem for this
equation is uniquely solvable and any solution can be extended to the semiaxis R,. At the
same time, the Cauchy problem for the corresponding differential equation

i(t) = f(t,z(t)), t>0,

may have infinitely many solutions, and the maximum interval of existence of solutions may
be finite. In the article, we investigate which of the listed properties a delay equation possesses
(i.e. has a unique solution or infinitely many solutions, has finite or infinite maximum interval
of existence of solutions), if the function h has only one «critical» point ¢y > 0, a point for
which the measure of the set {t € (tg —e,to +¢) NRy : h(t) > t — e} is positive for any
€ > 0. It turns out that for such a delay function, the properties of solutions are close to those
of solutions of an ordinary differential equation. In addition, we consider the problem of the
dependence of solutions of a delay equation on the function h.

Keywords: differential equation with delay, Cauchy problem, dependence of a solution on a
delay function
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Bsenenue

Crarbs MOCBsIIIeHa MpobIeMe 3aBUCUMOCTH CBOWCTB MHOYKECTBA PEIeHNil ypaBHEHNS ¢ 3a-
a3/ BIBAIONIIM apryMeHToM h(t), BbisBieHUIO 3(MEKTOB, BOSHUKAIONMX Ipu cxojumoctu h(t)
K (yHKIUN, X0Ts OBl B OJIHOI TOYKE HE MMEIOIIEH 3ala3/IbIBaHus, T. €. COBIA/IAONIEH C t.

Bompocam HenpepbIBHOI 3aBUCHMOCTH pelieHuii auddepeHuaabHbiX 1 (YyHKINOHAILHO-
nuddepeHImabHbIX YPaBHEHUN OT MAapaMeTpPOB IMOCBSAIEHA MHOIOYHCJ/IEHHAS JINTEpaTypa
(em. monorpadmm 1, §4.18§ 9.4], [2, § 1.5], 3, rur. 189], crareu [4,5] n 6ubamorpadudeckue crmc-
KU JIAHHBIX PaboT). MHOrme u3 9TuX MCc/ieJ0BaHuil UCIOIb3YI0T METOJIbI aHAJIN3a, B YACTHOCTH,
PE3y/IBTaTh O HEMOABIZKHLIX TOUKaX (cM. [6-8]), Toukax coBmagenus (cm. [9,10]), n Bo3Mmye-
ausix (em. [11-14]) peryiasipabix oToOparKeHuii HOPMUPOBAHHBIX, METPUIECKUX UJIU YACTUIHO
YHOPSII0UeHHbIX TpocTpancTB. Ho Takue ucciiefoBanust oYt He 3aTPAruBaiOT CUTYaI[UU CKa-
KOOOPA3HOTO M3MEHEHUsI PENIeHW W WX BaKHEHIuX CBONCTB. «VIMIyIbCcHBIEY TEepecTpOiKn
CTPYKTYPbI MHOYKECTB PEIIeHUl BO3MOKHBI, HAIIPUMED, I YPaBHEHU ¢ 3al1a3 bIBAIOIINM ap-
IYMEHTOM B CJIydae, KOrjia 3anas/piBanue t — h(t) crpeMuTcs K HYJII0, a ypaBHEHUE [TpeBpallia-
ercsi, COOTBETCTBEHHO, B 0OBIKHOBeHHOE Aud dpepeHnnaibioe ypaBHenne. B yacTHocTH, 3a/1a49a
Komm jy1s1 ypaBHEHUST ¢ MTOJIOKUTETBHBIM 3aI1a3/IbIBAHUEM OJHO3HAYHO Pa3perinMa, U ee pe-
IeHne IPOoJIoJIzKAaeMo Ha BCio mosiyoch R, a 3azada Ko g npejaebHOro 0ObIKHOBEHHOTO
nuddepeHIuajbHOr0 yPaBHEHNST MOXKET UMETh OECKOHEYHOE MHOXKECTBO PEeIeHUil, U MaKCH-
MaJIbHBII MHTEPBAJI CYIECTBOBAHUS PEIIEHNT MOYKeT ObITh KOHEIHBIM. B JTaHHOI cTaThe TOKa-
3aHO, 9TO TAKOe K€ CKAIKOOOpa3HOe N3MEHEHIe PEeIlleHril BOSMOXKHO U B CJIydae, eC/iu pyHKIIUs
[TOJIOYKUTEIHHOTO 3aIa3/IbIBAHIS CTPEMUTCS K (DYHKINN 3aI1a3/IbIBAHUsI, TIOJIOKATETHHON Be3/Ie,
KpPOMe JIUIIb OJIHOW TOUKY (HA3BIBAEMON B CTAThE «KPUTUIECKOIN» ).

OTmeTuM, 9TO BOIPOCHI CKAYKOOOPA3HOI'O M3MEHEHNUsI PEIIeHI OTHOCATCS K IIPEIMETy Teo-
pun katactpod u Teopun ocobernocreit (em. [15]), omHako, 60JbIIMHCTBO PAbOT B 3TUX 06JIa~
CTAX MATEeMATHKHU 00Jiee COCPEIOTOUEHBI HA BOIIPOCAX MIEPECTPONKY PEIeHnit OOBIKHOBEHHBIX
muddepenimanbabix ypapHenuit (cMm. [16-18|) u, Kak mpaBmio, He pacCMATPUBAIOT U3MEHE-
HUsI, BOSHUKAIOIIE B MHOYKECTBE pelleHnii pyHKIMOHAJIbHO-Tu(depeHnna bHbIX YpaBHEeHHTI.
A BOIIPpOCHI Kap/IMHAJIBHON TEPEeCTPONKN MHOXKECTBA PEIIeHWil TPU CTPEMJIEHUN 3alla3/IbIBa-
HUsI K HYJIIO U IIPEBPAIEHIH COOTBETCTBYIONIEr0 YPaBHEHUs C OTKJIOHSIIOIUMCS apTyMEHTOM B
0ObIKHOBEeHHOE aud bepeHnnaabHoe ypaBHEHNE, HACKOJIBKO M3BECTHO aBTOPaM JIaHHON CTaThu,
B JINTEpaType He UCCIIEIOBAJINCH.

OcHoBHast 9acTh IpeJJIATaeMOil CTaThbU COJIEPKUT TpU pasjena. B mepBom paccmarpuBa-
ercs 3agada Kommmm g andepeHnunaabHOro ypaBHEHNsT ¢ TTOJIOKUTEIHHBIM 3ala3/IbIBaHIeM.
311ech oKa3aHo, YTO MPU CaMbIX OOIIUX MPEIIOJIOKEHUIX Ha (PYHKIMH, TOPOXKIAIOIIIE TaKOe
ypaBHeHwue, 3a1a4a Kol 0/ITHO3HATHO pa3pernmma, n ee pelleHne HeOrPAaHUIeHO TTPOJI0IZKAEMO.
Bo BropoMm pazjesie J1eMOHCTPUPYIOTCS TpuMepbl auddepeHInaJ bHbIX YpaBHEeHNH, (DyHKITIS
3aI1a3/IbIBAHUsT KOTOPBIX COJICPYKUT OJHY KPUTHUIECKYIO TOUKY to > 0, W IPU TOM MHOXKE-
cTBO perrennii 3amaqn Kormm OecKOHEIHO, a Cpeu PeleHnil eCTh HelpoI0/XKaeMble Ha BCIO
nmosiyoch Ry, Takum obpaszom, ecu (hyHKIHs MTOJOXKUTEIBHOTO 3ala3/bIBAHUS CXOJUTCS K
dyHuKIIMN, NMeoIEeil X0TsI ObI OJTHY KPUTHIECKYIO TOUKY, TO MHOXKECTBO PEIeHUl COOTBETCTBY-
IOIUX yPaBHEHUI TIPU TAKOM IIPEJIEILHOM IIEPEX0/Ie NCIBITHIBAET CKAIKOOOpA3HbIe N3MEHEHUS.
B tperhem pazjesie mokasbIBaeTCs, 9TO JaXKe B CJIydae CKAIKOOOPa3HOIO M3MEHEHUs CTPYKTY-
PbI MHOYKECTBa PeIeHnit TP U3MeHeHNN 3al1a3/IbIBaHNsT MOYKHO BBIJIEJINTh KOHETHBIN OTPE30K
[IOJIOXKUTEJILHOMN IJIMHBI B 00JIACTH OIPEIe/IeHUs] PEIIeHnil, Ha KOTOPOM PelleHne HelPePbIBHO
3aBUCHUT OT 3al1a3/IbIBAHNUSI.
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1. duddepennmaibHoe ypaBHEHAE C MOJOXKUTEIbHBIM 3aMa3/bIBAHAEM

Mepy JleGera na upsamoit R 6ynem HazbiBaTh Mepoti 1 OygeM 0603HAYATE €€ CUMBOJIOM INes.
O6osnaaum gepes Ly 1), ACp 1 1 Clor) 6aHaXOBBEI IPOCTPAHCTBA, COOTBETCTBEHHO, CYMMUDPY-
eMbIX, abCOJIIOTHO HelpepbIBHbIX U HenpepbiBHbIX Ha [0, 7] C Ry (T < oo) dyukimit. Hopmbr
B 3TUX IPOCTPAHCTBAX ONPENeIAIOTCsS (hOpMyIaMu

T
(3 —/0 jz(s)l ds, [zllac = |z(O) + l#][z, [lzllc = max |z(#)].

te[0,7

B pabore paccmarpuBaeTcd auddepeHimaabHoe ypaBHeHne ¢ 3a11a3/IbIBAIONIIM apryMEHTOM
i(t) = f(t,z(h(t), >0, z(s)=¢(s), s<0, (1.1)

B KOTOPOM «(byHKIUsI IIpejibicTopuny ¢ : (—00,0) — R usMepuma u CyIiecTBeHHO OrpaHnveHa,
dbyukmusa h : Ry — R usmepuma u npu m.B. t € Ry ymosiaersBopsier nepaserctBy h(t) < t,
dbyuxmus f: Ry xR — R cynepnosuyuonto usmepuma (Hanmpumep, yJI0BIETBOPSIET YCIOBUSIM
Kapareomopu nin ux 0606menusim, cm. [19;20]), To ects st y1t060it u3mMepumoii dyHKIMN
u: Ry — R wommosumus f(+,u(+)) : Ry — R rtak:ke mamepuma. Kpome toro, nmpe/nonaraercs,
10 Jyist Jiroboro 1 > 0 u obbix u € [—r,r| dyHakius ﬁ Ry — R,

frt) = sup |f(t,u)

u€[—r,r]

, te Ry, (1.2)

SIBJIFIETCA CYMMUPYEMOH Ha KasKJIOM KOHEYHOM OTpEe3Ke, NpUHa/iexkamumM R, (3aMeTum, 9ro
usMepumocTh Gyukuuu f,. : Ry — R cuenyer us [21, caencrsue 1.5.9]).
Banmmmem ypasuenne (1.1) B Buje

+0) = £t (Si)0). 020, me (S = { TN I ER

o(h(s)), ecmm h(s) < 0.

[Ipencrasnenne ypasaenus (1.1) B Bume (1.3) mosBosisieT JaTh CIeyroliee ONPEIeIeHAe ero
pererns (em. [1, § 1.1]).

[Iycrs T > 0. Pewernuem ypasnerus (1.1), onpedeaernrvim na [0, T], naspisaem abcoIOTHO
HEIPEPBIBHYIO HA 9TOM OTpe3ke byHKIHMIO, yaoBiaersopsiontyio (1.3) mpu 1. B. t € [0, 7], a pe-
wenuem, onpedeaenrovim Ha [0,T) wmm [0, 00) HasbiBaeM (BYHKIHMIO, AOCOTIOTHO HEPEPBIBHY IO
Ha KazKJIOM KOHETHOM OTPE3Ke, IPUHAJIEYKAIIEM 3TOMY UHTEPBaJLy, U yI0BIeTBOpstonyto (1.3)
npu . B. t € [0,7), coorBercTBerHO, IpU 11. B. ¢ € [0,00). B ciryuae T' < oo pelrieHre Ha3bIBa-
eM A0KaAbHbIM. e pelllenne Ty, ONpeJeJIeHO Ha MHOXKECTBe Ji, DeIlleHue T, OIPEJIeJIeHO
Ha Jy M UMEIOT MEeCTO COOTHOIICHUSI

J1 CJy u xy(t) =xy(t) upn t € Jy,

TO Xj, HA3BIBAETCH NPOJOAHCEHUEM PEWEHUA Ty, & Tj — YACMLIO Pewenus xj,. Perienue
Xy, OIPEJIeJIEHHOE Ha HEKOTOPOM MHOXKECTBe .J, HA3BIBAETCH MAKCUMAALHO NPOJONIHCEHHDIM,
€CJIN OHO He HBJIAETCA YaCThbI0 HUKAKOI'O JIPYroro perrenud. B 3ToMm ciydae MHOXKeCTBO J
HA3BIBAETCH MAKCUMANDHHM UHMEPBAAOM CYUECME0E8GHUA TAHHOTO PEIEHUS.

Orpejiesienre pereHns Kak 3JeMEHTa MPOCTPAHCTBA a0COJIOTHO HEIPEePbIBHBIX (DYHKINIT
co 3HavenuaMu B R, a He B OECKOHEYHOMEPHOM OaHAXOBOM ITPOCTPAHCTBE, IPEJJIOKEHHOE
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H. B. As6Genesbim 6ostee 50 ster nazaz (em. [1, § 1.1]), mo3BoJINIO PaCIpOCTPAHUTh HA ypaBHEe-
HUS C OTKJIOHAIONUMCS apryMeHTOM (pyH/IaMeHTAJIbHBIE PE3YJIbTATHI O TIPEJICTaBJICHIH OOIIETO
pellieHns, O KpaeBbIX 3a/lavax, 3ajladaxX YIpaBJeHnus U BapUAIMOHHBIX 3aJ/lad9aX, N3BECTHbIE
J71s1 OOBIKHOBEHHBIX JuddepeHImanbabix ypapennit (M. [2-4]). D1o omnpeesnenne He Tpedbyer
«HEIIPEPBIBHOI CTHIKOBKI» PellleHnst 1 HadaibHOi dyHKIwy, T. e. Bosmoxkuo z(0) # ¢(0), 6o-
Jiee TOro, B 3TOM U CJIeyIoleM naparpade craTbi HeNPEPhIBHOCTL (DYHKIMH (o He TpedyeTcH,
Ipe/IoiaracTed JUlib ee n3Mepumocthb. Ho, 6e3ycsioBHo, cirydail HenpepbIBHONW (DYHKIUU (0
U HepepbIBHOE ee IMPOJIOJIZKEHNE PellleHneM He OTBepraercs MPUHSATHIM HAMU OIIPeJIe/IEHuEM
peIlleHnst, 9Ta CUTyanus cooTBeTcTByeT 3ajade Komm ¢ mHadanpubiM ycioBueM z(0) = ¢(0).
Takas 3agada OyJieT pacCMOTpPeHa B pasfiesie 3. CTaThH, Iye Oy/IeT UCCIeI0BAThCS 3aBUCUMOCTD
pellieHns 9Toi 3a/[a9i OT U3MEeHeHUsl (PYHKIINU 3aIa3/IbIBaHUs .

Buauasie paccMoTpuM dacTHbI ciyuait ypasaenust (1.1) — nudepenimaibioe ypaBHeHNE
C MOCTOSTHHBIM 3anas/piBanuem 7 > (. Takoe ypaBHeHue nmmeer BUJ

i(t) = f(t,z(t —7)), t>0, z(s)=¢(s), s<O0. (1.4)

Briosine o4eBuiHO, uTo Jr060e pemtenue ypaBuenus (1.4) MoxKeT ObITh HEOrPAHUYIEHO MTPOJIOJI-
JKE€HO, TOYHee, UMeeT MeCTO CJIe/IyIolee yTBEPKIeHHUE.

Teopema 1.1. 3adaua Kowu das ypasnenus (1.4) ¢ navaronom ycaosuem
2(0) = o (1.5)

npu mobom o € R umeem eduncmeennoe onpedesennoe na eceti noayocu Ry pewenue z(-),
U A1000€ NOKANDHOE PEWEHUE ABAACTNCA YACTBIO IMO20 PEUEHUA.

HoxkaszatTenbctso. Pemenne 3aaaun (1.4), (1.5) MoxkeT ObITH MOJIyYeHO Ha KAZKJIOM
u3 uarepsagos (iT, (i + 1)7], ¢ = 0,1,..., B Buge dyukuun z(t) = u;(t), t € (ir, (i + 1)7],
OnpeIeIAeMOil PEKYPPEHTHBIMEI (DOPMyTaMn

up(t) = a+/0 f(s,go(s — T)) ds upu t € (0, 7];

t
uy(t) = ug(7) —I—/ f(s,uo(s — 7)) ds npu t € (7,27];
T
wi(t) = w1 (i7) + / f(s,uisi(s = 7)) ds mpu t € (i, (i + 1)7], i=1,2,....
ir
B niepBoii u3 stux dopmyi1, B cuity cymmupyeMocTi Ha orpeske [0, 7| mpu sroboM r hyHKIHHT ]/”;
U CyIIECTBEHHOW OMPAHNIEHHOCTH Ha 3TOM OTpe3Ke MYHKIMH § — (s — T ), HOAbIHTErpaJIbHAS
dyuKIUI S — f (s, gp(s—r)) cymmvupyema. CiietoBaresibHo, GyHKINS Ug(+) abCOTIOTHO Helpe-
poiBHa. Jlasiee, Bo BTOpoii u3 5Tux (pOPMyII, B CUITY CyMMHUPYEMOCTH Ha OTpe3ke [T, 27| dyHKinu
ﬁ U OIPAHUYEHHOCTHU Ha 9TOM OTPE3Ke HEIIPEPBIBHON (DYHKIUU S > Ug(S — T), MOJBIHTErPasIh-
Hag QyHKIUAA S > f(s, up(s — T)) cymmmupyema. CieoBaresibHo, GyHKIMA u1(+) abCOTIOTHO
HenpepbiBHA. TakuM 006pa3oM JloKa3biBaeTcs, uro npu Beex ¢ = 0,1,... dyakius u;(-) ab-
COJIIOTHO HempepbiBHA. VTak, cyliecTBOBaHUE OIpPEIe/ICHHOTO Ha Beeil mojyocu R, perrenunst
sajaun (1.4),(1.5) ycranosseno.
[Tpe ook, 9TO CyIIecTBYeT HEKOTOPOe JIOKAJIbHOE pelleHue I (), OTJINIHOe Ha ero
obsactu onpegesenns or pemterns z(-). OmpenesnM MHOXKECTBO

E={t:z(t)#z(t)} CR;
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U Haii/leM HAMMEHBINWH W3 HOMEPOB i TaKuX, 4To Mepa Muoxecrsa FE N (it, (i + 1)7] mo-
noxkurenbaa. Torma wa uaTepsasne ((i — 1)7,47] 3Havenus bysxmmit (t), x(t) comaaror,
z(t) = x(t) = u;—1(t). Ocraerca 3amernThb, uTO B criy ypasaenus (1.4) ero perenue Ha
(i1, (i + 1)7] oHO3HATHO OIpEJIENIETCS O «IIPEJIBICTOPUNY — (DYHKIHA U;—_1. O

Yreepxaenue Teopembl 1.1 6e3 Tpya mepenocurcs Ha 6osee obiee ypasHenue (1.1) ¢ 3a-
Ha3/BIBAIOIIIM apI'yMEHTOM.

Teopema 1.2. Ilycmv das awbozo T > 0 cywecmsyem T > 0 maxoe, wmo npu n. 6.
t € [0,T] evnoaneno nepasencmeo h(t) <t — 7. Tozda 3adaua Kowu dasn ypasnenus (1.1) ¢
navarvrom yeaosuem (1.5) npu aobom a € R umeem edurncmeennoe onpedenernoe na 6cet
noayocu Ry pewenue (), u 41060€ A0KAADHOE PEWEHUE ABAALTNCHA YACTNDIO IMO20 PEUECHUA.

JlokazaTesbcTBO 3TOM TE€OpEeMbI AaHAJIOTUYHO JI0KA3aTe/ILCTBY TeopeMbl 1.1.

2. VYpaBHeHUe C 3ana3/ibIBaHNEM, UMEIOINIUM KPUTUYIECKYIO TOUKY

s mamepumoit dynknuu h @ R, — R, ompenendiomneil oTKIoHeHNe apryMeHTa B ypaB-
wenun (1.1), Termepsb Oyjem mpejmoaraTh, 9To NpU . B. ¢ € R, BBIIOJIHEHO HEPABEHCTBO
h(t) < t.

Touky tg > 0 Oyzaem Ha3bIBaTH 4€60U Kpumuweckol oas gynruyuu h, ecam Mepa MHOXKe-
crBa {t € (to —e,t0) : h(t) >t — e} aBasercs monoxuTenapHol Ipu mobom & > 0, u npasoti
Kpumuyeckoli oas gyrnkyuy h, ecam Mepa MHOXKECTBA {t € (to,to+¢) : h(t) >t — 5} AB-
JISIETCST TTOJIOKUTETbHON 1Ipu JitoboM &€ > 0. O4ueBHIHO, 9TO JIJIsI JIEBOI KPUTUIECKON TOUKM tg
BBITIOJTHEHO cTporoe HepaseHcTBo ty > 0. Touky ty > 0 HazbIBaeM kpumuyeckotl daa GyHKUUL
h, ecyii oHa ABJISIETCs JIEBOI MJIM NIPABOI MU OJTHOBPEMEHHO U JIEBOH, M NPaBOil KPUTUIECKOIA.

Cuaieryrorue JiBe TeOpeMbl TOKA3bIBAIOT, UTO B JIEBOH KPUTHYECKONW TOUYKE MOYKET <«3aKOH-
YUTHCS» MaKCUMAaJIbHbIIT MHTEpPBaJI CYIIECTBOBaHUSl PeIleHus], a lipaBas TOYKa MOXKET CTaTh
«TOYKOH POXKJIEHUsT» OECKOHEYHOTO MHOXKECTBA IPOJIOJIXKEHUH JIOKAJIHLHOTO PEIIeHHs .

Teopema 2.1. Ilyemwv 6 ypasnenuu (1.1) dynrkyus 3anasdvsanus h umeem 0dny kpu-
muveckyro mouky to > 0, ssasowyroca Aesotll kpumuveckoti mowkot. Tozda na unmepsane
0,t0) 3adaua Kowu (1.1), (1.5) umeem eduncmeennoe pewerue z(-), u moboe dpyzoe A0KaAL-
Hoe pewenue cosnadaem ¢ pewenuem x(-) Ha nepecevenuu ux obaacmetd onpedeaenua. Kpome
M0O20, UMEEM MECTNO CACOYIOUWAA AAGMEPHAMUEA: AUOO OAA CYdHcenus pewenusd x(-) Ha npo-
useonvrvii ompesox [0,T], T <ty evnoaneno imr_y,—o ||[2(-)||acy = 00, u 6 9mom cayuae
MAKCUMANDHM UHMEPBAAOM onpedeaenus pewenuts 3adavu (1.1), (1.5) asasemes unmepsan
[0,t0), aubo limr_, o ||ZB(-)||AC[07T] < 00, u mozda pewenue x(-) NPOYOANCAEMO EOUHCTNEEN-
HoLM 00pazom na 6cto noayocy R .

JokaszatTeuasbctso. [lokaxem, aro npu npoussossaom 1 € (0,%y) cymiecrByer ra-
koe 7 =7(T) >0, aro h(t) <t—7 nupum. B. t € [0,T]. Ilpeanonoxum, aro TpebGyemoe InucIo
7 = 7(T) > 0 me cymecrsyer. Torma npu mo6oM HATYPaJbHOM i JUIsd 7; = i ' Ha HEKOTO-
pom muoxkectse F; C [0,7] momoxkurensbnoit Mepsl Beimosneno h(t) >t — 7, Muoxkecrsa E;

YIHOPsI0Y€EHbI 110 BJIOXKeHUIO, T. e. [y C E;. Tenepnb onpenemM MHOXKECTBO
E;={te[0,T]: V6 >0 mes([t,t +d]NE;) >0}, i=12,...,

KOTOpOE He IyCTOo, MocKoabKy mes F; > 0. Tlomoxum 0; =inf F;, ¢+ =1,2,.... Tak kaK MHO-
KecTBa F; yHOpSIOYEHBI TI0 BJIOXKEHUIO, OIPeeeHHasd TaKUM 00pa30M IOC/IeI0BATE/ILHOCTD
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{6;} BO3pacTaer m orpanmvena, u MO3TOMy cxoiuTca K Hekoropomy 6 € [0,7T]. s mo6oro
d > 0 cymecrByer HaTypasabHoe [ Takoe, uro 0; € [§ — §,0] upu Bcex i > I. CrenoBaresbHO,

[0;,0; + 6] C [0 —6,60+6], mes([§—6,60+0d]NE;) >0 npuseex i > 1.

[Tosryuennoe HEpaBEeHCTBO O3HAYAET, YTO TOUYKa @ KpUTHUECKas, HO II0 YCJIOBUIO TEOPEMBI B
orpeske [0,7] HET KPUTHIECKUX TOUEK.

Urak, prs npoussosbrnoro 1" € (0,tg) mpu 1. B. ¢t € [0,7] Bomommeno h(t) <t — 7, rae
7 > 0. DT0 HEPABEHCTBO, COMJIACHO TeopeMe 1.2, rapanTupyer, 4to Ha unrepsaie [0,ty) 3amada
Kommu (1.1), (1.5) umeer eanHCTBEHHOE peIieHne Ty, (+), ¥ JIIOOOE JAPYroe JIOKAIBHOE PEIIeHUe
COBIAJIAET C PEIIeHneM Iy, (-) Ha mepecedeHny ux obsacreil onpeseIeHns.

DyHKImsA (O7t0) > T — ||xt0(')||AC[0,T]
bynknuga orpanmvena, moéo limy o |74, (-)||ac, ,, = 00. B nepsoit curyamun cymecrsyer

BO3pacTaerT. BosMmoxkHBI JABE€ CUTyalluu: Jbo 3Ta

KoHEUHBIH Hmy 10 (|24, (+) | a0y 7y, 1 mOSTOMY cymectByer T = limy 40 24, (t) < 0o. Omupe-
Jie M (PYHKITHIO

- ~ [ ¢(s) upu se(—o0,0),
o (—o0,tg) > R, @(s)= { 2o(s) npu s € [0,1o), (2.1)
U PacCMOTPHUM 33aJ1ady
i(t) = f(t,z(h(t))), t>to; z(s)=@(s), s<to; z(0)=7T. (2.2)

Ha muoxkectBe [tg,00) v dyHKIME h HET KPUTHIECKUX TOUeK. [I0BTOPUB MpHUBECHHBIE BBIIIIE
pacCyKJIeHNs, MOy UM, 9To Jiist Jaroboro T > ty cymecrsyer 7 = 7(7T') > 0 Takoe, 9410 npu
. B. t € [ty,T] BbmosiHeHo HepasencrBo h(t) <t — 7. CoracHo Teopeme 1.2 Ha BeeM [tg, 00)
sasgada Kormm (2.2) mmeer equHCcTBeHHOE perierne x(-), ¥ J060€ JIPpyroe JIOKaJIbHOe PelleHne
9TOM 3aJIaui COBIAJAET C peleHneM x(+) Ha IHepeceveHnr uxX o0JacTeil OlpeieseHusl.

Jlns 3aBepiieHus I0Ka3aTEIbCTBA OCTACTCS 3aMETUTh, YTO UCKOMBIM €JIMHCTBECHHBIM MaK-
CUMAJIbHO OTIPeJIeJIEHHBIM pertieHreM ncxoHoit 3agadn (1.1), (1.5) spisiercss dbyHKIMsT cO 3Ha-
qeHusaMu Ty, (t) upn t € [0,t0) n x(t) upu t € [ty,00). O

Teopema 2.2. [Tycmo 6 ypasnenuu (1.1) dynryus 3anazdvisanus h umeem 00wy kpumu-
weckyto mouky to > 0, asaaowyroca npasot kpumuveckotd moukot. Toeda na ompeske [0, o]
(ecau to = 0, ompesok ewposcdaemes 6 0dnomouewnoe mrostcecmso) 3adava Koww (1.1), (1.5)
umeem eduncmeennoe pewenue x(-), u A1060€ dpyeoe AOKAABHOE PEUEHUE COBNAJAEM C PEULE-
nuem x(-) Ha nepecevenuu ur obaacmed, onpedeaenus. Kpome mozo, ecau 0as mexomopozo
d >0 npun. 6. t € [ty,to+ 9] Pynxuyus f(t,-) Henpepwiera, mo a060e A0KANLHOE PEULEHUE
ypasnenus (1.1), exmouan pewenue z(-), npodorsicaemo na 6cro nosyocv Ry u umeem mecmo
CACOYIOULAA AALMEPHAMUBE: AUOO IMO NPOJosdHCENUE OUHCMEEHHO, AUDO Pewenutl, onpedeseh-
HOLT HA NOAYOCU DECKOHEUHO MHO020, HO NPU IMOM OAA NPOU3BoAbHo20 0 > 0 atboe pewerue,
onpedeaennoe na unmepsane [0,tg+ o), umeem eduncmeenroe npodosscenue na R .

HdoxkaszaTenbcTBo. YTBepXKIeHHE TeopeMbl O perieHnn Ha otpeske [0,y Tpusm-
aJbHo, ecyin tg = 0. Pacemorpum curyarmio ty > 0.

Tak kak cyxenue GyHkimu h Ha orpe3ok [0, ty] He uMeeT KPUTHUIECKUX TOYEK, KAK MOKa-
3aHO TIPH JI0KA3aTeIhCTBe TeopeMbl 2.2, cyimecrByer 7 > 0 takoe, uto h(t) <t — 7 mpwu 1. B.
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t € [0,tp]. B cuny sToro wepasencrsa ua [0, ty] cyecTByer JIOKaJIbHOE PEIEHUE Ty, TPUUEM
9TO PeIleHne Olpe/ie/isdeTcss PABEHCTBOM

Ltg (t) = Uip+1 (t)v

rae 19 — IHejas J9acTb JeHMCTBATEILHOIO Ymucaa ity /7', a 3HAYEHUSI ui0+1(t), BBIYHUCJISIIOTCA 10
dopmyiam:

up(t) = p(t) npu t < 0;

~f uo(?) upu t < 0,
wi(t) = { oz+f(ff(s,u0(h(s))) ds mpu t € [0,7];

wi(t) = (e l(t) npu ¢t < (1 —1)7,
‘ w1 ((1 —1)1) + fl Iy f(s,uiz1(h(s)))ds mpu t € ((i — 1)7,i7],

vl =1 o wpn b= o
Wio+1 N Uzo 20’7' + ./;07’ f(S, Usg (h(S))) ds pu te (iOT’ to]-

st nokazarebCTBa MPOJIOIKAEMOCTH JIOKATBHOIO PEIlleHusl Ty, PacCMOTPUM 3ajady (2.2)
¢ dynknumeit «mapegpicropuny (2.1), a HadaIbHOE 3HAYEHHE MOJIOXKHUM DABHBIM T = Ty (fo).
Bamuiem 3Ty 3a/1a9y B BUJE SKBUBAJEHTHOIO NHTEIPATHLHOTO YDABHEHUST

z(t) = EE+/ £(s,(Swx)(s)) ds, t>to; Tae (Spw)(s) = { z(h(s)), ecmm h(s) > to,

to

~ 2.3
o(h(s)), ecmm h(s) < t. (2:3)
3a1a 1M
r =1+ max { max |z(t)|, vraisup |p(s)| }
t€[0,t0] $€(—00,0)

u Jyist oupeeseHnoit popmyiioit (1.2) dysximn ]/”; Ry — R maitngem takoe A > (0, 4uro

to+A
/ Fdt<1.

to

PaccmorpuM jeiicTByomuii B IpocTpancTBe C[to to+A] HEMPEPHIBHBIX HA OTPE3Ke [to, to+ A
dbyukuumit unrerpanbHblii oneparop (Fz)(t) = T + j;fo (s,(Shz)(s)) ds. Tak kak dynxmus f
VIOBJICTBOPSIET YCIOBHAM Kapateoaopy i ee MasKopaHTa — (GYHKIMA f, CyMMIpPyeMa, Olle-
patop F' 1 Cpyyso+a] = Choto+a) Henpepsisen. Illap Be(0,r) ¢ nenrpom B Hy/eBoil yHK-
UM pajuyca 1 OTOOparKaeTcst STUM OlepaTopoM B ceba. Kpome Toro, mis mo6oii byHKIumn
x € Be(0,7) n mobbix ty,ty € [to, to + A] BbITIOTHEHO

|(Fz)(t2) — (Fz)(t)] = }/ , (Sn)(s)) ds| g/t2ﬁ(s)ds

[I03TOMY MHOXKeCTBO F (Bc(O,T)) SABJISIETCS PABHOCTEIIEHHO HEIPEPBIBHBIM, CJIEJ0BATENIHHO,
koMmnakTHBIM. CoracHo Teopeme [laynepa, oneparop F' umeer B mape Be(0,7) HemomBmx-
HYIO TOUKY, 0003Ha4InM ee Tpa. llosydeHHast HempepbiBHAsT (DYHKIUS T SBJISETCST PelleHneM
ypaBrenus (2.3), cie1oBaTebHo, 3Ta QYHKIMs aDCOJIOTHO HEIIPEPBIBHA, 1 9Ta (DYHKIUS €CTh
JIOKaJIbHOE pelieHue 3a1a4an (2.2), omnpeesnenHoe Ha [tg,to + A]. CooTBeTCTBEHHO, pereHneM
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ucxoauoit 3azaun (1.1), (1.5) saBusgerca OYHKIUSA Ty CO 3HAUEHHSIMU Ty, () 1pu t € [0, %)
u fl\:A(t) npu t € [to,to + A]

Jlnst HAXOXKJIeHnsT [TPOJIOIZKEHHsT 9TOIO DeNIeHus HaJI0 PAcCcMOTpeTh uddepenipaibHoe
ypaBHeHMe Ha mHTepBaje [t)+ A, 00), coorBercTByomee ypasuenuio (1.1), ¢ dyukImeii «mpe-
JIBICTOPUT»

o o (els) npn s € (—o0,0),
7 :(—o0o,tg+ A) = R, 90(8)—{%%(3) npu s € [0,y + Al.

Ha muoxectBe [tog+ A, 00) y dyHKIum h Her KpuTuueckux Touek. [1oaromy, paccy K IeHusIMH,
IPUMEHEHHBIMHE IIPU JIOKA3aTeILCTBE TeOPEMBI 2.1, yeTaHABJINBAETCS, UTO JIJIs JII0OOT0 3HAUEHMSI
T >ty + A cymecrByer 7 > 0 Takoe, 9o UpH 1. B. t € [ty + A, T| BBIIOJIHEHO HEPABEHCTBO
h(t) <t—7. Cornacuo Teopeme 1.2 Ha BeeM [to+ A, 00) 3amada Komm jist paccMaTpuBaemMoro
ypABHEHWs MMeeT eJIMHCTBeHHOe perenne z(-), m j06oe Ipyroe JOKAIBHOE DEIeHHe STOM
3aJ1a9M COBIAJIAeT ¢ perierneM x(-) Ha IepecedeHnn ux 00JIacTeil OlpeieeH sl .

Ecin nposoikenne periernst xy, Ha MHOXKecTBO [0,t) + A] enmuHCTBEHHO (B TOM CMBICITE,
9TO JII000E JIOKAJIBHOE PEIIEHNe COBIAIAET C Ty, Ha MepecedeHnn 00acTeil Onpee/ieHust ITUX
pellienwit), TO U HOCTPOEHHOE OlpejieIeHHoe Ha R pelleHne Takzke €IMHCTBEHHO. Y TBEPKJIe-
HUE TEOPEMbI B 9TOM CJIyYae BBIIOJIHEHO.

[TpeArnoaoKuM Ternepb, YToO CYIMeCTBYeT JOKATbHOE perenne u(-), OTInJaoreecs Ha HeKO-
TOPOM MHOXKecTBe OT pemtenus z(-). Torma 3HadeHus: 3rux QYHKIUN JOKHBL OTJIMIATHCS HA
MHOX)KeCTBe [tg,to + 0] mpu sobom § > 0 (ecsm HA ITOM MHOXKECTBE PEIIeHUsT COBIAJIAIOT,
TO BCJIEJCTBUE OTCYTCTBUSI KPUTUUECKUX TOUYEK, OOIBIIMX UeM o + J, pelleHus COBIALYT U
Ha BCeM Iepecedennu ux obsacreit onpezesennust). Coracno [22, npeyoxenne 6] MHOKECTBO
cyzkenuii Ha [lg,to—+ d] pereHuii MHTErpaJbHOrO ypaBHeHus (2.3) mpu JIOCTATOYHO MAJIbIX 3Ha-
geHusAx 0 > 0 ecTb cBA3HOE IOAMHOXKECTBO HpocTpancTBa, Cly 1045 HEIPEPLIBHBIX HA [to, to+0]
dbyuxrwit. [Tosromy, kpome pemennit x(-) u u(-), 3amada umeer erre HECKOHETHOE MHOKECTBO
peleHuii, 1 KaxJ10e U3 HUX UMEET eJIMHCTBEHHOE MIPOJIOJIKEeHNe Ha [tg, 00). O

Jlnsa wimoctpanuu TeopeM 2.1,2.2 npuBeseM mpuMepbl udepeHnnaabHbIX YpaBHEeHU
Buga (1.1), dyHKIMA 3ama3/bIBaHisi KOTOPBIX UMEET JIUIIb OJHY KPUTHYECKYIO TOUKY tg, U
ec oHa JieBast (B mpuMmepe 2.1), cpean perennii 3agaqu Kormm ecth Hepoo/zKaeMble Ha BCIO
nosiyoch Ry, a eciu npaBas (B npuMepe 2.2), MHOXKeCTBO perienuii 3agaan Ko 6eckoned-
Ho. [Ipumepnl Tak:ke JTEMOHCTPUPYIOT, YTO U3MEHEHUS HA4aJIbHOI'O yCJIOBHUs JIMOO IapaMeTpoB
ypaBHEHUS MOI'YT IIPUBECTU K TOMY, U4TO COOTBETCTBYIOMIME 3a/adu Kol cTaHOBATCS OJHO-
3HATHO Pa3peNInMbIMU Ha BCEH IOJyoCH, HECMOTPs Ha TO, UTO (DYHKIIMSA 3alra3IbIBaioIiero
apryMeHTa OCTaeTCsl HeM3MEeHHOl (KOHEYHO, KaK M ee KPUTHIECKAsi TOUKA).

Hpumep 2.1. Iycrs dpyukmus h: R, — R zamana dpopmyiioit

[ 2t—1 upu tel0,1],
h(t)_{ t—1 mpu te (1,00).

DTa (QYHKIUS UMeeT JIEBYI0 KPUTUIECKYIO TOUKY to = 1.
Paccmorpum ypasuenue
V16 1

(t) = T(x(h(t)))4, 20, a(s) = = 5 <0, (2.4)
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C Ha4daJIbHBIM YCJIOBUEM

z(0) = 1.
Hecnox#o 1ipoBepuThb, 9TO pereHneM 3Toii 3aga4dn Ko sapisercss OyHKITHsT
1
z(t) = = , t€]0,1).
()= ——=. tebD

Nubix perennii y paccmarpubaemoii 3aga4au Her. Marepsan [0, 1) ecTbh MaKCHMAJIBHBINA HHTED-
BaJl OIIPEJIEJIEHNs ITOIO PEIIeHNsI.
Ormernm, 9To Jyist paccMaTpuBaeMoro ypasaenus (2.4) pemenue 3agaqn Komm ¢ mo6bim
HAYAJIbHBIM YCJIOBUEM
z(0) =«
MMeeT TaKoi yKe MaKCUMaJIbHBIH MHTepBaJ olpejiesienust. IIpu TakoM HAYaIbHOM YCJIOBHU Pe-
IIEHUEeM SABJIsieTcsl (DYHKIUsT

1
V1 —t

z(t)=a—1+ , telo,1).

Tenepb usmenum B ypasHenun (2.4) dyHKIMIO MPEIBICTOPUE Ha HYJIEBYIO, T. €. OyJeM I0-
ngararb x(s) = 0 mpu s < 0. B rakom ciyuae perenne 3amaqun Ko ¢ j1106bIM HAYAIBHBIM
yenoueM z(0) = o €MHCTBEHHO, TIPOJIOJIZKAEMO Ha BCIO MOJYOCh R, WU OIpeJesiseTcst cooT-
womenueM x(t) = w;(t), t € (i, (i + 1)7], rme

uo(t) = a mpu t € (0, 1];

V16

uy (%) —Oz—l—T& (t—1) mpu t € (1,2];
V16
w;i(t) = u;_1(7) + \/_/ uzls—l)) ds mpu t € (i,i+1], i=2,3,....

[Ipumep 22 Ilycrs dpyukius h: R, — R 3amana dpopmyoii

(e upu t € [0,1/2],
h(t) = { t—1/2 npu te€ (1/2,00).

DTa (QYHKIUS UMeeT MPaByi0 KPUTHIECKYIO TOUKY to = 0.

(t) = 33/2(h(t)), t> 0. (2.5)

3aMeTuM, YTO paccMaTpUBaeMoOe ypaBHEHNE HE HYKJIA€TCs B ONPE/IeIeHUN «(DYHKIIUN TIPE/IbIC-

Paccmorpum ypasnenne

Topun», Tak Kak h(t) > 0 ma R,. Ha Bceit momyocn Ry permennem ypasnenus (2.5) ¢ HaYaIb-
HBIM YCJIOBUEM

z(0)=0

siBJIsieTcs HyseBast (byHKIWMs, a Takxke (yHKIws z(-), 3HadeHns koropoit xz(t) = w;(t) npu
€ (i/2,(i+1)/2], i =0,1,..., OUpeIEIAIOTCI CJICYIOMUMIA COOTHOICHUSAMU

uo(t):tnpl/lt€< }
1
2

19 1
ul(t):§—|—1<t— ) Hth€(§,1:|;

) 1 1
ui(t):ui_1<1>~l—3/ Suzl<s——>ds npntE(Z s }, i=2,3,....
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CorytacHo Teopeme 2.2, KpoMe IPEIbsIBICHHBIX BBIIIE JIBYX PEIIeHM 3ajada MMeeT elle
OeCKOHEeIHOe MHOXKECTBO PEIIeHHil, U KaxKJ0e M3 HUX €IUHCTBEHHBIM 00Pa30M IIPOJIOJIZKAEMO
Ha BCIO TIOJIyoch R .

OTmeruM, 9TO JIJI PACCMATPUBAEMOIO B 9TOM IpUMepe ypaBHeHus (2.5) pelleHue 3a/1a4u
KOH_H/I C J'IIO6BIM OTJIMYHBIM OT HYJId Ha4YaJ/JIbHbIM 3Ha@YCHUEM UMEET € ITMHCTBEHHOE OIIPpEAE/IEHHOE
Ha Beeit moyocu R, perrerme x(-), u Ji060e JIOKAJIBHOE DEIEHUE SIBJISIETCS YACTHIO TOTO
perieHud.

Teopemsr 2.1, 2.2 no3BossoT uccienoBath auddepenimanbioe ypapuenne (1.1) Takzxke n
B C/Iydae, KOrja KPUTHIECKHEe TOUYKHU SIBJISIOTCS OJHOBPEMEHHO JIEBBIMH M IIpaBbIMU. Takyio
CUTYAINIO OIMCHIBAET CJIEIYIOIIee YTBEPIKICHUE, ITPSIMO BBITEKAIOIIEe U3 ITHX TEOPEM.

Caencrsue 2.1. [Tyemo 6 ypasnenuu (1.1) dynryua h umeem odny xpumuueckyo mouky
to > 0, npuvem, Ma KPUMUUECKAA MOUKA ABAAECMCA U A€60U, U npasot. Tozda na unmepsane
0,%9) sadauwa Kowwu (1.1), (1.5) umeem eduncmeennoe pewenue x(-), u ao0boe dpyzoe Aokanb-
Hoe pewenue cosnadaem ¢ pewenuem x(-) Ha nepecevenuu ux obaacmets onpedeaerus. Kpome
M020, UMEETM MECTNO CACOYIOUAA AALMEPHAMUBE: AUOO OAA CYHCENUA peulenus T(-) Ha npo-
useonvnvil ompesox [0, T], T <ty ewnoanerno Hmry,—o||2(-)|lac, -, = 00, u 6 amom cayuae
MAKCUMANDHOM UHMEPEaoM onpedeaenus pewenut 3adavu (1.1), (1.5) asasemea unmepsan
[0,t0), wubo limgy—o [|2(-)|acy s < 00. Bo emopom cayuae, ecau das nexomopozo & > 0
npu n. 6. t € [to,to + 0] Pynxuus f(t,-) menpepvisna, mo A1060€ AOKGABHOE PEUWEHUE YPaG-
nenus (1.1), exarouan pewenue x(-), npodosscaemo na 6cro noayocr Ry, amo npodoasicerue
AU00 eQUHCTEEHHO, AUBO peterutl, ONPEIeAEHHBIT HA NOAYOCU BECKOHEYHO MHO20, HO NPU IMOM
das npouseoavnozo o > 0 aoboe pewenue, onpedesennoe na unmepsane [0,ty + o), umeem
edurcmeenroe npodossicerue Ha Ry .

3. 3aBUCUMOCTDH peIlIeHI/Iﬁ 3a1a49m1 Kommu ot 3alla3/IbIBaloOIIero apryMeHnTa

3/1eCh MBI PACCMOTPHUM CJIEJYIONLYIO 3a/Iaty.

[IycTh 3ajaubl TaKuE yiI0BJIETBOPSIONINE TpeboBaHUSIM TeopeMbl 1.2 (03TOMY He MMEroIie
KpUTHIeCKUX Touek) dyukiwu h, : Ry — R, n=1,2,..., 9ro npu . B. t € R, mociemno-
BaresabHOCTh {h,(t)} cxomures K h(t) cuesa, 1. e. hy,(t) < h(t) ma Ry, npudem, npejeibHast
dyukmug h @ Ry — R obnamaer Kpurwdeckoit To4YkKoil. PaccMoTpum 1ocsie1oBaTeIbHOCTD
3a 189 Korn

i(t) = f(t,z(ha(t))), t>0; z(s) =¢(s), s<0; z(0)=c (3.1)

[Ipu mobom HaTypagbHOM N 33dada (3.1) mMMeeT eIMHCTBEHHOE OIpejeieHHoe Ha R, perire-
HUE I,, NPOojoJIzKaIlee Joboe JoKaJbHoe pemienne. Hac mHTEpecyeT BONPOC, CXOIUTCS JIX
(B KAKOM-JTHOO0 OO CMBICJIE) TIOCIEI0BATEIBHOCTE {X,} K PEIICHNIO T HPEEIbHOIO ypaBHe-
aust (1.1) ¢ maganpabiM yeaosuem (1.5). HamomuwuM, aro cormacHo Teopemam 2.1 u 2.2 perenne
I TIPEeJEbHOrO yPABHEHHsS MOXKET OBbITh He €JMHCTBEHHBIM M, BO3MOXKHO, MMEET KOHEUHDII
MaKCHMAJIbHBII WHTEPBAJ OIPEIeICHUS.

Bynem npeznonarars, uro dbyHKIWEs «Ipejgbicropuns ¢ : (—00,0) — R paBHOMepHO Hempe-
pbiBHA u orpanudena, ¢pyuknus f : R, xR — R ynosiersopser yciosusim Kapareomopu, T. e.
U3MepUMa 110 TIEPBOMY ¥ HEIIPEPBIBHA 110 BTOPOMY apryMeHTaM. Kpome Toro, Kak u BbIIIIe, [MoJ1a-
raem, 4To onpejengemas Gopmyiioii (1.2) dyukiums £ iR, — R npu mobom r > 0 ssagercs
CYMMUPYEMOii Ha KazKJI0M KOHeIHOM oTpe3ke. Ho B ormune or npeapaymux maparpados, Tie
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HaYaJIbHOE 3HAYEHWe « ObLIO JIIOOBIM, 37eCh ero nosaokuM paBHbiM « = ¢(0). Takum obpa-
30M, B JIaHHOM THaparpade IpeJogaraeTcs «HellpepbiBHAsI CTHIKOBKay PEIIeHnsd ¢ Hada bHOI
dyukueit. CyecTBeHHOCTb 9TOIO YCIOBUSA JJIsi CXOAUMOCTUA X, — & JEMOHCTPUPYETCS HUKE
B upumepe 3.1. CuHagasa chopMyIupyeM JIBa yTBEPKIEHUsI O HEIIPEPHIBHON 3aBUCUMOCTH Pe-
menus 3aja9n Kormm ot hyHKIUM 3aIra3/bIBaHus B C/IydasaxX HAJUYUS Y IIpeIebHON (DyHKINN
3ala3J/IbIBaHns JIEBOI U MIPaBOl KPUTUYECKUX TOUYEK.

Teopema 3.1. Ilycmwv npedeavrasn pynxyua h umeem odny xpumuveckyro mouxy to > 0,
ABAAIOWYIOCA e80T Kpumuueckol moukot. Toeda das mobozo T € (0,ty) nocaedosamenn-
Hocmb cysrceruti Ty Ha damkrymos ompesok [0, T| makcumaivro npodoidrcernnmx pewerud
T, 3aday (3.1) pasnomepno cxodumcesa k cyoicenuro xp wa mom oice ompesok [0, T] maxcu-
MAABLHO NPodoasicennozo pewenus x 3adawu (1.1), (1.5).

Hoxkaszatrennctso. Beibepem moboe T € (0,ty). Ha orpeske [0,7] y dyukuun h
HeT KPUTHYECKUX TOYEK M, KaK [OKA3aHO IPU JOKa3aTeIbCTBE TeOpeMbl 2.1, s HEKOTOPOTo
7 >0 mpu . B. t € [0,7] Bomosreno h(t) < t — 7. Crenosarenvo, h,(t) < h(t) <t —,
n=1,2,..., m. B ua [0,7]. Beneacrsue nojydeHHoro nepasencrsa pemenne T,y ua [0, 7]
sagaun (3.1) npu JiroGOM HATYPATBHOM 7 OIPEJIE/IAeTCsl PABEHCTBOM

Tor (t) = i (),

rje ip — uejag 4acTb JEHCTBUTENLHOrO uuciaa 1/7, a 3HaueHus w;,y1(t), BBIYUCISIOTCS 110
dopmynam:

HpI/It<O

npu t < 0,
a+f0 (s,uo(hn(s))) ds mpu t € [0,7];

{3
w={

Hth§<i_1)7—> . .
(i—1)7)+ f “1)r f(s,ui—1(hn(s))) ds upm ¢ € ((i — 1)7,47], i =2,...,100;

wiy (¢ upu t < 17,

it (t) = ui()(zm+fz~;f(s,uio<hn<s>>>ds upi t € (o7, to).

Ncnonb3ys nmpuBeeHHbIe COOTHOIIEHUS, TOKaYKEM OIPaHUYEHHOCTD ITOCJI€I0BATE/IbHOCTER pe-
mennit {z,r} 1 ux npousBoIHbIX {Z,7}.

B s1ux coorHomennsx 3Hadenns Gyukuuit ui(t), i =1,... i+ 1, npu t < iT yJA0BIETBO-
psifor HepaBeHcTBaM |u;(t)| < 1y, Tae

ro = max {|a|, Vralsup|g0 N ri=ria +/ Fru (s) ds
0

te(—o0,0)

Taxum obpaszom, za orpeske [0,7] 1pu Ja060M HATYPATHHOM 7 BBIIOJHEHO

|an(t)| < Tig+1s ‘an(t)‘ < frioﬂ(t)?

OrPAHMYEHHOCTD TI0CTIe/I0BaTeILHOCTEN perennii 3a1a4au (3.1) u uX IPOU3BO/HBIX YCTAHOBJIEHA.
Benenersue orpanndennoctu Ha orpeske [0, 7] mocienoBaTelbHOCTH TPOU3BOJHBIX Zy7(+)
ofHOI cymmMupyemoii dbyHKumeid, Bce GYHKIUN Tp7(+) PABHOCTEIIEHHO HEIPEPBIBHBI HA STOM
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orpeske. CorytacHo Teopeme Apriesia—ACKOIM 0CIe0BATEIbHOCTD {7} OTHOCHTEIBHO KOM-
naktHa B npocrpancte Cpqp. Ilycts Zp — mpenebHas TOYKa 9TON IIOCIIEOBATEIBHOCTH,
T. €. HEKOTOPAsI HOJIIOC/Ie/[OBATEIBHOCTD { Ly 7} PABHOMEPHO CXOIUTCH K T

ITokazxewm, uro s n. B. t € [0,T] mmeer mecro cxopumocts (Sh, @n,r)(t) — (Shr)(t)
npu j — 00. It 9TOro paccMOTpuUM KazKJoe CIaraeMoe B IIPaBOil 4acTh HepaBeHCTBA

| (S, Tnym) () = (ShT2) ()] < (S, ) (8) = (Snnyr) ()| + | (Snn,r) (8) — (ShTr) (1))

[ycrs 3amano € > 0. IlockoubKy GyHKIME 7, 17 = 1,2,..., PABHOCTEICHHO HeIpe-
PBIBHBI, & (PYHKIMSA © paBHOMEPHO HEIPEpPbIBHA, CYIIECTBYET Takoe ¢ > (), 4TO IpH JIIOOBIX
tita € [0,T] w3 [ty —to| < o caepyer |z,,7(t1) — xo,r(te)] < 27 u |@(t) — (ta)] < 27'e.
Hng . 8. t € [0,T] ompesennm HATypasJbHOE jy TaKoe, UTO IIPH BCEX j > jo CIPABEJINBO
nepasencTBo |hy,(t) — h(t)| < 0. Taxmum obpazom, miga m. 8. ¢ € [0,T] npu j > jo moaydaem

[(Sh, Tayr) (1) = (Snznyr) (B)] < 27" (3.2)

Benenersie paBHOMEPHOIT CXOIMMOCTH &7 — Z7 CyHIECTBYeT HATYPAaJbHOE ji TaKoe, UTO
upu jobom j > ji s Beex t € [0,7] cupaBemmBo HEPABEHCTBO [Ty, () — Tr(t)] < 27 'e.
Takum obpazom, ipu j > j; st Beex t € [0,T] momydaem

|(thn]~T>(t) — (ShjfT)(t)‘ < 2718. (33)

U3 mepasencts (3.2),(3.3) caeayer, uro miag . B. t € [0,7] mpm Bcex j > max {jo,jl}
BBITIOJTHEHO

| (S, Tayr)(2) = (ShFr)(1)] < e

Wrak, noxkasana cxonuMoctsb (Sh, @n,7)(t) — (Spar)(t) (npum j — o0o) ausn. . ¢ € [0,T].
Ternepb j0KaxKeM, 4To T dBJgercs permenneM 3agaqn (1.1), (1.5), onpenesnentbiv Ha [0, 7.
[Ipu u. B. t € [0,T] u3 menpepwiBHocTu dyHKIWU [(t,+) ClepyeT, Y4TO MOCIeI0BATE b

HOCTb {f(t, (Shnjxnj;p)(t))} CXOJUTCA K f(t, (Sth) (t)). A Tak KaK K TOMY Ke (DYHKIUH

f(t, (Shnj Tn,7)(t)), n = 1,2,..., B COBOKYIHOCTH OIPaHMYCHBI OIHOI CymMupyemoii dyHK-

mueii, cornmacno Teopeme JleGera o mpeebHOM Hepexoe MO, 3HAKOM MHTErPAJIa MMeeM

Tn,r(t) = —{—/0 f(s, (Sh, Tn,7)(8)) ds — o —{—/0 f(s,(Spar)(s)) ds s Beex t € [0, 7).

B ro e Bpema, z,,7(t) — Tr(t). [losTomy momydaem paBeHcTBO

%@:a+£f@@ﬁﬂ@wateMH

KOTOpOe O3HaJaeT, 4to Ty — perterne 3agaan (1.1), (1.5).

Urak, mobas mpejiesibHasd TOUKa KOMIAKTHON B npocrpancrse Clo 7] HOCIEI0BATEIbHOCTH
{znr} ectb emuncrBennoe pemenue Tr na [0,7] 3amaaum (1.1),(1.5). Tak Kak upeseabHasd
TOYKA eJMHCTBEHHASI, 9Ta KOMIIAKTHASI [OC/IEI0BATEIbHOCTD ABJISETCS CXOMSIIENCS. O
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Teopema 3.2. IIycmwv npedeavras pynkuyua h umeem odny xpumuveckyro mouky to > 0,
ABAANUYIOCA NPacotl Kpumuveckot movkot. Tozda

® NPU N — 0O NOCALIOBATNEALHOCTIL CYHCERUT Tpy, HA 3aMERYMYG ompesok [0, 1] mak-
CUMANLHO NPOJ0AANCENHOT pewenutl T, 3adayw (3.1) pasnomepno cxodumca K cysrcenuro
Ty, ma mom oice ompesok [0, to] A106020 MAKCUMANDHO NPOOOAAHCENH020 PEWEHUA T 30~
davu (1.1), (1.5);

e das mobozo T € (tg,00) nocaedosamesvHocmy cystceruti Ty Ha 3aMKEHYMBILT OMPE3OK
[0, T] makcumanrvro npodosscennvir pewenut T,, n=1,2,..., 3aday (3.1) xomnaxmna
6 npocmpancmee Cloq), u amobas ee npedeavhas mouka ecmv cysicenue Tp na [0,T]
HEKOMOPO20 MAKCUMAALHO NPodosdicennozo pewenua x 3adawu (1.1),(1.5).

Hoxkaszatrensbctso. Tak kak Ha orpeske [0,tg] dyHKIMs h HE UMEET KPUTHIECKUX
TOYeK, TO cymectByer 7 > 0 Takoe, uro h(t) <t—7 mpu . B. t € [0,%]. [loBropss paccyx-
JIeHUsI, IPUMEHSABIIHIECS JIJIst JI0Ka3aTeIbCTBA TeopeMbl 3.1, yCTAHOBUM, YTO Ha 3TOM OTPE3Ke
pelenue T,y 3ajgaun (3.1) npu KaxKJI0M 1 eIMHCTBEHHO, a TAKXKe, YTO CYIIECTBYET M €J[MH-
CTBEHHO pertieHne Ty, Kpaepoil 3ajgaqn (1.1),(1.5), u mMeer MecTO paBHOMEpHAs CXOIUMOCTH
Tnty — Ty, 11epBOE yTBEPIKIIEHUE TEOPEMbI JOKA3AHO.

s mokaszaTebcTBa BTOPOro yTBEepXKIeHus 3adukcnpyeM nponsboibHoe 1" € (tg, 00). Co-
rJIacHO TeopeMe 2.2 joboe JoKasbHOe pererne 3ajaqu (3.1) mpu 0boM 1 mpojoKaeMo Ha
orpeszok [0, T]. Jokazkem, 9T0 IPOU3BO/IHbIE BCEX TAKUX PEIICHUIT OrPAHUYEHBI B COBOKYITHOCTH
OJIHOI CyMMUPYeMOil (pyHKITIHEI.

U3 pasuomepuoit Ha [0,tg] CXOIUMOCTH Ty, — Ty, CJIEJLYET, UYTO BCE HENPEpPbIBHbIE (DYHK-
A Tpygy, N = 1,2,..., OrpaHUYEHBI, T. €. cymecTByeT Takoe A > 0, 910 [T, (t)| < A npm
ao6bix n=1,2,... u Bcex t € [0,tg]. [Tomoxkum

ro = 2+ max { A, vraisup |o(s)| }
$€(—00,0)

u Jyist oupeieseHnoit popmyinoii (1.2) dysximn ]/”;0 : Ry — R maitjgem rakoe A > 0, uro

to+A N
/ Tyt <1.
t

0

Bamernm, 9TO BCJIEICTBIE HEOTPUIATETbHOCTH DYHKIMU fr, npu obom § € [0, A] BbIoaHEHO

to+d R to+A R
/ fro(t) dt < / fro () dt < 1.
t t

0 0

[Tokazkem, uto npu Ja0b6oM n joboe onpesenenHoe Ha [0,t) + A] perenne 4,1 321291
(3.1) yloBieTBOpsIeT HEPABEHCTBY |2y 4044 (t)| < ro 1pn Beex t. Hpu t € [0,tp] 910 Hepaben-
CTBO, OYEBHIHO, BBIIIOJIHEHO, OOJIee TOrO, Ha 9TOM OTPE3Ke |xn to+ A(t)! < ro—2. Ilosromy, ecom
TpebyeMoe HEpaBEHCTBO HAPYIIAETC s, TO ‘:L’mOJFA (tl)‘ > 7o B HEKOTODOIt TouKe t1 € (to, Lo+ A].
B cuity nenpepeiBHOCTH (DYHKIUH Ty, 1,4+ A HaARJIETCS TOUKA t € (to,tl) - (to,to—l—A] TaKas, 4TO
‘xn tot A (Zl)‘ =719 }xn to+A (t)| < ro upu Beex t < t;. Ho aTu jiBa cooTHOIIEHNS TPOTHBOPEYAT
JIPYT JIPYTY, Tak Kak

t1
ro = |Tniralt)| < |Zniralto+ A)] +/ | £ (5, (Sh,@nigra)(s)] ds
to+A
B
< ‘xnt0+A(t0+A)| + Jro(8)ds < (rg —2) + 1.
to+A
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I/ITaK, JOKa3aHO, 9TO IIpu JI000M T JJId PEINEHUSA Ty ¢y4+-A 3TN (31) BBIIIOJIHEHO
|xnt0+A(t)’ S To, t S (t07t0+A]7

a cJieJJOBaTeJIbHO, €eI'0 ITPOU3BOJHaAA OIICHUBACTCA HEPaBEHCTBOM

~

|Tntra(t)] < fro(t), t € (to,to+ Al

Teneps npu s06om 1" > to + A mOSyINM aHAJOTUIHBIE ONEHKH Jist onpeeneHubx Ha [0, 7
perteruit z,7, n=1,2,.... 3amgaau (3.1).

Oyuknus h Ha orpeske [top + A,T| He umeer KPUTUIECKAX TOUYEK, TOITOMY CYIIECTBYET
7 > (0 Takoe, 9TO IPU BCEX N Ha 9TOM OTPE3Ke CIpaBe IuBbl HepaseHcTsa h,(t) < h(t) < t—7.
YunuTBIBask 9TH HEPABEHCTBA, PACCYZKICHUAMM, IIPUMEHEHHBIMI B J0KA3aTeILCTBE TeopeMbl 3.1,
YCTAHOBUM, YTO IIPU JFOOOM 7. MMEIOT MECTO COOTHOIIEHUST

<ty |Er@)] < Fal), te o+ A+T(— 1)t +A+Ti), i=1,2,... 1,
iorts | Enr ()] < frgn (B), t € (to+ A+ 7ig, T1,

T .

e r; = ri_1 + fo fr._,(s)ds, a marypasbHOe iy ecTb nesas dactb quciaa (1T —ty — A)/T.

Taxum obpasom, Ha orpeske [0, T 0C/IEJOBATETEHOCTD IIPOU3BOHBIX Tnr(-) perennii 3a-
aan (3.1) orpanmdena omoit cymmupyemoit dynximmeit fr, ., (+). Caenosarenbio, bynkimn
ZTor(+), m = 1,2,..., PaBHOCTEIIEHHO HENIPEPBIBHBI Ha 3TOM orpe3ke. CoriacHo Teopeme Ap-
1es1a—ACKOJII 110CTIe/I0BATE/IBHOCTD {Zn7} OTHOCHTEJIBHO KOMIAKTHa B 1pocrpaHcTse Cio .
IToBTOpsaAsa paccyKaeHnsd, IPUMEHEHHBIE B J0OKa3aTeIbCTBE TeopeMbl 3.1, JToKazkeM, 9To Jodasd
npejieIbHast TOUYKa T 9TOI MOCIe0BATEILHOCTH sIBJIseTcs permenneM 3agaqu (1.1), (1.5). O

Crenyromuit mpuMep JIeMOHCTPUPYET CYIEeCTBEHHOCTD YCJIOBUST «HEIPEPBIBHON CTHIKOBKI»
B TeopeMax 3.1, 3.2.

[Ipumep 3.1. Ilycts dyukmun h, h, : R, — R 3agansr popmyoii

[ t—1 nmpu tel0,1], [ t—=1-n"" uwpu tel0,1],
h(t)_{ 0 upu t € (1,00). hn(t)_{ —n~! mpu t € (1,00).

PaCCMOTpI/IM 3a a1

s<0, z(0)=0, tne n=1,2,...,

n x L
z(t) = (x(h(t)), t>0; x 1, s<0, z(0)=0.

OueBn/HO, 3/7ech Upu JI060M n BbimoaHeHo h,(t) < h(t), a upu n — 00 WMEET MeCTO
cxomuMocTb hy,(t) — h(t), t € Ry. Oynknua h He nMeeT KPUTHIECKNX TOUCK, TEM HE MEHEE
[OCJIE/I0BATEJILHOCTD PeleHnii T, 3a7a4 (3.4) He CXOAUTCS K PEIICHUIO T IPEJIeIbHON 3a/1adu

(3.5). [deficTBUTEILHO, STH PEIIeHUs ONPEIEIAI0TCsS (DOPMYTaMu:

t wpu te|0,1],
1 upu te (1,00).

wat) = t, x(t) = {
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Hermite functions and inner product in Sobolev space
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Abstract. Let us consider the orthogonal Hermite system {902n(x)}n20 of even index defined

on (—o00,00), where

22

Pan(T) = mﬂzn(@,

by Ha,(z) we denote a Hermite polynomial of degree 2n. In this paper, we consider a
generalized system {¢yo,(z)} with » > 0, n > 0 which is orthogonal with respect to the
Sobolev type inner product on (—o0,00), i.e.

o) = Jim SO0 + [ 10w @t
k=0 -

with p(z) = e=*", and generated by {p2n(2)},>0- The main goal of this work is to study

some properties related to the system {20 (7)}, <,

_ n
wm(m:%, n=0,1,2,...,7r -1,

1 b
),/ (x—t)" Lo, (t)dt, n=0,1,2,....

¢r,7‘+n (37) = (71_71

We study the conditions on a function f(x), given in a generalized Hermite orthogonal system,
for it to be expandable into a generalized mixed Fourier series as well as the convergence of
this Fourier series. The second result of the paper is the proof of a recurrent formula for the
system {4 2,(2)}, <, - We also discuss the asymptotic properties of these functions, and this
concludes our contribution.

Keywords: inner product, Sobolev space, Hermite polynomials
Mathematics Subject Classification: 42C10.

For citation: Boudref M.A. Hermite functions and inner product in Sobolev space. Vestnik
rossiyskikh universitetov. Matematika = Russian Universities Reports. Mathematics, 28:142
(2023), 155-168. https://doi.org/10.20310/2686-9667-2023-28-142-155-168.
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HAVYHAS CTATbSI

(© Byunped M.A., 2023

https://doi.org/10.20310/2686-9667-2023-28-142-155-168
VIIK 517.518.36

DyHKIMN DPMUATA U CKAJITPHOE MPON3BeJIeHNe
B nipocTtpaHcTBe CoboJsieBa

Moxamen Axven BY/IPE®
Yuusepcurer Byupa,

Asxup, r. Byupa, ya. dpuccu fxbsa Byupa, 10000

Annoranmsi. PaccMoTpuM oproronasipHyIo cucreMy Dpmura {pon(x)},,s, UETHOro MHIEKCA,
olIpeJIeJIeHHY 0 Ha, (—00,00) dopMysioi

Pan () = 7.];[2”(@,

rue yepe3 Ho,(z) obosnaden monauHoM Dpmura crenenu 2n. B panHoil pabore paccMmarpusa-
eTcsa obobrmennas cucreMa {¢y o, (x)} ¢ r >0, n >0, OpTOroHaJbHAS OTHOCHTEILHO CKAJIAP-
Horo npoussesierns: CobosieBckoro Tuma Ha (—o0, 00)

r—1

gh = tim 3 D000 + [ 1@ @
k=0 o

7‘/1‘52

¢ p(x) = e, u HOpOXKJEHHAsT CHCTEMOH {2y ()}, ~. OCHOBHOII 1e/IBIO PAGOTHI SBJIAETCA
U3y9eHne HEKOTOPBIX CBOMCTB, CBA3AHHLIX ¢ CUCTEMOH {Vr2n(Z)},
x—a)"
Yrn(x) = % n=0,1,2,...,7r—1,
1 b
Yrrenl) = W/ (& —8) " 'pu(t)dt, n=0,1,2,....

Usyuatorcs ycaosus Ha dbyskuuio f(x), 3azaHHyio B 0000IIEHHON OPTOrOHAJBHON cHCTeMe
DpMuTa, JOCTATOYHBIE JJIs €e Pa3/IoKeHns B 0000MeHHbIH cMmentannbiii psyt Pypbe, a Takzxe
cxonuMocTh 3toro psjga Pypwe. Bropoii pesysibrar craTbun — JI0Ka3aTelbCTBO PEKypPpPeHTHOI
dbopmyser mist cucreMsr {2, (m)}nzo . Taxzke 06Cy?KIAIOTCS ACUMITOTHIECCKHIE CBOMCTBA 9TUX
byHKIWMIA, 9TO COCTABISET 3aKIIOUATENLHYIO 9aCTh PAbOTHI.

KitioueBsbie cjioBa: cKajsipHOE IIpou3BeieHne, mpocrpancTBo CoboJieBa, MHOTOUYICHBI DPMUTA

Jns nurupoBanusi: bydpep M. A. Oyuxnun DpMuTa U CKaJIIpHOE TPOU3BEICHUE B IIPOCTPAH-
cree Cobosesa // Bectnuk poccuiickux yunusepcureroB. Maremaruka. 2023. T. 28. Ne 142.
C. 155-168. https://doi.org,/10.20310/2686-9667-2023-28-142-155-168.

(In Engl., Abstr. in Russian)



HERMITE FUNCTIONS AND INNER PRODUCT IN SOBOLEV SPACE 157

Introduction

Consider an orthogonal system {@, ()}, 5, on (—00,00) with p(x) as a weight function,
and let 7 > 0. We construct a new orthogonal system {1, ,(z)}, -, by following the Sobolev
type inner product:

<fgs—1m1§:f 90 + [ 1@ @) (0.1

Quite a few authors have presented this type of construction. For example, I.1. Sharapu-
dinov, in his works [1-4] on the construction of mixed Fourier series, considered some particular
cases of systems generated by classes of orthogonal functions, namely, those of Jacobi, Legendre,
Chebychev, Laguerre, and Haar. The case of the Gegenbauer system is covered in [5].

Hermite polynomials are widely used in mechanics and physics, and are of particular interest
for applications. In this work, we reconstruct the orthogonal system {1, ,(x)}, -, generated by
Hermite polynomials of even index, and this approach is different from that used by M. A. Boud-
ref.

Denote by L?(a,b) the space of measurable functions f(z), = € (a,b), such that

/ﬂﬂmwmmm<am

It is clear that Lb(a,b) is a Banach space with the norm

!umwz(lﬂﬂwvme¢0;
)

When p(z) =1, we write L(a,b) = LP(a,b).

We can define functions of the system {¢,,(z)} ., for r > 0 as follows [4]:

n>0
Urn(2) = u n=01,2...r—1,
n:

1 b .
¢T,r+n(z) = m/ﬂ (ZE — t) 1Q0n(t)dt, n = 0, 1, 2, e

From (0.2), we have for a. e. x € (a,b)
¢T—U,n—v(x)u it 0 <v<r-— ]., r < n,

(0.2)

S AN
7 ¢r—v,n—v($)a if v <n<r,
OJ if n<v S r.

Denote by zp(a ) the Sobolev weighted space. This space consists of all functions f(z) which
p\Y

are r — 1 times continuously differentiable on the closed interval [a,b] and such that =Y (x)
is absolutely continuous on [a,b] and f)(z) € Lh(a,b).

For p = 2, we define in WE% (ap) the inner product by (0.1). For any function f € Wzg(a,bw
we can set the norm by

||f||w;2<a‘b) = <fa f>Sa

which allows us to deduce that ( 12(ab) - HWTp(a : ) is a Banach space, and < L2 (ab): (-, >S>

is a Hilbert space.
The system {¢,.,(7)}, -, is said to be Sobolev-orthogonal with respect to the inner product
(0.1) generated by the system {@n ()}, -
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1. Some properties of Hermite polynomials
Let ,,(x) be Sobolev-orthogonal polynomials with respect to the inner product

r—1

(9) = Jim S FO06 0 + [ 1@ @l

(o]
v=0

where w(z) = e .
Here are some properties of Hermite polynomials:

e The Hermite polynomials are given by [6]
H,(z) = (—1)"612£ <e"”2> reR
n - dxn Y ?
where
Hy(z) =1, Hi(x) =2, Hy(x)=4z*—2.
e Recurrence formula |7, p. 106]:
Hyi () = 20H,(x) — 2nH, (x), H,, (v) =2(n+1)H,(z),

/

H,(z) =2xH, 1(x) — H, ,(x).
e Orthogonality formula:

/ ¢ Hy(2)Hy(2)dx = Spmcn, where ¢, = 2"nly/7.

[e.o]

A Hermite function is defined by
on() = e~ 7 Hy(x).

o We define a Hermite function of even index by

22

where Hy, () is a Hermite polynomial of even index, in particular,

HQn(m)a

H,,(0) = (—1)"%, Hyni1(0) = (—1)"%-
e Relation to Legendre functions:
Hon(z) = (~1)"227 Ly * (a2) .
So if o N I
LnQ(x):x e %(x( 341 ),
then
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e Asymptotic formula for ¢o,(x) [8, p. 594]:

5
2

Pan(T) = P2n(0) [cos <\/mx> T

W&l(az)] , where — 1< 9n<$) < 1.

It is clear that

5
7}1_{{)10 [cos <\/4n + 1:1:) + y%ﬁn(az)] =0, for each x.

So, the asymptotic formula for Hy,(z) is

n

2 1
H2n(l‘):(—1)”2”-1-3~5-...-(2n—1)e%m [cos (\/4n+1x>+0(4 )] :
e The system {p,(7)},, is orthogonal on (—o0,00), i. e.

/OO Oon (T)pom(T)dr = Sy

—00

e Some particular cases:

wo(x) = 4—\/EHO(SE)’ pa(x) = \/5\4/%

Hs(x).

1.1. Sobolev-orthogonal functions generated by Hermite functions ¢, ()

Definition 1.1. For r >0, we define the functions ¢, 2,(x) (n=0,1,...) by

(e (I) =

1 X
Vrryon(T) = I / (v — t)r_1902n(t)dt, n > 0.

We will calculate the functions ), 9,(x) for any n € N and x € (—o0,00).

Theorem 1.1 (Fisrt aim result). For n>1 and r > 0, we have the following relations:

/ / 2n—1
wr r+2n ¢r+1 r+2n 1/}7' r4+2n— 1 m wr,r+2n—2 (I) .

v

N

xXr
2. ¢r+1,r+1+2n<$> = ;wr,r+2n< )+ wr 1,r+2n— 1( >+ 1/}7'7“—4—211 1(I)

3. For n=0: /3 w3
1_\/—1/}r+1r+2<> 1_\/—

To prove this theorem, we need the following lemma.

wr,r( ) wr r+1( )
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Lemma 1.1. The formulas for the derivations of the Hermite functions of even index are:

o) = s (5) 1~ ) (1)

P r o o f. First, for the Hermite functions, we put for n > 1

12 2
e 2 -

Pan(T) = Wﬂzn@% Pan—1(T) = — Hap 1 (),

902n—2(x) =

Use these formulas to prove (1.1), (1.2).
a) We have (see [7, p. 106])

Multiplying both sides by ¢ —, we get
@i
re 'z ez
n(®) = ———F—Ho 1(x) —2(2n — 1)———Hon_2(x
P2 ( ) \/W']TiQR 2 1( ) ( ) 2n)'7}'%2” 2 2( )
2 2
2 e T 2n —1 e~
= 1 1 H2n—1($) - 1 HQn—2('T>7
2n—1 /(2n —1)lga2"2 2n (2n — 2)Ira2n-1

and so we have (1.1).

b) For the second relation, we differentiate

pan(2) = ——=—1—Han(x)
with respect to z, and get

\/(Qn)!wi%HQn(I)—F (2n)!7ri2nH2"(x)'

Using the fact that H, (r) = 4nHy,_1(z), we get

ol

2

xT 22
, e~ 5 e ,
(1) = —t——=7—Ho(v) + ———H,, (v
#2n() N (@) J/@n)lrion (@)
23 ne—%
= —Zpon(T

) ne ( )
_|_ 1 11 n—] X 3
\/ﬁ\/ (2n 1)'714277, 2

50 o () = —22(2) + 2v/NP20-1 ().
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Proof. (of Theorem 1.1)
1. First of all, it is clear that
Yo,on(2) = pan(x), Yip(x) =1, Y11(x) = / wo(t)dt.
We have
t2

Urrean(@) = o [ o= e, where panlt) = = Ha(t). (13)

rrron () = ———— xr — n , where @9, (t) = —————Ho,(t). )

T2 —0) . P2 P2 (2n)!7ri2n 2

Then, from Lemma 1.1 and (1.3), it follows that

1/ 1 x
¢r r+2n = 7" — 1 / \/ m— 1 ZL‘ - t 90277, t>dt (’I" _ 1)| / (Z‘ - t)r_1§02n—2(t)dt

\/; / (= 1) pon1(t)dt — Bt /Oo (& =) ana(t)dt.

(r—1)! (r—1)!
In the second term of this expression, we have

1

Vrrin—2(z) = o) /_;(1' — )" pon_a(t)dt.

Let us calculate

_ 1 v ,_
1=t [ e o
We get
1 X
1 @ . T * _

_ _m/m@ _ t) Sp%_l(t)dtJr m/w(m — t) 1@2n—1(t)dt

= _rwr+1,r+2n(x) + wa:TJFZ"*l(x)'
Then

2 / 2n—1
¢r,r+2n($) = —-T m — ¢r+1 r+2n wr r4+2n— 1 m ¢r,r+2n—2(w)-

2. By Lemma 1.1 (formula (1.2)), we have

— 2030 (t) = 0o, () — 2v/Np2n-1(),

SO

_ﬁ/x t(l‘—t)r71§02n<t)dt :ﬁ /_x (x_ty 1(,0l2n(t)dt

o -
C(r—1)!

/x (z — )" g,y (t)dt.
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Let us calculate

1 v 1 x ,
H, = _ -1 H, = -1
1 (r—1)! /_OO t(x — 1) pan(t)dt, Hy =1 /_OO(LE 1),y (t)dt,
1 X
He = —— _4\r—1 _ ]
3 (7“ — 1)' /_OO(ZE t) ©on 1(t)dt
First,
H,= 1 /9C tHx — )" oo, (t)dt = L /I (t—z+2z)(z— t)ril (t)dt
TV AN 1T
r [ €T x
=— [ (@—=t)" 0o (t)dt + —— [ (2 =) o (t)dt = =111 420(T) + TV 20 (T).
rJ (r=11/
For H,, integrating by parts we get
1 r—1 z 1 * r—2
H = - o N - .
2= o (= 1)" pan(t)]___+ =] /_OO (x— 1) pan(t)dt
Since .
lim (2 — )" pon(t) = lim (z— )" T,
10 ISR @n)irign
then . N
H2 N (T — 2)' /—oo (J? - t>r_2 SOQTL(t)dt = %—1,r+2n71(1’)-
Regarding Hj, we have
1 X
Hs = (r—1)! /oo(x — )" pan1(8)dt = Yrrian-1(2).
Finally,
2\/n

T 1
wr,r+1+2n(x) = ;wr,r+2n(x) + ;wrfl,r+2nfl(x) + Twr,rJanfl(x)-

So we obtain the second formula.
3. For this part, it is easy to see that for n =0, @o(x) = 2v2p1(2) + v2p2(x). Then

Urr(T) = ﬁ /z (z — 1) o (t)dt

—0o0

= [t 2 [ e

SO

_\/§ ‘ r \/ifb’ ‘ r—1
vorl) = 2 | @ 0raan s [ =

. P . i
+(r — 1! /Oo(f” — )" po(t)dt,
Urr(@) = _\/§¢T+1,r+2(x) + m\/ﬁwmﬂ(l’) + \/éwm(x).

2 2
Then ¥,,.(z) = —ﬁiﬂrﬂ,rw(x) + f_—ﬁ%mﬂ(iﬂ)-
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1.2. Problem of mixed Fourier series

Let f € WEQ( 50,00) . If this function is given in the generalized Hermite orthogonal system

{20 () }n>0, then
:L‘) ~ Z Cr,k¢r,2k<x)- (14)
k=0

This Fourier series will have the form:

v WUr2k (T), (1.5)

with
Crk = fr,k :/ f® (t)r 2k (t)dt Z/ FE @) pap_p (t)dt

called the Fourier coefficient. For r = 0, we have

ZCO Ko,k (2 Z Ok% ok (T (1.6)

k=r

1
fo,% Z/ f () par(t)dt

In this section, we will give the expressions of (1.5) and (1.6) taking into account the
expression of ¢, (t). Also we will prove the convergence of the series (1.4). The following
result is similar to the one given in [5].

with

Theorem 1.2. For n >0, r > 0, the system of functions {{,2,(x)} generated by Hermite
functions po,(x) by the formula

¢r,r+2n(l') = ﬁ/_ (I — t)r_IQOQn(t)dt, n Z 0,

18 complete in ng(foo 00) and orthonormal via Sobolev’s inner product
p b

r—1 00
() = Jim 3~ 0900+ [ 109 0w
v=0 —©
It follows from the formulas
1 * _
¢r,r+2n(1‘) = m/ (ZL“ - t)r lgogn(t)dt, n > 0,
x2n
wr,2n(x) - (QTL)" n_0717- 7T_17

that for all x € (—00,0),

wrfv,anv(x)y 0 <v<r-— 1, r< 2717

@ _ ) Pon—o(2), v=r<2n,
(¢T72n(x)) wr_v’gn_v((l})’ v < o < .
0, 2n < v <r,

with o.on(z) = @on(x).
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1.3. Study of the convergence of the series (1.5)

Let feWr, then f) € LP with

(—O0,00) ’

f(” ZO ker(z), where CA’NC :/ f(r)(t)gpk(t)dt, for all k> 0.
k=0 —00

Theorem 1.3 (Second aim result). For x € [A,B] (A< B < o0) and f € W],, where
% < p < 4, the Fourier series

:L‘Zk 0
~ ZO Jim FO0 G + kz Crsthron ()

converges uniformly to the function f.

P r o o f. We note the following partial sums:

r—1
Srn (f5 @) :ZH Oof(lC v kU2 (T), W (f ZCrk<P2k
k=0
Then .
1 T r4+n
|f(l’) - Sr,rJrn (f7 1‘) | = W/A (.’L' - t)rilf(r) (t)dt - Z Cr,kwr,ﬂc(l‘)
) k=r
with . .
Yy rron(z) = m/A (z — )" pan(t)dt,
SO . .
Vr k() = W/A (x — )" "o (t)dt.
Hence,

r+n

0= Surnl0)l= | [0 0 - i | o= (D)t

1 T r+n
:m/f‘( - rl(f(r Zcmwkr ) ‘
with
r+n
ZCerPQk r S* (f .T)
Then

1 x
|f(l') - Sr,r—i—n (fa J])| < (T — 1), /A (l’ - t)r_l ‘f(r)@) - S:,n (f(T)7t)| dt.

Using Holder’s inequality, we get:

\f(x)—sr,r+n(f,x>|s(r_ll)! (/:cv— " ”dt) (/ [F7) (f““),t)}pdt);,

: 1 1 _
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Calculate

(r—1) (t —x)at—H

xx_ (r—Daq g4 — (_q\ar-1\" )
/( t) dt = (—1) =11

A

A

A— x)q(r71)+1 (B _ A)q(r71)+1
= < 00.

gr—1)+1  qr—1)+1

(_1>q(r—1) (

Then

— A)ar=1)+1 ‘
(@) = Sppin (o)) < (r_lm ((i(r—>1)+1 ) 177 @) = S5 (7 2) [,

)HLP — 0 as n — oo, it results that |f(x) — Syrqn (f, 2)] — 0,

and since || f")(x) — 57, (f*),
[

uniformly on [A, B].
2. Asymptotic forms of the functions 1, 119,(x)

We say that
e 2 HQn d

aen@) = [ pmti= oo [

Integrating by parts and using the first formula of Lemma 1.1, we will have:

2 2
u=-e 2 du = —te~ 2 dt
P11420(T) = )
dv = Hy, (t)dt v = 55,7 Hon1 (1)
SO
1 e 1 o e
Y1 1400(2) = NeEEE I 1)H2n+1(1:) + —\/mwﬁn /_OO te” = Hy,yq (t)dt,
w=e5 du:<e T 2% _*>dt
V1,1420(T) =
dv = Hyp o (t)dt V= 5y Honva(t)
Then

T

1 e‘é 1 re 2
(2) = Hon s (2) — Han Ru(2),
11420 () \/WW%Q”H 2n+2) ant1(T) \/WW%Z”“ 2n+2) ont1(2) + Ru(2)

where )
R, (z — %) H nto(t)dt. 2.1
(z)= 21+3(2n + 1)(n + 1)y/(2n)lms 2 (f) (21)

Theorem 2.1 (Third aim result). The following asymptotic formula holds:

22

2
1 e~ T 1 re 2z
n - H n - H n Rn )
Vi (z) (Qn)!wignﬂ (2n + 2) 1 (2) (Qn)!ﬁiznﬂ (2n +2) 2nt1(2) + Fin(7)

where R,(x) is given by (2.1) and satisfies the estimate R,(z)=o0(1).
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P r o o f. By the relationship between Hermite and Laguerre functions
1
Hy, (1) = C,Ln? (z%),  where C,, = (—1)"2%",

we have N

21
Ra(w) =maCovs [ (1) 7% LA ()t

where )
Mn = . , Ly is a Laguerre function.
(2n+1)(n +1)y/(2n)lri2n+3

Introducing a new variable u = t2, we get

C Py
Rn(x) = i 2n+1 \/a 6_%L;E1(u)du
0

To estimate the residue R, (z), we must consider two cases:
1. First case: 0 < 2% < % For this case, we can use the weight estimate [9, 10|

e % |Ly(2)] < c(a)A(x), a> -1,

and ) .
S-i, -1-1 1 0
07 *x271, <r<Z
A (@) = , R
[en (0;’;+|x—6’n|>] , TS
_1 30
[ e 1, R

et - e
-5 |12 ‘ 2 ’
‘ U Tr
then
z2 1 x2
nnCn—l-l l—wu ‘C(_ﬁ)‘ nncn-i-l/ 1
- < duy < ————= — d
[Fnlo)l < 75 /0 Jilmas="o ) \gatve)d
- 2 +g 1
dn+1 3(dn+1)3
So Ry(z)=o0(%).
2. Second case: = < 2?2 < w. We have
2
MCrnr [T |1 —u -3 ‘
R, < L,? du.
Rua)] < 25 [ )

For this case, we use the following estimate:

n!

1
N—n—i-a;— , >0, a>-—1.

e 2x2L%x) =N Jo (2 (N{E)% )+ o(n%_%),

Jo(x) = (%) 2 cos <:,17 - %T - %) + 0(3:_%), x — +o0.
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We have
nnCn+1 n _g].—u —% z? _gl—u é
R,(z) = 5 {/0 e 2 T Ly (u)du%—ﬁ e 2 NG Ly (u)du},
SO
1 N Ch ’ w1l —u -1
R o) + 25 [T et (S Lt
1 nnCn-i-l ez 1 %Cnﬂ v _u -1
<of= i ~3
<ofs)+ et | L (u)du'—l— - / ¥ Ly (u)du

Calculate

x 1 3
CESN 1 <2\/Nu> du +‘/1 O(E)u 1du
T(n+3)) = S
= N1 ] /1 U 4J7% (2\/Nu> du —{—0(5)’/1 w idu

On the other hand, we have

140 = () o (VR4 T ) o (v )
= mcos (2\/N_u> +0<(N1)3)'
So
| [ty (AR = ] [T b v e oo )

Set a new variable as

12 2t N
t:vNu:>u:N, du = —dt, — <t<zVN.
U

N
Then
2 wv/N 1 2 avN 1 1
e < - |<3082t|dt+0<—> < . dt—{—o(—) :0<—>,

VTNi J /X n VTN J /& n n

and )
T _u 1 1
A:'[ e\/gan(u)du §0<E>.

For

?

I2
B = '/ e’%\/ﬁL;%(u)du
1
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in the same way, we get
1
B < 0(—).
n
Then | | ] 1
oo <o(2) +of2) - o) o).
n n n n
Finally, we have the desired estimate. O]
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Awnnorammsi. Mbl n3yyaeMm pa3pemmuMOCTb JUCKPETHOIO aHAJIOra MOJIEJBHOrO TceBroaudde-
PEHIMAIBLHOIO YPABHEHUS B YeTBEPTH INIOCKOCTHU B JJUCKPETHBIX ITpocTpancTBax CoboseBa—Cito-
60oterikoro. Vcrop3ys MOHATHE TEPUOITIECKON BOTHOBON (DaKTOPUIAIIY /IS SJIIUIITHIECKOTO
IEPUONYECKOI'0 CUMBOJIA, MBI OIIMCHIBAEM YCJIOBUS PA3PENIMMOCTUA ITOI0 YPABHEHUS U OJIHOMN
CBSI3aHHOHN C HUM KpaeBoil 3ajaun. B yacTHOCTH, JIJIsT OIPEJIEIEHHBIX 3HAYCHUI WHJIEKCA IIe-
pUOAMYECKO! BOJIHOBOH (haKTOPHU3AINH TOIydeHa pOopMyJia OOIIEro pPereHnsi MOIEeIHHOTO JTUC-
KPEeTHOro rnceBaoanddepeHnnaj pHoro ypaBHeHNsl, B KOTOPOM COJIEPXKATCH HEKOTOPHIE MIPOU3-
BOJIbHBIE (QYHKIMU. [IJIsT MX OJIHO3HAYHOIO OIIPE IEe/IEHUs BBOSTCS JIOIIOJTHUTE/IbHBIE YCIOBUS —
JUCKPETHBI aHAJIOr MHTEIPAJIbHBIX YCJIOBHIl Ha cTOpoHax yria. Jlokasana Teopema CyIIecTBO-
BaHUA U €IUHCTBEHHOCTH IOJIyYEeHHOH JIUCKPETHOU KpaeBOi 3aJladi U IIOJIyYeHBbl allPUOPHbBIE
oreHku pereHns. JlaeTcs Tak:ke CpaBHEHHUE JUCKPETHBIX W HEMPEPBIBHBIX PEIIEHUN KPaeBbIX
3a/1a4 [IPU CIENUAJIbHOIO BbIOOPA MUCKPETHBIX OOBEKTOB.

KuroueBbie cjioBa: 3JIIANTAYECKAN CAMBOJI, 0OPATUMOCTD, JIMCKPETHBIN TIceB1o1uddepeHIim-
AJIBHBII OIIePaTOP, MUCKPETHOE yPABHEHNE, IEPUOINIECKAS BOJHOBAs (DAKTOPU3AIINS
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Abstract. We study the solvability of a discrete analogue of a model pseudo-differential equation
in a quarter-plane in discrete Sobolev—Slobodetskii spaces. Using a concept of periodic wave
factorization for elliptic periodic symbol, we describe solvability conditions for the equation and
for a certain boundary value problem related to this equation. In particular, for certain values of
the index of periodic wave factorization, a formula for a general solution of the model discrete
pseudo-differential equation is obtained, there are some arbitrary functions in the formula.
For their unique determination, we introduce certain additional conditions such as a discrete
analogues of integral conditions on angle sides. The existence and uniqueness theorem for the
stated boundary value problem is proved and a priori estimates for the solution are obtained.
A comparison between discrete and continuous solutions for a special choice of discrete objects
is also given.
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Bsenenue

Mpbl u3ydaeM JucKpeTHbIe ceBAoand GepeHnaibuble YPaBHEHU U UX PA3PEIIUMOCTD B CO-
OTBETCTBYIOIIUX JINCKPETHBIX (DYHKIMOHATBHBIX ITpocTpaHcTBax. CyIecTBYIOT OIMpe/IeIeHHbIe
HOJIXO/bI K UCCJIEOBAHUIO JIUCKPETHBIX KPAEBbIX 3a/ia4 JijIsd YPABHEHUIT B YaCTHBIX [IPOU3BOJI-
HBIX, B TOM YHCJIe METOJ KOHEUHBIX PA3HOCTEH W METOJ Pa3HOCTHBIX ToTeHnunasos (cM. [1,2]),
OJTHAKO OHM HEINPUMEHUMBbI K U3YUYEHUIO JUCKPETHBIX KPAEBBIX 3a/1a4 JIJIs SJIIMIITHIECKIX [ICEB-
nomuddepennnanbabix ypaBaenuii. C yaeToMm 5Toro ¢gakra IMepBblil aBTOP ¢ KOJIJIEraMi Hadal
pasBUBAThL JIMCKPETHYIO TEOPHIO JUIMITUYeCKUX MceBaouddepeHmaibHbX ypasHeruit [3].
Mpbl Hava/ M UCC/IEIOBAHNE ¢ MOJIEJIBHBIX OIIEPAaTOPOB M KaHOHMYecKuX obsiacteil. [lepsbie pe-
3yJIBTaThl OBLIN CBA3aHBI C JIUCKPETHBIM 11 -MEPHBIM IPOCTPAHCTBOM U IOJIYIIPOCTPAHCTBOM,
371€Chb Mbl PACCMATPUBAEM JINCKPETHBINH KB IPAHT.

1. JIuckpeTHble onepaTopbl U YpaBHEHUS
[Mycts K = {x = (z1,79) € R? : 1 > 0,29 > 0} — nepsbiit kKBagpant, Z> — meao9uc/IeH-
Has perierka Ha miockoct, Kqg = hZ* N K, h > 0, ug(¥), T = (&1,72) € hZ* — dbynknus
JUCKPETHON MepeMEeHHO.
O6oznaunm T? = [—7,7]%, h = h~!. Oysxuumo, onpenenennyio B AT?, MBI TPaKTyeM Kak
nepuoanmdecKyio Gynkimmo B R? ¢ ocHOBHBIM KBajpaToM Tepuonos hT2.
Mozkmo orpejiesinTh ucKperHoe mpeodpazosanne Pypoe jjist GYHKIUA Ug

_ —id ~\ 72 2
(Faua)(€) = 1a(€) = > e FSug(i)h?, & € hT?,
ZERZ2
ecI TOoCaeHU psijl cxomuTes U Ug(§) — nepuoamyaeckasi byHKIMsT B R? ¢ OCHOBHBIM KBaJI-
paToM niepuosios hT?. Dro muckpernoe mpeobpasosanue Oypbe coxpanseT Bce CBONCTBa WH-

TerpaJjbHOro mpeodbpazoBanus Pypbe, a odbpaTHoe JIMCKpeTHOe IpeodbpaszoBanne Oypbe umeer
BHT

(F'a)(@) = oy [ 7€), 7 € h2?

(2m)?
HT?

Juckpernoe npeobpazosanne Pypbe OCYIIECTBIISET B3aUMHO OJHO3HAYHOE COOTBETCTBHE
Mezk Ty mpoctpanctamu Lo(hZ?) u Ly(RT?) ¢ mopmamu

ke = ( |ud<f>|2h2)l/2, faake= [ |ad<s>|2d5)l/2.

7 2
TERZ gehr]rg

Ham nonaiobsares 6osiee obipe IucKperHbie (PyHKIMOHATBHBIE TPOCTPAHCTBA, KOTOPBIE MbI
BBEJIEM, WCIIOJIB3Ysl pa3/ieJieHHble pasHocTH [1].
PasjiesieHHbIe PA3HOCTH TIEPBOTO TOPSIJIKA BBITJISIAT CJIELYIOIUM 00pa3oM

(AW ug) () = B N ug(@r + h, B2) — ua(dr, 72)), (AP ug) (@) = b (ug(F1, T2+ h) — ua(F1, £2)),

a UX JUCKpeTHbIe IpeodbpazoBanug Oypbe gaorcd hopmyraMu

(AP ug)(€) = K e ™ — 1)), k=1,2.

Paznenennas pasHocTb BTOPOTO MOPAIKA — 3TO pasjiesieHHas pa3HOCTh HMEPBOTIO MOPSJIKA
OT Pa3/ieJIeHHOI Pa3HOCTH I1€PBOT'O HOPsIKa

(AP ug) (&) = h2(ug(@1 + 2h, F2) — 2uq(Fr + b, &) + ua(ir, ),
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(AP ug)(7) = h™(ug(@1, T2 + 2h) — 2ug(F1, T2 + h) + ug(1, 72)),

¢ mpeobpazoBanueM Pypbe

—_—

(AP ug)(€) = h2(e7 ™ — 1)2ay(€), k=1,2.
JluckpeTHbIil aHaJIOr onepaTopa Jlamaca nmeer ciaeayomuil BuI
(Data) (®) = (AP ua) (@) + (A5 ua) (),
TaK 4TO ero mpeodopazoBanue Oypbe BBINIIINT KaK
(Aqua)(§) = h72((e7™ = 1) + (7" — 1)*)aa(§).

Mur HCIIOJIb3YEM 93THU JUCKPETHBLIC 0O BEKTHI JJId TIOCTPOEHUA JTUCKPETHDLIX IIPOCTPAaHCTB Co-

6os1eBa—C1000/IeIIKOTO J/I N3y YeHHs ITUPOKOr0 KJ1acca JIMCKPETHBIX YPaBHEHUI.
Crauasia BBeJIeM JIMCKPETHBIH anajor npocrpanctsa [Isapia S(hZ?) kak HaGOp JAUCKpET-
HBIX (PYHKIWI ¢ KOHEYHBIMU TIOJTYHOPMaMU

[ual = sup (1+|#])|AMu,(7)]
FehZ?

qist ipousBosibioro | € Ny k = (ky, ky), k. € N, r=1,2,
AWy (3) = AM AR, (3).

Onpenenenune 1.1. duckpernoii oboOIIeHHO! (DyHKIIMEH HA3BIBAETCS JIMHEHHBII
HEIPepbLIBHBI (QYHKIMOHA, ONpe/IeeHHbIi Ha pocTpancTee S(hZ?).

MHO’KECTBO TaKUX JIMCKPETHBIX 0606IeHHbIX byHKImii Gytem obozHadars yepes S'(hZ?),
U 3HAYEHHE JIUCKPETHOH 0000meHHol (GYHKIUMN f; Ha TECTOBOW JMCKPETHON yHKINN
ug € S(hZ?) Gyner oboznauarses (fg,ug). Anamorndano [4] MbI MOZKeM OIpeJIe/IUTh CTaHIapT-
nble onepanuu B npocrpanctee S’(hZ?), no auddepennupopanne GyjieT 3aMeHEHO Ha pas/ie-
JIEHHYIO Pa3HOCTh [IEPBOTO MOPSIIIKA. DTU OMEPAIIH TIOJPOOHO OMUCAHBI B |3], MO/ CXOAUMOCTHIO
noHnMaeTcs cabas cxoquMocTh B poctpanctse S’ (hZ?).

[ycrs (2= h72((e7"% —1)2 + (e7%2 — 1)?). Bresem ciiefyioniee ompe/ie/icHue.

Onpegenenune 1.2, lpocrpancrso H*(hZ?) cocrour uz (0606mienubx) QyHKImii
JIMCKPETHOrO apryMeHTa U sIBJIsIeTCs 3aMblKaHueM IpoctpancTBa S(hZ?) 0THOCHTETEHO HOPMBI

me:(/U+WWWﬁW&yé (11)

hT2

Usmensst mapamerp h B (1.1), MBI mOJy9IrM pasaudHble HOPMbI, KOTOPBIE SKBHBAJCHTHBI
Lo -HOpME, HO KOHCTAHTBHI B 9TOH SKBUBAJEHTHOCTH 3aBHCAT OT h. B Hammx KOHCTPYKIHAX
HIUKE BCE KOHCTAHTBI HE 3aBUCAT OT h — 39TO BaKHBIH (akT Jjis CPABHEHUS JTUCKPETHBIX U
HEIPEPBHIBHBIX PEIEeHUIA.

Ounpenmenenne 1.3. IIpocrpancrso H*(K;) cocTOUT n3 JUCKPETHBIX (0GOOIEHHBIX )
byt u3 H*(hZ?) Taknx, 9To WX HOCHTEIH NPUHAIeKAT MHOKecTBY Kg. Hopma B mpo-
crpancree H*(K,) unmynupyercs nopmoit npocrpanctsa H*(hZ?). Tlpocrpancrso H(Ky)
COCTOUT W3 TUCKPeTHBIX (0600mennbix) dynkuuit fy € S'(hR?) ¢ mocurensvu Bayrpn Ky, u
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9TH JUCKpeTHbIe (00001IeHHbIe) (DYHKIMN JOJZKHBIL JIOIYCKATH [POJIOJIKEHIE B IPOCTPAHCTBO
H*#(hZ?). Hopma B npoctpanctee Hj(K,) 3amaerca dpopmyioit

Ifally = inf [[¢falls,

rye napuMyM OepeTcs 10 BeeM POJIo/KeHusIM L.

Dypre o6pas npocrparcta H*(K,;) Gymer 0603HaIATEHCS H S(Ky).
[Tyctb A4(€) — nsmepumas nepuogndeckas pyHKIUs R? ¢ OCHOBHBIM KBaIPATOM MEPUOJIOB
hT?. Takue byHKINM MBI HA3LIBAECM CHMBOJIAMU.

Onpemenenne 1.4. JluckperHbim rceBnoauddepeHmaabHbIM oiepaTtopoM Ay ¢
cumBosioM A4(§) B auckperHOM KBajpaHTe Ky HA3BIBAETCH ONMEPATOD CJIEJLYIOIIEro BH/IA

(Aqua) (@) = Y h?* | Ag(&)e' TP tuy(€)de, 7 € K.
GERZ? o
Mpsr roBopum, uto omepatop Ay SBISIETCS SJUTHIITHIECKUAM, €CJTH

inf |A 0.
ess nf 1 4a($)] >

Mpb1 paccMaTpuBaeM CHMBOJIBI, YJIOBJIETBOPSIOIIUE YCIOBUIO
(14N < Aw€)] < eo(1+ ()2 (1.2)

¢ KOHCTaHTaMH! C1, Co, He 3aBucAAME OT h. Yucmo a € R HaspiBaeTcs MOPsIKOM TNCKPETHOTO
niceB oMM epeHnuaIbHOro oneparopa Ag.
JIerko JoKa3bIBaeTCA CJIEYIONINIA TPOCTOM pe3yIbTarT.

Jlemma 1.1. Jluckpemmwviti ncesdodugdepenyuanvioti onepamop Agq ¢ cumsosom Aq(€)
AGAACCA AunetinvM ozparusentvm onepamopom H*(hZ?) — H*~*(hZ?) ¢ nopmoiti, ne 3a-
sucawet om h.

Hasee MBI ncceryeM pa3pelmuMOCTh AUCKPETHOTO YpPABHEHUST
(Adud)(ﬁc) = ’l}d(i), T € Kd, (13)

B npoctpanctee H*(K,) npu yciaosun, uro vy € Hy “(Ky).

Mpb1 GyzeM UCIOIB30BaTh HEKOTOPYIO CIEUAJIbHYI0 00JaCTh B JBYMEPHOM KOMILIEKCHOM
npocrpancree C2. O6macts tuna T, (K) = hT? + K maswsBaerca Tpy6UaToii 061aCTHIO HAJT
kBajipanToM K, u Oyjiem paccMarpuBarh anaguTudeckue dbysxmun f(x+iT) B obractu T, (K).

Beejiem nepuojmieckoe sapo Boxuepa anajorudto [4]

Bu(z) = Y _ ™EH 2 e l?, rekK,
zeKy

U COOTBETCTBYIOIINN MHTErPaJIbHBIN OepaTop

(Bu© = lm s [ Bule+ir = mialn)dn

RT2
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Jlemma 1.2. /Jlaa xeadpanma K onepamop Bj umeem caedyrowut 6ud

. h? . ) th h(& —m +im) .
(B ©) = ooy [ aalmn+ lim o [ etg XD 6y
T2 T2
. ih h(§a —n2 +i72)
+ Tlg(r)l+ 32 | °te 5 ta(n)dn
T2
s h(§& —m +im) h(§a —na +i72) -
el 2 cot 2 @a(n)dn,
T2
u By, — aunetinvid oepanuuennoid onepamop ¢ H*(RT?) — H*(RT?) daa |s| < 1/2. Boaee

mozo, onepamop By aeasemca npoexyueti H*(hZ2) — H*(Ky).

JlokazaTeabcTBo. COOTBETCTBYIOIINE BBIYUC/ICHUS JIJIs OJITHOMEPHOTO JTUCKPETHO-
ro KoHyca ObLtn mpoBe/ieHbl B [5]. MbI HCIIOIB3yeM 9TU pe3ysIbTaThl, aJallTUPys UX K HalleMy
JByMepHOMY cirydato. [lockombKy

.~ h ih h
Z e R = 5~ Zgcot %7 2k =& tim, k=12,

TpERZy

TO, epeMHOXKast € *7 ¢ ug(Z) u mpEMeHsisd COOTBETCTBYIOIIEe CBOCTBO mpeobpasoBaus Dy-

pbe 0 mpousBejieHun u cBepTKe 00paszoB Dyphe, mosydaeM yTBepKIeHUE.
hz
2
[IePExXoJIOM K siJipy KoIu ¢ OMOIIBIO 9KCIIOHEHITUAILHON 3aMeHbl U HCIIOIHb30BAHUEM COOTBET-

OrpaHn9IeHHOCTh OJJHOMEPHOTO orepaTopa ¢ siapom hctg % s |s| < 1/2 nokasbiBaercst
CTBYIOIIErO pe3ysbrarta u3 [6]; AByMepHDIii cirydail oIy daeTcs HOBTOPHBIM IPUMEHEHUEM ITHX
paccyKJIeHuit. [

OTmernmM, 9To omepaTop Bj fABJIAETCS TaK HA3BIBAEMBIM HEPUOANYCCKUM OMCHHIYJIAPHBIM
onepaTopoM. crosb3yst Kiaaccuueckue pesyabTaThl Jjid uHTerpaga tuna Kormm [7, 8], Mox-
HO aKKypPaTHO BLIUMCJIUTL TPAHUYHOE 3HAYEHME, HO B JIAHHOM MCCJIEJIOBAHUU 3TO HE HIPaeT
HPUHINIKHAILHOM posn. TTockonbKy (hOpMYJIbI JOBOIBLHO TPOMO3IKHI, MOXKHO CIeIaTh HEKOTO-
pble YIPOLIEHUs, He Tepssd o0mHoCcTH. Tak, Halpumep, Mbl MOMKEM PaCcCMOTPETH HPOCTPAH-
creo S1(hZ?) C S(hZ?) c Hy/leBBIMU 3HAYEHUSME Ha OCSIX KOODIMHAT U BBECTH IPOCTPAHCTBO
H*(hZ?) xax sambikanue MHoxkecTBa S1(hZ?). B 3ToM cilydae nepBble TPU cjaraeMble B Bbl-
paxkenuu jiad By OygayT paBHBI HYJIIO.

Jlemma 1.3. Ecau |s| < 1/2, mo npocmparncmeo H*(hZ?*) odnosnauno npedcmasasemcs
6 sude NPAMOL CYMMbL

H*(hZ?) = H*(K,) @ H*(hZ* \ K,).

JlokazaTeabCcTBO. DTO POCTOE CjejCTBUE jJeMMbI 1.2. JleficTBUTEIbHO, €/INHCT-
BenHoe npejicrapaenne Gyukiun f € H(hZ?) Gyaer BBINIAIETH CleyonuM 06pa3oM

f=Bnf+{U—-Bnf.
EuHCTBEHHOCTD TAKOTO TIPE/ICTABICHNs BO3MOXKHA TOJILKO IpH |s| < 1/2. O

s onmcanust KapTUHBI PA3PENTMMOCTH JUCKPEeTHOro ypasHerus (1.3) moHamobarcst HeKo-
TOpBIE JIOMOJHUTEIbHBIE JIEMEHTHI MHOTOMEPHOTO KOMILJIEKCHOTO aHajmn3a. Mbl paccMoTpum
STHU BOIPOCHI B CJIETYIONIEM pasjierie.
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2. Ilepmoamyeckass BosiHOBasi paKTOPU3ALUS

PaccmarpuBaeMoe 3/1ech IOHATHE ABJISIETCS TIEPUOJIMIECKUM aHAJIOIOM BOJIHOBOI (DaKTOPU-

sanuu [9]. Hekoropble nepsbie mpeBapuTe/ibHble COOOPasKeHHsl U PE3YIbTAThI ObLIN OMUCAHBI
B [10-13].

Onpepgenenne 2.1. Ilepumognmueckoii BoIHOBOIN akTOpH3aIMEN IJUIMITHIECKOIO
cumBosia Ay(€) € E, Ha3bBaeTCs €ro IpeCTaBIeHIeM B BUJIE

Aa(§) = Aaz(§)Aa=(E),

rae comuoxkuremn Ag2(§), Ag=(£) AOLyCcKaOT aHATNTHYIECKOE IPOIOJIZKEHIE B TPyOUIaThie 00-
nactn Tp(K), Th(—K), cOOTBETCTBEHHO, C OIEHKAMNI

=

(14 1C))% < |Aas(€ +im)| < (1 +]E)%,

a— a—z
2
Y

c2(14 | < JAa=(€ —im)| < (1 +¢))

U KOHCTAHTAMHU C1, €|, Ca, Cy, HE 3aBUCANMI OT h, TJe
22 32 ([ —ih(&1+iT 2 —ih(&otiT 2 _ 2
(=R ((e7™MEtim) )2 4 (emthl&tim) )2 1 f = (6,6) € hT?, T — (11, m) € K.
Yucno & € R HazbiBaeTCd MHICKCOM MEPUOUICCKON BOJTHOBOI (DAKTOPU3AIIIH.

K coxkasenuio, y HaC HeT aJropuT™Ma IOCTPOCHHUS TaKkoil (pakTopuzarnuu. Ho ecTb HekKoTOpbIE
[IPUMEpPHI IIEPUOIMIECKAX CUMBOJIOB, KOTOPBIE JIOIYCKAIOT TaKylo (hakTopusamuio. [Ipuseaem
OJIMH U3 HUX.

[Iycts f — npoumssosibHast (byHKIMs JucKpeTHoil nepemennoit, f € S(hZ?), supp f C
K U (—Ky). Torma nmeem

f=x+f+x-f,

e Y4+ $BJIdeTCd XapaKTepucTtudeckoil dpynkimeit kBajpanta +Ky. Ilpumenss juckpernoe
npeobpazoBanne Pypbe, MoydaeM IpeIcTaBIeHne f = f+ + f_, u pyHKIUN fi JIOTYCKAIOT
aHajmuTH4IecKoe npojosnkenue B T, (£ K) cormacao jemme 1.2. Takum o6pasoM, MOKeM 3aIiu-
caTb exp f = exp er - exp f,, U MBI TIOJIy9aeM IEePUOIUIECKYIO BOJTHOBYIO (haKTOPU3AIUIO C
HYJIEBBIM HHIEKCOM 11t (DYHKIHHE exp f.

Besde nuotce npednosazaemces cyuecmeosanue makxot nepuoduseckol 6041060U darmopu-
sayuu das cumsona Ay(§) ¢ undexcom e.

Ceiiuac Mbl paccMOTpUM HauboJjIee POCTON Crydaii, Korja perierne ypasHenus (1.3) cyie-
CTBYET W €/INHCTBEHHO.

Teopema 2.1. ITycmo |ee —s| < 1/2. Toeda ypasrenue (1.3) umeem edurcmeenroe pewe-
Hue 0as Npouseosvroli npasot wacmu vy € Hy “(Ky) ; pewenue daemcsa dopmyaot

P

1a(€) = Ay L&) Br(AzL(&)(Cva) (6)), (2.1)

2de lvg — npouseoavhnoe npodoadicenue vy 6 H~(hZ?).

HJoxkaszateunncrso. Ilycrs vy — npoussosnbHoe npojpomxkenne vy € Hi %(Ky) B
H*~*(hZ?). Beeaem dyHKIUIO

wq(T) = (va)(T) — (Aqua)(T),

tak, uro w(z) =0 ma T ¢ K.
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Teneps zanumiem (1.3) B BuIE
(Aqua)(¥) +wa(7) = (bvg)(2), T € hZ?

U II0CJIe MPUMEHEHUsl JIMCKPETHOTo npeobpazoBanus Pypbe U Mepuoinieckoil BOJHOBON (hak-
TOPU3AIUHU TTOJTydaeM

Aaz(€)ua(§) + AzL(Owa(€) = AZL(E)(tva) (§), € € AT (2.2)

Nnmeem ciieytomniye BKJIFOUEHHUS cOrJIacHO JiemMe 1.1 u jiemme 1.2

Aas(©)ia(6) € H™(Ky), AL (€)da(€) € B =(hZ>\ Ka), A;-(€)(Cva)(€) € H=(hZ?),

)

u Torya 1o Jjiemme 1.3 mpaBasi 9acTh ypaBHeHUs (2.2) OJHO3HAYHO MPEJICTABIMA CYyMMOi

AZL(E) () (&) = f1(6) + f77(9),

)

rie o
f1(€) = Bru(AZL(©)(tva) (€)),  f4 (&) = (I — Br)(AzL (&) (fva)(©)).

Hasee mepemuiem pasencTso (2.2) B Buje

Aa2(©)1a(€) — f1 (&) = £ (&) — AgZ(E)wa(€)

U, UCIIOJIb3Y4d €/IMHCTBECHHOCTD IIPEJACTAaBJICHUA B BUIEC HpHMOﬁ CYMMBI
I7s—a I7s—a 2
H™*(Ky) & H™*(hZ°\ Ky),

[OJTy4aeM, 4TO U JieBasl, U IpaBas dacTU JIOJZKHBI ObITh PaBHBI HY/I0. TakuM obpa3oMm, cripa-
BEJIJIMBO paBeHCTBO (2.1). O

3. /JIuckperHas KpaeBas 3ajada

B sToM pasjiesie Mbl pACCMOTPHM 60JIee HHTEPECHBIN cirydail, Korja ypaBaenue (1.3) umeer
MHOZKECTBO peIlieHnii. 311ech Oy/IyT MCI0JIb30BaHbI HEKOTOPBIE PE3YJIbTaThl U3 3] OTHOCHTEIbHO
opmbr uckpeTHOit (06001eHHOI) (DYHKIMI, COCPEOTOUEHHOI B HAUae KOOD/IMHAT.

Teopema 3.1. IIycmv & —s=n+6, n €N, |§| <1/2. Tozda obusee pewerue ypasrenus
(1.3) umeem caedyrouwsuti 6ud

1q(€) = Aq 1 (§)Qn(€) Br(Q, () Az L () (va) (€)) + Ag (& <Zék 6)G +dk(€z)él>

k=0
2de Q,(€) — mpoussoavrwiti mmozousen cmenenu n om nepemennvir C, = h(e "% — 1),
k = 1,2, ydosaemsopsrouwui ycaosuro (1.2) ¢ a = n; (&) u dp(&e) — npoussoavhoie

dynrwyuu uz H°*(hT), sp=s—ee+k+1/2, k=0,1,--- ,n—1.
Hmeem mecmo anpuophas ouenka

fuall, < const(nfuja 3 (el + [dask)),
k=0

ede []s, obosnauaem nopmy 6 H® (hR), u const ne sasucum om h.

k
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Hoxkasarenanbctso. Haunem ¢ ypasuenus (2.2). Ilycrs @Q,(§) — mpousBoJIbHBII
MHOTOYJICH CTElleHH T OT MepeMeHHbIX ( = h(e ™ — 1), k = 1,2, ynosrersopsiomuii yc/o-
suo (1.2) ¢ @ = n. Ymuokum ypasnenue (2.2) na Q,,'(€)

Qn ' (6)Aa2(§)Ua(€) + Q, () AZL(O)wa(E) = Q, () AZL(E) (fva)(E), € € PT?. (3.1)
IIo memme 1.1 numeeMm
QM ()AL () (tua) () € H ™" (hz?),

a TaK KaK S — & +n = —(5, TO 110 JeMMe 1.3 3amurnem C/IMHCTBECHHOEC Pa3JIO2KECHUE

—_~—

Qu ()AL (tva) (€) = Fy (&) + Fy (6),

rie

F (&) = Bu(Q, (A, Z(8)(va)(€),  Fy (&) = (I = Bu)(Q, " (§)AzZ (&) () (8))-
YauTeiBasi JaHHBIN (akT, nepemnuiem paseHcTBo (3.1) B Buje

Aa2(€)1a(€) + AL ()wa(€) = Qu(E)Ff () + Qu(§) Fy (6),

Jrasee,

Aa()1a(€) — Qu(§)F; (&) = Qu(&)Fy (§) — AZL(E)wa(€)-

Mockonbky Fif (€) € H*t(K,), F;(£) € H=t(hZ2\ K,), 10 1o nemme 1.1 Bbimo/neHo
Qu&)ES(¢) € Ho=(K,), Qn()F; (&) € Hs=(hZ*\ K,). TpumMensis o6paTHoe JUCKPETHOE
npeobpaszosanre Pypbe moydaeM PaBEeHCTBO JIs IBYX JUCKPETHBIX (000OIIEHHbIX) (hyHKITHIA.
JleBast yacThb obparaercs B HYJb IIPU OJHOM u3 ycjaoBuit T; < 0 mim To < 0, a upaBas
JacTh obpalaercs B HYJIb npu ycjaoBun T > 0,2, > 0. Taxkum obpaszom, 3TO J0/KHA OBITH
JcKpeTHast (06001eHHast) DYHKIMs, COCPEIOTOYEHHAsI Ha, CTOPOHAX JUCKPETHOIO KBaJIpaHTa
{(il,fég) € hZ? : {7, > 0,@p = 0} U{Z; = 0,79 > O}} Mcnonb3yss cOOTBETCTBY IOLIMIA
pesyJsibTaT u3 [3|, Mbl moJIydaeM CJIeAyIONuil BUJL 9TOrO PaCIpeieIeH s

3
-

(cx(@)(AL5) (&) + du(@) (A 52)(31))

0

B
Il

IJIe BCe cllaraeMble JIOJIZKHBI ObITh 31eMenTamMu pocrpanctsa H™%(hZ?).

Ocraercs yTOYHUTD, CKOJIBKO CJIaraeMblX HaM HYKHO B TpaBoil dactu. Mcxoaum u3 Toro,
4TO KayKJI0e CJIaraeMoe JI0JIXKHO [IPUHA/IeKAT IpOCTpatcTsy H s(hT?).

Paccmorpunm caraemoe ¢ (€1)C5. YanTbias, 9To OPSAIOK A;’i(f) paBeH —&, HaM HYKHO
IPOBEPUTH KOHeYHOCTh H*~% -HopMmbl fjia ¢ (£1)C5. Vmeem

ler(AS )12, = / (1+ 1) ™ ler (&) Ch 2dg

hT?2
- / (14 1) len(E0) PG PdE < agf2e=+hs1/2 / eulé0)|2de,
hT

hT2

= a2 /(1 + [GP]) TR g (&),

AT

1 KOHCTAHTBI @1, Ay HE 3aBHUCAT OT h.
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HOCJIG,H‘HGG cJlaraeMoe IJ0JIzZKHO OBITD (n — 1) -M, IIOTOMY YTO JId 7N -TO CJlara€MOI'0 MbI
IIoJIy4daceM IIOJIOXKUTEJIbHBIN POCT: IJid k = n umeem

Sp=8s—&—n+1/2=-n—-50+n+1/2=-5+1/2>0.
AnpropHbIe OIEHKH MOXKHO TIOJIyYUTh TaK Ke, KaK OMHUcaHo B [3]. O
Tenepb paccmorpum it ypasaerns (1.3) caygait n =1, ne. ;e —s =144, |J] < 1/2.
U3 reopembr 3.1 cienyer, aro obmum perenneM ypasHenust (1.3) siBjsiercs

ug(§) = A;;(f)(éo(fl) + Jo(f?))a (3.2)

re co,dg € H*"*+tY2(RZ) apnsmorca mpousBoibHLIME GyHKIMAME. Jlj1g UX OJHO3HAYHOTO
onpejiesennst 106aBuM K ypaBHenuto (1.3) cieayroniye ycaoBust

> ug(@nE)h= fa(F), Y (@ E)h = ga(d1), Y ug(i,i2)h®=0. (3.3)
ilehZ+ 532€h2+ JN?EhZ++
9TI/I JOIIOJIHUTEJIbHBIC YCJIOBUA IIOMOT'YT OJHO3HAYHO OIPEAC/INTL HEU3BECTHDLIC (byHKHI/II/I

co, dp B pemtennu (3.2). JeflcTBUTENIBHO, ¢ HOMOIIBIO AUCKPETHOIO peobpasoBanus Pypoe 1re-
permieM ycosus (3.3) B Bujie

14(0,&) = fa(&),  @a(&1,0) = ga(&1), 1a(0,0) =0. (3.4)
Tenepn noacrasum gopmyist (3.4) B (3.2). Ilepsblie aBe hOPMYJIBI JaJIyT pABEHCTBA
14(0, £2) = Az L (0,6)(20(0) + do(&)) = fa(&),
4(€1,0) = AzL(61,0)(E0(&1) + do(0) = Ga(&).

W3 31X paBeHCTB, COTJIACHO TPETHEMY YCJIOBUIO, CJIE/IyEeT COOTHOIIIEHHE fd(O) = 94(0), wus
kotoporo nosydaeMm Cy(0) 4+ do(0) = 0, u, 3naunt, é(0) = do(0) = 0.
Taxum obpazoM, mosydaemM

(€)= AZ4(€) (Aap (61,07 + Aup(0,2) fu(&2)) (3.5)
Ocraercst cchopMyIMpOBaTh U JOKA3aTh CJAEAYIOMNIA PE3YIbTAT.

Teopema 3.2. ITycmv fq,9q € H*Y2(RZ),v4 = 0. Tozda duckpemmas sadaua (1.3), (3.3)
umeem eduncmeennoe pewenue, kKomopoe daemcs gopmyaot (3.5).
Cnpasedausa anpuopHas ouenKa

[ualls < const(|| falls+1/2 + [|galls+1/2),

2de const ne sasucum om h.

Jloka3zaTesbcTBo. Ham HY2KHO JI0Ka3aTh TOJILKO allpHOPHYIO OIIEHKY. PaccMoTpum
1epBoe cjaraeMoe

HA;;@)ACL#(&?0)§d(£1)H§:/‘A;;(fla&)Adﬁé(&a0)§d(€1)’2(1+’<2|)Sdfld§2

hT?2

hm
<on [ lasoras < it [ Jautefas

hT?2 —hm

hm
SQ/M&WOH@W“%:MMWT
—hm

BTOpOG CJlaraceMoe OlleHNBaCTCAd aHaJIOI'MYIHO. ]
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4. CpaBHeHHEe AUCKPETHBIX U HENMPEePbIBHBIX pPeEIIeHUid

HenpepeiBublii anasor auckperHoii kpaesoit 3agaun (1.3), (3.3) onucan B [14]. 3xech MbI
paccMarpuBaeM OJJHOPOJIHOE JucKpeTHoe ypasrenue (1.3), vy = 0.

[Iycrs A — ncesnomuddepenimanbabiii oneparop ¢ cumboiom A(E), € = (&1,&s), yaosie-
TBOPSIOIIAM YCIOBUIO

a1+ )" < A < eo(1 +[€))"

U JIOIYCKAIOIIUM BOJIHOBYIO (pbaKTOpU3aIMio 110 KBaJipaHTy K ¢ mHAeKcoM &. Paccmorpum
ypaBHeHE

(Au)(z) =0, ze€K, (4.1)

CO cjieiyromuyuMun JOIIOJTHUTEJIbHBIMU YCJIOBUAMA

+/Oou($1,x2)dac1 = f(x9), +/Oou(x1,x2)dx2 = g(x1), /u(a:)da: =0. (4.2)

Pemenne zagaqan (4.1), (4.2) paseickuBaerca B npocrpanctse H*(K) [9], a rpaxutdubie
bynxmuu GepyTes us npocrpancrsa H5H/2(R,). Takas 3a1aua paccmaTpusaiach B [14], oma
HMeeT pellieHune

i(€) = AZ'(8) (A4(60, 0)3(61) + A0, &)f(&2)) (4.3)

upu yeaosun, uro cuMost A(§) momyckaer BosiHOBYO dakropusanuio [9] orHocurenbao K

A(§) = Ax()A=(§)

C MHJIEKCOM & TakuM, 910 & — § = 1+ 4, |0] < 1/2.

JL1st mocTpoeHust AUCKPETHON KPAeBoil 3a/1a1i, KOTOpast ABJISIETCA JTOCTATOTHO TOTHBIM ITPHU-
6mmkerneM K (4.1), (4.2), crenyer Beibpats Ag(§) u fy,gq crenmanbHbIM 06pasoM. Bremem
orniepaTop [, KOTOPBI JIeficTByeT cjeaytonmM obpaszoM. [lia dyukiun wu, 3ajanHoil Ha R,
bepercs ee mpeobpasoBanne Oypbe U, 3aTeM ero cyxenue Ha A1 u IepUOITIECKOE TIPOIOJIZKe-
ure Ha R. Hakower, 6epercsi ero obpaTHoe JucKkpeTHoe peodbpasoanne Oypbe 1 10Ty IaeTcst
dbyukiws guckperaoro nepementoro (l,u)(z), & € hR. Takum obpasom,

fa=UWf, ga=1lng.

Jlastee, aHAJIOTMTIHO CTPOUM CHMBOJI JUCKPEeTHOTO oreparopa Agz. Ecim numeercs BosiHOBast
dbaxTopuzanust cumposa A(E), Mbl onpejiessieM cyzKeHus coMuokuTenei na hT? ¢ nocneryro-
UM [EePUOIMIEeCKIM TIpooJizKeHneM Ha R, a mepuogmyueckuii cumsosn Ag(€) sBisiercs mpo-
U3BeJIeHNeM 3TuX coMHoxkuTeseil. st rakux fg, gg n cumBosa Ay(§) momydaem ciieryronmii
pe3yJibTar.

Teopema 4.1. IIyemsv f,g € S(R), & > 1. Tozda umeem caedyrouyyio ouenky oas pewenud
u u ug menpepvienol s3adavu (4.1), (4.2) u duckpemmnot 3adavu (1.3), (3.3)

u(z) - ua(2)] < C(f, 9)1”,

2de xoncmanwma C(f,g) sasucum om gynkuyut f,g, wucao 5 >0 moorcem 6vimv Npouseoss-
HOLM.
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HoxkaszatTensbctso. Haum nyxuao cpaBants jBe dynknuu (3.5) u (4.3), Tounee nx

obpaTHOe JauckpeTHoe IpeobpasoBanne Pypbe um odpaTHOe HpeodOpaszoBanne Pypbe B TOUKAX
T € K;. NMmeem

ua(E) ~ u(d) = 5 ( [ecaderis— [ ef“a@ds)
— [ AL (A6, 09(6) + 40,9 () e
R2\KT?2

TaK KakK, COIJIaCHO HaleMy BLIOopY Ag, f4, g4, ByHKIUM g U @ coBHajaloT B Toukax & € hT2.

Onenum oo ciaraemoe. Tak kak § € S(R) umeem

400 +oo
1 e g — . déo _
— LA E) AL(€1,0 d'<0/ / Tdg;.
472 / € # (£)Ax(£1,0)g(&)d€| < 1+ &) + &)= SISt
R2\ T2 hir h
Orcroma ciaeayer TpebyeMasi OIEHKA. ]

5. 3akJiroueHue

B sT0it cTtarhbe MBI paccMOTpeN TOJILKO JIBYMEPHbBI KOHYC U crieniuuiecKre rpaHuIHbIe

YCJIOBUS, OJTHAKO aBTOPHI IIPOIOJIZKAIOT PAb0OTy B 9TOM HAllpaBJIeHNN U HAMEPEHbI PACCMOTPETh

JAUCKPETHbBIC KpaeBbl€ 3aJa91 C KJIaCCUYCCKUMU YCJIOBUAMMN ,Z[I/IpI/IXJIG n Heiimana.

B kadecTBe 1MepBbIX MPaKTHYCCKUX MPUIOKEHUN aBTOPDI IJIAHUPYIOT U3YYUTh JTUCKPETHBIN

BapUAHT 3a/Ia90 B YE€TBEPTHU ILJIOCKOCTH, BO3HUKAIONIEH B TEOPHUH JUMPAKIMA U TEOPUU YIIPY-

roctu 9], B HajekK/1e, 9T0 9TO OYJIET TMOJIE3HBIM CJICICTBIEM Pa3pabOTaHHO TeopHH.

[1]
2]

3]
4]
5]
[6]
7]

8]
19]
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Hawnmyuniee npubyan>kenre n 3Ha9eHUs TTOTIEPEIYHUKOB
HEKOTOPbIX KJIACCOB aHAJUTUYECKUX (DYHKITUIA
B BeCOBOM IIpocTpaHcTBe Beprmana %,
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Awnnoranusa. B pabore HalileHbI TOUHBIE HEPABEHCTBA /IS HAUIYUIIET0 TPUOINKEHUST TTPOU3-
BOJIBHOI aHAJINTHUYECKON B €IMHUIHOM Kpyre (DyHKIMHU f anreOpamdecKuMu KOMILIEKCHBIMEI
ITOJTMHOMAMH Yepe3 MOJIY/Ib HEIPEPBIBHOCTH 1M -T'0 MOPSIIKA IIPOM3BOIHON 1 -ro mopska f ()
B BECOBOM IIpocTpancTse beprmana %o . Takxke yepes3 MOy b HEIIPEPBIBHOCTH 77 -I'0 IIOPSJI-
ka mpoussoHoii f(") BBeeH KIACC AHAINTHYECKHX B €IMHIYHOM Kpyre (hyHKIi Wi )(h, D),
OTIpE/IeIEeMbIil 33/ IAHHOI MOHOTOHHO BO3PACTAIOIIEH Ha MOJOKUTETHHON TOIYOCH MazKOPAHTOM
O, h e (0,7/n], n > r. Ilpu onpeaeneHHBIX YCJIOBUIX HA MaXKOpaHTy P 111 BBEJIEHHOTO KJIac-
ca QYHKIHIT BBIYUCIEHBI TOYHbIE 3HAYEHNS HEKOTOPBIX M3BECTHBIX 7 -IIONEPEeIHUKOB. B pabore
HCITOJTB3YIOTCSA METOJIbI PEIIEHNST SKCTPEMAJIBHBIX 33/1a9 B HODMUPOBAHHBIX IPOCTPAHCTBAX aHA~
JINTUYECKUX B Kpyre DYHKIHUI, & TaK?Ke METO/J] OIIEHKH CHU3Y 7 -IIOI€PETHUKOB (DYHKITHOHAIb-
HBIX KJIACCOB B PA3INIHBIX ODAHAXOBBIX MPOCTpaHCcTBax, paspadboranubiii B. M. TuxoMmuposbiM.
WzyioxkeHHble B JaHHON paboTe Pe3y/IbTATHI SBJISIOTCS ITPOJOJIKEHUEM U 000DIIEHnEM HEKOTO-
PBIX paHee MOJIyYeHHBIX PEe3YJIbTATOB O HAMJIYYIIUX IPUOJINKEHUAX U 3HAUEHUAX IIOIIEPEYHUKOB
B BECOBOM IIpocTpaHcTBe Beprmana % .

KiroueBbie cioBa: anajguTuydeckas MYHKIMSA, HAWIYUIee TPUOJIMKEHNE, MOY/Ib HEIIPEPHIB-
HOCTH BBICIIUX MOPSIKOB, BECOBOE ITPOCTPAHCTBO BeprMana, momepeaHnku
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The best approximation and the values of the widths

of some classes of analytical functions
in the weighted Bergman space %,

Mukhtor R. LANGARSHOEV

College near Moscow “Energia”
190 Bolshaya Moskovskaya St., Staraya Kupavna 142450, Moscow Region, Russian Federation

Abstract. In the paper, exact inequalities are found for the best approximation of an arbitrary
analytic function f in the unit circle by algebraic complex polynomials in terms of the modulus
of continuity of the m th order of the r th order derivative f(") in the weighted Bergman space
P ~. Also using the modulus of continuity of the m-th order of the derivative ) we
introduce a class of functions W,(,LT)(h7 ®) analytic in the unit circle and defined by a given
majorant ®, h € (0,7/n], n > r, monotonically increasing on the positive semiaxis. Under
certain conditions on the majorant @, for the introduced class of functions, the exact values of
some known n -widths are calculated. We use methods for solving extremal problems in normed
spaces of functions analytic in a circle, as well as the method for estimating from below the
n -widths of functional classes in various Banach spaces developed by V.M. Tikhomirov. The
results presented in this paper are a continuation and generalization of some earlier results on
the best approximations and values of widths in the weighted Bergman space %, .
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Bsenenue

B nocsiegaue rojibl B TeOpuy NpUOJINZKEHNN MTHTEHCUBHO U3YYalOTCd HEPABEHCTBA, OTICHUBA-
OIUe BEJTMYNHY HAWIYUIIero NpubmKeHns (OYHKIIMH TOCPEICTBOM MOJYJIeil HelIPEPBIBHOCTI
BBICIIIUX TOPSJIKOB B Pa3JIMYHBIX MPOCTPAHCTBaX aHajuTu4deckux dyukiuii. Hanbosee moJi-
HO BOIIPOCHI NMPHUOJIMKEHUS aHAJUTUIECKUX (DYHKIUNH U BBIYUCTCHUS TOTEPEIHUKOB KJIACCOB
dyukImit u3yvensl B mpocTpancTBax Xapau. [lepBbie TOUHbIE pe3yIbTATHI IO HAWIYYIIHM 10~
JTMHOMUAJIBHBIM TPUOJIMZKEHISIM aHAJTUTHIECKIX B KpyTe (DYHKIHI orydeHbl B paborax [1-3].
Nmenno pesysbrarsl [1] crasam oTHpaBHBIM IIYHKTOM IIPH TIOJIYYeHUH TOYHBIX 3HAYEHUN KOJIMO-
FOPOBCKUX TOIEPeYHUKOB B paborax [3,4]|. B passurue sroit Temaruku B pabdorax [5, 6] ObLim
[OJTyY9€Hbl TOYHbIE 3HAYEHUsI KOJIMOTOPOBCKUX 7 -TIOMEPEYHUKOB (ONpe/IeJieHHbIX B [7]) B MeT-
PUKe IIPOCTPAHCTBA Xap/I¥ /I HEKOTOPBIX KJIACCOB AHAJTUTUYECKUX B €[IMHIYHOM KpyTe (OyHK-
[Iii, TPAHUYHbIE 3HAYEHUS KOTOPBIX JIOIYCKAIOT IIPEJICTAB/IEHIE CBEPTKOI, JIMOO yCpeIHeHHbIe
MOJTYJTH HENTPEPBIBHOCTU WJIN TJIAJKOCTU WX I'PDAHMYHBIX 3HAYEHWI MayKOPUPYIOTCS 3a/IaHHbI-
MU QYHKIUIME. DTa TeMaThKa OblLIa MPOJI0JKeHa BO MHOIMX paborax, B ToM uucie B [8—13].
B mpocrpancree Beprmana uccsieioBatme yKasaHHBIX BOIIPOCOB ObLI0 HadaTo B [14,15], a mep-
BBIE PE3YJIBTATHI B BECOBOM IIpocTpancTBe beprmana %, ., Obuiu nostydenst B [16]. Janbreitnme
HCCJIeIOBAHUS B 9TOM HAIPABJICHUN ITPOBOJINIINCH, HAIpUMeED, B paborax [17-23].

B nacrosiieii pabore npusejieM 0600IIeHIe Pe3yIbTaTOB, MOJyYeHHbIX B [16], 1 BeIdHC MM
3HAYEHUS TOIEPEYHUKOB KJACCOB AHAJUTUYECKUX B CIUHUIHOM Kpyre (DYHKIHMI B BECOBOM
npoctpancTBe Beprmana.

1. OcHOBHBIE ITOHATUA

[Iycte U ={z € C: |z] <1} — eaqunnunbiii Kpyr B KomiutekcHoit mwiockoctu C, A(U) —
MHOXKeCTBO aHajuTudeckux B U dynknuit. s npoussosbroit dyukimn f € A(U) cumBoom
By, 0003HaAUNM OaHAXOBO IPOCTPAHCTBO Beprmana ¢ KOHEWHOI HOPMOiT

Il i= Wl = (5 [ 70D a0) " (1)
)

rae 7y(|z|) — Hekoropas HeoTpHIATesNbHAsS U3MepUMas He SKBUBAJIEHTHAsl HYJIO (DyHKIIU,
cymmupyemas Ha MHOXKecTBe U, do — syement momau, a uarerpasi B (1.1) nonumaercs B
cumeicite Jlebera. OrvernM, 9T0 Ky, ABIIAETCH THIBOEPTOBEIM ITPOCTPAHCTBOM CO CKAJIAPHBIM
IPOMU3BEIEHIEM, OIPEEIEeHHBIM JIst JIIOObIX f, g € P, DbopmyItoit

(1.9) = [ [ 1001136 do

[Tepexo/is K TOJIAPHBIM KoopauHatam z = pe, 0 < p < 1, 0 <t < 27, nopmy (1.1)
3aluIleM B BUJE

1/2 I

127
1 ' 1/2
1l = (2 [ [ o) Fpe 2 dpat) = m<,o>M§<f;p>dp) |
rie

Malfio) = (o [ 15 dt
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Obo3naunm vepes

P, = {pn(z) D opn(z) = Zn:akzk, ay € C}

COBOKYITHOCTH BCEX AJIreOpamvdecKnX KOMILJIEKCHBIX MOJMHOMOB crerenn n. Omupenesium dop-
MyJI0#

En(f)2,’y = lnf{Hf _pn—1||2,’y : Pn—1 S @n—l} (12)

BEJIMYINHY HAMLY9IIero npuo/mkenns byukimn f(z) € %Ay, noaupocTpancTBoM &, 1. Jlerko
JI0Ka3aTh, 9TO CPEJIH IPOU3BOJILHBIX HOJMHOMOB P,_1 € &1 HaUMEHbIee 3HAUCHNE HOPMBbI
| f — pn-1ll2y B (1.2) mocraBnster wacrnas cymma Teitmopa

B paznoxkennu f(z) B kpyre |z| < 1. Ilpu srom
1

{ Z lex(f / P (p) dp}l/z- (1.3)

En(f)?,’y = ||f T 1(

Hanee, nyis npoussosibHoro Muoxkecrsa I C Ay, 0003HATUM
(Mo = SUp{Bn(f)ary : f € M.
Tlosoxkum

1 2 1/2
MQ(Am(f;',',U),,O) = (%/|Am(fap7tvu)|2dt) )
0

IJie CHMBOJIOM
m
f ,O,t U _ Z kc«k t+ku))
k=0

obo3HAYEeHA PA3HOCTH M -T0 nopsjka Gyaknun f(z) = f (pe (t+k“)) o aprymenry t. Bsegem
B PACCMOTPEHHUE MOJLYJIb HEIPEPBIBHOCTH, KOTOPDII OIPEIEIMM COOTHOIICHUEM

Wm(f; Py 5)2 = Sup{MZ(Am(f; 5 '7u)7p) : ‘u’ < 5} (14)
st mroboro r € 7, mpousBOIHYIO T -T0 mopsaaka dyHknuu f(z) obosHadwmM

o

(7")
/ dzr

Zamckz oy = k(K — r)!]fl L k>

Bceiony manee uepes B e Z, 6ynem obosnadarh MHONKecTBO dyukimii f € A(U), y
koroperx 2" ) € B, ..

Ilycrs S — enuHUYHEBIN map B TPOCTPaHCTBEe KBy, I — BBIIYKIIOE IEHTPATBHO-CHMMET-

2,y

PHYHOE MHOXKECTBO U3 Ay, N, C Ay, — n-mepHoe noanpocrpanctso, A" C Ay, — noaupo-
CTPAHCTBO KOPa3MEPHOCTH n; MycThb L : By, — N, — HepepbIBHEBIN JIMHEHHDIH omlepaTop, a



186 M. P. Jlanraproes

L. " "
L~ : Py, — N\, — HEIPepBLIBHEL OllEepaTOp JIMHEHHOIO IPOEKTHPOBAHUS IIPOCTPAHCTBA s
Ha MOJIITPOCTPAHCTBO A,,.

Benuaunbr

b (M, Bs,) =sup{sup{e >0: eSNA, 11 CTM}: Ay C Bapt,

d" (M, Bsy) = inf {sup {[| fllz,, : f€MNA"} A" C By},
dn (I, Bs) = inf {sup {inf {||f — ¢llz., : p €N} fEM} A, C By},
An(ON, B,) = inf {inf {sup {||f — Lf|lz., : f €M} : LBsy C A} 1 Ny C By},
T (O, B,) = inf {inf {sup {||f — L' fllz,, : fE€M}: L2Bo, C A} Ay C By}

HA3BIBAIOT, COOTBETCTBEHHO, OEPHINTEHHOBCKUM, IesIb(hAII0BCKUM, KOJIMOIOPOBCKHUM, JIHHEII-
HBIM 1 TIPOCKITIOHHBIM 7 -IOIIEPETHUKAME B IPOCTPAHCTBEe s . llockombky s, ABadeTcd
ruIb0EPTOBBIM IIPOCTPAHCTBOM, JJISI IEPEUUC/IEHHDBIX 7 -IIOHEPEYHUKOB BBIIOIHSIOTCS CIIeLyI0-
mue coornomenus (cM. [24, c. 239)):

bn (M, Boy) < d" (M, B ) < dn(M, Bory) = M(IM, B ) = 11, (M, Bs ). (1.5)

[Tycrsb 3aana HempepbiBHasi Bo3pacraroiias Ha nosaycermenre 0 < h < oo dyukiusa $(h)
takas, 9¥ro P(0) = 0. Yepes WT(rLr)(h, ®), tie m,r € N, 0 < h < 7/n, obo3HaYNM KIIACC
dbyukumit f € %5’3, YIOBJIETBOPSIIOIINX YCIOBUIO

1 h
//m (2" ") p,t), sin” %tdpdté@z(h%
0 O

0<pB<m 0<v<2nnn/(n—r)], n>r Hiasroro kracca dyskmuio P(h) Gyzem
Ha3bIBATb MazKOPAHTOMN.

[Tomoxum
(1 —cosnt)™, ecrm nt <,

(1 —cosnt)]" = {

2™, ecau nt > .

2. OcHoBHBIE pe3yJIbTaThl

Teopema 2.1. Ilyemv m,n,r € N, n>r, 0<h <7/n u p(t) — neompuyamervhas
cymmupyeman na ompesxe [0, h] we sxsusasernmmuan nyao dynrkyus. Toeda das npoussosvHol
dynxyuu f(z) € %g?/ UMEEM MECTNO MOUYHOE HEPUBEHCNGO

h

(//m 2O 001), ()dpdt)1/2

En(f)2;y i 0 nh . (2.1)

1/2
(2ma2 / (1 — cosnt)™p(t) dt)

0

Pasencmeo 6 coomnowenuu (2.1) pearusyemca dynxuyuets fo(z) = 2" € PBa.
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Hoxkaszatennctso. lus npoussosbHoil anamurudeckoit byukmun f(z) € % 55

[JIACHO OIPEJIeJICHUIO MOJLyJIst HerpepbiBHOCTH (1.4), mostydaem

w2, (2" f7s p, t), = 2"sup Z aj e (f))? (1 = cos ku)™ p**. (2.2)
ul<t =it

B cuy coornomenust (2.2) nmeem

h

///w FDsp,t), o(t) dp dt

0
h

> 2m/m p) [ilck(f akr/(l—cosk‘t)m *o(t) dpdt}

0 k=n 0
h 1

zwéi@a/u—mmwwwﬁmuwjﬁwwmw (2.3)

0

BBG,H‘GM B pacCMOTpeEHHne (byHKHI/IIO HaTypaJIbHOI'O apryMeHTa

h
=« ’T/ (1 — cos kt)™p(t)dt.
0

1o byHKIMs, KaK HaMu ObLIO TOKa3aHo B pabore [22|, mig moboro k > n > r u HeoTpHIa-
TesibHOTO (1), siBIsIeTCst cTporo Bospacratomieit. [Tosromy

inf{y(k) : k = n}=y(n),
u u3 (2.3) mosyaum

1

h
//m 2 F0; ), ot) dpdt > 2702 /l—cosnt dt2|ck / P (p) dp.
0

0
C yuerom paserctsa (1.3) orciona ceyer

1

[ 00 (1000, 60 dpde = 272, [ = cosnti o) dt B2 P (20

0

U3 coorHomenus (2.4) BoiTekaer HepaBeHCTBO (2.1).
Yr0o6b! Jl0Ka3aTh TOYHOCTh HepaBeHcTBa (2.1), pacemorpuMm dyHKImo fo(2) = 2" € %M?
neN, reZ,, n>r ngsroii GyHKIUK, ¢ OJHOI CTOPOHBI, CONJIACHO COOTHOIIEHUIO (1.2)

HEIIOCPEJCTBEHHBIM BbIYUCJIEHUEM IIOJIY YUM

! 1/2
fO 9y = {/p2n+1 } ]
0
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C mpyroii cToponsl, u3 mpaBoii qactu HepasBeHcTBa (2.1) u coornomenus (1.4) mosyanm

1 h

(//pﬂy TfO 3P > (t)d,odt) ( /p’y 2™« i (1_Cosnt)m¢(t)dpdt)l/2
<2moz3w /h(l — cosnt)"p(t) dz&)l/2 ! <2ma%m /h(l — cosnt) () dt) 1/2

1 h

12 1/2
on+1 ( )d 2™ ¢y 2 o (1 — coSs nt)m (t) dt 1
_ (o/p s P) ( 0/ i ) = {/p%“v(p) dp}mv

1/2
(Qmafw, (1 — cosnt)™p(t) dt)

T. e. TpaBasi U JieBas dactu HepaBeHcTBa (2.1) coBnamator. Takum obpasom Tounocts (2.1)

O\v

YCTaHOBJIEHA, U TEM CaMbIM TE€OpPEMa 2.1 JOKa3aHa. O

U3 teopembr 2.1 Boitekaer cieaytomuit nmosyuerubiii M. 1. TTTa6ozoseiv 1 O. I11. T1Taboz0-
BBIM B pabote [16] pesysbrar.

CaexncrBue 2.1. B ycaosuaxr meopemos 2.1 npu ¢(t) = sin” %t, 0 <v<2n[n/(n—r)
UMEET, MECTNO COOMHOWEHUE

0 3 1/2
in” —tdpdt
(//pv ,p,)smhp)
h 3 1/2
(2ma2 / — cosnt)™ Etdt)
0

B wacmnocmu, uz coommowenusn (2.5), npu v=1, =7 u h=m/n noiywaem

1 7/n

1/2
Eo(f)2qy < 2m+1/2 < //,O’y (),p,t)2sinntdpdt) )

Teopema 2.2. Ecau das arwb6020 3adannozo 0 < p < 1 w das ecex X >0, 0 < 8 <,
0<v<2nlnn/(n—r)], 0<h<n/n dynkyua ®(h) ydossemsopaem ycrosuio

AT wm
O*(ph) /(1 — cosv) sin” f— dv < ®*(\h) /(1 — cosv)™ sin” pv dv, (2.6)
7r
0 0 a
Mo UMEEm MeCmo PaseHcmeo
1
on (W0, @), %5,,) = — B(ur/n),  (27)

1/2
(2’”04%7,“ / (1 — cosnt)™ sin” %t dt)

ede m,n,r €N, a 0,(-) — 40001 U3 GLAUENEPEUUCAEHHBLT T -NONEPEHHUKOS.
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HoxkaszatrensbcTso. I3 mepasercrsa (2.5) npu h = pmw/n, coornomenus (1.5) u
olpe/iesIeHnsT KJiacca Wr(r:" ) (h, @) nosryvaem OIEHKN CBEPXY JIJIsA TPOEKIIMOHHOTO 7 -[IOTIEPETHUKA

On <Wrg)(h’7 (I))v '%2,7) S (g)n (qu) (h7 ¢))277

< ! O(um/n). (2.8)

pre/m 3 1/2
(Qmaiyr / (1 — cosnt)™ sin” %t dt>
0

Jlnst motydeHusi ONEHKU CHU3Y OEpHINTEHHOBCKOTO MOIEPEeYHUKA KJIacca W,gf )(h, d) st

n
[POU3BOJILHOTO MOJHHOMA Dy (2) = Z ar(f)2" € P, ouennsaem wm(szg) ; p,t)2. Ha mHOXKE-

k=0
cree P, N KB, BBeJeM B paccMoTpenue (n + 1)-MepHyio cdepy KOMIJIEKCHBIX HOJIMHOMOB

Suss = {mnle) € 20 Il = ! (/) |

ur/n

1/2
(27”04?177“ / (1 — cosnt)™ sin” %t dt>

0

U TOKazKeM, 910 S, 11 C Wrg)(h, D).
Corsacuo onpesesennio (1.4) Moysist HEIPEPBIBHOCTU 1M -T'O TIOPsiJIKa, ¢ YIeTOM PABEHCTBA

y 1/2
19() 2y = (Dak /2'€+w<p>dp)
0

JIUIST TIPOU3BOJIBHOTO P (2) € Sp11 OylieM uMeTh

n

W2 (2" p,t)y < 2™ (1L —cosnt) Z’ak(f”?ﬂ%'
k=0

Orcroza ceyer

1 M\
/ / py(p)w?, (2" P p, 1) sin” fh dp dt
0 0

1 Ah
¢
< 2ma? 2kt (p)d /1— t v Bt
Zlak / Y(p)dp [ (1= cosnt) sin” =
0 0

Ah

t
=2"al [|pal? /(1 — cosnt)}" sin” % dt. (2.9)
0

Bamenus B (2.9) HOpMy HOJIMHOMA 110 (POPMYJIe pajuyca cephbl, TOJIyInM HEPABEHCTBO

V)
t
Lo <I>2(,u7r/n)/(1 — cosnt)” sin” %dt
(1) L Pt 0
//m m(2Pn 5 o )2 8in” Sdpdt < ——
00

t
/ (1 — cosnt)™ sin” %tdt

W
0
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B HpaBOﬁ JacCTHU II0CJIeIHET'O HEPaBEHCTBaA CAEJ/IaeM 3aMEHY HepeMeHHOfI nt = U, 3aT€EM BBEIEM

oboznaveHwe h = w/n u, ucnosb3ys ycaosue (2.6), MOIy<IUM HEPABEHCTBO

A
m I/B/U
L o @2(uh)/(1 — cosv) sin Edv
/ / PY(p)win (2P py t)asin” S dpt < —— < ®*(Ah).
00 /(1—cosv)msin”@dv
s

0

10 o3HAMACT, UTO Spyy C Wit (h, ®).

YaursiBas cooTHoIeHns (1.5), CONacHo Onpe/e/IeHIo GEPHITTEIHOBCKOTO 1 -[IOIePETHIKA

3alluieM OIEHKMW CHU3Y BCEX T -IIOIIEPEIHUKOB

on (W,Ef)(h, cb),%ﬁ) > by (W,(,f)(h, ), %ﬁ) > b, <5n+1, %ﬁ)

1
>

O(um/n). (2.10)

um/n

1/2
(2”"004%# / (1 — cosnt)™sin” %t dt)
0

PagencrBo (2.7) mosydaeM IyTeM COIOCTaBICHUs OINEHKE CBepxy (2.8) ¢ onenkoii causy (2.10),

4eM U 3aBepIaeM JI0Ka3aTeJIbCTBO TEOPEMBbI 2.2. O
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006 ucciaenoBanuu 3ajiauu Helimana Ad 3JIMOTUYECKNX CUCTEM
JABYX yPaBHEHUIl 11eCTOro MOopaaKa Ha IJIOCKOCTHU

Hexacyp Myzodbuposunu O/INHABEKOB
oY «®unaunaii MoCKOBCKOr0O rocy/IapCTBEHHOIO YHUBEPCUTETA,

uMm. M. B. JIomonocosa B ropoze [lymanbes

734002, Pecnybiuka Taspxukucran, r. Jymante, yi. Boxrap, 35/1

Awnnsoramusa. Kak n3BecTHO, Ha OCHOBE IPUMEHEHUs] METO/IOB TEOPUU CUHI'YJISPHBIX HHTEIPAJIb-
HBIX ypaBHEHUI ObLIN IOy YeHbl TOHKUE PE3yJIbTATH B TeopuH MuddepPEeHITNATbHBIX Y DABHEHUIA
B YaCTHBIX TPOU3BOIHBIX. B HacTosell paboTe n3ydaercs BOIIPOC O pa3pemnMocTu 3a1a4uu Heii-
MaHa JJId 3JIJIAITAYECKON CUCTEMBI JABYX yPaBHEHUH IIeCTOro MopdA Ka C IByMd HE3aBUCUMbBIMU
IepeMeHHbIMU 0 OrpaHu<eHHOl obsactu. Ilpu mcciaenoBannm JaHHOM 339N UCIOJIB3YETCH
MeTros, pa3paboranubiii B. Bospckum, cyTh KOTOPOTo 3aK/I0UAETCsl B IIOCTPOEHUH MATPUIHON
GYHKIIMY IO TVIABHOI YaCTU CUCTEMbI U Pa3bUeHUU IIOJMHOMOB Ha roMoTonudyeckue Kjaccol. C
IIOMOIIBIO TOTO TOXO0/Ia HAMU ITOKA3aHA SJUIMITUIHOCTH PACCMATPUBAEMOI CHCTEMbI. Takike
IIOKa3aHO, YTO B COOTBETCTBUM C T'OMOTOINYECKMMH KJIACCAMM IJIIANTHYECKAs CUCTEMa JIBYX
YPaBHEHUIl ¢ IByMsl HE3aBUCUMBIMHU IIEPEMEHHBIMHU IIECTOIO TOPSIKa SKBUBAJEHTHBIM 00pa30M
[PUBOIUTCS K CUHTYJISIPHOMY MHTErPaJIbHOMY YPABHEHHIO 110 OTpaHUYEHHO obactu. Meromom
epexo/ia K 9KBUBAJIEHTHOMY CHHIYJISPHOMY MHTETPAJIbHOMY YPABHEHUIO HAileHbI 3 deKTrB-
HBIE yCJIOBUsI HETEPOBOCTH U ITOJIy4eHa (pOPMYJIa JIjisi BEIYUCIEHNS MHIEKCA M3y IaeMOil 3a/1a1m.

KuaroueBbie cjoBa: 3JIUNTHYECKasT cUCcTeMa, 3a1ada HefiMana, CHHTYISpHbIE WHTEIPAJIbHBIE
YPaBHEHHUSsI, HETEPOBOCTh, UHJEKC 331841
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On the study of the Neumann problem for elliptic system
of two sixth order equations on the plane

Jasur M. ODINABEKOV
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Abstract. As it is known, on the basis of the methods of the theory of singular integral equa-
tions, fine results were obtained in the theory of partial differential equations. In this paper,
we study the question of solvability of the Neumann problem for an elliptic system of two
six order equations with two independent variables in a bounded domain. During the study
of this problem, the method developed by Boyarsky is used. The essence of this method is to
construct a matrix function on base of the main part of the given system and split polynomials
into homotopy classes. Using this approach, the ellipticity of the system under consideration is
proved. It is also shown that, in accordance with homotopy classes, an elliptic system of two
sixth order equations with two independent variables can be equivalently reduced to a singular
integral equation over a bounded domain. Using the method of passing to an equivalent singular
integral equation over a bounded domain, effective Noetherian conditions are found, and a
formula for calculating the index of the problem is obtained.
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tions, problem index
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Bsenenue

B pa6ore [1] B kpyre D = {z : |z| < 1} 6buto uzyueHo auddepenimaibHoe ypaBHEHIE
BTOPOI'O MOPSAJIKA

2

0*w Ow Ow
z O: aj(ZL', y) 8xj8y2—j + bl(x7y) 6x + b2(x7y)aw + bO(xa y)w - g(l‘, y)7 (O]')
j=

rae a;(z,y),b;(z,y) (j =0,1,2) — xkBagparmble MaTPHUIBI pasmepa 2 X 2, w = (wy,ws) —
HeM3BeCTHast BeKTOP-DYHKINSA IEPEMEHHBIX & U Y, ¢ = (g1, 92) — 3a/aHHast BEKTOP-(DYHKIHS.

Omneparop, crosimuii B jieoit yactu (0.1), HA3BIBAETCS IITUITHIECKUM B 001aCTH D = Dur’
c rpanmmeit I' = {z : |z| = 1}, ecim B moboit Touxe (z,y) € D BBITOIHSAETCA YCIOBUE

2
det Z aj(z,y) # 0.
=0

st ypasaenusi (0.1) 3adavwa upuxae craBurcs ciepyronmm obpasom: B obiactu D c
rpanuneil I TpeGyercs HaiiT perymsipHoe pernienue ypasaerust (0.1), npuHaiexkariee Kaaccy
C(D) u ynoBjieTBopsitoliee TPAHUIHOMY YCIOBHIO

wlr = g(z,y). (0.2)

U3 paborst M. U. Bummuka [2| cienyer, aro ecoiu cucrema (0.1) cubHO ssmnrudeckas (cu-
crema (0.1) HA3BIBAECTCH CHIBHO SJUIUIITUIECKOI B TOUKe (,y), €cam MaTpua Z?:o aj(z,y)&’
ABJIFCTCSA TOJOKUTEIBHOM NI TOOBIX feiicTBuTe bHbrx umcen &0, €L €2, me obpamarommxcest
OJIHOBPEMEHHO B HyJb), TO 3ajaun Jupuxse piasg (0.1) u conpsizkeHHO# cucTeMbl 06pa3yioT
dpearoabMoBy mapy rpaHUYHbBIX 3aa49. OOIue S/UIMITHIeCKIe CHCTEMbBI STHM CBORCTBOM, BO-
obre rosopsi, He obsanaror. Kak nokaseisator npumMepbt A.B. Bunayze (em. [3]), omnopoanas
sagada (0.1), (0.2) ayis S/UTMITHIECKON CHCTEeMBI

82w1 _ 82(,(}1 _ 2(92(,«}2 —0
Ox? oy? oxdy
82&11 82002 _ 82(,02 —0

0xdy + ox? oy?

MOKET JOIyCKaTh OECKOHETHOE UMCJIO JIMHEHHO He3aBUCUMBIX PEIICHUI.

g mocraTodHo mupoKoro Kiaacca smmnrudeckunx cucrem 3agada (0.1), (0.2) u 6osee 06-
Iye TpaHuYHbIe 3aja49u u3ydenbl B paborax A. B. Bunasze [4-6|, 1. H. Bekya [7,8|, B. B. Bo-
spckoro |9, 10]. Bamaun, paccMoTpeHHbIE B 9TUX paboTax, IPUBEICHBI K SKBUBAJCHTHOMY HH-
TerpaJibHOMY YPaBHEHHIO HOPMAJILHOTO THUIIA, JOKa3aHa HETEPOBOCTb ITUX 3a/a49 U HAMJICH MX
uHjieKe. TecHast CBSA3b MEXKJLy Teopueil JUIMITuIecKuX quddepeHnnaabHbIX YpaBHEHUN 1 Teo-
pueit GYHKINIT KOMIIJIEKCHOTO IIEPEMEHHOTr0 CTaJjia OYeBHIHOM Ha TpuMepe ypaBHeHus Jlaraca.
DTO0 KJacCUIecKoe HallpaBJIeHre B Teopun MYHKIUI, BocXodinee K paboram Ditiepa u, ocobeH-
o, Pumana. B mocsieaee BpeMst ycumBaeTCsi BHUMAHNE BBISIBJIEHUIO CBsI3eil Teopun (DyHKITUT
¢ 6ostee obME JuddepeHIMaTbHBIMU YPABHEHUSIME ¢ YaCTHBIME Tpon3BoAHbIMEI Bijia (0.1).

B patore [11] A. . Boabuept uccienosan cucremy jaudbepeHinaibHbIX ypaBHEHUH BUa

5 (130 ) 52 (030 )+ (50) 3, (¢ 3) =0 09)
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e
a—i g s—1 b—i —-s+1 q
CAN\s+1 —q )’ A q s+1)°

c_i s+1 —q a’—i qg s+1
A\ —q —s+1)7 S A\s—-1 —q )’

A =1-5—¢* s,q — nomunombl: s = ARez", ¢ = AMmz" (z =x+iy, 0 < X < 1);

w1
W= ( > ; N — OpOU3BOJIbHOE HaTypaJsbHOe uncio (' o3Havaer Tpancnonuposanue). B [11]
)

nokazaHo, uto cucreMa (0.3) 3/UIHNTUYECKAs] B €IMHIIHOM KPYyTe, TaK Kak
2 132 Ly 22
det(aa + baf + caf +a >: Z(a + B ) )

PaccMOTpPEHBI CIIe/IyoIue CONpPsIzKEeHHbIE 38,14 K:
3adawa 1. Haiitu B kpyre |z| < 1 pemenne w u3 xinacca K (rae K — kiace dyHKIwmi,
HEIPEPBIBHLIX BMECTE C TIePBBIME MPOM3BOHBIME B D = DUT 1 NMeomux BTOphle HelpephiB-
uble mpoussoznbie B D) cucremst (0.3), yaoBieTBopsioliee rpaHnIHOMY yeaoBuio w|pr = 0.
3adawa 1*. Haiitu B kpyre |z| < 1 pemenne w u3 kiacca K cucremb

SR ) ) ) o

VJIOBJIETBOPSIIOIIEE TPAHUIHOMY YCJIOBHIO W|p = 0.
[Tokazano, 4TO UMEIOT MECTO CJICYIOININE YTBEPKICHHS:

[ RePy _ D7
Wgr = ([mPkl> (k = 1,27 ..... , N l - O, 1)

06pasyrom NOAHYIO CUCTNEMY AUHETHO HE3aBUCUMBLY pewenul 3adawy 1, 2de

1. Cmoabuw

Pu=i 271 (1= r)(n 4+ 1= A) = (=) As(1 = 7)),
Py = it A2 (1 = 1%) = (—1)'k2(1 = 1)

(Z=a—1y, r=|[z[, k=2).
2. Badaua 1* we umeem omMAUNMHOLT OM HYAS PEUEHUT.
N3 s1ux yrBepxKieHuii ciaepayet, 9to undexc 3adavu 1 pasen 2n.
B pabore [12] st paBHOMEPHO SJITHIITHYECKON CHCTEMbI 1M ypaBHEHUIT

u( )W—ZA,W axkaxﬁ =0 (0.4)

’]_

(Toukamu OOO3HAYEHBI WICHBI MJIAJIINX HOPSIKOB 110 W ) C JIOCTATOYHO TJIAKUMU BEIECTBEH-
HBIME KO3 dUuImenTaMu paccCMaTpUBAIOTCA KpaeBble 3a1a4n upuxiie

wlr = f
u Heiimana Ow
_|F =9

(v — BHyTpeHHsISl HOPMAJIb) B KJIACCHIECKUX MPEITOIOKEHISIX.
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NsBecTHO, 9TO B Cydae m = 2 TaK »Ke, KaK JyIsd OJHOrO ypaBHeHus, 3ajaun JIupuxiie
u Heiimana mus cucremsr (0.4) mpu n > 2 mocraBieHbl KOPPEKTHO M UMEIOT HYJIEBOI HHJIEKC
(em. [9,13]). Orako, Kak nokasbiBaeT npumep (cM. [14]), y2Ke i 9JIIMITHIECKIX CUCTEM TPEX
ypaBHeHmit 3a/aqa upuxie, a Bmecte ¢ meit 3amada Heiimana (cum. [15]), Boobime roBopsi, He
KOppeKTHBI. IIpu m > 2 mjs obecriedennst HeTepoOBOCTH KpaeBoil 3aaaun Iupuxiie HeoOXo1mMo
norpeboBaTh BbINOJHEHUE yejoBus peryiaspusyemoctu 9. B. Jlonarunckoro (cm. [16]): panr

/;{U_lﬁhAu+7>,Au‘1QhAy%T)}dA, yeT,

JOJIZKEeH OBITh MAKCHMAJIEH. BCIO,ZLy B JaJIbHEUIIEM OHO npearoJaracTcd BBLITTOJTHEHHBIM. Ho

MaTpPHUIIbI

TOTJIA YCJIOBUE PETYJIsipU3YEeMOCTH OyJIeT BBIIOJHEHO U JJIs 3ajadu HefiMaHa, MOCKOJIBKY 06e
38149 PEryJIApu3yeMbl WIH HeT ofHOBpeMeHHo (cM. [15]), Tak uro 3a1a41a Heitmara Toxe Oyaer
Hereposoil. B [12] nokasano, uro unjekcw 3ajga4 Jupuxse n Heiimana coBmagaior u 3ajada
Heitmana dpesronbmoBa B CII€IYIONAX JBYX CAyYadx: p < n WX N HEYETHO.

1. IlocranoBka 3agayu. OcHOBHOII pe3yJbTaT

Cirelyer OTMETUTD, UTO T€OpUs ABYMEPHBIX CHHIYISPHBIX MHTEIPAJbLHBIX OIEPATOPOB Ha-
XOJIUTCSI B TECHOM CBSA3U C TeOpHUei IPaHUYHBIX 3aJa4 I JUIMITHIECKUX cucTeM auddepen-
[UAJIBHBIX ypaBHeHUil Ha miockocT (cM. |7,8,17]). B nocienuee Bpems I'. JzkanrnbGeKoBbIM
6L oty IeHbl (cM. Hanpumep, [18-25]) adhdekTrBHbBIE HEOOXOIMMBbIE U JJOCTATOYHBIE YCJIOBHS
HETEPOBOCTH U (POPMYJIBI JJIs MOJACUYeTa HHIEKCA HEKOTOPHIX KJIACCOB JIBYMEPHBIX CHHIY/ISTPHBIX
OIIepaTOpOB 110 OrpaHuydeHHoi obsacTu. Vcnoap3oBanue 3TUX pe3yJIbTaToB MO3BOJINIO, B 4aCT-
HOCTH, TIOJIy4uTh B paborax [1,22,25| Teopuio paspenumoctu 3a1a4d Jupuxie u Heiimana st
SJUIMITUIECKUX CUCTEM yPaBHEHUI BTOPOrO M YeTBEPTOro MOPsJIKA Ha IIJIOCKOCTH, 1 BHIYUCTATh
MHJIEKC 9TUX 3aJ1a9 Yepe3 KOIDPUITUEHTHI CUCTEMBI.

B 3TOM myHKTE n3ydaeTcs BOIPOC pa3pelrmMocT 3aaaun Hefimana, [1ist 3JUIMITHYECKOl Ch-
CTeMBI JBYX YpPaBHEHUII [IeCTOro MOpsJIKa, Ha, IJIOCKOCTH METOIOM IEPeXo/ia K SKBUBAJIEHTHOMY
CHHTYJISPHOMY MHTEIPAJIbLHOMY YPaBHEHUIO 110 OIPAaHUIEHHON 00JIacTH.

[Ilyctb D = {z : |z| < 1} — eauHWYHBI KPYyr KOMILIEKCHOH IIOCKOCTH Z = T + 4y.
Pacemorpum mnddepeniuaibioe ypaBHeHIEe MIECTOTO TOPsIKa,

_ 5 , -
08w 0% Oktiy oFt+ig

o2) s T g P“@%ﬁ%w+wmwkﬁmw
k+j=0

} Sg=), (L)

e w(z) = u(z,y) + iv(z,y), koaddunumentsr ypasuenusi a(z), b(z) Gyaem cunrarh Herpe-

peiBHBIME B D, ¢(z) € LP(D), 2 < p < o0,

o _1fo 0N 9 _1(9 .0
0z 2\0r 0Oy) 0z 2\ox oy)

[To raBnoi#t wactu cucremsl (1.1) mocrpoum MaTpuiry-hyHKIHO

ot~ (5o ")

DmmnruarocTh cucteMsl (1.1) o3navaer, uro mis ao6oit Toukn z € D u 106010 He pas-

HOTO HYJIO KOMILIEKCHOro umena o = €. 0 < § < 27 J0/KHO BBLINOJHATLCS HEPABEHCTBO
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det G(z,0) # 0. OueBngno, 1ToO
det G(z,0) = |a(2)[* — [b(2)]* # 0

st Beex 2z € D. OTmernm, 9to B paboTe [26] paccMaTpuBaeTcs 3/ITHITTHIECKAS CHCTEMA, TTe-
CTOrO MOPsiJIKa OOIIEero Buja, OJHAKO NpUMeHHTeIbHO K (1.1) mosyueHHbIe pesysbraThl OXBa-
THIBAIOT TOJIBKO CJIyUail CHIBHO SJUITMITHIECKON CHCTeMBI, T. e. Korja |a(z)| > |b(z)| s Beex
z€D.

MHOKeCTBO BCex MOJIMHOMUAIBHBIX MaTpull Bujia G(z,0), YIOBIETBOPSIOIIUX YCJIOBHIO

det G(z,0) = |a(2)|* — |b(2)|* > 0(< 0) mns Beex z € D,

obozaauuMm yepes G (G7).

e marpunsl G', G2 us kimacca G mazosem romoromHbME G! ~ G2, ecam cymmecTByeT
ceMeiicTBO moMHOMUATBHBIX MaTputl G1(7) u3 G, HenpepbIBHO 3aBUCAIINX OT JAeHCTBATE b
Horo nmapamerpa 7: 0 <7 <1, Takoe, 4TO

Gto)=g', G*(1) =g~

JIBe 3/UIMIITHIeCKHe CUCTEMBI U3 MHOXKECTBA BCEX SJUIUNITHIECKHUX cucreM (9) ¢ OJMHAKOBON
IJIABHOM 9acThio Takoii, uro G(z,0) € G MOXKHO TOT/Ia U TOJIBKO TOT/IA COEJIUHUTD HEPEPHIB-
HBIM 11yTeM B GT, ecim XapakTepucTuiecKue MaTpUuIHble [HOJMHOMBI 3TUX CHCTEM MOMOTOIHBL.
Takum 06pa3zoM, COOTHOIIEHNE TOMOTOINK pa3duBaer G Ha JBa K/Iacca FOMOTONUN — CBSA3HBIE
OTKDPBITHIE MHOKECTBA

k1acc e, B KoropoM BeImosmsierca nepasenctso |a(z)| > |b(z)| mas Beex z € D

KJTacc €7, B KOTOPOM BBITIOJIHsIeTCs: HepasencTso |a(2)| < |b(2)| ama Beex z € D.

DTH K1acchl 00pa3yloT HOJHYIO cEcTeMy MHOXKecTBa GT, T.e. G' n G? m3 F+ mpumamiexar
HEKOTOPOMY KJIacCy €5 TOIJa U TOJBKO Torja, Korja Gl ~ G2.

Bagaua Heiimana cocrour B naxoxzaenmn bynxmmm w(z) m3 knacca WE(D) N C(D),
yaoBsierBopstionieil BuyTpu obsactu D ypasuenmio (1.1), a Ha ee rpanune I’ ciegyonmm
KPAEBBIM YCJIOBUSIM

Ow 0%w
W(Z)|F: 0, % 1_,: 0, w F: 0, (12)

Ow o
e an IIpOU3BO/iHAa 110 HallpaBJICHUIO BHYTPEHHEN HOPpMaJId B TOYKaX KOHTYPa F

Ussectno (ea. [8,17]), aro mobas kommexcnosnadnas ynkuus knacca WE(D) N C(D),
VJIOBJIETBOpsIONas Ha rpanune [ OIHOPOAHBIM KpaeBbiM ycrosusM (1.2), npejcrasisercs B
BHJIE

w(z) = - / / Go(2 O f (Q)dsc.

C IPOU3BOJIbHO KOMILIEKCHO3HAYHOI 110THOCTBIO f(2) € L,(D), tne Gg(z,() dyukius I'pu-
Ha OMTrapMOHUYECKOTO ypaBHeHusd B objactu D :

1—222
¢ —

OueBuiHO, UTO BCe MPOM3BOJHBIE OT (DYHKINK w(2) MO0 2z U Z JIO HATOTO TOPSJIKa Jia-

Gs(2,Q) = ¢ — 2" In —C= 2P =) = ¢ + %(1 — 221 = [¢*)*.

IOT MHTEerpaJibHbI€ OIIEpaTOPbl C HEIIPEPLIBHBIMU dAJpaMi WJIX C dJpaMi, UMCEIOIIUMHU C.Ha6YIO
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OCODEHHOCTD U, CJIEJOBATEIbHO, SBJISIOTC BIOIHE HenpepbIBHbIME B L, (D) (1 < p < 00) ore-
paTopaMu.
- 6
Henocpencrsennblil nojicyeT nokasbiBaeT, YTO ‘37‘3’ ompeengerca 1o dhopMyIie

5 = [ K@) (19

rje
5o 3(-z2 3¢ -2
K(ZaC) W(C—Z)4 +K1(Z> )7 K( 7C)_ 71'(1—26)4.
AHaJOrTIHO TIOJTYIUM )
0w
9805 f(2). (1.4)

B1ech cieyer OTMETHTD, YTO MHTErpaIbHbIi oneparop ¢ syipom K (z,() BO BHYTPEHHbBIX
Toukax obmacT DD mMeeT 0COGEHHOCTH MOPSAJIKA 2, MOSTOMY MHTErpaJl HyKHO HOHMMATH B
cMbIc/Ie TaBHoro sHadenus no Komm. Yro kacaercss Todek rpanunpl, T. e. korja ¢ € I', To
HETPY/IHO TIPOBEPUTH, 4TO B 3ToM ciaydae K (z,() = 0.

[MoxcraBiss 3Hadenus npousBogubix u3 (1.3), (1.4) B ucxonnoe auddepenimaibHoe ypas-
nenue (1.1), aua onpenenenust byukiun f(z) MOMydUM CleLyIolIee JBYMEPHOE CUHIYIISIPHOE
HHTErpaJbHOe yPaBHEHHe

a(z)f(2) +0(z)(S"f)(2) + (Tf)(2) = g(2), (1.5)

rjae T — BrosHe HenpepbiBublii B LP(D), p > 2 omeparop,

sne--2 [ (g - 534 - %‘_i’éi )£(C)dse.

Unrerpanbaoe ypasHenue (1.5) oTHOCHTCST K JIBYyMEPHBIM CHHIYJISPHBIM HHTErPaJbHBIM

YPABHEHUSIM C YETHBIMHE XapaKTEPUCTUKAMHU 110 OMPAHMYEHHON 061acTH, KOTOPBIE U3yYeHbl B
pabore [20]. [lasiee K CHHIYJISPHBIM HHTErPaJbHBIM ypaBHeHUAM (1.5) mpuMeHsIeTCs pe3yiib-
Tatbl u3 [20], 1 B 3aBUCHMOCTH OT TOMOTOIMYECKUX KJIACCOB €4 s 3amaqau Heiimana (1.2)
JUIAIITHYIECKOl cucteMbl (1.1) mosryanm ciiejyromiee yTBEpK IeHHE.

Teopema. /las mozo, wmobu 3adaua (1.2) das sasunmuueckot cucmemv, (1.1) 6 xaacce
I/Vp6 (D), 2<p<o0 bvlaa HemMePosotl, HeobToduMO U JOCTNAMOUHO BVNOAHEHUA YCAOBUT

la(2)] # |b(2)| dana 6cex z € D, a(t) #0 Odas scex t €T,

npuuem, ecau |a(z)| > |b(2)|, mo undexc 3adavwu pasen 0, a ecau |a(z)| < |b(2)], mo undexc
s3adavu pasen

= —% [arg a(t)] -

IIpumep. B kadecTBe mpumMepa paccMOTpHUM cieayioriee JinddepeHimabHoe ypaBHEHe

. 0w w

S s T g~ 9

rje A — KOMILIEKCHBII TTapaMeTp, YI0BJIeTBOpsomuil HepaBeHCTBY |A| > 1, m — mpousBoJib-
HOe HaTypaJbHOE YHCJIO. YCTAHABINBAETCS, YTO COOTBETCTBYIOIEE CHHTYIIPHOE MHTEI'PAJIHHOE
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ypasHenue 3a1aun (1.2) MeTonoMm passioxkenus uckomoi dyuknuu f(z) B psy Qypbe 110 10-

JIAPHOMY YTJIy, OTHOCHTEJHbHO KO3 puiimenToB Pypbe CBOAUTCA K CHCTEMaM HHTErpasibHbIX

ypaBHEHU C gapaMW, OJHOPOAHBIMU TOpgjka —1. JlokasbiBaeTcs, 9TO OJHOPOJHAs 3ajad9a

(1.1), (1.2) mmeer poBHO 61 JIMHEHHO HE3ABHCHMBIX DEIICHUi (HAJ| [OJEM BEIECTBEHHBIX M-

ceJt), a CONpsi?KeHHas OJIHOPO/IHAS 3a/lada HeHYJIeBbIX pereHnii He nmeet. OTCIOA CJIeIyeT, 9To

WHJIEKC 33/1a9 paBeH 6mn.
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Awnnsorammsi. O6CyKIat0TCs aJITOPUTMbI HAXO0XKJIEHUsI CUMBOJIbHO-UKMCJIEHHOTO PEIlleHIsT Hadar-
JIHO-KPAEBOIl 3aJIa9u JJIsi ypaBHEHUs] TEPEHOCA CIUIONIHON cpesibl. AHATUTHYIECKOE pEIIeHne
TaKUX ypaBHEHWil, KaK MPABUJIO, HEBO3MOXKHO, TIOSTOMY AKTHBHO pa3padaThIBAIOTCS MPUOJIU-
JKEHHBbIE MEeTOJ[bl pellleHusl, 00eCIeunBaOINe YCIOBHE AITPOKCUMAIIAN, YCTONYUBOCTH U CXO-
JUMOCTH. B JIaHHOI cTaThe IPeJJIAraeTcsi CUMBOJIBHOE pPeIlieHrne, 9To Oojiee yiao0HO, 9eM IuC-
JIEHHOE JIJIsl NCIIOJIb30BAHNsI, HAIIPUMED, IIPU CHHTE3€ CUCTEM yIpaBiieHus. B ocHOBe ajropurma
JIEZKUT AIMPOKCAMAIUST YACTHBIX IPOU3BOJIHBIX 110 OJHOW M3 IIePEMEHHBIX PA3HOCTHBIM COOTHO-
IIeHneM ¥ TpUMeHeHue mpeobpa3oBanus Jlamraca K mosytuennoit cucreme quddepeHnnaabHo-
pasaoctHbIx ypaHenwuii. [Ipencrasiena Osok-cxema asropurma. [IpoBogurcs onncanne cTpyK-
TYPBI IPOrPAMMHOIO KOMILJIEKCA HA OCHOBE pPa3pabOTaHHOIO ajropuTMa. lIporpaMMHBIT KOM-
ILJIEKC pa3paboTaH Ha A3bIKe IPOrpaMMUpOBaHus Java. J[Jisi BBO/Ia NCXOIHBIX JIAHHBIX HAYAIbHO-
KPaeBoil 3a/71a9M W BBIBOJA PEIeHUs UCIOIb3yeTcs: BeO-uaTepdeiic. B ocrHoBe BeO-mHTEpdEiica
IIPOrPAMMHOTO KOMILJIEKCa, JIEKUAT (DpeiiMBOpK Spring. PaccmarpuBaercst mpuMep pereHunst Ha-
4aJIbHO-KPAEBOI 3a/1a4i ¢ HAYajbHBIM M KPAEBBIME YCJOBUSIMU IIPU IIOMOIIM JAHHOT'O IIPO-
IPAMMHOTIO KOMILIEKCA.

PesynpraTsl 1pecTaBIsA0T HHTEPEC IS UCCIIe0BATE e B IPUKJIIAIHBIX 00JIACTAX, CBA3AHHBIX
C TEPEHOCOM TeIJIOTHI II0 CEeTEBOMY TEIJIOHOCUTENIO, TPAHCIOPTUPOBKON BA3KUX KUJIKOCTEH
[0 CEeTEeBOMY THIPOHOCHUTENO, Iuddy3nOHHBIMU poleccamu B Omodusuke. PazpaboraHHbI
aJIrOPUTM MOKeT HalTH CBOe IIPUMEHEHHEe JIjIsl PellleHUsl HEKOTOPBIX 33/a4 aBTOMaTHUYECKOI'O
YIIpaBJICHUSA.

KiroueBsbie ciioBa: HadaJbHO-KpaeBast 3ajada, cucreMa auddepennnaabHo-Pa3HOCTHBIX ypar-
BHeHUii, npeobpazosanue Jlamraca, CAMBOJILHO-UYNCIEHHOE DEIIEHNE
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Solution of the initial boundary value problem
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Abstract. Algorithms for finding a symbolic-numerical solution of the initial- boundary value
problem for a continuum transport equation are discussed. Analytical solution of such equations,
as a rule, is impossible; therefore, approximate methods of solution that provide the condition
of approximation, stability, and convergence are being actively developed. This article proposes
a symbolic solution which is more convenient than a numerical one to be used, for example,
in the synthesis of control systems. The algorithm is based on the approximation of partial
derivatives with respect to one of the variables by a difference relation and the application
of the Laplace transform to the resulting system of differential-difference equations. A block
diagram of the algorithm is presented. The description of the structure of the software package
based on the developed algorithm is carried out. The software package is developed in the Java
programming language. To enter the initial data of the initial boundary value problem and
output the solution, a web interface is used. The web interface of the software package is based
on the Spring framework. An example of solving an initial boundary value problem with initial
and boundary conditions using this software package is considered.

The results are of interest to researchers in applied areas related to heat transfer through a
network coolant, transportation of viscous liquids through a network hydraulic carrier, and
diffusion processes in biophysics. The developed algorithm can be used to solve some problems
of automatic control.

Keywords: initial-boundary value problem, system of differential-difference equations, Laplace
transform, symbolic-numerical solution
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Bsenenue

CoBpemenHble cucTeMbl KoMIbioTepHoit airebper (CKA) mpeocTaBisiioT BOSMOXKHOCTH pe-
IMeHnsT HadaIbHO-KPaeBoil 3a1a49n JIJIsi YpaBHEHUsI [TepeHoca CILIONHOM cpeibl, jyia yero CKA
COJIEPZKAT MAKETHI MIPOIPaMM, KOTOPbIe DAa3UPYIOTCS HA Pa3IMIHBIX MPUOINKEHHBIX METOIaX.
Omaxko, perrenne HavdabHO-KpaeBoit 3amadn B CKA HOCHT BBIYMCINTENHHO TPYIHBIN Xapak-
Tep. B cBa3u ¢ 9TuM, 0HOI U3 aKTyaJbHBIX 3aJla9 KOMIIBIOTEPHON a/redphl SIBJIAETCA pa3pa-
boTka 60s1ee 3HPEKTUBHBIX AJITOPUTMOB 1 TIPOTPAMM PEITIeHHsT HAUaIbHO-KPAEBON 33, 1a9u JI/TsT
ypaBHEHUs MIEPEHOCA CILJIONTHON CPeJIbl.

[IpubnkeHHOMY pEIIeHnI0 HAYaJIbHO-KPAEBOH 3a/1a9u /I YPABHEHNUN B JaCTHBIX ITPOU3-
BOJIHBIX MOCBSIIIIEHBI MHOTOYUC/IeHHbIe paboThl. B uacTHOCTH, B [1-3| paccMaTpuBaiincs, METOIBI,
OCHOBaHHbBIE HA PACIICILIEHUNU 10 IIPOCTPAHCTBEHHBIM IIEPEMEHHBIM C IPUMEHEHUEM OTIePaIliOH-
HOT'O MCYHC/ICHUS, Ha UCIOIHb30BAHUU CIENUAIbHBIX PA3HOCTHBIX CXEM, MO3BOJISIONIUX BBITHC-
JIITHh 3HAYEHUS PEIIeHUs] B y3JIaX CETOK PA3/JUYHBIX TUIOB (B YaCTHOCTH, TPEYTOJIbHBIX ).

B nannoii crarhe K HaYaJIbHO-KPAEBOHl 3a1ade Jjid ypaBHEHUs MEPEHOCA CILIOITHOW CPEJIb
[IPUMEHSIETCS AIlIPOKCUMAIIUsT PA3HOCTHBIM COOTHOIIIEHIUEM YACTHBIX ITPOU3BO/IHBIX 110 OTHON 13
JIBYX MEPEMEHHBIX, B pe3yJjbTraTe 3a/iada CBOJIUTCS K cucreme i depeHImabHO-PA3HOCTHBIX
ypaBHenunii. i mocrpoeHns CMMBOJIBHOIO PEIIeHUs OJIYIeHHOW CHUCTEMbI MOYKHO UCIIOJIB30-
BaTh, HAIIPUMED, METO/IbI PEIeHNsT OOBIKHOBEHHBIX /(b pepeHITnaIbHBIX YPaBHEHUN, OCHOBAH-
HbIe Ha TIOJIMHOMUAJIBHON anmpokcumMaru (M. [4] u 6ubimorpaduto sToit paboTsr). 3mech mpe/i-
JlaraeTcs IMOCTPOEHNEe CUMBOJIBHOIO pelleHusi cucTeMbl TuddepeHnaabHO-Pa3HOCTHBIX YPaB-
HeHUil, OCHOBaHHOE Ha IpeoOpa3oBanun Jlamraca. [Ipeobpazosanue Jlammaca mosBossier nepeii-
TH OT CUCTeMbI JuddepeHnnaabHO-PA3HOCTHBIX YPaBHEHHUI K CUCTEMe aJiredOpandecKuX ypaB-
HEHUl, PelmB KOTOPYI0 U MPUMEHUB oOpaTHOe mpeobpazoBanue Jlamiaca, B UTOre mMoOJIydIuM
pellleHre B CUMBOJIBHOM BHJIe. AJITOPUTMBI CUMBOJIBHOT'O PEIeHUs ¢ MCIIOJIb30BAHNEM IIPeod-
pasoBanus Jlammaca i cucTeM JIMHEHHBIX OOBIKHOBEHHBIX Jud hepeHInaabHbIX ypaBHEHNH
C MOCTOSTHHBIME KO3 DHIeHTaMn PUMeHsINCh B paborax [5-7], ¢ KyCOYHO MOCTOSTHHBIMU
koa(durmenramu — B pabore [8]. PacnpocrpaneHuio MeTOI0B CUMBOJILHOTO DelleHus OObIK-
HOBEHHBIX JnpdepeHImaIbubIX ypaBHenuili Ha 0oJiee o0Iue KJIacChl ypPaBHEHUM, YBEJTMICHUIO
Pa3MEPHOCTHU PEIIAEMbIX CUCTEM 0€3 CYIIeCTBEHHOI'O YBEJIMYEHUs] MAIIMHHOTO BPEMEHH, ITOBBI-
MIEHUIO TOYHOCTH Ha OCHOBE paclapaJijie/MBaHus BbIYUCIEHUTT TOCBsmeHbl padorst [9-12]. Ha
OCHOBE 9THX WCCJIe0BaHmit pazpaboran [IporpaMMubii MOIY/Ib JIsT CHMBOJIBHOTO DPENTeHUs
cucTeM JUHEHHDBIX JuddepeHnuaJlbHbIX YPaBHEHU U pacdeTa TUHAMUICCKUX XapaKTePUCTUK
CHCTEM aBTOMATHYECKOTO ylpasieHus [13].

Henbio nanHOM paboOTh ABJISETCS pa3paboTKa W IIporpaMMHas peajin3alius aJropuTMa Ha-
XOXKJICHUST CHMBOJILHO-IUCICHHOTO PENICHUs HAYAJIHLHO-KPAEBO 3a/1a9n /i YPaBHEHUS Tepe-
HOCA& CILJIOIITHON CpeJIbl.

Crarbs pazjeseHa Ha deThipe nmaparpada. B mepsom maparpade chopmynmpoBata Havdab-
HO-KpaeBas 3aJiada JIJId ypaBHEHUs [TepEeHoca U MOJIydeHa ee allllPOKCUMAIUs B BUJIE CHCTEMbI
i depeHImaIbHO-PA3HOCTHBIX ypaBHEHW. AJITOPUTM pelleHnsl pacCMaTpUBaeMoOil Hada lb-
HO-KpaeBoii 3a1a4u cchopMyInpoOBaH U OIKMCaH BO BropoM maparpade. B Tperbem naparpade
IpeJicTaB/IeH pa3paboTaHHBIN HAa OCHOBE IPEJJIOKEHHOIO aJrOPUTMa ITPOrPaAMMHBIN KOMILIEKC
pellieHnsT HaYaJIbHO-KPaeBoOil 3a/adu JIjisi ypaBHEHUs IepeHoca. B deTBepTOM 3aK/IIOUUTE b
HOM maparpade MmpecTaBIeHbl PE3Y/IbTAThI PEIIeHrs KOHKPETHON HaYabHO-KPAeBO 3a/1atu.
[IpoBegeHHBIN BEIYUCIUTENIBHBIN SKCIIEPUMEHT OATBEPK TaeT 3D PEeKTUBHOCTE paspaboOTaHHO-
r'0 TPOrPAMMHOTO KOMILJIEKCA.
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1. IlocrasHoBKa 3ajga4u

s ypaBHEHUS IepeHoca CIIONIHOM Cpe/ibl, IIPEeJICTaBIIAIONIEro co0o0il ypaBHEHNE Tapado-
JITYECKOT'0 TUIIA C TOCTOAHHBIMEA KO UIMEHTAMI BHIA

Ou(w,t) _ a@%(m,t) N bau(:v,t)

ot ox? ox

pacCMOTpUM 3aJavdy C Ha4daJIbHBIM YCJIOBUEM

+eu(z,t), (z,t) € (0,1) x (0,T), (1.1)

u(z,0) = ¢(z), xe€0,1], (1.2)

1 KpaeBbIMH YCJIOBUAMU

uw(0,t) =0, u(l,t)=0, tel0,T]. (1.3)

B paccmarpuBaemoii HauaIbHO-KpaeBoil 3a/1ade moJjiaraeM 3aJaHHbIMu ducia a,b,c, a > 0, u
HenpepbiBHYI0 Ha oTpeske [0, 1] dyskImo ¢.

ou(x,t)
AnmpokcuMupyeM 9acTHYIO MPOU3BOIHYIO e Pa3HOCTHBIM OTHOIIIEHNEM BHJIA
1
;(u(x, tr) —u(x, tg_1)), (1.4)
rae 7 =T /M, M — komudaectBo y3i0B, t, = k7, k=0,..., M, uobosnauanm ug(zr) = u(x,ty),
k=0,..., M. B pesyibrare OTHOCUTEIbHO HeM3BeCTHBIX byHKImit ug(x),k =1,..., M, nomuy-

quM cucreMy auddepeHnnaabHO-PA3HOCTHBIX YPABHEHUN BUIA

1
;(u(x,tk) —u(z, 1)) = auf(z) + buy(z) + cug(z), k=1,..., M, (1.5)
e
ug = ()
C KpaeBbIMH YCJIOBUAMUN
wp(0) =0, wp(1) =0, k=1,..., M. (1.6)

Cucrema (1.5) ectb cucrema M JIHHEHHBIX OOBIKHOBEHHBIX AU HEPEHIUATBHBIX YPaBHE-
Huit 2-ro nmopsizika (JIOY 2-ro mopsizka) ¢ mocrosHEbIME KOdddumenTamu. st KazKa0ro
[IOJTyY€HHOTO ypaBHeHUs NpuMeHsieM rpeodpasoanue Jlamraca. OTMeTnM, 4TO aJIrOPUTM CUM-
BosibHOTO pertenust cucteMm JIOJLY n-ro mopsiaka ¢ npaBbIMU YACTSIMU CIEIUAJLHOIO BHJIA,
ucnosb3yonuii mpeobpasosanue Jlamnaca, paccmarpusascs B [6-8).

2. AjaropuTtMm perieHus HAYaJIbHO-KPAaeBOU 3a1a4u

[Ipenraraemplii aaropuT™ pelieHns B CHMBOJILHOM BHJIe HAYaJbHO-KpaeBoil 3amadn (1.1),
(1.2), (1.3) cocTout u3 ciemyomux sty maros. OTMETHM, YTO MIArd O BTOPOrO 110 YeTBEPThIi
BBITTOJTHSIFOTCST HTEPAIMOHHO B 3aBUCUMOCTH OT KosimaectBa M Touek pasbuenust orpeska (0,7")
(coBnagratomiero ¢ kosmaectsoM JIOY 2-ro nopsiaka B cucreme (1.5)).

[IpuBemeM KpaTKoe OIHCAHUE KAyKJOTO IIara ajropuTMa.

1. BBoa panubix. /[y BBOJIa JAHHBIX UCHOIB3yeTC BeO-UHTEPdEC MPOrPpaMMHOTO KOM-
wrekca. Hawganbao-kpaesas 3amada Buga (1.1), (1.2), (1.3) mpeasapuresbHO JOIZKHA OBITH
anmpokcuMupoBaHa cucremoii (1.5)) muddepeHnmanbHO-pa3HOCTHBIX YPABHEHUI ¢ KPaeBbIMU
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yesoBusimu (1.6). BBoj JJaHHBIX OCYIIECTBJISETCS € TMOMOIIBIO CUMBOJIBHBIX orepaTopos. Ha
JIAHHOM IIIare BBOJIMMBIE TIOJIB30BATEJIEM JIAHHBIE ITPEOOPA3yIOTCd B OIEpaTOPbl BHYTPEHHErO
s3bika. Jlajee onepaTopsl 1peobpa3yroTcs B CTPYKTYPbI JAHHBIX JJIs JIaJbHEHIIero pemenns
3a/1a4U.

2. Pemenne nuddepeHmaabHOTO-pa3HOCTHOTO ypaBHeHud. Ha qannoMm mare omnpe-
nesisiercs obriee pemenune JIOAY 2-ro nopsika ¢ nocroguubiMu Kodddurmentamu. Vemoanay-
eTcst pa3paboTaHHBIIl paHee aBTOpaMM IIPOrPAMMHBINA MOJYJIb |13] Jyisi CHMBOJIBHOTO pereHus
cucTeM JUHENHBIX auddepeHInalbHbIX YPaBHEHNI 1 pacdyeTa JUHAMIYECKAX XapaKTePUCTHK
CUCTEM aBTOMAaTUYIECKOro yipasjenusd. [I[pumensieMblit METOL TOCTPOEHUS] CUMBOJILHOTO OOIIIETO
perenns JIOJLY ocHoBan Ha mpeobpasoBanun Jlamraca.

Merogn pemenns JIO/LY 2-ro nopsijika, ucro/b3yomuii mpeodbpasosanue Jlamaaca, cocrout
U3 TPEX CJEIYIONUX OCHOBHBIX JTAIIOB.

I. IIpamoe npeobpazoBanme Jlammaca. B pesyibrare nmpeodbpasoBanust QpyHKIHH, cO-
JiepKaImxcsd B uddepeHImaibHo-Pa3sHOCTHBIX ypaBHeHHsIX cucTeMbl (1.5) U B HadaIbHBIX
yeroBusix (1.2), mosydaeM cucremy ajreOpamdecKux ypaBHEHHUil (BUJ MOJIydaeMOil CHCTEMbI
asrebpanveckux ypaHenuil cM. [12; c. 554)).

I1. Pemenue anredbpamndeckoil cucteMsbl. [[j1s perienns cucteMbl aaredpaniecKux ypas-
HeHWil obparaeTcst cooTBeTCTBYoMuil oneparop (moapobuee cm. [12, ¢. 554]).

PesyibraTom Ha JAHHOM 3Talle ABJISETCA BEKTOD JIPOOHO-PAIMOHAIBHBIX (DYHKITHIA.

III. ObparHoe mpeobpaszoBanme Jlamiaca. B pesynbrare mosydaem oOlree perrneHne
cucrembl (1.5) — BekTOp, MMeronHit KoMoHeHTaMu Gyukiwn ug(x), k= 1,..., M, KoTopsbie
COJIEP2KAT JIMHETHbIe KOMOUHAIMY JIBYX JIMHEHHO-HE3ABUCUMBIX PEIIEHUIl COOTBETCTBYIOIIETO
OJIHOPOJTHOT'O YPaBHEHMUS.

Taxkum 06pa3oM, pe3yIbTATOM BBIIOJIHEHUS BTOPOTO MAra aJropuTMa siBJIeTCs TOCTPOSHIE
dbyuxmit ug(z), k=1,..., M, KOTOpBIE 3aBUCAT OT JIBYX YUCJIOBBIX IAPAMETPOB Cogp_1 U Cof.

3. Pemenue cucremsl JimHeiiHbIX ajirebpanyeckux ypasuenuii (CJIAY). /s na-
XOXKJICHUS [IAPaMETPOB Cop_1 U Cok, NPH KOTOPbIX yHKmmm ug(x), k = 1,..., M, ymosie-
TBOPSIOT KpaeBbiM yesoBusaM (1.6), cocrasisiercs CJIAY. Jljist 97010 BBIYUCIISIIOTCS 3HAYEHUS
kaxk ol byukun ug(z), k=1,..., M, B roukax 0 u 1. Ilosyuennas takum obpazom CJIAY
peraeTcst CTaHIAPTHBIM AJITOPUTMOM.

PesyibraToM BBIMOTHEHUS TPETHErO IIAra aJrOPUTMa SBJISIOTCH BBIYUC/IEHHbIE 3HAYEHUS
mapaMeTpoB Cor_—1 U Cof.

4. Penienue HadajbHO-KpaeBoii 3agaun. Ha janHoM mare B BhIpasKeHHe JIIsT KazK10-
ro obmero pemenust ug(x), k = 1,..., M, cucrembl (1.5) mOACTABJISIFOTCA BBIYUC/EHHBIE HA
ITPEJIBIYIIEM Iare 3HaYeHUs TapaMETPOB Cop_1 U Cop.

PesyibraToM BBIOJIHEHUS 9€TBEPTOrO IMara sipjisiercst (byHKIMsT Uy () — pelienne Kpaesoii
sagaan (1.5), (1.6), u cooTBeTCTBEHHO, perienne u(x,ty) MCXOMHOM HAYAJIbHO-KPAEBOI 3a1aun
(1.1), (1.2), (1.3) B TouKax tj, onpemessiemoe HopMyJIOii

u(z, ty) = ug(z), k=0,...,M.

5. BeiBox gaHHbIX. /[jisd BbIBO/A JAHHBIX UCIIOJIb3yeTCs BeO-mHTEpdEiic mporpaMMHOro
KOMILJIEKCA.

B1ok-cxeMa OnuCaHHoro ajJropuT™a pelenns HadaabHo-kpaesoii 3agaqn (1.1), (1.2), (1.3)
[PHUBE/IeHA HIKE.
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STAII Nel

DTAIT No2

DTAII No3

Baok-cxema asropurma

Hauano

Beoa JaHHBIX

1

Jlna BBOX JaHHBIX HCMOMB3YeTeA Web-HETepdelic IporpaMMHOro KOMILIEKCA.
VCIoBAA HAa9AIbHO-KPacBOH 3aadH J0EHE! OBITh CBCACHE K CHCTEME TH((CPCHINATBHO-PASHOCTHEIX YPABHCHHH,
BBox BeeX TaHHBIX OCYIIECTBIASTCA C IOMOIIBED CHMBOTBHEIX ONIEPATOPOB.

Class Parser

|
| l

systLDE initCond borderCond
Beox IV B BHIC BEOZI HAYATBHBIX BBoJ KpaeBbIx
CHCTEMBI yemoBHit VenoBHE

l [ |
l

‘ Class CanonicForms ‘

|

‘ Class solveSystemLDEGRAPH

e
I DTAII Ne2.1 ‘ Method solveDifEquation(systLDE, initCond) ‘ I
I ] |
|oTAD No2.2 ‘ Method vectorLaplaceTransform ‘ I
| L ] |
| 2TAD N2.3 ‘ Method factorOfPol_inC ‘ |
I i I
IM ‘ Method primeFractionForSingle ‘ I
I | § I
| 2TAI No2.5 Method inverseLaplace Transform I

I__________l__________

‘ Pemnenne 1addepeHNHATEHO-PAHOCTHOTO YPABHEHHS Ug(C21:1,C21) ‘

|

‘ ITo.yueHHe CHCTeMBI AAredpandecKuX YPaBHeHHAH ‘
] |
‘ Method value(un, borderCond) |
I |

‘ CHCTeMA THHellHBIX ATre6paAuecKAX yYpaBHeHHil: SystemLAE ‘

|
‘ Method solve(SystemLAE) ‘
!

‘ Pemenne CTTAY B BHIe 00bekTa VectorS: ¢[2k-1:2*K] ‘

1

JTATT Ned Method value(uy, c)

DTAII NeS

4

‘ Pemrenne Haua1bHO-KDAaeBOii 3a1aUH B BHIe 00beKTa VectorS: ur. ‘

|

BBIBOI TAHHBIX

Jl14 BEIBOX JaHHBIX HCIOIB3yeTeA web-mETepdelic mporpaMMHOro KoMILIEKea

|
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3. Onwmcanme mporpaMMHOIo KOMILJIEKCA [JIsl PellleHIusI HavaJIbHO-KPAaeBoiil 3aJa4uu

s perrenns HavaabHO-Kpaesoit 3aaqn (1.1), (1.2), (1.3) paspaboran mporpaMMHBIH KOM-
[JIEKC, KOTOPBIN BKJIIOUAET B cebst MPOrpaMMHbIH Moy b [13| /J1s CUMBOJIBHOIO peIleHus Ch-
cTeM JINHEHHBIX b depeHInaIbHbIX YPABHEHUH U PacieTa IMHAMAIECKIX XapaKTePUCTUK CHU-
CTEM aBTOMATUYECKOTO YIIPABJICHUs, 8 TaKKe MPOTPAMMHBIN MOY/Ib JIJIs PEIIeHUs] CUCTEMBI
nuddepeHImabHO-PA3HOCTHBIX YPaBHEHUI.

Omnucanme TporpaMMHOIO MOJLYJIsI U PE3YJILTAThI €r0 MCIIOIb30BAHU JIJId CUMBOJILHOTO pe-
IMEeHNs HEKOTOPBIX KOHKPETHBIX CUCTEM JIMHENHBIX MM depeHInaIbHbIX YPaBHEHUN U JIJs pac-
YeTa JIMHAMUYECKUX XapaKTePUCTUK HEKOTOPBIX KOHKPETHBIX CUCTEM aBTOMATUYECKOI'O YIIPAB-
JIeHWsI IPEJICTABJIEHbI B cTaThsax [9-12].

Komruieke BkiIouaeT Takzke MpOrpPaMMHBIA MOJIYJIb JIJIs PeIllleHusi CUCTeMbl juddepeHiu-
aJIbHO-PA3HOCTHBIX YpaBHEHWIi, cocrodmuii u3 mporpammuoro kKiacca SystemLDEGRAPH,
KOTODBINl BKJIIOYaeT B ceOs MporpaMMHBIE MeTOJbI, IpeHA3HAYEeHHbIE JIJIsT PeIeHns] CHUCTe-
MBI (1.5).

[Iporpammvustit Meron, solveSystemLDEGRAPH pemmaer HadaIbHO-KPAEBYIO 3a/ady
(1.1), (1.2), (1.3) ms BXOJHOI CHCTEMBI € 3aJIAHHBIMY HAYAJIBHBIMU ¥ KPACBBIME YCIOBUSIM.

Metox borderCond tpennaznatien s npeoOpa3oBaHus KPaeBbIX YCJIOBUI BO BHY TPEHHMI
dopmar B Buje BeKTOpa 3HAYEHNUI.

[Iporpammustit Mmetos, borderCond Value tipenasnaden sl BBIMUC/ICHUS 3HAYCHUI Kpa-
€BbIX YCJIOBUII B BU/IC BEKTOPa 3HAYCHUN.

[Iporpammustit MeTon, value mnpennazHaden st BBIYUCIEHUA 3HAUEHUH (DYHKINI B 3a/1aH-
HOII TOYKE.

[Iporpammustit MeTos, solve LE nipeinasnaden s peleHus CUCTeMbI aJiredpandecKux ypa-
BHEHUIA.

4. llpumep pereHuss HAYAJIbHO-KPaeBOU 3aauu

PaccMoTpnM HavaIbHO-KPAEBYIO 33/1a4Y:

Ou(z,t) 982u(x, t)

ot O0x?

1Ipu Ha4YaJ/JIbHOM YCJIOBUU

+u(z,t), (x,t) € (0,m)x (0,1),

u(z,0) = sin(z), x € [0,7],

1 KPpaeBbIX YCJIOBUAX

u(0,t) =0, u(l,m)=0, tel0,1].

ou(z,t)
AnmpokcuMupyeM 9acTHYIO IPOU3BOIHYIO —5;  PASHOCTHBIM OTHOIIEHHEM (1.4), vae
1
T= 1—020.1, M =10, t,=0.1k, k=0,..., M.
O6ozuaunm uy(z) = u(z,ty), k = 0,..., M. Takum 06pa3zom, OTHOCUTEIHLHO HEU3BECTHBIX
byuxyit ug(z), k=1,..., M, noxyuaum cucremy nuddepeHuaibHO-Pa3HOCTHBIX Y PABHEHHH

10(u(x, tr) —u(x, tr—1)) = Jup(x) + ug(x), k=1,..., M,

e
uo(z) = sin(x),
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C KpaeBbIMHU YCJIOBUAMU
uk(O) = 0, uk(ﬂ') = 0, k= 1,...,M.

K nonydennoit cucreme npuMensieM mpeodopasosanue Jlamaca.
[Ipu k =1 kpaeBas 3aza4a jyis quddepeHnnaabHO-PA3HOCTHOTO YPABHEHUS UMEET BUJL

10(uy (x) — sin(z)) = 9uf (x) + ui (), u1(0) =0, wuy(m) =0.

Haxomuwm ee perierne, mosydaeM dbyskmmio uq(z) = 0.56 sin(z).
ITpu k = 2 kpaepasg 3a1a4a Juia 1uddepeHnnaabHO-Pa3HOCTHOTO YPABHEHUsST NMeeT BU/L

10(ug(x) — 0.56 sin(x)) = Yugy(x) + uz(z), wu2(0) =0, wug(mw) =0.

Haxonuwm ee perenne, mosydaeM ug(x) = 0.31sin(x).
[IpuBenmem moJydeHHbIe JIJIS OCTATIBHBIX 3HAYEHUI A KpaeBble 33/a9i U UX DEIleHHs:
npu k = 3 KpaeBas 33/a9a IPHHUMAET BUJI

10(us(x) — 0.31sin(z)) = Yuz(x) + uz(z), wuz(0) =0, wug(mw) =0,

ee pemenne — byskims ug(z) = 0.17sin(z);
npu k =4 noJsydaem 3ajiaqy

10(ug(z) — 0.17sin(x)) = ujj(z) + ug(x), ug(0) =0, wuy(m) =0,

u HaxoauM ee pertenne ug(x) = 0.09sin(x);
upu k=5 nosydaeMm 3ajady

10(us(z) — 0.09sin(x)) = 9uz (x) + us(x), us(0) =0, wus(mw) =0,

u HaxomuM ee pererne us(x) = 0.05sin(z);
npu k = 6 mosydaem 3ajady

10(ug(x) — 0.05sin(z)) = Yug(x) + ug(z), ug(0) =0, wug(w) =0,

u HaxonuM ee perrenne ug(x) = 0.03 sin(z);
npu k =7 1moJiydaeMm 3ajiady

10(uz(x) — 0.03sin(z)) = ur(x) + uz(z), u7(0) =0, wuz(mw) =0,

u HaxomuM ee perrerne ur(x) = 0.02sin(z);
npu k =8 nosydaeMm 3ajady

10(ug(x) — 0.02sin(z)) = Yug(x) + ug(z), wus(0) =0, wug(mw) =0,

u HaxomuM ee perrerne ug(x) = 0.01sin(z);
npu k =9 momydaem 3agady

10(ug(z) — 0.01sin(x)) = Yug(x) + ug(x), ug(0) =0, wug(m) =0,

U Haxo[uM ee perienne ug(x) = 0.01sin(x);
Ha 3aKJII0OYUTE/TLHOM Mare urepanuii npu k = 10 mogydyaem 3ajaqy

10(u10(z) — 0.01sin(z)) = 9ufy(z) + wio(x), u1e(0) =0, wuie(r) =0,

HAXOJIUM €€ PeIlleHne ¥ ToJydaeM HyJIeByio GyHKnuo uio(x) = 0.
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5. 3akJiroueHue

HpeﬂHOHaFaeTCH, 49TO B ,HaJIbHefIHleM BO3MO2KHOCTHU TaHHOI'O IIPOI'PaMMHOI'O KOMILJIEKCA 6y—

JYT PaCIIUPEHBbI U MOSIBUTCS BO3MOXKHOCTH PEITeHNs 3a/a49 MePEeH0ca CIJIONTHON CPeJIbl IO ce-

TEBOMY HOCHUTENO (3a/1a9 TeljioMaccoleperoca). B kauecTBe ceTeBoro HocuTe s OyJieT B3sATa
cethb (rpad).

[1]

2]

3]

4]

[5]

6]
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