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Introduction

The Jacobi group is the semidirect product of the real symplectic group with Heisenberg
group of adequate dimension [9,10]. Several generalizations are known [12,20]. The Jacobi
groups are unimodular, nonreductive, algebraic groups of Harish-Chandra type. The
Siegel-Jacobi domains are nonreductive symmetric domains associated to the Jacobi groups
by the generalized Harish-Chandra embedding [12,16,21,22].

In [1] we have introduced Perelomov coherent states [13] defined on the Siegel-Jacobi
disk. Similar constructions have been used previously [11,14,17|. The Jacobi group with
applications in Quantum Mechanics has been investigated in a series of papers [2-7]. The
present note is based manly on [5], where we have not used Perelomov coherent states. The
problem of Berezin quantization [8|, the fundamental conjecture for homogeneous Kéhler
manifolds, the classical and quantum evolution on Siegel-Jacobi domains, and the orthonor-
mal base of polynomials in which the Bergman kernel is developed, all summarized in our
the talk in accord with [2-7], are not included in this note.

1. Canonical automorphy factor and kernel function

Let $,, be the Siegel upper half space of degree n consisting of all symmetric matrices
Qe M,(C) with ImQ > 0. The symplectic group Sp(n,R) of degree n consists of all
matrices o € My,(R) such that ‘oJ,0 = J,, where

a b 0o I,
U(c d),a,b,c,dEMn(R), Jn(—ln O>’ (1.1)

The group Sp(n,R) acts transitively on £, by ¢ = (aQ) + 0)(cQ + d)~L.

Let G® be a Zariski connected semisimple real algebraic group of Hermitian type. Let
® =G*/K* be the associated Hermitian symmetric domain, where K* is a maximal compact
subgroup of G*. Suppose there exist a homomorphism p : G* — Sp(n,R) and a holomorphic
map 7:% — §, such that 7(g2) = p(g)7(2) for all g € G° and z € ©. The Jacobi group
G7 19,12,20] is the semidirect product of G* and the Heisenberg group H|[V| associated with
the symplectic R -space V' and the nondegenerate alternating bilinear form D : VxV — A,
where A is the center of H|[V]. The multiplication operation of G/ =~ G*xV x A is defined
by

1
99 = (00", (! + v, 36+ ¢ + S D(w, plo ),

where g = (0,v,3¢) € G/, ¢ = (0/,v/,3') € G'. The Jacobi-Siegel domain associated to
the Jacobi group GY is defined by ®7 = D x CN =~ G7/(K* x A), where dim V = 2N
(cf. [9,12,20]). The definitions above are represented in the scheme below.

G7 is an algebraic group of Harish-Chandra type [12,16,20].

Following [20| and [12], we obtain [5].
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G'=G*xVxA

H|V] pr G* Sp(n,R)

‘pr

CN s D —DCN s D)= GS/KS 7 $n = Sp(n7R)/U(n)

Theorem 1.1. a) The Jacobi group G7 acts transitively on D7 by

g = (o, + “fertw) +d)12), ple) = (4 ).

where g = (o,v,%) € G7 and v = (w,z) € D7.
b) The canonical automorphy factor J for the Jacobi group G7 is given by

J(g,l’) - (Jl(a,w),O, J2(97$))7

where Jy 1s the canonical automorphy factor for G°, and

1 1
Ja(g,x) = 2+ §D(v,vgw) + §D(2v + plo)z, Ji{o,w)z).

¢) The canonical kernel function K for the Jacobi group G” is given by
K(z,2') = (Ki(w,w),0, Ka(x,2)),

where K1 is the canonical kernel function for G°, and

1 1
Kala,a!) = D'+ 5r(w)z,02) + 3DE aqr()?), g = p((w,w)) ™

The Heisenberg group H,(R) consists of all elements (A, p, k), where A\ u € Mi,(R),
r € R, with the multiplication law

()‘7“7 H) © ()‘IMMI) HI) - ()‘ + )‘Ihu + ,ul7 K+ HI+ )‘tlul - ,ut)‘l)'
Let G7 = Sp(n,R) x H,(R) endowed with the following multiplication law:
(o, (A k) - (o, (N1, 1)) = (00", (Ao’ o’ k) o (N, 1t ).

The Jacobi group G of degree n acts transitively on the Jacobi-Siegel space $; = £, xC*
by g(Q2, () = (€, (y), where

Qy = (aQ +0)(Q+ ), G=v(Q+d)™, v="C_+ M2+ p (1.2)
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Proposition 1.1. The canonical automorphy factor J, and the canonical kernel
function Ky for Sp(n,R) are given by

HeQd + d)~ 1L 0
‘]1("’9)<( 0) cQ+d>’

where Q,Q' € 9, and o € Sp(n,R) is given by (1.1).
The canonical automorphy factor 0 = Jy(g,(,C)) for G is given by

0=k +ACHv A—v(eQ+d) ey, v=C+XX2+p, (1.3)

where g = (o,(\, u,5)) € G!, o is given by (1.1), and (2,¢) € H..
The canonical automorphy kernel Ky for G is given by

Ko (900, (¢, 9) = —5(¢ =D = )¢~ Q). (1)

Let ®,, be the Siegel disk of degree n consisting of all symmetric matrices W € M,,(C)
with I, — WW > 0. Let Sp(n,R), be the multiplicative group of all matrices w € My, (C)
such that

“ (g %) , 'op—"qq = 1., 'pg="gp, p,q € M,(C). (1.5)

The group Sp(n,R). acts transitively on ®, by wW = (pW + ¢)@W + p)~!. Let
K, = U(n) be the maximal compact subgroup of Sp(n,R), consisting of all w € Sp(n,R),
given by (1.5) with p € U(n) and ¢ = 0. Then ®,, = Sp(n,R),/U(n).

Let G, be the Jacobi group consisting of all elements (w, (o, 7)), where w € Sp(n,R),,
a € C?, »x€iR, and endowed with the multiplication law

W', (@, ) (w, (@, 2) = (Ww, B+, + 5 + f'a— fla),

where (w, (o, 5)), (W', (¢/, %)) € G, 3= o'p+a’q, and w is given by (1.5).
The Heisenberg group H,(R). consists of all elements (I, (o, »)) € G7,, with a € C",
s € iR. The center AR of H,(R), consists of all elements (I, (0,)) € G, s € iR.

Tk

There exists an isomorphism © : G — G7_ given by O(g9) = ¢., g = (o, (\, k) € G,

g* (("’7 (O[, %)) = Gi*)
<a b> <p p_>
c dJ’ P_ Dy ’

1 i 1 ok
pifi(aid)ii(b$c), Oz—é()\+1/j), x=—lg.

Let ®7 = D, x C"=G’ /(U(n) x R) be the Siegel-Jacobi disk of degree n. G acts
transitively on ®; by ¢.(W, z) = (W,,, 2,.), where

Wy, = @W + @)@W +D9)7", 2o, = (z+ oW + @)@ +p)". (1.6)
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We now consider a partial Cayley transform of the Siegel-Jacobi disk 7 onto the Siegel-
Jacobi space $; which gives a partially bounded realization of $; [22|. The partial Cayley
transform ¢ : ®;) — $7 is defined by

Q=i(l, + W)Y, —W)™t, ¢ =2iz(I,— W)™, (1.7)

where ((,Q) = ¢ ((W,2)) and (W,2) € ®/. Thr map ¢ is a biholomorphic map which
satisfies g = ¢g. for any g € G and ¢, = O(g) [22].
The inverse partial Cayley transform ¢~!: ;) — ©/ is given by

W = (Q—iL)(Q +il,)™', 2= ¢(Q+il,)™" (1.8)

The situation is summarized in the diagram below.

0:67 - Y,
HA(R) pr Sp(n,R) — Sp(n, R). H,(R).
| |
iso l
Cr S 0I=9H,xC" < 9§, =3p(n,R)/U(n) D, s DI =D, xCr o cr
¢

Proposition 1.2. The canonical automorphy factor Ji, and the canonical kernel
function Ky, for Sp(n,R). are given by

Jl*(w,W)<t(§W+ﬁ)‘1 0 )

0 aW +p
v [ I —W'W 0
KW, W) = < 0 W, —WW)™ ! )

where W W' e ®,, and w € Sp(n,R), is given by (1.5).
The canonical automorphy factor 0y = Jo(gux, (W, 2)) for G, is given by

O, = ks + 2 a + v fa — v @W +9) 7' G ', =2+ aW +a, (1.9)

I, w is given by (1.5), and (W, z2) € D..
The canonical automorphy kernel for G is given by

where g, = (w, (o, %)) € G

Kou(W',21), (W, 2)) = AW, 25 W, 2),

where (W, 2), (W', 2"y € ®;, and

—_

1 s — _
AW W, 2) = (Z+ §z’W)(In —WW) 'Y+ ZE(L, - WW) W' (1.10)

[N}
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2. Scalar holomorphic discrete series

Consider the Jacobi group GY. Let § be a rational representation of GL(n,C) such
that 0|ug, is a scalar irreducible representation of the unitary group U (n) with highest
weight k, k € Z, and §(A) = (det A)* [23]. Let m € R. Let y = 6 © Y™, where the
central character x™ of AR is defined by x™(k) = exp (2rim~r), k € A. Any scalar
holomorphic irreducible representation of G/ is characterized by an index m and a weight
k. Suppose m >0 and k >mn+ 1/2.

Let H™ denote the Hilbert space of all holomorphic functions ¢ € O($7) such that

n

[¢llgs < oo with the inner product defined by [18]

(petdg = C || (@ QTR ,07du(0,),

5

where C is a positive constant, (©,¢) € 7 and the G -invariant measure on £ is given
by
dp(Q,Q) = (det )™ I[ d&dm [ dXjndVi.

1<i<n 1<j<k<n
Here £ = Re(, n=Im({, X = Re), ¥ =Im(L.
The kernel function K™ is defined by [18]

K™, ¢) = K™ (€2,0), (2,0)) = exp (4mmay ™" '5) (det V)",

K006, 90) = (et (51— 500) Fexp(zrimnK (€ 92),(C.2).

where K is given by (1.4).
Let 7™ be the unitary representation of G on H™ defined by [18]

(7™ (g1e) (2,0) = T™ (g, (2, O))e(Qy, &),

where p € H™ g€ G (Q,0) € %) and (Q,,(,) € H; is given by (1.2).
The automorphic factor J™ for G is defined by [18]

T™ (g, (¢, Q) = (det (e + d)) " exp(2rim#),

where 6 is given by (1.3) and o is given by (1.1).
Takase proved the following theorem [18,19]:

Theorem 2.1. Suppose k > n + 1/2. Then H™ +# {0} and 7™ is an irreducible
unitary representation of G which is square integrable modulo center.

Let H™* denote the complex pre-Hilbert space of all ¢ € O(D;]) such that ||¢] g, < oo
with the inner product defined by

(. vdng = C. [ n(W,2) TallV2) (THOV.2)) ™ w02,
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where C, is a positive constant, (2, W) € ®,
KW, 2) = (det(L, — WIW)) ™" exp(8rmA(W, 2)),
and A(W,z) = Ko (W, 2), (W, 2)) can be written as

1l — = 1 —
AW, z) = (Z+ §zW)(1n —WW) 55(@ —WW)™'w 'z,
and the G -invariant measure on @7 is [22]

dv(W, z) = (det(1— WW))_”_2Hd Rez; dImz; H d Re Wd ImWy.

i=1 1<j<k<n

According with [15,22], and (1.10), the kernel function K™ is given by
KPE(W, 2) = KPE(W, 2), (W, 2)),

where

KT*((2, W), (2, W) = (det (L, — WW)) "exp (StmA(W', 2/, W, 2)).

We now introduce the map ¢, — 77 (g.), where 77(g,): H™ — H™* is defined by

(75 D) (2, W) = T (g, (2, W) (20, W),
€ H g = (w,(a, %) € G, , (2,W) €D, and (z,,,W,,) € D is given by (1.6).
The automorphic factor J™ for G, is defined by [15,22]

TP (ge, (2, W) = exp(2mimd,) (det@W + 7)),
where 6, is given by (1.9) and w given by (1.5).

Proposition 21. Suppose m >0, k>n+1/2, and C = 2""tIC,. Then

a) H™ £ {0} and 77 is an irreducible unitary representation of G, on the Hilbert
space H™F which is square integrable modulo center.

b) There exists the unitary isomorphism T/ : HT* — H™F given by

©(Q,0) = ¢ (W, 2) (det(I, — W))¥ exp(drmz(l, — W)~1t2),

where ¢ € HP*, o =TI (@), (W,2) € D, (Q,() = ¢((=W,2)) € H;, and ¢ is given
by (1.7).
The inverse isomorphism T™ : H™ — H™K s given by

¥ (W, 2) = ¢(Q,¢) (det(l, —iQ))" exp (2rm( (I, —iQ) 7' 'C)

where ¢ € HP*, o =T™p) , (2,0 € 9, (-W,2) = ¢ (%) €D;, and ¢~ is
given by (1.8).
¢) The representations ©™% and 77 are unitarily equivalent.
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Abstract. In this paper, we study the spectrum of non-self-adjoint convection-diffusion
operator with a variable reaction term defined on an unbounded open set €@ of R™. Our
idea is to build a family of operators that have the same convection-diffusion-reaction
formula, but which will be defined on bounded open sets {Q"}nE]OJ[ of R™. Based on
the relationships that link this family to €, we obtain relations between the spectrum
and the pseudospectrum. We use the notion of the pseudospectrum to build relationships
between convection-diffusion operator and its restrictions to bounded domains. Using these
relationships we are able to find the spectrum of our operator in RT. Also, the techniques
developed to obtain the spectrum allow us to study the properties of the spectrum of this
operator when we go to the limit as the reaction term tends to zero. Indeed, we show
a spectral localization result for the same convection-diffusion-reaction operator when a
perturbation is carried on the reaction term and no longer on the definition domain.

Keywords: differential operator; spectrum; pseudospectrum; convention-diffusion operator
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Annoramusa. B crarke nccaenyercs CHeKTP HECAMOCOMPIKEHHOTO OMEPATOPA KOHBEKITH-
b dysun ¢ meEpEMEHHBIM WIEHOM PEAKITHH, ONPE/IETEHHBIM HA HEOIPDAHUIEHHOM OTKPBITOM
mHOzKecTBe ) C R™. Wmest ncceqOBAHMS COCTOUT B TOM, YTOOBI TIOCTPONTH CEMEHCTBO OIe-
PATOPOB, UMEIINX TAKYIO Ke (POPMY/Ty KOHBEKINU-Tu(hDy3nn-Peakiinm, HO ONPeIeTeHHBIX
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H3 OIDAHUYEHHBIX OTKPBITBIX MHOZKECTBAX {Q”}UE]OJ[ C R”™. OcHOBBIBasicb Ha COOTHO-
IEHNSIX, KOTOPHLIE CBA3BIBAIOT ITO CeMefcTBO ¢ (), MOJIyYeHbl COOTHOIIEHNS MEXKIY CIEK-
TPOM U TICEBJOCHEKTPOM. JIJIst TOCTPOEHUsT COOTHOIIEHNH MeXK/Iy OIEPATOPOM KOHBEKITHH-
mubdysun U ero CyKeHWsiMA Ha OrPAHWYEHHBIE 00JIACTH WCIOIB3YeTCs TOHSTHE TICEBIO-
cnexrpa. IosyueHHblE COOTHOINEHHUST UCIIONB3YIOTCS JJIst OTIPEJIeIeHNs CIIEKTPA NCXOAHOTO
oneparopa B RT. Merosel, pazpaboTanHble Jijist HAX0XKJIEHHUS CIIEKTPa 33/1aHHOTO OTEpaTo-
pa, MO3BOJISIIOT TAKrKe H3yUHTh HEKOTODBIE CBOMCTBA ITOrO CIEKTPA IIPH ITEPEXOJIE K ITPEJIEIY,
KOTJIa HJIEH PEAKIMH CTPEMHUTCS K HY/IIO0. B 4acTHOCTH, TIOKA3aHO, KaK OIIPEJIEUTD CIIEKTD 3a-
JIAHHOTO OIIepaToOpa KOHBEKITHH- UM DY3UN-PEAKITUN IPYU BO3MYIIEHHH YJIeHA DEaKIy, a He
0BJIACTH OIpeIe/TeHIS.
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Introduction

The study of the spectrum of convection-diffusion operator is one of the most complicated
problems in functional analysis. In this paper, we study the spectrum of the following
operator:

Au=—Au+ ( - Vh(ﬁ xi)> Vut Vu, (0.1)

where h € C? (R,R) such that A" is positive and

n

n n 2
V=it vi i) = 3 (e I =)
i=1 j=1 =1
J#L
Non-negative potential V5 is considered as a reaction to the convection-diffusion phenomena

represented by Ag = —A + (— Vh(H ;)) - V + Vi. The operator A in the case h(z) =
=1

was studied in [1].

We recall that, for an unbounded operator T" defined on D(T) C H to H and for € > 0,
the pseudospectrum is given by (see [2])

sp=(T) = {z €re(T) : ||(zI =T)7"|| > "} sp(T).
The resolvent set is given by
re(T)={2€C : (2 - T)™" exists and bounded } ;

sp(T) denotes the spectrum of T and is defined as sp(T) = C \ re(T). An equivalent
definition of the pseudospectrum has been given in [3]:

sp- (1) = U sp(T'+ D).

D:H—H, linear and || D||<e
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Pseudospectrum is easier to calculate and more efficient than spectrum when dealing with
unbounded operators [4,5]. In fact, it has been established that an approximation of the
spectrum of differential operators may be unstable when going to the limit, unlike the
pseudospectrum which shows to be stable (see [6-8|). For example, if T" is a normal operator,
its pseudospectrum is equal to the e-neighborhood of its spectrum. The e -neighborhood of
S C C is given by

N (S)={s+z:s5€8 |z <e}.

It is clear that, for all S C C, ﬂ N (S)=25.

e>0
Moreover we take advantage of the fact that the spectrum of an operator is divided into

two sets: the pointwise spectrum, sp, (T'), which consists of all the eigenvalues of T'; the
essential spectrum, $pess (1) which consists of all A € C such that the operator (M —1T) is
injective, but not surjective. In addition, we define the limit of a sequence of sets as follows:
forall >0, S C C, limg_oSe = {s € C : I{so}yso, 56 € So, limg_os0 = s} .

In this article, we study in detail the pseudospectrum and the spectrum of the operator
A to establish that its spectrum is real positive. We conclude this work with a result on the
stability of the spectrum obtained by the pseudospectral theory.

1. Convection-diffusion operator

Let 2 C R™ be an unbounded open set. Let h € C*(R,R) be such that A" is positive.
Let A be the convection-diffusion operator (see [9]) defined on L?(©2, C) into itself by (0.1).
We define the hermitian form ¢ on L*(Q2,C) as

= [ vr o [ (~vuT0) - vraaer [ v,

4= Q

where the quadratic form associated with ¢ is given by

Qu) = ||Vu||%2<9> +/ (— Vh(H xz)> - Vuudzx + / V|ul*dz.
0 e} 0

For uwe C*(Q), weset z= [, (=VR(II,; 2:)) - Vudz, so

G = /89 <_Vh(i1_[1xi)>|u|2dx+/g (Ah(il_[lxi)>|u|2dx

L o~
'

=0

+ [)(Vh(ﬁxﬁ) - Vuudr = /Q (Ah(ﬁxi)>|u|2dx—2.
Using 2 +7 = 2Re(z) = [, (AR}, z:))|u|*dx yields

1 n n
Re(Q(u)) = ||Vull3aq + / (5800 T2 + IVAQ T2 ey + Val@) ) luffda = 0,
i=1 =1



THE PSEUDOSPECTRUM OF THE CONVENTION-DIFFUSION OPERATOR 357

and

[Im(Q(u) |‘Im</9< Vh( Hx,)u Vudx)“i(z)‘
3 (I7ulBz + [ 198 sz Wzl + 3| | (T 20) fe]

Hence, ¢ is a sectorial form defined on the vector space R given by the following expression:
R=Hy(Q,C)({u e L*Q,C): Vue L*(Q,C)}.

We recall that A is the operator associated with ¢ [10, Theorem 2.1, p. 322], and the
domain of A is given by D(A) = H*(Q,C)( R.

Our goal is to determine the spectrum of A. We notice that D(A) is a Dirichlet integral
boundary condition. Consider the eigenvalue problem: find A € C and v € D(A)\ {0} such
that

—Au+ (— Vh(f[x,-)) Vu+Vu=XuonQ, u=0ondQ.
=1

Let {Q,},q0,1 be a sequence of bounded open sets such that Q; C Q,, for all 5 <1,
and J, o1y = L For all 5 €]0, 1], we identify the hermitian form ¢, on L*(Q,,C) by

/Q Vf-V—gder/Q <_Vh(ﬁ$z’)> .nyder/ V fgde.

7

We recall that ¢, is a sectorial form defined on R, = Hj(,,C). We denote by A, the
differential operator associated with ¢, [10, Theorem 2.1, p. 322]. The domain of A, is given
by D(A,) = H*(Q,,C) () Hy(2,,C). We notice that A, is defined by the same formula as
A. Let B, be the differential operator which is defined by the same formula as A, but is
given on D(B,) = HZ(€,,C). The extension of each function in D(B,) to €, by zero
belongs to D(B,) [11, Lemma 3.22, p. 57]. Thus D(B,,) C D(B,).

To achieve our goal we will define the spectrum of A,, after that we will establish a
relation between the pseudospectrum and spectrum of A,, B, and A.

2. Spectrum of A, and B,

In this section, we will explain some characteristics of the operator A, which allow us
to locate the spectrum of A.

2.1. Spectrum of A,
Define the following scalar product on L*(,) :

Y(u,v) € L*(Qy,) x L2(Q,), {(u,v), = / exp( sz )uvdx

Theorem 2.1. For all n €]0,1], A, is self-adjoint with respect to (., ).
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1
Proof Forall ue D(A,), we define u = exp ( sz )u Hence, we get

A= (Au n (Vh(ﬁ 7)) - Vu) 2 inw(ﬁ xi)||%z<9n>u> exp (%h(ﬁ x))

i=1 i=1

Then, for all (u,v) € D(A,) x D(A,),
(A, v)y = /Q e (h(f[l v)) Ayude = /Q n (-aurt(- Vh(zﬁl ) -V +
+(||Vh<f[lxi>||izmn> +Va(a) )u) exp < sz ) e
_ / i / n (anﬂ e)lge, + Vala) ) T

— . VuVvdx — o, 5 ( | VR( sz ||L2 )+V2(x)>uvdx.

So, for all n €]0,1], (A,-,-), is also a scalar product, which means that A, is self-adjoint
[10, Theorem 2.7]. O]
As a consequence, sp(A,) is real for all n €]0,1]. Since we cannot extend the scalar

product {, ), over L*({2), we cannot guarantee that A is self-adjoint.
We define

. 1 n n
K — inf {§Ah(sz) + ||Vh(1_[:1:z)||%52%7 + Va(x) : (1,0, @0) € Oy},
i1 i1

K, = inf{||Vh(Hxi)||%%n D (1, s ) € Q)

SK
M — CPF+K 41,

E = {nel0,1] : M <0},
where Cpp is the Poincarre-Friedrichs constant (see [10]).
Theorem 2.2. For all n €]0, 1],

o If n & E, the essential spectrum spess(Ay,) is included in ]%Kl,CE% + K|, and the
point spectrum spy(A,) is included in [Cpe + K, +00],

o If ne L, A, has no essential spectrum, and the point spectrum is included in
[Cp2 + K, +oo|.

Proof Forall €01 and all uw e D(A,),

Re((Ay, ) = (At u) 4 T Agud) = 5 (gt )+ (o, Ayu).
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However
/ —Auudr = — Ou [0 da+/ VuVde/ |Vul?dx
Qy o0y, 8”26'/ Qy Qy '
Vh(Hxi)-Vqux = — Vh(Hxi)-Wudx—/ Ah(Hxi) lu|? dz.
Iy i=1 s i=1 L5 i=1
Then
1 n n
Re((Agu,u)) = ||Vu||%2((2,7)+/9 <§Ah(H$i)+||Vh(H$i)||%2(Qn)+%(x)> Jul*dx
" i=1 i=1

> | Vuliz, + Kllulzo,)-
By the theorem of Poincarre-Friedrich (see [10]),
Re({Ayu,u)) > CE%HUH%Q(Qn) +K||u||%2(9,7) > (Cpi +K)||u||%2<gn).
Thus, for all A € R,
1Ay = ADullr0,) 2 (Cop + K = Nllull2c,)-

Hence (A, — M) is injective for all A < Cpr + K, and thus sp(4,) is included in
[Crz+ K, +oo|. Let H = H}(Q,) and A € [—oo, 2K;[. The sesquilinear form is defined on
H by

5
oa(u,v) = / (VuV7o + (Zvl + Vo — NMuv)dz,
Q

7

which verifies

o, 0)| < [ Vullz@) Vol 2y + Cllull 2@y vl 2y,

where
5
C’sup{ZVl () +Vo(x) : ¢ € Qn}+|)\|,
and
) 5 9
[oa(u, v)| > min < 1, (ZKl = A) ¢ %

Since, for all g € L*(Q,), the semilinear form L: H — C, v+ an gudx is continuous, it
follows from the Lax-Miligram theorem that the equation

pa(u, v) = L{v)
has a unique solution u in H for all v € H. Take into consideration the problem

for g € L*(€),), find u € L*(Q,) such that
(p)s Ayu—Au=g on €,
u=20 on 0f,.
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We use the same variable change as in the previous theorem: we multiply the equation
by exp(%) and set g = gexp(%), u = uexp(%). We see that (p) is

equivalent to

for g € L*(), find w € L?(€,) such that
(p) ¢ —Au+ (2‘/1 +Wu—- A u=4g on £,
u=20 on 0f,.

Therefore, the sesquilinear form ¢y (u,v) = an VuVv + (2K, — M)ut) is an inner product

in L*(Q),) for A < 2K;. Hence, (p) has a unique solution @, and (p) has a unique solution
u defined by w=wexp (= h([], z:))- O

2.2. Relation between A, and B,
It is known that, for every n €|0,1], B, C A,, i. e. D(B,) € D(A,) and, for all
f S D(Bﬁ)y

B,f = A,f.

Furthermore, for every 5 €]0,1[, B, C A. In fact, for any f € D(B,) = H3(f,), extending
f to Q by 0 gives f € D(A). This proves that

U spp(By) C spp(Ay).

0<n<1

To determine the spectrum of A the study of the difference sp,(A,)\spy(B,) is required.
In this section, we prove that this difference is empty for n €|0, 1].

Lemma 2.1. For all ¢ >0 and for all n €]0,1],
sp=(By) = sp(Ay).
Proof Let A€ sp.(B,). Then there exists f € D(B,) such that

1By f = Al o)
I/l 22,

But f e D(A4,), so

1Ay f = Afllz2@,)
I/l 22,

)

and A € sp.(Ay).
Inversely, let A € sp.(A,). Then there is f € D(A,) such that

1Ay f — M2,
I/l 22,

Since the space of infinitely differentiable functions with compact support C°(€2,) is dense
in D(A) with respect to the graph norm defined by |-, = |4 12y + Il 12(qy, for all
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[ € D(4,), there is a sequence (f,)nen in CF(Q,) such that lim,, || f, — fll4, = 0. So,
for all 8 > 0, there exists N € N such that, for all n > N, we have

||Anfn - )‘anLQ(Q) . ||Anf - )‘fHLQ(Q)
| fallz2 () 1fllz2 (o)

We set,

AR = A2y
1f Nl 22,

> (.

Then there exists ng € N such that

| A fro — AfnollL2@)
|| frio || 2¢00)

However f,, € D(B,), then A € sp.(B,). ]

< E.

Corollary 2.1. Forall e >0, if 0<n<n <1, then
sp:-(Ay) C sp-(4,).
Proof Let A€ sp.(B,). Then there exists f € D(B,/) such that

By | = Afllzaa,)
1/ 220,

< E.

Extending f to 2, by 0,

1B, f — Afllez@,)
1 fllz2 ¢,

It follows that A belongs to sp.(B,). Now we can apply Lemma 2.1 to complete the proof. [
We proved that the family {sp.(A,)}o<y<1 1s decreasing, and this makes us to say that the
family {sp(A,)}o<n<1 is decreasing with respect to inclusion. In fact, for all 0 <9 <7/ <1,

sp(Asy) C sp-(Ay) C sp-(4y).
But A, is self-adjoint, 1. e. sp.(A,) = N. (sp(4,)), for all n €]0,1[. Then

sp(Ay) C () Ve (sp(Ay)) = sp(Ay).

e>0

Theorem 2.3. For all n € F,

SP(BW) — Sp(An)-

P roof Since A, is self-adjoint for all n € £/, we have

ﬂ spe(An) = sp(4y).
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Then, by using Lemma 2.1, we find

sp(By) C sp=(By) = sp=(Ay) = sp(B,) C ) sp(Ay) = sp(Ay).

e>0

Reciprocally, let A € sp(A,) for some n € E. According to Theorem 2.2, there exists
f € D(A), f # 0 such that

Anf = AJ.

Since C°(€,) is dense in D(A,) with respect to the graph norm, there is a sequence (fy)nen
in C2°(€,) which converges to f in the graph norm. We define the sequence

fn

Gp = ———, n € N.
| fall 220
For all n € N,
gn € D(By), gnllz2(e,) = 1,
and
. 1Ay f — Afllz2n)
lim ||Bygn — Agnllz2iq,) = T =0.
novtoo ! i 1/ 1220

Then A € sp(B,). In fact, if (B, — M )™! exists and is bounded, then
1= llgnll 2, < 1(By = AD 7| | Bygn — Adnll 120,y — O-

Therefor, the operator (B, — AI)™', if it exists, can not be bounded, which means that
B, — Al can not be surjective. 0]

3. Pseudospectrum and spectrum of A

The pseudospectrum has better stability than the spectrum. Pseudospectrum is easier to
be controlled and can be considered as the finest stable for the passage to the limit.

3.1. Pseudospectrum

In this subsection, we establish a relation between the spectrum and the pseudospectrum
of A seen as limits of sp(A,) and sp(B,) respectively.

Theorem 3.1. For all € > 0,

spe(A) = U spe(Ay) = U sp=(By).

nek nek

Proof Let Ae |J sp-(B,). Then there exist ny € £ and f € D(B,,) such that

0<n<1

| By, f = AMfllez,)
1Nl 22,
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Extending f to by 0,
[AS = M2
[FATEIG)

So, it follows that A belongs to sp.(A), and

U 5p:(Ba) € spo(4).
nek
Reciprocally, let A € sp.(A). Then there is f € D(A) such that
IAS = Afllz2
/1l 220

Since C'°(Q2) is dense in D(A) with respect to the graph norm, for all f € D(A), there is
a sequence (fn)neny in C(€)) such that

’ [Afo = Aallzzey  ASf = Mz
1m = 3
n—r+00 | frllz2 ) 1/l 220

Like in the proof of Lemma 2.1, we choose ny such that

||Afn0 - )‘fno ||L2(Q)
| froll 2202

There is 7 small enough for which the support of g = f,, is included in €2,. It follows that
A belongs to sp.(A4,). Thus,

SPE(A) - U SpE(An).

nek

Now, we use Lemma 2.1 to conclude the proof. U]
From the previous theorem, we deduce that

sp(A) C NARM) = {2 € C: Rez > 0,[Imz| < 5}U{z eC:Rez<0,|z| <e}.

In fact, for all n € B, A, is self-adjoint. Then sp.(A4,) = N.(sp(4,)). But, sp(4,) C R*.
We obtain

U sp(Ay) CRY.

nek

3.2. Spectra

In this part, we will set a new relation between the spectrum of A and that of A,. First,
we begin with a topological result that will allow us to obtain the desired property.

Proposition 3.1. Forall e >0,

|J sp-(4y) = . <U sp(An)> :

nek
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Proof Let A e |J sp.(4,). There is 1 € E such that
nekr

A € sp:(Ay,) = Ne (sp(Any)) -
So, A= s+ 2z, where s € sp(4,,) and |z| <e. But se€ |J sp(4,) implies

A€ N, <U sp(An)> ;

nekr

Reciprocally, let A € N. | | sp(A,) | . Then X\ = s+z, where s € |J sp(4,) and |z] <e.
neL nel

So, there is 1 € E such that
A=s+z € N(sp(Ay,)) = sp-(A4y).
Thus, A € U sp-(A,). O

nekr
Theorem 3.2.

sp(A) = | sp(Ay).

nek

Proof Let A € |J sp(A,). There is 7 € E such that A € sp(A,,). Then there is
nek

f e D(A,), where A, f—Af=0. Since C*(,,) is dense in D(A,,) with respect to the

graph norm, there is a sequence (f)nen in C(Q,,) which converges to f in the graph

norm. We define the sequence
In
e = ”fn”L?(Qn) on Qm, n c N)
0 on Q/Qn17 n € N.
We have, for all n € N,
gn € D(A), || 9nll20,) = 1,
then
Jm [[Agn = Agallza,) = 0.
Thus A € sp(A). By Theorem 3.1, we have
sp(A) C sp-(A) = | sp-(4y),

nek

and by Proposition 3.1,

WMCM(UW%O-

nek
So, we obtain
sp(A) € | sp(4,)
nek
as ¢ tends to 0. O
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4. Formula perturbation

This section is devoted to the study of pseudospectrum stability when the perturbation
is applied directly to the operator’s formula. For this purpose, we define for a > 0,

14a1:?fh)+’&‘%,
where V3 is a continuous function over €2 such that

Ky = sup [Va(z)| < o0, Ky = inf [Va(x)],
x€Q T€f

which means that, for all a > 0, D(A,) = D (Ay). Our aim is to compare sp(A,) and
sp(Ag). For n > 0, An,, Ao, are defined in the same way as A,. It is clear, that for
e >0,

Vo> 0, sp. (Aa) = | spe(Aan),

neFlq,

where E, = {n€]0,1] : Cpp + K -1 —aK; <0}, and

Va >0, sp(As) = [ sp(Aan).

n€ly

Theorem 4.1.

hHlSp(/L» C:Sp(/hﬂ - ug%spaszAa)'

a—0

Proof Let ¢ >0, n >0 and A € sp. (Ap,). Then there exists f € D (Ay,) such
that

lAownS = M 20,y < €2, -
Therefore, for a > 0,
1 Aanf = Ml 2, < (€ +ao) [ fll 2, -

which means that A € sp.iak, (Aay,). However, Ay, and A,, are self-adjoint operators,
then

sp (Ao.) C 5parcs (Aay) = 5p (A0) C | sParc, (Aan) -
neky

We use the fact that Ey C E, for all a >0 to get
sp (Ag) C spak, (Aa) = sp(Ap) C ii_r% SPaks (Aa) -
Inversely, it is clear that, for all & > 0 and all n > 0,

sp (Aam) C SPak, (AOJI) .
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Then

sp (Aa) - U sp (Aa,n) - U SPaKo (AOJ]) = ili% sp (Aa) C ili% U SPaKo (AO,n) )

7]€Eo¢ neEa ﬁeEa

but

U SPaK, (AOJI) — NaKz < U sp (AOJI)> .

neEa ﬁeEa

We use lim F, = Ey to get
a—0

lim sp (A,) C sp(Ao) .
a—0

O
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Abstract. Earlier we described canonical (labelled by A € C) and accompanying boundary
representations of the group G = SU (1, 1) on the Lobachevsky plane D in sections of linear
bundles and decomposed canonical representations into irreducible ones. Now we decompose
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In our work [3] we described canonical and boundary representations of the group
G = SU(1,1) on the Lobachevsky plane D in sections of linear bundles on D . Then in [4]
we decomposed canonical representations into irreducible ones. Now we continue [4] and
decompose boundary representations. We lean on works [1,2].

1. The Lobachevsky plane

The Lobachevsky plane is the unit disk D : 2Z < 1 on the complex plane with the
linear-fractional action of G:

az+b a b _ T
z»—>z-gsz+a, g(B 5)’ aa — bb = 1.

The boundary S of D is the circle zZ = 1, it consists of points s = expia, the measure
ds on S is do. Let D be the closure of D: D = DU S. Let

p=1-—2%,

so that D = {p > 0} and S = {p = 0}. The stabilizer of the point z = 0 is the maximal
compact subgroup K = U (1) consisting of diagonal matrices:

k(g g), aa = 1,

so that D = G/K. The Euclidean measure dxdy on D is (1/2)dpds, a G-invariant
measure du(z) on D is

du(z) = p~2dxdy.

If M is a manifold, then D(M) denotes the space of compactly supported infinitely
differentiable C-valued functions on M, with a usual topology, and D'(M) denotes the
space of distributions on M — of antilinear continuous functionals on D(M).

We use the notation

N={0,1,2,...}.

Recall principal non-unitary series representations of G trivial on the center, see also [4].
Let o € C. The representation 7T, acts on the space D(S) by

(T5(9)p)(s) = @(s - g)lbs + @l

The inner product from L*(S,ds):

bl s = / (s) p(5) ds

is invariant with respect to the pair (15,7 5_1).

If o ¢ Z, then T, is irreducible and equivalent to T_,_; (for o € Z there is a “partial
equivalence”). For ¢ = v € N the representation 7T, has an invariant irreducible subspace
E, spanned by expira, r=—v,—v-+1,...,v.
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A basis of the Lie algebra g of G is

(5 ) e () e ()

We also use their linear combinations (they belong to the complexification of g ):

1
L+L2+ZL1<8 O), L_L2—2L1<(1) 8)

Denote by A, the twice Casimir element of the universal enveloping algebra Env(g) of g:
Ay =—L5+ L7+ L3

The representation T, of g assigns to Ly, L,, L_ the following operators:

d
TU(LO) — %7

o . d
TU(L+) =€ <O' -+ Z@) ,

T,(L_) =e™ <a — i%) ,
Ty (Ag) = oo+ 1).

2. Canonical representations

Let D(D) be the space of restrictions to D of functions from D(C) with the induced
topology, and by D'(D) the space of distributions on C with supports in D. Consider the
inner product with respect to the Lebesgue measure on D

(F,f)p = /[)F(z)mdxdy, 2= x+w. (2.1)

The space D(D) can be embedded into D'(D) by assigning to h € D(D) the functional
f'_> <h7f>D7 f GD(D)

We shall use denotation:
Z m
2 = |z |# <ﬂ> , peC, melZ.
z

Let A € C. We define the canonical representation R, of the group G associated with
a character of K as follows:

(Ram(9)f) (2) = f(z - g) (bz + @)~ 742,

it acts on the space D(D).
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The inner product (2.1) is invariant with respect to the pair (R, B_5_5,,):

(Bam(9)f, h)p = (f, R_x_am(9”Dh)p, g€G. (2.2)

The formula (2.2) allows to extend the representation Ry, to the space D'(D) of
distributions on D.
Here are formulae for basic elements of g in variables p and « :

R>\7m(Lo) = % — im,
, 0 1 0
_ L Fia ) _
Ram(Ly) =e { rpa (r +7r” )2804 A+2F m)r} : (2.3)
Let us also write the operator corresponding to Ay :
o? 5o O
Bam(Ba) = (0" =155 [(2A+4)p—(2k+5)p}a—p+
L +35 e ~ T,
P Ba 1 —p 0a?
F O+ 1) = (A +2?—=m?)p]. (2.4)

In (2.4) one has to use the binomial expansions (r = (1 — p)¥/?):

- :OO () (25)

n

. :OO (T2 (26)

n

1r+r i<1/2>1—n( )" pn. (2.7)

Applying these formulae to distributions {, we have to keep in mind the following:

k!

- n)!5<k‘”>(p)-

P80 p) = (—1)"

3. Boundary representations

Canonical representations R ,, generate two boundary representations L) ,, and M) ,,.
For simplicity, in this paper we restrict ourselves to the first one. It acts on distributions in
D'(D) concentrated at S.

Consider distributions of the following form:

¢ = p(s) 6% (p),
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where ¢ € D(S) and d6(p) is the Dirac delta function on the real line (being a continuous
linear functional on D(R)) and §*)(p) its k-th derivative. The space of these distributions
will be denoted by A(D). Define also

Sk(D) = Ao(D) + Ay(D) + -+ - + Ag(D),
so that a distribution ¢ in (D) is a linear combination

¢ = 9o()6(p) + 1(s) 0'(p) + - - + u(s) 8P (p).
We get a filtration:
Ao(D) = ¥o(D) € 34(D) € ¥, (D) C

Let (D) denote the union of all (D).
The canonical representation Ry, acting on D'(D), preserves the space 3 (D) and the
filtration (2.3). The boundary representation Ly, is the restriction of Ry, to (D).

4. Poisson transform

Let A\, 0 € C and m € Z. We define the Poisson transform associated with the canonical
representation Ry, as the map P/EZ:) : D(S) — C*(D) by the following formula

(Py;) <p> (2) = p 2772 /S(l §Z)20 2™ g™ () ds.

(m)

The Poisson transform P/\p intertwines the representations 1T_,_; and the canonical

representation Ry, :
Ram(g) P2 = P\ T_o_1(g) (g€ G).

(m)

The Poisson transform Py ° is meromorphic in o, and has poles at the points

o=A—k, o=-X—-1+1 (kleN). (4.1)

All poles are simple except in the case when the two sequences (4.1) have a non-empty

intersection and the pole belongs to this intersection. This happens when 2A + 1 € N and
<k I<204+1, k+1=2X+1. In this case the pole p is of the second order. Let us write

down the principal part of the Laurent series of P/Ej? at the poles p of the first order:

plm)

b O-_/,l/

The residue intertwines 7_,_; with R),,. Let us write it explicitly. We set

Vymn(p) = (1 = p)™t2 F(o + 14+ m,o+ 14 n; 20 + 2;p),

where F' is the Gauss hypergeometric function. Expand V' in powers of p:

0
Umn E w
k=0
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here w((:,? are polynomials in n of degree k. The coefficients of these polynomials are
rational functions of o with simple poles. We set

1 d
W(m) . (m) - .
o,k wU,k i do
If a pole p belongs only to one of the sequences (4.1), then it is simple. In particular,

~(m m 1 s
Pl = (DM aem A = R,

where
(=20 — 1)

(o) =2 D ey e =

and E/(\”? is the following operator D(S) — (D)

s . K -
o= 30 g (WM e) (9090

n=0

The operator 5/(\772) is meromorphic in A. For fixed k= 1,2... it has k poles (simple)
at the points A=k —1,k—3/2, k—2,...,(k—1)/2. It intertwines T_x_145 with Ly,

(restricted to (D) ).
Let us write three first operators:

&0 v = s™p - 8(p),

£ g sm{so -0(p) — %(A% —m-iy) - 5'(19)},
& o= sm{so -0(p) — ﬁ((A — 1?0 —m-iy') - 8'(p)

1
A0 —1D)2r—1)

=20 = 1)2A = 1)m-ig — [(A—1)* 4 2m?] @"} -6"(p)}.

+ {In=022+m? o

5. Decomposition of boundary representations

Theorem 5.1. The representation Ly, 15 equivalent to a upper triangular matriz with
diagonal T _x_1, T_x, T_xy1,---.

Proof The formulae (2.3) and (2.5)—(2.7) show that operators Ry.,(L%)
move subspaces Ag(D) to (D). Also these formulae show that the operator Ry .,(X)
where X € g moves a distribution s™p(s)0%®(p) in Ax(D) to the distribution

ST 116(X)0) () 8® (p) + ... in Np(D). O]

Let V/f? be the image of Ef\? This space is contained in Y;(D) and its projection to
Ar(D) is the whole Agx(D). Tt gives:
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Theorem 5.2. In the generic case 2\ ¢ N the boundary representation Ly, is diago-
nalizable which means that (D) decomposes into the direct sum of subspaces V;?, keN,
the restriction of Ly, to V;ZL) is equivalent to T_x_11x (by &k ), so that Ly, is the
direct sum of the T_x_14x (k € N).

Now let A € (1/2)N. This number A is a pole (of the first order) of fi”,? in 7 for keN
such that A+ 1 <k < 2\ + 1. For example, if A =0, then k= 1;if A= 1/2, then k = 2;
if A=1, then k= 2,3;if A\ =3/2, then k = 3,4. For these \ the spaces V;ZL) are defined
for all kK € N such that £k < A+ 1 and 2\ + 1 < k, for the others these spaces are absent.
Let us write down the Laurent expansion of Ei”,? at 7= A\:

S(m)

m Ak 2(m
fi,k):T_)\JFé\,k)JF---

For the indicated k we define the spaces ‘A//\%z) and V/\OZ) as the images of the operators
A/(CZ) and EE\”? respectively. The space ‘A//f?z) is isomorphic to V;Qm where [ 4+ k = 2\ + 1,
namely there is a relation E/(\”?(go) = Ef\nlz) (1) where % is obtained from ¢ by means of
some operator. Therefore the operator @”}Q intertwines 7_x_;4; with Ly ,,, notice that it
vanishes on E;. The space V;? has the full projection to Ag(D).

On the pair ‘A//sz), V;? the representation Ly, is the block

< T x—141 * >
0 T_\_1yk

Since —A—1+1=—(—=A—1+k)—1, representations T_,_;;; and T_,_;, are isomorphic,
so that this block is a genuine Jordan block. Here is the matrix corresponding to the Casimir

operator Ry ,(Ay):
<MW+U * >
0 wu+1) )’

where = —-A—1+4+1 or p=—X— 1+ k. Thus, me obtain the following theorem (we use
the notation [a] for the integral part of a number a ).

Theorem 5.3. Let A € (1/2)N. Then the space (D) is the direct sum of the subspaces
V;ZL) with k 22X+ 2 and k < X and subspaces V/\OZ) with A+ 1< k<204 1.

The representation Ly, is equivalent to the direct sum of [N+ 1] Jordan blocks with the
diagonal (T_x_14;,Tr—;), 7=0,1,...,[A], acting on subspaces V/\<T> +‘O//\<;§>, k+1=2X\+1,
the representation Ty for half-integer X, and the representations Thy1, Thyo, . ...

Let us write @”}Q and E/(\”? for some A, k.

Let A=0, k= 1. Then

m Zm m °m m
& () = 5s"P0(), &1 (9) = smed ().
Let A=1, k= 2. Then

&7 6) = ims™ {9 () — 5 (¢ — ime") 6(p) },

E43(0) = {0 0) +  (m = 2im 1 (m? 1)) () |
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Let A=1/2, k= 2. Then
1

() = = (4m? — 1)s™ (o +4¢") 6(p),

32

Em (o) = {0 (0) + £ (0 — ime') 5 (p)

2

1
+ 1 (4 + imy' + 16m>y") 6(p)}.
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Annoramusa. Vcenenyercss BONMPOC O CyIIECTBOBAHWY periennsi 3adadu Ko gasg aud-
hepeHIMaIpHOTO YPABHEHHUsI, HE PA3PEIIEHHOTO OTHOCUTENIBHO MPOU3BOIHON HEM3BECTHOM
dyurmuu. Pacemarpusatorcst nudpdepeHInaibHbIe YPABHEHNS, TTOPOXKIEHHEBIE JTBAYKILI He-
npepuiBHO mudpdepeHImpyeMbiMu 0TOOpaskerussMu. [IpuBenen mpumep, MOKA3BIBAOIIIIT, ITO
MIPEJITOIOKEHNST PETYASPHOCTH OTOOPAKEHNS B KaXKJA0H TOYKE ONPEIEEHNsS HEIOCTATOYHO
Juist pazpermumoctu 3aa4n Ko, Beegeno nousTre paBHOMEPHOIT PEryIsspHOCTH PACCMAT-
puBaeMbIX oToOparkenwnii. [lokazano, 9T0 NpPeAIONIOKeHNe PABHOMEPHON DPEryISPHOCTH SB-
JIsteTCs IOCTATOYHBIM /I JIOKAJIBHON paspernuMocT 3aaaqu Ko npu JTFoObIX HaYaIbHBIX
JAaHHBIX B Kjacce HenpepwiBHO auddepennmpyemeix dyrkimii. [lokazano, dro ecan oTod-
paxkenue, onpeensiorniee auddepeHiaibHOe YPaBHEHNE, MaXKOPUPYETCsl 0TODParKeHUs Mi
CHeNnaJLHOTO BHUJIA, TO PEIEHNe paccMaTpuBaeMoii 3aaun Komm npoio/zKkaemMo Ha 3a/1aH-
HBIIl WHTEPBAJI BpeMeHu. PaccMOTpeH ciiydail JHIMUIEBOil 3aBucHMOCTH OT (DA30BOM ITe-
peMeHHO# oTOOparKeHUsi, OIPEAE/ISIONEro ypapaenne. Jjis 3Toro ciayvasi HAWIEHB! OTIEHKN
HENPOIoKaeMbIX perennit 3amaan Kormu. [IpoBeneno cpaBHeHme mOIyYeHHBIX DE3yJIbTa-
TOB ¢ U3BeCTHBIMU paHee. [IokazaHo, YTO B HPEAIOIOKEHUAX JOKA3ZAHHON TEOPEMBI CYIIe-
CTBOBAHUS PEINIEHUs €IUMHCTBEHHOCTh PENIEHUs /I PACCMATPUBAEMEIX 33/1a9 HE XapaKTep-
ua. llpuBenen npumep, WLTIOCTPUPYIOMNI CYIIECTBEHHOCTD MTPEANOIOKEHNS PABHOMEDHOM
HEBBIPOXKIEHHOCTH JIJIsi YTBEPKIEHNS O CYIIECTBOBAHIN JIOKAJIBHOTO PEITEHNs U JIJIsT YTBED-
KJIEHUST O TIPOJOJIZKEHUN PEIeHns Ha, 33 JaHHbBII MHTEPBAJI BPEMEHN.

Kumtouenbie cioBa: HesieHoe qudhepeHnmaabHOoe yPaBHEHNE, TeOPEMa, CYIIECTBOBAHIS
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Abstract. We study the question of the existence of a solution to the Cauchy problem
for a differential equation unsolved with respect to the derivative of the unknown function.
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Differential equations generated by twice continuously differentiable mappings are consi-
dered. We give an example showing that the assumption of regularity of the mapping at
each point of the domain is not enough for the solvability of the Cauchy problem. The
concept of uniform regularity for the considered mappings is introduced. It is shown that the
assumption of uniform regularity is sufficient for the local solvability of the Cauchy problem
for any initial point in the class of continuously differentiable functions. It is shown that if
the mapping defining the differential equation is majorized by mappings of a special form,
then the solution of the Cauchy problem under consideration can be extended to a given
time interval. The case of the Lipschitz dependence of the mapping defining the equation
on the phase variable is considered. For this case, estimates of non-extendable solutions of
the Cauchy problem are found. The results are compared with known ones. It is shown that
under the assumptions of the proved existence theorem, the uniqueness of a solution may
fail to hold. We provide examples llustrating the importance of the assumption of uniform
regularity.
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1. BsBegenue u nocranoBKa 3aa4n

Pacemorpum 3agauy Kot
flt,x,2) =0, x(to)=1m9, tel. (1.1)

Brece I — 3amaHubIl OTKPLITEI maTepBal, [ : [ x R*xR™ — R*¥ — 3amannoe mernpepuiBHOE
oTobpazkeHue, OTHOCUTEILHO KOTOPOTO BCIOLY Jajee OyIeM Mpeaoararhk, 9YTo 0ToOpaKeHmne

of  0*°f
f(t,x,+) msaxp quddepentmpyemo tpu Beex (¢, x) € I X R, a orobpakenus: 31 752
HelpepbiBHBL, X9 € R™ — samansbii Bektop; ly € | — 3ajanHoe uucio; pertenne I (-)
sagaun (1.1) umercst B KJacce HENPEPLIBHO i hepeHIMpyeMbIX (DYHKIUH, OIpPeIe/IeHHbIX
Ha HEKOTOPOM WHTEPBaJie BPEeMeHH, jiexainem B [ u cojepxaiinem Ly .

Huddepennmanbaoe ypasaenue B (1.1) NpUHSITO HA3BIBATH HESIBHBIM WJIM HE PA3PEIEH-
HBIM OTHOCHTEILHO TTPOU3BOIHON HeM3BeCTHON (DYHKIMH. YPABHEHUs] TAKOTO THUITA WU3yda-
JIMCh BO MHOTUX paborax. Hambostee OM3KMMHU K HACTOSIIEMY HCCIEIOBAHUIO PE3YIHLTATHI
6bLn ToJTy4Yenbl B paborax [1,2|. B Hux ObLIM 110JIyUeHBI yTBEPXKIEHUSI O CYIIECTBOBAHUN
U YCTOWYHMBOCTH peleHuil HestBHBIX mudpepeHimaibHbIX YPpaBHEHUN B KJiacce abCOTFOTHO
HenpepbIBHBIX GyHKINH. B gacTHOCTH, OBLIO JI0KA3aHO, YTO B IIPEJIIOJIOKEHIN HAKPHIBAE-
MOCTH OTOOpazkKeHus: f IO MepeMEeHHOW & W JIMIIIHUIIEBOCTH 110 X CYIIECTBYeT abCOTFOTHO
HelpepbiBHOE perenne 3aa4u (1.1). B Hacrosimeit pabore ucc/ieioBan BOIPOC O CyIIECTBOBa~
HUM HENpepbIBHO juddepenimpyemoro pertenus 3agadu Kommu (1.1) mpu gonoaHuTe bHOM
IPEJITOIOKEHNN TJIATKOCTH f 1O ¥, U npu Hojee caaboM IPeIIOIOKEHTN — IPEJII0I0Ke-
HUM HEPEPBIBHOCTH 0TOOpaskeHus [ 10 TepeMeHHOl I .



378 3.T. 2Kykorckas, C. E. 2KykoBckwuii

BameTnm, 9To eciiu Jijist HeKoToporo Habopa (tg, o, ug) € I X R” x R™ mjist otobpaxkenust
f BBITOJIHSIETCST YCIOBUE PETYIISIPHOCTH TI0 TIEPEeMeHHON T, T. e.
of
k
%(to,l’o,UO)Rn =R s (12)
u f(tg, o, ug) = 0, TO O TEopeMe O HesIBHOH (DYHKIMU CyIIECTBYeT HEIPEPBIBHOE OTOD-
paxenue g : [ X R® — R"™ makoe, uro f({,x,g(t,x)) = 0 nupu Bcex (t,r) U3 HEKOTOPOI
okpectHOCTH TOUKU (Lo, To), U Uy = g{to,xo). [losTomy 3amaua

T =g(t,r), x(to) = mo

uMmeeT perienne (), YIOBIETBOPSIOINEe COOTHOIMEHU ©(lg) = ug. OueBumno, uro ¢(-)
siBJIsieTCs perrieHreM 3ajaan (1.1).

OrmernM, 9T0 ecim npenoaozkenne (1.2) BbIIosHSAET s IpK Beex (to, To, Up) € 1 X R™ X
R™, 1o 3amaua (1.1) Moxer He uMeTh perrieHuit npu HEKOTOPBIX (Lo, Xo) € I X R”, nockosb-
Ky B 9TOM cjydae paBeHCTBO f(lg, To, Ug) = 0 MOXKeT He JIOCTHIaThCs HU B KakKOH TOUYKe
(to, w0, ug). Ilpocroit npumep ckazaHHOMY HaeT 3aja9a

OueBuaHO, 9TO JaHHAS 381894 HE UMEET PEIeHnH, X0TsT CBOHCTBO (1.2) B HeEll BBITOJHAETCS
pu Ji00bIx (lg, To, Up). Takum obpazoM, st Toro, urobbl 3ajada Komm (1.1) umesa perre-
Hue npu JiroboMm (Lo, xg) € I x R™, perymsiproctn orobpaxkenus: f B Kax ol Touke obaactu
OIPENICJICHNsT HE J0CTaTOYHO. B 9Toil pabore MBI NPUBEIEM HOCTATOYHBIC YCJIOBHUS CyIle-
crBoBaHus pernenust 3ajaan Kormm (1.1) npu ji06bIX HAYAIBHBIX JIAHHBIX U JOCTATOYHBIE
YCJIOBUSL TIPOJOJIZKECHNs PEIIeHUs] Ha 3aJIAHHBIA MHTEPBAJ BPEMEHH.

2. IlpeasapuresibHbIE CBECHUS

[Ipex e 9eM mepedTH K OCHOBHOMY PE3YJILTATY, HATIOMHUM HEKOTOPBIC OMPEJICTCHAS W
YTBEPZKICHHUS .

Beromy manee gepes | - | Gymem obosHauaTh HOpMy B mpocrpaHcTBax R™ m RF wepes
| - || — mopmy B npoctpanctse L,y JUHEHHBIX omepaTopos, jefictsytomux uz R” B RF,
yepe3 B,(x,r) — samxHyThIl map B R” ¢ meHTpoM B Touke x pasjmyca r, depes SL,p —
MHOYKECTBO BCEX CIODBEKTUBHBIX onepaTopoB A € L, k.

Oneparop A € L,; Ha3bBaeTCss (-HAKPBIBAIONMM (HAKPBIBAIOIIAM C KOHCTAHTOM
a>0), ecim

Bi(0,ar) C AB,(0,r) ¥Yr >0.

OTMeTHM, 9TO NIPUBEIEHHOE ONIPEIEICHUE HAKPBIBAEMOCTH JIJIs TMHEHHBIX OIIePATOPOB sIBJIs-
eTCs1 JACTHBIM CJIy9aeM TIOHSATHS] HAKPHIBAEMOCTH HEJIMHEHHBIX OTOOPAXKEHUH METPUICCKAX
npocTpaHcTs (eM., Hanpumep, [1,2]).

O4eBuIHO, 9ITO JIMHEHHBIH OmepaTop CIOPBHEKTUBEH TOTJIA W TOJIBKO TOTJA, KOTIa OH SB-
JISIETCsT (v -HAKPBIBAIOIIUM 1IpU HEeKoTopoM « > (. Ussecrro (cm, nanpumep, [3]), aro jis
upoussosibHOro A € SL,, ), Hanbosiblast KOHCTAHTa HAKPbIBAHUST (@ omeparopa A ompeze-

Jstercst 1o hopmyie
1

|A=(AAS|

a =
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[IpuBesiem Teneps robabHYI0 TeopeMy O HesiBHOH (byHKIMM U3 |3, Teopema 3.
Ilycts Y — Tomosormdeckoe mpocrpanctso, I : R™ x Y — R*¥ — 3amanmoe oTobpa-
JKeHHMe, OTHOCUTEIBHO KOTOPOro OyJIeM MPEIoIarark, ITO OHO HEMPePBIBHO, OTOOpayKeHne

oF
F(-,0) npaxpl HenpepbiBHO judDEPEHIUPYEMO TIPH BCeX 0 € Y., 0ToOpayKeHust o B
i
?F
el HEIPEPBIBHBI 110 COBOKYITHOCTH apTyMeHTOB (T, 7).
x

[Ipennoxeunue 21. (caredecmsue us [3, meopema 3[). Ilycmo sadano o > 0.
IHpednonsoscum, 4mo AUHETHBIT onepamop a—(x, 0) ABAACCA QL -HAKPHLBAIOULUM TPU BCET
x

(x,0) € R" x 3.
Tozda cywecmeyem nenpepoeroe omobpascenue G : R™ x 3 — R™ maxoe, «mo

F(G(x,0),0) =0 V(r,0) e R" x ¥,

|F'(x,0)]

o

|G(x,0) — x| < V(z,0) € R" x 3.

3. OcHoBHOI1 pe3yJbTaT

Bepuemest k 3azaue Komwm (1.1). Cdopmyupyem JocraTodHble yCIOBUsI €€ Pasperu-
MOCTH IIpK1 JHO6I)IX Ha4vaJIbHBIX JaHHBIX W YCJIOBHYA CYIIIECTBOBaHUA PEIICHUA Ha 3aJaHHOM
UHTEePBAaJE BPEMCHU.

[Iycrs 3as1ano BemecTBennoe yucao o > ().

Teopema 3.1. Ilpednoaootcum, wmo das omobpastcerus [ 8biNOAHAETCA NPEINOsOHCE-

HUE PABHOMEPHOT PERYAAPHOCTIU NO NEPEMERHOT T, O ECMb AUHETHBIL ONEPATNOP %(t,x,j:)
ABAACTCA O -Hakpusatowum npu ecex (t,x,x) € I x R” x R™.

1. Toz0a dan mobozo (Lo, xo) € I X R™ u dasn moboti nenpepoienots pymxuuu ug : I — R™
cywecmeyem codeparcauyuti to unmepsan J C I u pewenue p @ J — R™ 3adowu Kowwu
(1.1) maxoe, wmo

2(0) — o)) < LA g oy (3.1)

2. IIpednonosicum donoanumenvro, wmo cyuecmeytom nenpepvisnoe gynryuu a: I—-Ry
ub: I xR* =R, maxue, umo

f(t,2,7)] < a(®)|x] + b(t,7) ¥ (t2,4) € I x R" x R™. (3.2)

Tozda das aw06ozo (Lo, xo) € 1 X R™ daa arboli nenpepuenots gynkuyuu ug : I — R
cywecmeyem pewenue @ : 1 — R™ zadawu Kowu (1.1), das xomopozo ewnoanaemes (3.1).

Hoxkasarensctso. 1. llpumensst npemioxenue 2.1 ¢ X =1 xR” u 0 = (t,x),
IOJTy9IaeM, 9TO CYIIeCTBYeT HelpepbiBHOe oTobpaxenme ¢ : R? x R?T! — R” rakoe, uto
Yy ) Y1 Yy )

f,x,g(u,t,x)) =0 V(t,z,u) € I x R" x R, (3.3)

FAGERD]

t,x) —u| <
Jg(ust, ) — u] < 2

V(t,x,u) € I x R" x R™. (3.4)
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Bosbmem nipousBosibhyt0 ToUKY (Lo, Tg) € I XR™ u pyukmmio vy : I — R™ u pacemorpum
zagauay Kot

= gluo(t),t,z), x(tp) = mxo. (3.5)

[TockombKy (DYHKIMA ¢ U Uy HEIPEePLIBHLI, TO IpaBast 9acTh 1udEepPeHIMaIbHOrO ypaBHe-
Hust B (3.5) HenpepwiBHA, U, 3HAUMT, 3a1a4a Kommu (3.5) umeer permenne f-), onpemeneHHoe
Ha HEeKoTOpoM mHTepBasie J (oM., Hanpumep, |4, raasa 11, Teopema 2.1)).

[TokaxkeM, uTo (PyHKIHs @ sABJIsiercs uckoMmoi. Jlist npoussoasHoro ¢ € J umeem

f(ta Sp(t)ﬁ Sp(t)> - f<t7 Sp(t)ﬁg(u(t)ﬂtﬂ (p(t))> =10

31ech mepBoe paBeHCTBO CJICAYeT U3 TOro, 9T0 (DYHKIMS (@ SBISCTCA PEIICHHCM 3aJa9K
Kommu (3.5), a Bropoe — u3 coornomenust (3.3). Kpome toro,

o

£(t) = uo(t)] = [g(uo(t), t, o(t)) — uo(t)] <

3/1eCch PABEHCTBO CJIyeT U3 TOro, 9T0 (PYHKIMs ¢ sIBJIsleTCs perennem 3a1aan Komm (3.5),
a HepaBeHCTBO — U3 cooTHoMenust (3.4). Taxum obpasoMm, GyHKIMsS ©(-) SIBJISIETCS UCKOMOIA.

2. [Ipumensist npejyioxkenne 2.1 ¢ 3 = [ x R” u o = ({, ), noaydaem, 910 CyIIecTByer
HempepbiBHOe oTobpaxkenue ¢ : R” x R*T — R"™ Taxoe, 9T0 BLIIOJHSAIOTCA COOTHOIICHMST
(3.3) u (3.4).

Bosemem npoussosbHyto Touky (lg, 7o) € [ X R” u dyuxkmmo ug : I — R” u pac-
emorpuMm 3agaqay Kommu (3.5). [lockosbky (byHKIME ¢ U g HEIPEPBIBHBI, TO TPaBasi YacTh
Jddepeninaabaoro ypastenus B (3.5) menpepsisaa. Kpome Toro,

|9(uo(t), 1, )] = |g(uo(t), 1, 2) — uo(t) + uo(t)] < lg(uo(t),t, ) — uo(t)] + |uo(t)] <

< St @, uo(t)])

08 ¥ Jugf0)] <

WO oy 1 W0y

Jutst gioboro ¢ € I, 3yiech 1epBoe HEPABEHCTBO BBITEKAET M3 HEPABEHCTBA TPEYTOJbHUKA,
BTOpOE — U3 cooTHorerus: (3.4), a Tperbe — u3 npeanosoxkenus: (3.2). Takum obpasom, jist
3aza4u (3.5) BBIIOJHEHBI IPEIIOJIOKEHNs] TEOPEMBI O TIPOJIOJIKEHUN PEIIEHIs] Ha 34 IaHHBIH
urTepsas (cMm., Hanpumep (5, riaasa 11, Teopema 5|). Buaunt, 3amaua Komm (3.5) umeer pe-
menve @(-), ompeseneHHoe Ha BeeM uHTepBaje [. Jloc/I0BHO MOBTOPUB COOTBETCTBYIONIUE
paccy KIeHust U3 MyHKTa 1 JI0Ka3aTeIheTBa, MOAYYaeM, 9To (PDYHKIUA (O SIBJISETCS UCKO-
MOTA. U]

4. Ob6cyxKaeHre OCHOBHBIX pPe3yJbTATOB

[Tpoxkommentupyem teopemy 3.1. llpumenurensro x 3aaue Komm s sssHOTO mudbde-
PEHIMAILHOTO YPAaBHEHHS, T. €. K 3aJa4e

i’:h(t,$), $(t0) = Zo,

B Koropoit A : [ x R — R"™ — sajannast HenpepbiBHast dyHKiust, a (tg, o) € I X R”
— 3aJIAHHOE HAYaJbHOE yCJI0BHE, TeopeMa 3.1 He jaeT HOBBIX Pe3yabraToB. B aToMm ciaydae
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flt,x, @) =2 — h(t,x), a =1, u, sHauut, Teopema 3.1 coBIATAET C UZBECTHBIMU YTBEPIK 1€
HUSIME O CYIIECTBOBAHMH DEINCHHsI W €ro MPOJOJDKCHUN Ha 3aJaHHBLIH MHTEPBAT BPEMCHH
(cm., manpumep, [4,5]). Tlpu sTtom onenxa (3.1) mpuHuMaer By

|o(t) — uo(t)] < |h(t, (b)) — uo(t)| VieJ.

Ho s1o mepasercTBo oveBuHO, ocKoabKY () = h(t, @(t)). Taxum obpasom, Teopema 3.1
HE JaeT HOBBIX PE3YIbTATOB JIJIsl SIBHBIX Iu(DepeHIma bHbIX yPaBHEHULT.

OrMmernM Terepsb, 9TO B MPEJIIOIOKEHUIX TeopeMbl 3.1 pererne MoxeT ObITH He €JTHH-
CTBEHHBIM. Bo-TIepBBIX, 9TO ¢BSI3aHO C TeM, ITO oToOpakeHue [ HENPEPBIBHO 10 TePeMeHHOH
2, HO He 00sI3aTe/IbHO JIOKATBHO JIUIIIHUIEBO. BO-BTOPBIX, B MPEIITIOIOKEHNUSIX TEOPEMbI BO3-
MOXKHA cuTyarmsi k < n, OpU KOTOPOH, OYEBUIHO, €IMHCTBEHHOCTD PEITEeHNsT HEBO3MOXKHA.
Ogmaxo, ecmm k = n, a orobpaxenue [ 10CTATOTHO TJIATKO, TO MOYKHO JIOKA3aTh €JTMH-
CTBEHHOCTD DEITIeHMSI.

[IpuBenennniit B maparpade 1 nmpuMep MOKa3bIBAET, UTO MPEJIIOIOKEHIEe PABHOMEDHOM
peryJIsIpHOCTH B TeopeMe 3.1 CyIecTBEeHHO JIJIsT YTBEPKAeHUs 1. 1 O CyIecTBOBAHUN pertie-
uust. [loxkazkem, 4o jaxe ecsim umeer Mecro yciosue (3.2), To yCaoBHe PaBHOMEPHOW pery-
JISIPHOCTH CYIIECTBEHHO U JIJIsl YTBEPXKJIEHUSI 1. 2 O CYIIECTBOBAHUH DEITEHUsT Ha 38 TAHHOM
WHTEpPBaJie BPEMEHH, U He MOXKeT ObITH 3aMEeHEeHO, HAIIPUMED, TPeIIOI0KEHIeM PEry/IsipHO-
cti f 1O IepeMeHHOM & B KaXKJI0M TOUYKe 00JIACTH OmpeesieHnst 0OToOparkeHus f.

[Ipumep 4.1. Pacemorpum samaay Komm (1.1), B koropoit I = R, a orobpaxenue
f:R x R? x R? - R? onpenerneno o dpopmyite

fmxmw<ﬁ“”“”>—<t),d:<m@geR%:v<mmg,teR

e sin(iy) 0

st sToro orobpaxkenus: cootrorenre (1.2) Boimosasiercs npu a0bom (tg, o, ug) € R X
2 2
R? x R? (cm., manpumep, (6, §5.3]).
[lokaxkem, aT0 B paceMmarpuBaeMoil 3ajiaue BBIIOIHSETCs Npesnooxenne (3.2). [leii-
CTBUTEBHO, i mobbx (¢, x,4) € R x R? x R? mmeem

: e™ cos(x2) t ;
t — b i - <t o VteR.
el = | Sagm) )= (4 )| <t
Buauunt npemmnoaoxenre (3.2) pernosnsercs ¢ [ = R. Onnako mo6oe pererne 3anaan Ko
(1.1) ne onpenieneno B Touke ¢ = 0, mockoabky f(0,z,2) # 0 uu npu xaxux z,z € R2

B szaksmouenue paccmorpuM cirydalf, Korga orobparkeHwe [ JIMIITATIEBO IO TIEPEMEH-
woit x. llycts B > 0 zamano.

[Ipennoxeunune A4.1. Ilpednonooicum, wmo omobpascenue f(t,-, ) aunwuyeso c
koncmanmots Junwuya B npu mobux (t, 1) € I XR™. Ilycmov (g, x9) € [ XR™ — sadannan
mouxa, up : I — R"™ — 3adannan nenpepuenan Gymnruus,

t

Plugl(t) := f(t,xo+/uo(s) ds,uo(t)>, tel,

to
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J C 1 — sadannoid unwmepsan, codepocawut to, @ J — R* — pewenue 3adavwu Kowu
(1.1), ydosaemeopaowee nepaserncmay (3.1).

Tozda

[Pluo](1)] ]()|

16(t) — ot |<—‘/ 29 b fug] ()| ds| + vieJ

Hoxkasarensctso. Bceuwry (3.1)u mummumnesoctu orobpazxkenust [ 1Mo BTOPOMY

apryMeHTY UMeeM

al@(t) —uo < [F( o), uo(t)] < [f(E () o(t)) = Pluel ()] + [Pluo(t)] <

<6‘/ ) — uols)) ds| + |[uol(t |<ﬁ/|¢ ) ()l ds + [Pl Y

1

1 B
st moboro t € J, ¢ > tg. YMHOXKAs 5TO HepaBeHCTBO HA o e« %) nojpyuaem, uro

20 [ 156) — w9l ds) < S fu0)
i )=

pu gobom t € J, t > ty. 3uaunr,

/w — ug(s)] ds < - /ea”@[uo](nds

pu jitoboMm ¢t € J, t > ty. Orcrona u us (4.1) cremayer, 9ro

60— (0] < 5 2 afu)(s) s + 2L

nst goboro t € J, t > ty. lloBropus amanoruunble paccyxieHust st t € J, t < ty,

MIOJIyIaeM UCKOMYIO OTIEHKY.
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On the implicit and inverse many-valued functions
in topological spaces

Evgeny S. ZHUKOVSKIY!, Joao Paulo MUNEMBE?2

! Derzhavin Tambov State University
33 Internatsionalnaya St., Tambov 392000, Russian Federation
2 Eduardo Mondlane University
Praca 25 de Junho, Maputo CP. 257, Mozambique

Annoramus. [Ipennararorcs ycaoBUsS HEMTPEPHIBHOCTH JEHCTBYONINX B TOMOJOTHIECKUX
MPOCTPAHCTBAX HESBHOTO MHOTO3HAYHOTO OTOOPaXKeHus U 00PATHOIO MHOTO3HAYHOTO OTOO-
paxenusi. Jlnsg 3amanaeix otobpaxenuii f : T'xXx X =Y, y: T =Y, rme T,X,Y — 1o-
IIOJIOTUYECKHE TPOCTPAHCTBA, IPOCTPAHCTBO Y. XaycaopdoBo, paccMaTPUBAETCH yDaBHEHNE

It z) =y(t)

¢ mapamerpom t € T oTHOocuTenbHO Hen3BecTHoro x € X. Ilpeamomaraercst, 9To /Ist HEKO-
TOPOro MHOTO3HATHOrO ortobpazkennss U : T = X mpwu Bcex t € 1 BBINOJHEHO BKJIOYEHIE
f,U(t)) 2 y(t). Onpenensiercs mesisuoe orobpaxkenne Ry : T = X, xoropoe conocras-
JISeT KasKJIOMy 3HadeHWio mapamerpa ¢ € T muomectBo pemenuii x(t) € U(t) manrOTO
ypaeuenus. Jokazano, ato Ry MOJYHETPEPBIBHO CBEPXY B TOUKe tg € T, ecn BHIIOTHEHBI
coieytomue ycaosus: npu jioboMm z € X orobpaxkenue [ HenpepeiBHO B Touke (Lo, ),
oTobpakeHme Yy HENPEPHIBHO B TOYKE 1, MHOTO3HAYHOE OoToOparkeHne U TOJyHETPEPHIB-
HO cBepXy B TOouke lg u muoxkectBo U(tg) C X wommakrho. Ecau JonojaHuTesHO, pu
3HAYEHUN MapaMeTpa to pelleHne ypaBHEHUs eIWHCTBEHHO, TO oToOparkeHnue Ry Hempe-
DPBIBHO B TOYKE {g u JIOO0OE CedeHre ITOr0 OTOODAYKEHNs TAKZKE HEMPEPBIBHO B TOYKE tg.
[Tepeuncierble Pe3yabTATH TPAUMEHEHBI K UCCTEI0BAHIIO MHOTO3HAYHOTO 00PATHOTO OTO0-
paxkenusi. Umenno, aid 3amanH0r0 orobpaxkenuss g @ X — 1 paccMOTPEHO ypaBHEHUE

g(xz) = y orsocHTENnBHO HemsBecTHOTO z € X. IIOMYy€eHBI YCIOBHUS TIOJTYHENPEPBIHOCTH
cBEpXY W HenpepeiBHOCTH oTobOpaxkenus Uy @ 1T = X, Vy(t) = {z € U(t) : g(x) = t},
teT.

KumtoueBbie cioBa: mesBHasi (hyHKINs; obpaTHas (DYHKINS; MHOTO3HAYHOE OTOODAKEHNE,;
[TOIYHETIPEPBIHOCTE CBEPXY; ITapaMerp
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u UEM-SIDA 2017-2022 (TToauporpavma Ne 1.4.2: Hapaiusatue OTeHIUAIA B MATEMATHKE,
CTATUCTUKE U €€ [TPUIOKEHUSIX ).

s mutuposanust: XKykosckut E.C., Mynembe . I1. O HesBHOIM 1 06PATHON MHOTO3HAY-
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Abstract. The conditions of continuity of the implicit set-valued map and the inverse set-
valued map acting in topological spaces are proposed. For given mappings f: 7T x X — Y,
y: T =Y, where T, X,Y are topological spaces, the space Y is Hausdorff, the equation

It z) = y(t)

with the parameter ¢ € T' relative to the unknown z € X is considered. It is assumed
that for some multi-valued map U : T = X for all ¢ € T' the inclusion f(¢,U(%)) 2 y(t)
is satisfied. An implicit mapping Ry : T = X, which associates with each value of the
parameter ¢ € T the set of solutions z(¢) € U(t) of this equation. It is proved that PRy is
upper semicontinuous at the point ty € 7', if the following conditions are satisfied: for any
z € X the map [ is continuous at ({o,), the map v is continuous at to, a multi-valued
map U is upper semicontinuous at the point ¢y and the set U(tg) C X is compact. If, in
addition, with the value of the parameter ¢y, the solution to the equation is unique, then
the map Ry is continuous at #g and any section of this map is also continuous at ¢y. The
listed results are applied to the study of a multi-valued inverse mapping. Namely, for a given
map g: X — T we consider the equation g(z) =y with respect to the unknown = € X.
We obtain conditions for upper semicontinuity and continuity of the map Uy : T = X,
Vyt)={zeclU@): glx)=t}, teT.

Keywords: implicit function; inverse function; multi-valued mapping; upper semicontinuity;
parameter
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Bseaenue

[Tycts 3amansr Heycrsie maOKectBa 1) X, Y uonpenenenst orobpaxenust [ : T'x X =Y,
y: T — Y. Paccmorpum ypasHeHue

St x) = y(i) (0.1)

¢ mapamerpoMm t € T ornocurensuo HemspectHoro r € X. Ilycrs st mroboro ¢ € T pe-
menve x € X ypasuenust (0.1) cymecrsyer. Orobpaxkenue, conocranisitoniee touke ¢ € T
MHOZKECTBO peleHnit aroro ypasaenusi, HasbiBatoT (eM. [1, n. 1.1.10]) neasroim omobpasice-
Huem i neasrotl gynkuuet. MeeaeqoBannio yeaIoBuit CyImecTBOBAHUSI U CBOMCTB HesIBHOM
(DYHKITMK TTOCBSIITIEHA MHOTOYUC/IEHHAST JIMTEPATYPA, 9TU PE3YIbTATHl HAXOSIT TPUMEHEHHUST
B aHaJIM3e, UCCJIEIOBAHNN PA3JINIHBIX KJIACCOB (PDYHKIIMOHAJBHBIX YPABHEHUN U BKIIOYUEHNH,
B NPUJIOXKEHUsIX (CM, HApUMep, KHUrY |2, crateio [3] u umeromtytocst tam 6ubmumorpaduro).
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B uacraom ciyuae, korma Y =T, y(t) = v snagenue f({,x) He 3aBUCAT OT {, TO €CTbH
f(t,x) = g(x), ypasuenue (0.1) npurnMaer By

glx) =t. (0.2)

Orobpaxkenue, comocrasisiomee Touke ¢ € T mHox)ecTBO pernenuit ypasaenus: (0.2), Ha-
BBIBAIOT 00pammbim omobpasicenuem i obpammoti dynxuueti. IsBecTHBIE PE3yIBTATHI IO
Teopun 00PATHBIX (DYHKIIUI [IPEJICTABIEHBI, HAIIPUMED, B KHUTE 4], HEKOTOPBIE UX yTOUYHE-
HUsI CM. B [5].

B 6onpmunCcTBE HMccaenoBanuil HestBHAST 1 0OpaTHAsT (DYHKIIUST PACCMATPUBAIOTCS B ITPE/I-
[IOJIOXKEHWH, 9TO TpocTpaHcTBa X, Y sBISIOTCsT GAHAXOBBIMU, & B Psijie 38749 — KOHed-
HOMEDHBIMH BEKTOPHBIMU IPOCTPAHCTBAMU. 3JIECH MBI IIPEJIIOIAraeM, 9TO MPOCTPAHCTBA
T,X,Y Ttonosorunyeckue, U UCCIEIYEM CBOWCTBA HENPEPHIBHOCTA MHOIMOSHAYHBIX HESTBHOT'O
1 00paTHOrO OTOOpaYKEeHMit.

1. TlocraHoBka 3aja4u

[Iycrs 3aganbl Tononorudeckue npocrpanctsa 1, X, Y. B npoussenenuu X X T’ nosa-
raeM, 9TO 3aJl[aHa CTAHJIAPTHAST TOIOJIOTHS, T. €. OTKPBITBIM SIBJISIOTCS 00beIMHEHNe TPO3-
BesileHUt OTKPBITEIX MHOXKecTB W3 X u 1. Ilycrs ompernemensr orobpaxenus: g : T — Y,
f:TxX =Y y:T—Y uwmaorosnaunoe orobpaxenue U :T' = X (1101 MHOrOZHAYHBIM
oToOpakeHueM TOHNMAETCsT 0TOOPaYKEHNe, COTOCTABIISONIEe KAaXKIOMy apryMeHTY HeIryCcToe
MHOZKECTBO ).

Hamomuanwm onpenesienme ¢BOMCTB TOIYHEIIPEPBIBHOCTH CBEPXY W CHU3Y MHOTO3HATHOTO
orobpaxkenus (TopobHee CBEJIEHHs O TIOJIyHEIIPEPBIBHBIX OTOOPAXKEHUSIX CM., HAIIPUMED, B
1, m. 1.2.2], [6, §2.3]). Muorosuauroe orobpazkenue [/ Ha3BIBAIOT NOAYHENDEDHIEHBIM CEEPLY
6 mouxe to € T, eciu mst m06oro oTKpeiToro Muoxkecrsa V. C X rakoro, uro U(xzg) C V)
cymecTByer oKpecTHocTb Br(lg) Touku fg, Jijist KOTOPOH BBIIOJHEHO COOTHOIIEHIE

Vt € Br(t) U(t) C V.

Muorozuagnoe orobpazkenue U Ha3LIBAIOT NOAYHENPEPHIBHBIM CHU3Y 6 mouke to € T, ec-
M s T06OTO OTKPBITOro Muoxectsa Vo C Y rtakoro, ato U(tg) NV # (), cymectsyer
okpecTHOCTE Br(tg) TouKuM (g, yisi KOTOPOH BBIITOJHEHO COOTHOIIEHHIE

Vi € Br(ty) UR)NV #£0D.

Orobpaxkenue, TOJyHEIIPEPBIBHOE CBEPXY W CHU3Y B TOYKE fj, HA3BIBAIOT HENPEPbIEHbLLM
6 amoti moyke. Feou U sBistercss NOJIyHEIIPEPBIBHBIM CBEPXY (II0JIyHEINPEPBIBHBIM CHU3Y,
HEIIPEPBIBHBIM ) B JIOOOH TOUKE, TO TOBOPSIT, UTO JAHHOE MHOTOZHAYHOE OTOODAYKEHUE N0AY-
HENPePbIBHO ceepry (NOAYHENDEPLIBHO CHUSY, HENPEPBIEHO).

Pacemorpum ypasaenue (0.1) Bymem npexmosarats, 910 Ipu KaXKI0M 3HAYEHUH T1apa-
merpa ¢ € T ypasuenue (0.1) umeer pemenue, npuHasyexairnee MHoxectsy U(t), To ecThb
CIIPABEJJTUBO COOTHOITIEHNE

Vie T f(t,U®) > yt). (1.1)

OnpeneuM HesiBHOE 0TOOpPaKeHNe, TO eCTh MHOTO3HAYHOE 0TOOparKeHme

RNy :T= X, Rult)={xecU®Q): flt,z)=yt)} VteT (1.2)
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Hac 6ymyT mHTEpecoBaTH YCJIOBUSI MOJYHENPEPBIBHOCTH CBEPXY, CHU3Y W HENPEPLIBHOCTH
9TOTO OTOOPAYKEHUSI.
Taxke Mbl paceMorpum ypasherue (0.2) B IIPEIIOIOKEHIN, UTO

VieT g(U(t)) > t. (1.3)

Hac 6ynyr uaTepecoBaTh cBOcTBA 0OPATHOTO OTOOPAYKEHUSI — MHOTO3HATHOIO OTOOparKe-
HUSI, OTIPEJIEISIEMOT0 COOTHOITIEHUEM

By :T=X, But)={xcU®): glx) =t} VieT. (1.4)

2. Hegsnag dyunkius

Besne manee nmpemnonaraeM, 9TO TOTOJOTHYECKOE IIPOCTPAHCTBO Y sIBJISIETCST XayCaop-
dosbmv. 1lycrs 3amana rouka ty € T. CdhopMmynupyeM yCaoBHst MOIYHEIPEPBIBHOCTH CBEPXY
B 9TOH TOYKE HEsIBHOT'O OTOODAYKEHUSI.

Teopema 2.1. [ycmb gvinosnens, caedyrowue yeaosuds: npu sobom x € X omobpasice-
nwue [T x X =Y nenpepvierno 6 mouxe (to,x), omobpascenue y: T — Y menpepoisno 6
mouke tg, mHozosnaunoe omobpascenue U T = X noaynenpepwieno ceepry 6 mouxe to,
mnooicecmeo Ulty) C X xomnaxmno u umeem mecmo exatouenue (1.1).

Tozda onpedeaernoe gopmyarots (1.2) mmnozoznaunoe omobpasicenue Ry T = X noay-
Henpepuieno ceepry 6 mouke o u mmoocecmeo Ry (to) samxnymo 6 npocmpancmee X.

Hoxkasarensctso. llycrs mist Hanpasyenus: {x,}, rae x, € Ru(ty) (a — se-
MEHT HEKOTOPOTO YIOPSJIOYEHHOTO, HAIPABIEHHOIO [0 BO3PACTAHUID MHOXKeCTBa A ) nMeer
MecTo cxopumocTh 110 Mypy — Cvury , — © € X (noapobree 06 UCIIOIB3YEMBIX B JAHHOM
JIOKA3ATEBCTBE TOMOJOTMYECKUX TOHATHAX B TEPMHUHAX CXOAMMOCTH HAIPABJICHUN CM., Ha-
npumep, |7, . I m. 2.6, 2.7]). Torpa (x4, t0) = (x,10) € T x X u, B cuty HENPEPBIBHOCTH
orobpaxenus: [ B TOuKe (lg,x), UMeEeM

y(to) = f(to, xa) — flto, ).

[Mockompky B xaycmopdoBoM mpocTpaHcTBe Y TpeJes eIMHCTBeHHBIH, IOy IaemM

y(to) = f(to, ).

Taxum obpasom, mHOKecTBO Ry (o) 3aMrayTO B X.

[Iycrs MHOTO3HATHOE OTOOpaXKeHne Ry He SBJISCTCS MOMYHEIPEPHIBHBIM CBEPXY B TOUKE
to. Torma cymecTByeT oTKpbIToe MHOKecTBO V. C X Takoe, 410 Ru(ty) C V u B 060l
okpectnoctn Br(to) Touxm to maxommrest Touxa t € Br(tp), aas KoTopoil cymectsyer
xeRu(t), ¢ V.

Onpenemam Mmuoxkectso U = U(ty) \ Ru(to). Ilycrs smementamu Muo)ecTBa A siB-
JIsiI0TCst HAGOPbI IPOMSBONBHBIX okpectHoctelt Br(ly) u By(z), = € U°. Oupenenum na
MHOKeCTBE A TOPSIOK, moJsrarast IJIst ero 3JeMeHToB o, € A,

a = {B3(to), By(x) Ve € U°}, o = {BY (t), By (x) Yz € U}



388 E. C. 2Kyxorckuit, 2K.I1. Mynembe

* 4 i
BBIITOJTHEHHBIM HepaBeHCTBO a = o, ecam B (ty) C BY (o) u B (x) C B (x) upw srobom
x € U°. Muoxectso A sBIseTcsl yIOPAZOYEHHLIM TI0 BO3PACTAHHIO, TAK KaX I JTIOOBIX
a,of € A MoxeM onpene T

B = {B3(to) N BY (to), BY(x) N B (x) Va € U},

JUISE KOTOPOTO BBIIOJIHEHO [ =y (3 = o,
Oupenemum wanpasienust {7,} C T, {va} C X, {u.} € X (a € A) crexyromum
obpazom. s npoussonbroro o = {BG(to), BS(r) Vo € U} € A obosnaunm

"= (U mm)Ur

zel?

Muoxecrso V* orkpeito u U(ty) C V. B cuiy nojyHenpepbiBHOCTH CBEPXY B TOUKe I
orobpaxenus: U cymectsyer okpectHocts U* C B (ly) Toukm ty raxas, aro U(t) C V*
npu Beex t € LY. Kpome Toro, Kaxk 1okasaHoO BBINIE, CYIIEeCTByeT T, € UY u CYILIECTBY-
er vy, € Ry(7a) Taxoit, aro v, ¢ V. Ho Tax xax Vo € V% st HEKOTOPOTO U, € o
BBIMIOJIHEHO U, € BY (u,). Wrak, nanpasiernst {7,}, {va}, {ta} onpemnenenst.

B cuny kommaxtHocTr muOXKecTBa U(ly) Hampasierune {u,} MMeeT NpesebHy0 TOUKY
u € U(ty), 1o ecrb Hanpasjenue {u,} 9acro Berpedaercs: ¢ Jioboil okpectHOCTHIO By (1)
TOYKH 1 :

Vo€ Add = {BY (t), BX(x)Vz e U} € A o = a, uw € Bx(u).

[okazkem, 9TO HANPABJICHUE {U,} YACTO BCTPEYAETCsl ¢ JTIOOOH OKPECTHOCTHIO TOYKH
u. st npoussosibHOM okpectHOCTH By (1) TOuKM u oupenesum oy € A, st KOTOPOTO
B¢ (x) C Bx(u) mpu Beex x € By (u). CymecrByer o > o Takoe, 9to Uy € Bx(u). 1o
onpeJiesieHn o HanpasieHuit {74 }, {va }, {ua} nMeem

Vot € 9{[](7'0/), Wt & Bg‘(/(ua/) C B?(O(ua/) C Bx(u)

Takum obpasomM, cyinecTByer nofHanpasienue {vs, 6 € D}, cxomsimeecs: k. u. Ortpe-
JIeJIUM COOTBETCTBYOINee nojHanpasienue {75, 0 € D} wnanpasnenust {7,} cremayommm
obpazom. Ilycte oy = {BF () = T, BY(x) = X Vx € U} € A. Cymecrsyer Taxoit
do € D, uro mast moboro § > Oy Haiimercsst o € A, o > «qp, YIOBIETBOPSIOMMN COOTHO-
MICHUIO U5 = VUn. JJIs1 TAKHX ¥Ke MHICKCOB 0, TOJOXKHUM Ts = T,. TaK Kak HallpaBJICHUEe
{7a} cxomurcst ¥ tp, TO ero coorBercTBYMOIIEe NogHANpaBieHne {75, 6 € D} cxomurest K
to. Uz pasencrsa f(75,05) = y(7s) BCJenCTBHE HENPEPBIBHOCTH OTOOpaxkenuit [ u y u
eJMHCTBEHHOCTH IIpejiesia B Xxaycaopgosom npocrparcree Y mnoayuaem f(to, u) = y(tg), To
ectb u € Ry(ty). Omuako, Tak Kax U5 ¢ 1% npu oboM 0 € D, JO/KHO BBIIOJIHSITHCS
COOTHOIIIEHUE U & V, KOTOPOE TIPOTHEOPETHT BKIIOUCHHIO U € R (lp). Urak gokazano, 14ro
MHOTO3HATHOe oToOpaykenue Ry IMOJIyHENPEPBIBHO CBEPXY B TOYKE (. O

Caenctsue 2.1. [lycms svinoanenst caedyrouue yeaosua: omobpascenus f: Tx X =Y
uy: X — Y muenpepwistol, mrozosnaunoe omobpascerue U T = X noaynenpepuieno
ceepxy, npu aobom t € T mmooicecmeo U(t) C X xomnakmmo u umeem mecmo Coommo-
wenue (1.1).
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Tozda onpedeaermoe gopmyaroti (1.2) mmozosnaunoe omobpasicenue R noAyHEnpepvieHo
ceepxy u oaa ecex t € T umeem obpasamu samrmymoie mruoscecmea R(L).

JJoxasarTenancTBo. B yermoBusix 31oro yrBep:KaIeHUsT BBITOJIHEHBI ITPEJITOIONKE-
Hust TeopeMbl 2.1 murst robol Toukn tg € 1. O

Cuenctsue 2.2. Ilycms npocmparcmeo X KOMNAKMHO U 8HINOAHEHDL YCAOBUS: OMOD-
pasicerus f T x X =Y uy: X — Y mnenpepwsnot u npu arwbom t € T svinosnero
coomnowenue f(t, X) > y(t).

Tozda mrozo031a410e 0MOOPANCEHUE

R:T= X, R ={zeX: f(t,x)=yl)) VLeT,

noAYNENpePvieno ceepry t oaa scex t € T umeem obpasamu 3amxnymoie muooicecmaa R(t).

JokasaresnsbcTBo BuTeKaeT U3 caeactsust 2.1, ecin nonoxuts U(t) = X npu
mobom t € T. n

Crenytonmit IpuMep WILTIOCTPAPYET CYIECTBEHHOCTh YCJIOBUS KOMIAKTHOCTH MHOZKE-
crea U(t) B Teopeme 2.1.

Mpumep 21. lycrs T'= X =Y = R (momaraem, uro B R 3amana “oberanast’
ronojiorust). st mobeix t,r € R momoxum f(t,x) = (txv — Dz, y(t) = 0, U() = R.
Oyuaxnun f,y HelpepbIBHBI, MHOMO3ZHAUHOE oToOpaykeHune {/ HenpepbiBHO (C/e0BaTe/bHO,
HOJIYHEIIPEPBIBHO cBepXy ). Taxum 0O6pasoM, CIpaBejIuBbI BCE YCIOBHUsL Teopembl 2.1 Kpo-
Me KoMIakTHOCTH 3Hadenutt U(t) muOTO3HAUHOrO OoToOpaykenus: /. MHoxecTBOM pereHuit
ypasaenust (0.1) siBsiercst

R(t) = {0,t7") mpu t e R\ {0}, R(t) = {0} mpu ¢t = 0.

Ho »10 MuOrO3HaTHOE OoTOOpakenne R : R = R He siByisteTcs MOTyHEIIPEPBIBHBIM CBEPXY B
touke t = 0.

Anayornynoe Teopeme 2.1 yTBepXKJEHME O TOJYHENPEPBIBHOCTH CHU3Y MHOIOZHAYHOIO
orobpaxenust Ry : T' = X B caydae TOJIYHENPEPBIBHOCTH CHU3Y U JIaKe HEITPEPBIBHOCTH
orobpaxenust U :T'=2 X oxaswiBaeTcsi HeBepHBIM. [IpuBeieM cOOTBETCTBYIOIHI TPUMED.

Mpumep 22 Iyers T=10,1], X =Y =R (c “obbranoit” ronosorueit), Gyakimn
f:10,1] xR = R, y:[0,1] - R, u maorosnaunoe orobpaxkenue U : [0,1] = R 3anans
coorHomenusivu:  f(t,x) = x -+t upu x € (—oo, 1] u f(t,xr) =2 —x+t upu x € (1,00),
y(t) =0, U(t) = |0,3]. Ouesumno, pyukuuu [,y HeNpepbIBHBI, MHOIO3HAYHOE OTOODAa-
kerre [/ HENpPepbIBHO W MMeeT KOMIIAKTHbIE 3HAYeHUs. B JaHHOM cjydae MHOXKECTBOM
perrernit ypasaerust (0.1) siBisiercst

Ny (t) = {24t} mpu t € R\ {0}, Ry(t) = {0,2 ¢} mpu t = 0.

DTO MHOTO3HAYHOE OTOOPaYKEHUe He sIBJISIeTCsT TOTyHeIPEPhIBHBIM CHU3Y B Touke t = 0.
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Ecmm sragennem mHOrO3HaUHOTO oToOpazkerust Ry : 1" = X B TOUKe 1y sIBISIETCS OJIHO-
9JIEMEHTHOE MHOYKECTBO, TO CBOMCTBA MOJIYHEIIPEPBIBHOCTH CBEPXY U HENPEPBIBHOCTHA TOUKE
o pasHOCHIBHBL. Kpome Toro, eciin MaOZKecTBO R(1)) COCTOUT JIUIIL U3 OJIHOTO HJIEMEHTA, TO
nr06oe cevenne (To ecth orobpaxenue k1T — X raxoe, aro k(t) € R(t) npu Bcex t € T')
[IOJIYHEIIPEPBIBHONO B TOYKE Ty MHOTO3HAYHOIO OTOOpayKeHust Ry sIBISIETCsT OTOODarKeHM-
eM, HEIPEPBIBHBIM B 9TOH TOUKe (UTO MPSIMO CJIEJYEeT U3 OIPEIEIeHIs 01y HOIIPEPBIBHOCTH
cBepxy ). Takum ob6paszom, ToTydaeM CJIeYIOIee yTBEPXK IEHHE.

Caenctsue 2.3. [lycmo svinoarens, npednososcenus meopemvt 2.1 u cnpasediuso co-
OMHOULEHUE

Vo, o' € Ulty) flto,x) =ylto), o #x = f(to, ) # ylto). (2.1)

Tozda onpedeaermnoe gopmyaoti (1.2) muozoanaunoe omobpasrcenue Ry : T = X nenpepoie-
no 6 mouke to u muoocecmso Ry (to) cocmoum poeno us 0dnozo ssemenma. Kpome mozo,
A1000€ cevenue MH02031auno20 omobpastcenus Ry Gydem omobpasicenuem, HENPEPbLEHbIM 6
mouxe to.

Bamerum, uro ycaosue (2.1) 0UeBUIHO BBITIOJHEHO B CIy4ae, KOIJa CyXKeHue oTobpazke-
uust f(to,) Ha MHONKecTBO U(ly) mHBexTHBHO. COOTBETCTBEHHO, ecju mnpu Jwbom t € T
BBITTOJTHEHBI TIPEJIIOIOKEHNsT TeopeMbl 2.1 1, KpoMme Toro, cyxenue orobpaykenust f(t,-) Ha
MHOKecTBO U (t) sIBIIsIeTCs] MEBEKTHBHBIM, TO “OHO3HAUHOE  HesIBHOE 0TODOpaKeHHe

tel — xelU(t): f(t,z) =y(t)
(kak orobpaxkenune T — X ) Oyuer HEIPEPBIBHBIM.

3. Obparnasa byuknus

[ockonbky ypasaenue (0.2) siBisiercst 9acTHBIM ciaydaem ypashenust (0.1), u3 pesyiib-
TATOB O HESBHON (DYHKIMK MOXKHO IOJIYYUTHL COOTBETCTBYIOIINE YTBEPIKICHAST 00 0OpaTHOI

dyHKIIN.
Bynem npenmonarats, 910 TOMOJIOTTHECKOe TIPOCTPAHCTBO 1 SIBJISIETCST XayCI0P(OBBIM.

Teopema 3.2. [lycmb 8binosHeEHbL CACIYOULUE YCAOBUA: MHOL03HAYHOE OMOOPANHCEHUE
U:T = X noaynenpepwieno ceepry 6 mouke o € T, mmoorcecmeo Ully) C X xomnaxmmo,
omobpasicenue g : X — T nenpepwvieno u evinoaneno exatouenue (1.3).

Tozda onpedenermnoe gopmyaots (1.4) mmnozoznaunoe omobpasicenue Uy T = X noay-
Henpepuieno ceepry 6 mouxe oy u mmoocecmeo By (to) samrnymo 6 npocmpancmee X.

HdoxazaTeabcTBo. DTO yTBEPKJEHNE BBITEKAET U3 TeopeMbl 2.1, ecau moso-
xutk Y =T, y(t) =t n f(t,x) = g(x). Kax ormeueno srwime, ypasaenue (0.1) rorma
npunumaer suj (0.2), a maorosuauHoe orobpaxenue Ry : T = X “upespamaercst’” B 0106~
paxenune Uy T = X. U

Ucnonp3yst mpuBeieHHbBIE BBIITE CBEIEHUsT 00 0TOOPAYKEHUSTX, UIMEIOITIX B 33 IaHHON TO-
Ke 3HAUEHUEM OJTHOJIEMEHTHOe MHOXKECTBO, C(DOPMYIUPYEM yCIOBUST HEITPEPBIBHOCTH 0OpaT-
HOM (DYHKITUH.
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Cuenctsue 3.4. [lycmov sbinosHervl npeonosorcents meopemst 3.2 U cnpasediuso co-
OMHOULEHUE

Vo, ' € Uto) g{x)=to, ¥ #£x = g(') #to. (3.1)

Tozda onpedeaermnoe popmyaroti (1.4) muozoanaqwnoe omobpascenue Ly : T = X nenpepvie-
no 6 mouke to u muoocecmso By (to) cocmoum poeno us 0dnozo ssemenma. Kpome mozo,
At0boe cevenue MHo203Hawnozo omobpasicenus Ty bydem omobpasicenuem, HenpepvletvLm
8 moyuke tg.

Yeqosue (3.1) 09eBHTHO BBIOJIHEHO B CIIydae, KOIJa CyyKeHne 0ToGparXKeHusl ¢ Ha MHO-
x&ectBo U(ty) mabexTusHO. COOTBETCTBEHHO, ecu pH Ji060M ¢ € I’ BBITIOJHEHBI IPEITOJI0-
JKeHHUsT TeOpeMbI 3.2 1, KPOMe TOro, CyKeHne oTobparkeHus: ¢ Ha MHOXKecTBO UU(t) siBIsieTcs
WHBEKTHUBHBIM, TO “OIHO3HAYHOE HESIBHOE 0TOOPaYKeHUe

teT = xzeU(t): glx) =t
(kak orobpaxkenune T — X ) Oyjer HEIPEPBIBHBIM.
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Bseaecnue

BeraucimrepHbIe aqropuTMBI CTPOSITCS HA OCHOBE HEKOTOPBIX TPOCTBIX OMeparuif. Jtu
OTIepPAITNH MAHUITYITUPYIOT JAHHBIMI, KOTOPBIE OMHUCHIBAIOT «IUCTA». DTH «TUCTIA» SIBJISTFOTCS
9JIEMEHTAMU «9HUCIOBOrO JloMeHa» (numerical domain), To ecTh TAKOrO MaTEMATHIECKOTO
00beKTa, KaK TO0Jie BEeIeCTBeHHBIX TUCesI, KOJIbIA MeJIBIX THCeNI, PA3JIUTIHBIE TOJIYKOJIBIA
U T. JI.

B mpaxrtudeckux 3ajadax IHUCIOBBIE JIOMEHBI 3aMEHSIIOTCST UX KOMITBIOTEPHBIMU ITPE/I-
CTaBJIEHUSIMHE, T. €. 3JIEMEHTAMI KOHKPETHBIX KOHETHBIX MOjie/1ell 9Tux gomeHoB. [pumepamu
MoJIesielt, KOTopble yI00HO HCIIOIB30BATE JIJIsT KOMIIBIOTEPHOTO TIPEICTAB/ICHNST BEIeCTBEH-
HBIX YHCeJI, SIBJISTIOTCST PA3JIMTIHBIE MOTMMUKAIINNT aPU(PMETHKH ¢ TLIABAIONIEN 3a1sTol, mpu-
bzkeHHast apupMeTHKa PAMOHAIBHBIX duces [37]|, uarepsajibHast apudMeTHKA U JAPyTHE.
Omymare Mex 1y MaTeMaTUuIeCKUMU OObeKTaMU ( «MIeaJbHBIMU» YUCJIAMU) U UX KOHEUHBI-
MU MOJIEJISIMU ( MAIITMHHBIMU [TPEJICTABIEHUSIME ) BBIPAXKAETCSI B BBIYUCIUTEILHBIX OIMUOKAX
(HanpuMep, IIPU OKPYIJICHUH ).

AIropuT™ Ha3BIBAETCS YHUBEPCAALHbLM, ECTTA OH HEe 3aBUCUT OT KOHKPETHOT'O UHUCIOBOIO
JIOMEHa 1/ WJIK ero KOMIIBIOTEPHOro ipesicTasienust [32,33,36,40|. Tunudaabiv npuMepoM yHY-
BEPCAJIBLHOIO AJITOPUTMA, SIBJISIETCST BHITUC/IEHUE CKAJISIPHOIO IPOUsBesieHnst (1, Yy) BEKTOPOB
x=(x1,...,0n) U Y= (y1,...,Yn) 10 popmyse (r,y) = x1y1 + ...+ TpYp. DTOT aNTOPUTM
(popmysa) He 3aBUCHT OT KOHKPETHOIO JIOMEHA U ero MAIlUHHOW peaausanun; (hopmysia
MMeeT CMBICT JJIst JIF0OOT0 TOMYKOAbIA. OUeBUIHO, UTO OJUH aJTOPUTM MOXKeT ObIThH OoJtee
YHUBEDCATBHBIM, YeM apyroit. Hapumep, npocreiimast popmyna Herorora—Koreca (dopmy-
JIa TIPSIMOYTOJIBHUKOB ) SIBJISIETCST CAMBIM YHUBEPCAJIBHBIM aJITOPUTMOM YUCJIEHHOIO UHTErDH-
poanusi. B wactHOCTH, 9Ta (pOpMysia BepHA TaK¥Ke JJIsI UIEMIIOTeHTHOTO WHTEIPUPOBAHUST
(1. e. HaJL JIFOOBIM HEMIIOTEHTHBIM [IOJIYKOJIBIIOM, CM., HanpuMep, [6,31]). Apyrue dopmysibt
uHTErpupoBanus (Hanpumep, dhopMysia Tpameruit wim dhopmyaa CUMIICOHA) HE 3aBUCAT OT
MAIUHHOM apU(PMETUKY U MOTYT UCIIOIB30BAThHCsI (HAIIPUMED, B UTEPAIMOHHON (hopMme) Jiist
BBIUUC/IEHUN ¢ TPON3BOIbHON TouHOCTHIO. C IPYTOl CTOPOHBI, AJTOPUTMBI, OCHOBAHHBIE HA
dopmymax [aycca—Axobu, cozmanp! st BEITUCIEHUN ¢ 33JIAHHON TOTHOCTBIO: OHU COJEPIKAT
KOHCTAHTBI (KOIPPUIMEHTHE 9TUX (DOPMYJI), OLPEJIEJIEHHBIE ¢ KOHEYHOM TOYHOCTBIO (KOHEY-
HO, aJITOPUTMBI TAKOT'O THUIIA MOXKHO CJIeJIaTh D0Jiee YHUBEPCATbHBIME, BKIFOTUB ITPOTIEILY P
BBIUUC/IEHUs] KOHCTAHT, OJHAKO, ITO BJIEUYET YCJIOKHEHUE alOPUTMOB).

CoBpeMeHHBIE JIOCTHKEHHSI B MaTeMaTHKe W pas3paboTKe MPOrPaMMHOTO OOeCTIeYeHMsT
[IO3BOJISIIOT PACCMATPUBATH YUCEHHBIE AJTOPUTMBI U UX KJIACCH(DUKAIINIO ¢ HOBOM TOYKK
sperusi. OOBIYHBIE YUCTIEHHBIE AJITOPUTMbI ODUEHTUPOBAHBI HA IPOrPAMMHYO (MJIH almapar-
HyIO) peaTn3aIio Ha OCHOBE apru(pMEeTHKY ¢ IIaBatomel mwin (pukcupoBanHoi 3amstToi. Tem
He MeHee, YaCTO KeJaTebHO BBIIOJIHSITE BBIYUCAEHUs! ¢ U3MEHSIFOIIEeH s (M IIPOU3BOJIBLHON )
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TOYHOCTBIO. 11 9TOTO OT anmropurMma Tpedyercs HE3aBUCUMOCTE OT TOYHOCTH BBIUHCIEHUH
1 0T 0cOOEHHOCTEN MAITMHHOTO MpeacTaBaeHus ducesr. Ha camoMm siesie MHOTHE arOpPUTMBI
TaK¥Ke He 3aBUCSIT HE TOJBKO OT MAITMHHOTO MPEJICTABJIEHUS YUCe, HO U OT KOHKPETHBIX
MaTeMaTHIecKuX (aaredbpandeckux) onepanuil HaJl JaHHBIME. B 9ToM ciyuae onepanuu ca-
MI 110 cebe MOTYyT PAacCMATPUBATHLCS KAK TEepEeMeHHbe. Takue ajJropUuTMbl Peau3yroTcs B
BUJIE 0000WEHHBIT NPOZPAMM, HATTUCAHHBIX HA OCHOBE aOCTPAKTHBIX THUIIOB JAHHBIX, KOTO-
PBIe OIPEIENISIIOTCST TIOJIB30BATEIEM B JIOMIOJTHEHNE KO BCTPOEHHBIM B $I3bIK TUITAM JTAHHBIX.
CooTBeTcTBYIOITHE TTPOrPAMMHBIE CPEJICTBA MOSIBUINCH CHaYa a B sizbike Cumyna-67, HO co-
BpeMeHHbIe 00'beKTHO-OPUEHTUPOBAHHBIE si3bIKK (Takue Kak C+-+, cM., Hanpumep, [41,47])
6ostee yraoOHBI 11151 0DOBIIEHHOTO MPOTPAMMUPOBaHUsI. AJTOPUTMBI KOMIIBIOTEPHOH asred-
poI, ucnob3yemblie B cucremax Mathematica, Maple, REDUCE u npyrux, Taxe BBICOKO
YHUBEPCAJBHBL.

Hpyroit ¢popmott aaropuTMOB sIBISOTCST UTEPAITHOHHBIE aJITOPUTMBI JIJTsT PEITeHus Tud-
(bepeHIMABHBIX ypaBHEHU (HAIPUMED, MeTOIbl Ditjepa, ditiepa—Komm, Pyrre-Kyrra,
Anamvca, HECKOJIBKO BAPUAHTOB METOJIA PASHOCTHBIX NPUOJIMKEHUN U MOI00HbIE), METOIbI
BBIYUC/IEHUST 9JIEMEHTAPHBIX U HEKOTOPBIX CIHEUAJbHBIX (DYHKIMH, OCHOBAHHBIX HA PAa3JI0-
JKeHuu B psajibl Teitiopa u Ha HenpepsiBHbe jipobu (npubmmxkenust [laje). DTu aaropurMmb
HE 3aBUCSIT OT MAIIMHHOTO TPEICTABIEHUST TUCET.

[ousiTre 06061EHHBIX TPOrpaMM GBLIO BBEJIEHO MHOIMMHU aBropaMu: Harnpumep, B [30]
Taxure MPOrPAMMBI HA3BIBAIOTCST «IIPOIPAMMHBIMEU CxeMaMu». B HacTosiedl cratbe Mbl 00-
CYJIMM YHUBEPCAJbHBIE aJTOPUTMbBI, PEATH30BAHHBIE B BUJE ODOOIEHHBIX MPOTPAMM, W UX
0cobble BOSMOXKHOCTH. DTa CTaThsl TECHO CBsizaHa ¢ paboramu [8,31-33,35,36,40], B koTO-
PBIX OTPEeeIsIeTCs TOHSITHe YHUBEPCAIBHOTO aIrOpUTMa, U 00CYXKIAeTCsT TPOrPaMMHAsT 1
armaparHasl PeaJu3aiui TaKUX aJTOPUTMOB B CBSI3U € 33JIa9aMU HIEMIIOTEHTHON MaTema-
TUKHU, CM., Harpumep, [6,39,42,53,54].

Tax HA3BIBAEMBIH MJEMIOTEHTHBIH IPUHIAT cooTBeTcTBHs (M. [32,33]), cBS3BIBAONTHI
MJIEMIIOTEHTHY0 MATEMATUKY ¢ OOBITHON MareMaTuKol HaJl mosiMu, Oy/IeT PacCMOTPEH HU-
ke, B nByx croBax, cyImecTByeT COOTBETCTBUE MEXK Ty MHTEPECHBIMU, TTOJIE3HBIMU W BaYKHBI-
MU KOHCTPYKITUSIMU U PE3YJIbTATAME HAJ [IOJIEM BEIECTBEHHBIX (MM KOMILIEKCHBIX ) IHCET
¥ TIOXOXKUMU KOHCTPYKITUSIMU HAJT, UIEMIIOTEHTBIME TOJIYKOJBIIAMUA. DTO COOTBETCTBHE MO-
JKeT OBITH CPOPMYIUPOBAHO B JIyXe XOPOIIO U3BECTHOIO npunyuna coomeememeus H. Bopa B
KBaHTOBOI MEXaHUKe: Ha CaMOM JieJie, 0ba MPUHIUIIA TeCHO cBst3anbl (eM. [31-33]). B ussect-
HOM CMBICJIE, TPAJIUITHOHHYI0 MATEMATHKY HAJ YUCIOBBIMU MTOJISIMH MOYXKHO PACCMATPUBATH
KaK «KBAHTOBYIO» TEOPUIO, B TO BPEMsI KaK MIEMIIOTEHTHYI) MATEMATHKY MOYKHO PACCMAT-
pUBaTh KakK <«KJIACCUYECKYIO» TeHb (WM JBOHHMK) TPajMIMOHHON. BaxKHOo, 9TO HjeMIo-
TEHTHBIM TPUHITAIT COOTBETCTBUSI BEPEH JJIsI aJTOPUTMOB, KOMITBIOTEPHBIX MTPOTPAMM M UX
allIapaTHbIX peasu3anuil.

B xBanTOBOU MexaHUKe NPUHUUN CYNEPNO3ULUY o3HaUaeT, aTo ypasuenue [Ipéuarepa
(ocHOBHOE ypaBHeHUe Teopun ) JuHerHO. [[0106HbIM 06pa3oM, B MIEMIIOTEHTHON MaTeMaTHKe
npuHIMn cyneprosunun, copmymuposanubiit B. 1. MacioBeiM, oznagaer, 910 HEKOTOPHIE
BaJKHBbIE W OCHOBHBIE 33JIa9M U YPABHEHUs, KOTODPBIE SIBJISIIOTCSI HEJIMHEWHBIMU B OOBITHOM
cMbicie (HampuMmep, ypasaeHue |amusbrona—fxkobu, 0HO U3 OCHOBHBIX yDaBHEHWH KJIAC-
CUYEeCKOM MEXaHWKH, KOTOPOe TAKIKE IOSBJISIETCS BO MHOTHX 33J[a9aX ONTUMUSAINH, VT
ypaBHeHue bBejuivana u ero pasHoBUAHOCTH U OGOOINEHUs), MOTYT PACCMATPUBATBCS Kak
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JIMHEHHBIE HAJI MOJXOANINMEI UIEMIIOTEHTHBIMUI MOTYKOJIbIAaMu, ¢M. 4,5, 31].

3aMeTuM, 9TO YHUCJIEHHBIE AJTOPUTMBI s OECKOHETHOMEPHBIX JIMHEWHBIX 3aJa9 HaT
UJIEMIIOTEHTHBIMU TIOJIYKOJIBIAME (HAIPUMED, UIEMIIOTEHTHOE NHTErPUPOBAHUE, UHTEIDAIhb-
HBbIE OIIepaTOPhI U IIpeobpazoBanusi, ypasuenust [avuaprora—kobu u 0000MEHHBIE ypaBHEe-
HUs Bejuivana) UMeroT 71610 ¢ COOTBETCTBY IOIIUMU KOHEYHOMePHBIME Tpubinxkenusivu. Crie-
JIOBaTEeTLHO, UJIEMITIOTeHTHAST IMHENHAST a/redPa sIBIISIETCsT OCHOBON MIEMITOTEHTHOTO TN CIEH-
HOT'O AHAJN3A U, B OCOOCHHOCTH, MEOPULU JUCKDEMMHOT ONMUMUIAUUL.

B.A. Kappe [18,19] (cm. Takxe [24-26]) ucrnosib30Bat HIEMIIOTEHTHY O JTIHHEHHY0 aared-
Py, ITOOBI TTOKA3aTH, ITO PA3IUIHBIE 33 a9H ONTHMUBAINY JJIsT KOHEIHBIX TPadOB MOTYT
O6BITE C(OOPMYTUPOBAHBI JIMHBIM 00PA30M M CBEIEHBI K PEIeHUI0 TUCKPETHBIX MATPUTHBIX
ypaBHenuit besmana, TO eCTh HEKOTOPBIX CHCTEM JMHEHHBIX aJredpanvdecKux ypaBHEHUH
HAJT UJIEeMIIOTeHTHBIME TTOIyKOAbIIaMu. OH TakKe 0OOOITHIT OCHOBHBIE AJITOPUTMBI BBITHC/IH-
TeJILHON JTMHENHON aymmebphl Ha UIAEMIIOTEHTHBIN C/Iyvail ¥ ToKa3a, ITO HeKOTOPBIE M3 HUX
COBITAJIAIOT C AJITOPUTMAMHE, Pa3pabOTaAHHBIME PaHee JJIs PEIeHunst 3a1a4 onTuMu3anun. Ha-
npumep, MeTost, beMana perrennst 3a/1a91 HAXO0XKJIeHNsT KPaTdalInero myT cOOTBETCTBYET
PA3HOBUIHOCTH MeTojla YIKoOU pereHus cucTeMbl JTUHEHHBIX ypPaBHEHUH, TOrIa KaK aJro-
purm Popra coorBeTcTByeT MeToy laycca-3eitnens. Y pasuenus: Bemnvana siBASFOTCS OC-
HOBHOHM TeMOM JIaHHOM cTaThh, a ujaen Kappe ucnoab3yores Jisd oAy IeHNs HOBBIX YHUBED-
CAJILHBIX aaropuTMmoB. [lomaepraeM, 9T0 yHUBEPCAJIBHBIE AJTOPUTMBI, OIIMCAHHBIE B JTAHHON
CTaThe, MOTYT OBITH WHTEPIPETUPOBAHBI KAK JEeMOHCTPAIINS TPUHITATA MIeMIIOTEHTHON Cy-
MEPIIO3UITUA U UJIEMIIOTEHTHOTO MPUHITUIIA COOTBETCTBUSI MEXKJLY aJICOPUTMAMU JIMHEMHOMN
aJredPBI U COOTBETCTBYIOMIUME 33/ Ia9aMU OINITHMHU3AIINN Ha TPadax.

3aMeTuM, UTO MHOTHE aJTOPUTMBI PEIeHNsT MATPUYIHBIX ypaBHeHuil Beivana MoxHO
Haittu B [8,9,13,18,19,21,24,26,35,36,48|. Apyrue 3amaau Tponmndecko JUHEHHONH ajrebpbI
paccMoTpeHbl, Harpumep, B [16].

Taxxke MBI BKpaTiie 0OCYIMM WHTEPBAJBHBIN aHAJIN3 HAJ WJIEMIIOTEHTHBIMU U IIOJIO-
JKUTEIBHBIMHU TIOJIYKOJIBIIAMA. VI IeMIOTeHTHRIN MHTePBABHBIN aHaIu3 BO3HUK B paboTax
[3,10,39], rye on npumensiicst K MaTpudHoMy ypasaenuto bemvana. [losnuee pasniuanbie
381841, BOSHUKAIOIIIE B MHTEPBAIBHON MIeMIIOTeHTHOH JnHeliHOM arebpe, ObLIN paccMoT-
penbl, Hanpumep, B paborax |20, 22,28, 44,45|. BaxHo 3aMeTuTh, 9T0 MHTEPBAJIBI HAJ| UIEM-
MOTEHTHBIMU TTOJTYKOIBIIAME 00Pa3y0T HOBOE MIEMITIOTEHTHOE TIOJIYKOJb10. CresoBare bHO,
YHUBEPCAJBLHBIC AJITOPUTMBI MOTYT IPUMEHATHCS K 3JEMEHTAM ITOI0 HOBOTO TOJIYKOJIBIA U
IOPOXKJIAI0T MHTEPBAJILHOE PACITHPEHUE UCXOJIHBIX aAJrOPUTMOB.

Hannasi craTbs TOCBSIIEHA MPOIPAMMHBIM PEAJU3AINAM YHUBEPCAJIBLHBIX AJITOPUTMOB
pelennsi MaTPUYHBIX ypaBHenutt besuimvana nam nosykoabiiamMu. Pazen 1. comepxut BBe-
JIHUE B MATEMATHKY TOJIYKOJIEN 1, OCOOEHHO, B TPOIMYECKYIO (MIEMIIOTEHTHYI0) MaTeMa-
TuKy. B pazzese 2. Mbl OIUCHIBAEM HECKOJIBKO XOPOITO U3BECTHBIX U HOBBIX YHUBEPCAJIBHBIX
AJITOPUTMOB JIMHEHHOW areOphl HAJT TTOTY KOJTBIIAME, CBSI3AHHBIX C TUCKPETHBIM MATPHIHBIM
ypaBHenneMm besmmana m anrebpamdeckolf 3amadetl o0 xpardaifieM myTH. JTH AJITOPUTMBI
TECHO CBSI3AHBI C UX MPOTOTUIIAMU B TPAJIUITMOHHON JTUHEHHOW ajnrebpe, OMUCAHHBIMU, Ha-
npumep, B suamernroit kuure [[xx. Tonyba u Y. Ban Jloyna [1], koropast ¢iy2Kut OCHOBHBIM
HCTOYHUKOM Taxux npototunos. Crenyst cruo [1], Mbl 3ammcsBaem ux Ha sisbike MATLAB.
OnbIT TpOrpaMMHON peaTM3aIiii yHUBEPCAJbHBIX aJITOPUTMOB U JAJIbHEHIIe TepCIeK TUBEI
WX PA3BUTHS TAKXKE PACCMATPUBAIOTCS.
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1. Maremaruka noJykoJien,
1.1. OcHoBHBIE onpeaeJIeHUs

Hlupoxwuit Kj1acec YHUBEPCAJIBHBIX AJATOPUTMOB CBS3aH C IMOHSTHEM TOJIYKObIIa. Hamom-
HUM COOTBETCTBYIOIee olpeneserne (cMm., Harnpumep, [23]). Pacemorpum mHOXKecTBO S,
CHADXKEHHOE JIBYMsT ACCOIMATUBHBIMU OIIEPAITUSIME: CAOHCEHUEM B U YMHONCEHUEM (), Ta-
KHUMH, 9TO CJIO0ZKEHHUEC KOMMYTaTUBHO, YMHOXKEHUIE rZLI/ICT];)I/I6yTI/IBHO OTHOCUTEJIBHO CIIOXKEHUSA C
obeunx cropon, 0 (coorsBercrBeHHO 1) HEHTPAJBHBIN JIEMEHT TI0 CJOXKEHUIO (COOTBETCTBEH-
HO, 110 yMHOXKeHnt0), 0 ©x =x© 0= 0 s Becex x € S, u 0 # 1. llyers nonykosbio S
JACTUYHO YIOPSIOYEHO TaKUM OTHOIITeHHneM =, uTo ( — HanMeHBIHI 3JeMEHT, U U3 Hepa-
BEHCTBA X = Y clenyer, uto xPhz X yPz, Oz R yOz u 20r = 20y aasBeex x,Y,2 € S;
B 9TOM CJIy4ae MOJYKOJIBIO S HA3BIBAETCS NOAOHCUMEALHBM (CM., HanpuMep, [23]).

[Honyxompio S HaA3BIBAETCST NOAYNOAEM, ECITN KAYK BN €10 HeHYIeBOM 9/IeMEeHT 00paTUM.

[Homykonbiio S HazBIBAETCS UICMNOMEHMHBIM, eCIT X D x = x st Bcex x € S. B stom
caydae cIoXKeHue 6 3aJaeT KaHOHUYECKUl Yacmuyhbll nopadox = Ha MOJIYKOJBIE S IO
npaBwiIy: & = Y TOIJA U TOJBKO Torja, kKorja x @y = y. JIoboe uiaeMrnoreHTHOE KOJIb-
10 TIOJIOYKUTEJILHO OTHOCUTEIHHO 3TOTO MOPSIKA. 3aMeTuM Takxke, uyro x @y = sup{x,y}
OTHOCHUTEJIBbHO KaHOHUYIECKOI'O ITOPLAIKA. BHOCHG,ZLCTBI/H/I MBI IIOJIaraeM BCEe HMIACMIIOTCHTHBIC
KOJIbIIa YIIOPAAOYEHHBIMU KaHOHUYIECKH.

MBI roBOpUM, UTO TOJOXKUTEIbHOE (HAIIPUMED, WJIEMIIOTEHTHOE) MOJAYKOIBIO S moANo,
eCJIM OHO TIOJTHO KaK yIOPSIOYEHHOEe MHOXKECTBO. DTO O3HAYAET, UTO JJIs KaXKI0TO [TOJIMHO-
xectBa 1T C S cymecTByroT saeMenTsl supl € S u infT € S.

CaMble M3BECTHBIE U BaYKHBIE TIPUMEDPBI TIOJIOKUTETBEHBIX Oy KOJEI — 3TO «IUCIOBBIE>
HOJIYKOJIBIIA, COCTOSIIIE U3 (IIOJMHOYKECTBA) BEIECTBEHHBIX YUCE, YIIOPSIOUEHHBIX 00bIY-
HBIM JIMHEMHBIM TOPsiIKoM < Ha MHOXkectBe R: momykomsiio Ry ¢ obbraabiMu omepa-
msvMu B = +, © = - m HelrpampHEBRIMEH 3d1eMeHTaMu 0 = 0, 1 = 1, TOJAYKOJBIIO
Riax = RU {—0c0} ¢ omepamusimu @ = max, © = + U HEHTPAJLHBIMU 3JIEMEHTAMU
0 = —0co, 1= 0, ToayKOIBIO f{max = Ryax U {00}, tie & < 00, @ 0o = 0o st Beex
T, TOoo=00®xr =00, ecit £ # 0, 1 0 ® 00 =000 u HOIYKOIBIIO Sr[ﬁﬁymm = [, 8],
rie —00 < a < b < +oo coneparmsivu & = max, ¢ = min u HeHTPATLHBIMU 3JIEMEHTaAMN
0 =a, 1=b. lloxykombua Rpax, f{max, u St

max,min
<2y a,b
na Rmax; S[ )

max,min’?

= |a,b] waemnorenrubr. [loayxoms-
fLL = R, U{cc} momHsl kax ynopsmodeHabe MHOKECTBA. BCmoMHuM,
YTO KazKJI0€ YACTHIHO YIOPSIOYEHHOE MHOMKECTBO MOXKET OBITh BJIOYKCHO B CBOE OO THEHHE
(MEHIMAJIBHOE TIOJTHOE MHOXKECTBO, cozepxartee ucxoauoe). Homykombsno Ry = R J{oo}
¢ omeparsiMu G = min u © = + u HeliTpaabHbIME 35teMeHTaMu 0 = 0o, 1 = 0 uzomopd-
HO TIOJTYKOJBITY Ripax.

[Honykonbio Rpax HaswsBaioT aszebpoti maxc-natoc. Homymonss Rpax ¥ Ry Taxske
HA3BIBAIOT MPONUYCCKUMU arzebpami. TepMUH «TponmyecKkuii> BIEpPBbIE MOSBIICH B |51
JUIST TIEJIOUUCTIEHHONW BEPCUU ajiredpbl MAaKC-ILII0C, CM. Takxke [27,42,54].

O6osnaunm Mat,,, (S) muoxecrso Beex matpur;, A=(q;;) ¢ M CTPOKAME U € 1 CTOJIOIIAMH,
9JIEMEHTBI KOTOPBIX NPUHAJIE)KAT NoayKoybily S. Cymma A® B marpun, A, B € Mat,, (S)
u npoussesienne AB wmarpun, A € Maty,(S) u B € Mat,,,(S) oupeznensitorcss B cooTset-
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crBUM ¢ OOBIMHBIME IpaBuIaMu juHeitnoit anrebpsr: A & B = (a;; & bi;) € Mat,,,(S) n

AB = @ Qjj ® bkj S Matln(S),

k=1

e A € Maty,,(S) u B € Mat,,,(5).

Eciu nonaykonbio S mojiokuTesbHo, TO MHOXKECTBO Mat,,,(S) yropsimodero nocpe-
crBom otHomenust A = (a;;) <= B = (b;;) Torma u ToabKO TOTJA, KOJa di = by B S st
Boex 2159, LEj€n

YMHOKEHHE MATPHUI] COTJIACYETCS C MOPSJIKOM = B CJEIAYIONEM CMBICIE:  eCJIN
A A" € Mat,,(S), B,B' € Mat,,n,(S) u A X A", B<XB' 10 AB X AB B Mat,,(5S).
Bonee roro, muOxecTBO Mat,,(S) xBampaTHbx Marpuir (n X n) Haz (MOJOKUTETBHBIM
UJIEMIIOTEHTHBIM ) TIOJIYKOJIBIIOM S 00pasyer [[OJI0KUTETHFHOE UIEMIIOTEHTHOE| TIOJIYKOJIBIIO
¢ mynesbIM vmemernToM O = (04), tae 0;; = 0, 1 < 4,7 < n, U eAUHNIHBIM HIEMEHTOM
I = (6;), tme 6;; =1, ecin @ = j, u §;; = 0 B IPOTUBHOM CJrydae.

MuoxecrBo Mat,, — TUIUYHBIH IPUMED HEKOMMY TATUBHOIO TIOJIYKOJIbIA (pu 1 > 1).

1.2. Omnepanusi 3aMbIKAHAS

[TycTs mostozkuTeIbHOE MOIYKOJIBIO S CHAOXKEHO YaCTUYHON yHADHON onepayucti 3a.mvi-
KanuA * Takoi, yro m3 a = b cuexyer, uro a* X b* u ¢* =1@G(a*@a)=1&(a®a*) Bo
Beell ee obactu onpenenenusi. B wacraoctu, 0* = 1 1o onpeenenuto.

U3 srux akcnoMm caenyer, uto a* = 1@ ada®>d - & (a* ©®a®), ecm n > 1. Takum
obpazoM, ¥ MOXKHO PAcCMaTPHUBATH KAaK «PEry/IsiPU30BAHHYIO CYMMY» Psiia

ad=1dadpa’a®d....

B nonoxuTtebHOM TIOYKOJIBIE, MPH YCAOBUH, YTO OHO 3aMKHYTO OTHOCUTE/IBHO B3ATHS
OTPAHUYIEHHBIX YIIOPSIOUEHHBIX BEPXHUX TpaHell m omeparmit & u ¢, aIucTpuOYTHBHBIX
OTHOCHUTEJILHO TAKUX BEPXHUX T'PaHEN, MBI MOXKEM ONPEIEUTh

o =supl@ad... @ak (1.1)
k=0
eCJTH TIOCIEIOBATEIFHOCTE MIPABBLIX YacTell orpanundena. B stom ciaydae a¢* — HauMeHbIee
pertienne ypapaeanit * = axr® 1l u x = ra® 1, u a*d — HAMMeHbIee peITieHre ypaBHEHNT
r=ar®bwu xr=xa®b Ecm S momHo, TO 3aMbIKaHUE OUEBUIHBIM 00PA30M OIIPEIETIEHO
g Jr0boro sgeMenTa X € S.
B ciyuae upemnorentHoro cioxkenusi (1.1) craHoBUTCS OCOOEHHO TIPUSITHBIM:

@ = @ai — sup a’. (1.2)

; =
>0 120

B uncaosnix IIOJIYKOJIBIIAX OIIepallysd 3aMbIKaHHUA * OOBIYHO peanu3yeTrcsd O4€eHb IIPOCTO!

7 =(0-2) eemxr <1 Ry, wmms Ry, ua*=oc0,ecm z>18Ry; 28 =1,

ecit * 2 1 B Rpax © Rpyax, 8 = 00, ectt z > 1 B Ruyax, & = 1 g Beex x
B Smax,min[&’b]. Bo Bcex ocranpaBIX caydasix xf He ompemesneno. Ouepaiusi 3aMBIKAHUST B

MaTPUYIHBIX ITOJYKOJIbIAX HaJ ITOJOZKHUTCJIBHBIM ITOJIYKOJBIIOM S Moxer ObITh OolpeaesjicHa



YHUBEPCAJILHBIE AJI'OPUTMBL 399

IO MHAYKIIUM: BO-IIEPBBIX, IMEEM A* — (a1 = CL* B IV[at S § BO—BIO bIX, JLJIA JIIO6OI (0]
) 11 11 )
IIeJIoro 4ucjia n > 1 u .HIO6OI71 ManI/IHbI

All A12>
A= ,
<A21 A
TIe AH - Matkk(S), Alg € Matkn_k(S), Agl € Matn_kk(S), A22 € Matn_kn_k(S), 1< k < n,
OLIPEIECJIAM
1@ AL ARD An Ay A ApD?

A* = , (1.3)
D* Ay A%, D*

e D = Agy @ Ay A} Ao, Moxuo noxazars, uto u3 onpenenenus A* ciemyer, 9ro paBeH-
ctBa A* = A*A D [ = AA* @ I Bemosnssitores:, u, Takum obpasoMm, A* sBistercst «peryiisi-
pusoBamHOi cyMmoity psma I B A D A2 . ... Bosee toro, B caydae xorma A* ompenereno
KaK HaumMeHblee pernenne ypasuenust A* = A*A DT u A* = AA* @ I, MoxkHO 1TOKasaTh,
YTO OHO YIOBJIETBOPsieT ypasHeHuto (1.3).

BameTuM, 9TO 3TO PEKYPPEHTHOE COOTHOIIEHUE COBIAIAET ¢ (POPMYIAMHU CKAJIATOPHO-
ro MeToJa oOpalleHus] MATPHUIL B OOBITHOM JIMHEMHON ajrebpe HaJl MOJISIME BeIeCTBEHHBIX
U KOMILIEKCHBIX YHCEJI ¢ TOYHOCTBIO JI0 UCIOIB3yeMbIX airebpandeckux oneparmit. Cieno-
BATEIBLHO, STOT AJTOPUTM MATPUYHOIO 3aMBIKAHUsT TpeOyeT MOJUHOMUAIBHOIO OT 7 IHC/Ia
omeparmil, moapobHee ¢M. HUKE.

[Iycts S nomoxurenbHoe MoLyKoIbI0. Mampuyunoe (Juckpemmoe, cmayuonaproe) ypaes-
nenue beaamana IMeeT BULT

X = AX @ B, (1.4)

e A € Mat,,(S), X,B € Mat,:(S), a marpuna X wneussecrna. llycts A* 3ambikanue
Marpunsl A. W3 toxmecrsa A* = A*A & I cienyer, uro marpunia A*B  yrosiersopsier
STOMY ypaBHeHHIO. Takke Kak W B CKaJsIPHOM CjIydae, MOXKHO I10Ka3aTh (IIPU HEKOTOPOM
JIOTIOJTHUTEIHHOM TIPEIIOIOKEHU] ) , YTO JIJIst TIOJIOKUTETBHBIX TIOJIYyKOJIelL, ecjim Marpuria A*
omnpeJiesieHa Kaxk B ypasaenuu (1.1), to A* B siBjisieTcst HAUMEHBIITUM BO MHOYXKECTBE DeIlleHu
ypasuenust (1.4) OTHOCHTEIBHO YACTUIHO TIOPsiKa Ha MHOXKecTBe Mat,s(S). BenomunMm, uro
B HUJIEMIIOTEHTHOM CJIydae
A= @ A" = sup A", (1.5)
>0 L
Pacemorpum rakxke ciaydait, korma Matpuiia A = (a;;) PA3MEPHOCTH N X N SIBJISIETCsT
cmpoeo eeprrempey20abrot (Takolt, 9To a;; = 0 TpH @ > j ) WIK CMPo20 HUHCHEMPEYL0Nb-
not (Takoit, ato a;; = 0 mpu ¢ < j ). B 910oM ciyuae A” = 0, HyseBoit MaTpHIle, B MOXKHO
mokaszaTh ¢ moMotbio urepamuit X = AX @ [, 4ro 310 ypaBHeHUWE MMeeT eIUHCTBEHHOE
pereHue, 8 UMEHHO

A=ToAe.. oA (1.6)

Uurepecno, uro B ciayuae anrebpbl Makc-1ioc hopmyiia (1.6) paboraer mjist 6oJiee mupoKoro
kyracca Marputl. Psi (1.5) exomurest TaM TOrIA U TOJIBKO TOJIA, KO OH MOXKET OBITH yeedeH

0 (1.6). Do TecHo cBsi3aHO ¢ MHTEPIpeTayeil MaTpullbl A* Kax «MaTpHIlbl ONTUMAJIBHBIX
nyTeii» (cM. HEXKe).
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B3Bsemniennbie opueHTHpOBaHHBbIE I'Ppadbl 1 MATPUILLI HAJL IT0JIy KOJAbIAMU

1.3.
DTa reoMeTpuUecKasi KOHCTPYKIMHsT BKJIOYAET TPU BUIA OOBEKTOB: MHOXKECTBO X U3 N
JIEMEHTOB X1, ..., Tn, HA3BIBAEMBIX 6EPUIUHAMU, MHOXKECTBO [' BCeX yHOPSIOYEHHBIX AP

[Iycte S — momyxombio ¢ mynem 0 u emmamieirt 1. Xopormo W3BeCTHO, UTO JHOOAsT
(x5, ;) Takux, 910 @i # 0, HazBIBaeTCs dyzamu, u orobpaxenme A: ' — S rtakoe, uro

KBajparTHast Matpuiia A = (a;;) € Mat,,(S) samaer sssewennvitl opuenmuposantoil 2pad.

DIeMeHTBl @;; W3 TOJIYKOJbIa S HaselBaroTcs eecamy Iyr. Haobopor,

A(ZC,’,ZL’]') aij.

JIE00OT B3BEIIEHHBIN OPUEHTUPOBAHHBIN I'pad ¢ N BEPIIMHAMU 3aJI2€T HEKOTOPYIO (e1mH-
crBerHyto) Marpuiy A € Mat,,(5).

e o az

B T ___——*—f__i_K}“/’l

DTO onpesiesieHNe MOMYyCKAET, I9TO HEKOTOPBIE MaPhl BEPIITUH MOTYT OBITH HE COETMHEHBI,

eCcJIi COOTBETCTBYIOIMI deMeHT MaTpurbl A paBen 0 U HEKOTOPBIE JYI'M MOTYT OBITH
NET/ISIMY, €CJI Y MAaTpulibl A ecTh HEeHyJIeBble 3JIEMEHTHI Ha MJIABHOMW JTHArOHAJIN.

BCHOMHI/IM, 9TO IIOCJIeJ0BATCJIILHOCTD BepH_H/IH BUJA.:
) yk))

p= (Yo,y1, -
.k — 1, HazBIBaeTCS nymem IIUHBL Kk, COEIUHSIO-

~0,..

MM BEPIIUHY Yo C BEPIIMHON Yg. OOO3HAYMM MHOXKECTBO BCex Takux myreit Fi(yo, Yk )-

rme k20 u (y,yiy1) €1, 4
Bec A(p) nytu p € Pi(yo,yx) OnpesessieTcst Kak MPOU3BEIEHUE BECOB JIYT, COEIMHSIIONIIX

HOCHG,ZLOB&TGJH)HBIG BepH_H/IHbI HyTI/I:
A(p) = Alyo, 1) © -+ © A(Yr—1, Un)-
=1, ecmu

Io ompeneniennto, Bec «mytu» p € FPo(x;, x;) mmuaet k = 0 pasen 1, ecn @ = j, u 0 B
g

k C o e

G, j)-n

IPOTUBHOM CJIydae.
Hnst kaxmoft Mmatpuipl A € Mat,, (S) onpememmm A° = T = (8;;) (tme o
i = j, u d;; = 0 B nporusHoM ciydae) uw A¥ = AARL k> 1. Tlyers o

snement Marpunsl AX. Jlerxo mposepsiercs, 4TO
Qigsy © -+ © Qg qi -

I _ P

az]
i0=t, ig=Jj
1<iy, 0t —1<n

— TOYHasd BEPXHALA I'PaHb MHOZKECTBa BECOB, OTBEYAIOIUX BCEM IIYTAM

(]

Taxum obpaszom, a,;
JUIMHBL K, COEIUHSIIOIINM BEPIIUHY T;, = T; C BEPUIMHON x;, = ;.
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[Iycts maTpuna A* onpesesiena B coorserctiun ¢ dhopmysioit (1.5). Obosnaumm 31emen-
THI MaTpunel A* kax af;, 4,5 = 1,...,n; Torma

eSS @ @ Alp).

0<k<oo pEPy(245,25)

Marpuna A* siBjisiercst pereHueM U3BECTHOrO aJrebpandeckoro 0bo0IeHust sadayi Ha
HATOHCOEHUE ONMUMAABHOZ0 NYMU: JJIsT KayK 0 mapsl (1, x;) Tpebyercsi BBIMUCINTD TOY-
HYI0 BEPXHIOI I'DaHb BECOB BCeX yTell (IPOU3BOIBHON JIJIMHBIL ), COEMHSIIONTUX BEPIIUHY T;
¢ BepumHOH ;. Onepars 3aMbIKAHUST B HOJIYKOJIBIIE MATPHUI] XOPOIIO H3ydYeHa (CM., Ha-
npumep, [2,6,13,16,18,19,21,23,25,26,39] u cCBUIKK B HUX).

[Ipumep 1.1 (3amaua o xparuaitmenm mytun). [lycrs S = Ry, T. €. Beca siBIstroTCst
BEIECTBCHHBIMU YUCIaMA. B aTom caygae

A(p) = Alyo, 1) + Alyr, y2) + -+ + Alye—1, i)

Ecmu snement a;; 3amaer mauny jgyru (;,r;) B HEKOTOPOH MeTpDHKe, TOIJA az‘j — JIJIMHA
KpaT4dafIero ImyTH, COeJIMHHAIONIEIO T; C Tj.

[Ipumep 1.2 (Bamaua o mytn makcumasbhoit mwmpunst). [lyers S = R U {0,1} ¢
¢ =max, © =min. Torma
G = max  A(p),
Y pe L>J1 Py (,25) 2

>

A(p) = min(Ayo, y1), - -, Alyr—1, Y))-

Ecim siement a;; 3a7aer «mmpuHy» JIyru (Z;, 2;), TODJA MTUPHHA Iy TH p OIPEIeIsieTcs]
KaK HauMeHblllad [MUPUHA Ayry, OPUHAJJIeZKAINCH 3TOMY IIYyTH, 8 IJICMEHT a;‘j SIBJISCTCS
MaKCUMAaJIbHOU IMUPUHON BCEX IyTel, COeIUHSIIONNUX T; C Tj.

Mpumep 1.3 (llpocrast samaua guHAMHYECKOro mnporpaMmmupoBanust). llycts
S = Runax, ¥ IMOJOKUM, ITO @y 3478€T 8biNAAMbL IPU TI€PEXosie oT x; K x;. Oupenemnm
BekTop B = (b;) € Mat,; (Rumax), 7€MEHTBI KOTOPOrO b; 32872107 MEPMUHAALHBLE GbINAL-
Mbl, COOTBETCTBYIOIINE BLIXOJY U3 rpada B y3je I;. KOHEYHO, OTPUIATEILHBIC BBILIATHI
(To ecTh yOBITKM) TaxKe jonyckatoresi. [lyers m — uroroBast BhIILIATA, COOTBETCTBYHOMIAST
nyt p € Pp(x;,x;), T e.
m— Alp) +b;

TOF,ZLa JIEKO IIPOBEPUTDL, 4YTO HaI/I6OJH)LHaH BbIIlJIaTa, KOTOpasd MO2KeT 6bITb JOCTUTHYTa Ha
My TsX JIMHLL Kk, HadHHAIOIMXcA B y3iae x;, pasHa (A¥B);, m mambombimas BBILIATA, T0-
crizkuMasi 6e3 orpaHudeHuil Ha JyMHY yTH, paBHa (A*B);. 3amerum, 4ro eciau JMHA
IIyTH HeorpaHu4deHa, TO HaI/I6OJH)LHaH BLBIILIaTa MOXKET 6bITb PaBHa 6€CKOH€LIHOCTI/I, KaK 1
coorBercTBytoIee 3Haderne (A*B);.

[Ipumep 1.4 (3amaua obparienus: MATPUIIBI). 3aMETUM, 9TO B (DOPMYJIAX ITOIO Pas-
JeJia MbI UCIIOJIB3YEM rZLI/ICT];)I/I6yTI/IBHOCTb YMHOXKeHUA @ OTHOCUTE/IBHO CJIOZKEHUA @, HO HE
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HCIIOJIBb3YeM aKCHOMY HIEMIIOTeHTHOCTH. TakuM obpasoM, aaredbpamdeckoe obobIIeHne 3a,1a-
ai 00 ONTUMAJBLHOM IIYTH MOYXKET ObITh C(DOPMYTHPOBAHO TAKXKe W JJIsI HEUJIEMIIOTEHTHOTO
nosaykosbia S (eM., Hanpumep, [48]). Hanpumep, ecim S = R, 10

A =T+A+ A+ =(T-A)""

Ecmu ||A|| > 1, Ho Mmarpuria obparuma, TO 3T0 BBIPAYKEHUE OIPEJIEISIeT PEryIsiPU30BaHHY 0
CYMMYy DaCXOISINErocss MATPHIHOIO CTEIEHHOrO psina » . o A

[loguepkuemMm, 9TO 9Ta CBSA3ZHL MEXKJYy MATPHUYIHON orepareil 3aMbIKAHUST W PEIeHUsIMEI
ypaBHeHUsT Betvana mopox maeT HECKOIBKO PA3INIHBIX AJITOPUTMOB JIJIsT BBIYUCIEHIST MaT-
PUYHOTO 3aMBIKaHHsI. Bee 9T aJropuTMbl sIBISIFOTCST QIAIITAIIASIME XOPOIIO U3BECTHBIX aJIr0-
PUTMOB TPAIUITMOHHON BEIYUCIATEILHON TUHEHHON aareOphl, TAKUX KaK METOJI MCKITFOUeHUsT
laycca—2Kopmana, pasimdHble HTEPAIMOHHBIE W 3CKAJIATOPHBIE CXeMBl U T. 1. JTO 0COOBIMH
citydail MIEeMIIOTeHTHOTO IPUHITUATIA CYIIEPIIO3UIMH (CM. HUXKE).

Ha camowm mese, Teopust IUCKPETHOTO CTAITMOHAPHOTO ypaBHeHNsI Besvana MoxXeT ObITh
pasBHUTa ¢ UCHOJAL30BaHueM pasencrsa A* = AA* @ ] Kak JOIOJHUTEJBHON aKCHOMBI 0e3
KaKoi-11ub0 CyImecTBeHHON UHTepIpeTaln (Tak HASBIBAEMBIE 3aMKNYMbE TOAYKOADU, CM.,
Hanpumep, (23,30, 48|). Takast Teopust MoxkeT GbITH OCHOBAHA Ha CJIEJYIONUX PABEHCTBAX,
KOTOpBIE B CIyYae MIEMIIOTEHTHBIX IOJIYKOJEI MOKHO IPOBEPUTH, UCIIOIB3YsI CBSI3b C 3a-
Jadell Ha HAXOXKIEHME ONTHMAJILHOIO IIYTH. DTH PABEHCTBA TAKKe XOPOIIO M3BECTHHI U B
CIydae BeleCTBeHHBIX TUCeN ¢ OOBIIHOM apudMeTuKoit:

(A@ B)* = (A*B)*A*, o
(AB)*A = A(BA)*. (1)

1.4. HWuTepBajbHBIA aHAJIN3 HAJ, [10JIO0XKUTEJIBHBIMU [10JYyKOJbIIaMU

TpamumoHHBIN HHTEPBATBLHBIN aHAJIN3 — 9TO HETPUBUAJBHAST U TTOMY/ISIPHAST MATEMATH-
Yyeckast 00J1aCTh, ¢M., HanpuMep, [12,22 29,43, 46]. «aemnorentHasi» Bepcust HHTEPBAJIBLHO-
ro aHamM3a (M KpoMe TOro, MHTEPBAIBLHOIO aHaIM3a HaJl TIOJI0KUTETEHBIME TI0JIy KOJIBIAMHY)
nosisuiack B [3,10,39]. JdososbHo MHONO paboT 1O ITOH TeMe MOSIBUIUCH [TO3/HEE, CM., Ha-
npumep, [20,22,28,44,45]. UnrepBaibHblil aHAIM3 HAJL TOJOKUTETBHBIM TOIYKOJIBIOM R\
obeyxnaercst B [15).

[Iycts MHOXKECTBO S 9ACTUIHO YIOPSIOYEHO OTHOIIEHUEM = . 3aMKHYMbLT UHMEPSa
B S — 910 mogMHONKECTBO Buja X = |2,%] = {xr € S | x < x <X T}, rue 3jeMeHThI
x = ¥ Ha3BIBAIOTCS HuscHel u eeprHell epanuyel narepsasa X. llopsimok < mopoxiaer
YACTUIHOE YIIOPSIIOUEHNE HA MHOKECTBE BCEX 3aMKHYTHIX MHTEPBAJIOB B S: X =Xy TOrma u
TOJBKO TOTJIA, KOTJla & Xy U T X 7.

Caaboim unmepsasvhvim pacusupervem [(S) NMOTOKUTENLHOrO MOJYKOIbIA S HA3bI-
BAaETCsI MHOXKECTBO BCEX 3aMKHYTBIX WHTEDPBAJIOB B S, cHabKeHHOe omeparmsivu & u (O,
OIIPEJIEJIEHHBIMU CJIEJYIOMUM obpasoM: X Dy = [z Dy, T D Y], xOy = 20y, TO7Y|, u
YACTUYHBIM TIOPSIIKOM, TIOPOK JEHHBIM HOpsiikoM Ha S. Onepans 3aMbikanust B 1(S) omnpe-
Jesisiercst Kak X* = [2*,T*|. CymecTBytor Apyrue HHTEPBAIbHBIE DACIIUPEHHs! (B TOM YUC/IE,
TaK HA3BIBAEMbIE CHJIbHBIE MHTEPBaJbHBIE pacimpenus [39]), Ho ciaboe pacrupenue 6osiee
VI0OHO.
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Pacmupenne [(S) momoxurensroe; [(S) wmmeMmoreHTHO, ecaun S — HIEMIOTEHTHOE
HOJIYKOJIBIIO. Y HUBEPCAIBHBIH ajroput™ Hag S MOxKeT npuMeHsitbest K 1(S), u Mbl m01y-
UMM WHTEPBAJBHYI0 BEPCHI0 HCXOIHOTO ajroputma. OOBrIHO 00e BEPCHU MUMEIOT OINHAKO-
BYIO CJIOXKHOCTB. 1T TMCKPETHOTO CTAIMOHAPHOIO ypaBHEHUsi BeMana u COOTBETCTBY-
FOIell OMTUMU3ATIMOHHON 3a1a4u Ha rpadax MHTePBAJIbHBIN aHa N3 TOAPOOHO paccMaTpU-
Baercst B [3,39]|. Upyrue samauu wuemrnoTeHTHOH JinHEHHOW aarebphl ObLIM PACCMOTPEHBI
B [20,22,28,44,45].

Wnemnorentrnast MareMaTHKa OKA3bIBAETCS IIPOINE €€ TPAIUIMOHHOTO aHasora. Hampu-
Mep, B TPAJUITMOHHON MHTEPBAJLHON apudMeTnke IepeMHOKEHIe HHTEPBAJIOB HE JUCTPH-
6y THBHO OTHOCHUTEIBLHO CJIOXKEHUsI, TOTJIa KaK B WJIEMIIOTEHTHON MHTEPBAJILHON apudmMernke
9Ta IUCTPUOYTUBHOCTE coxpamsiercsi. bosee Toro, B Tpa uIiMoONHOM HHTEPBAJILHOM AHAJIH-
3e MHOYKECTBO BCEX KBaJIPATHBIX WHTEPBAJIBLHBIX MATPHUIL 33JIAHHOTO MOPsifKa He oOpasyer
Jlazke MOIYTPYIILI I0 MATPUIHOMY YMHOXKEHHUIO: 3TA OLEPAINs HE aCCOMATUBHA, TTOCKOIh-
Ky JUCTPUOYTUBHOCTH TEPSIETCS B TPATUIMOHHON mHTepBaJbHOM apudmeruke. Haobopor,
B WJIEMIIOTEHTHOM (U TOJIOXKUTEJIBHOM) CJIydae acCOIMaTUBHOCTEL coxpatsiercst. Hakownerr, B
OOBIMHOM MHTEPBAJIBLHOM AHAJIM3E HEKOTOPBIE 3a/1a4u JTHHEHHON ajrebphl, TaKhe Kak perre-
HUE JIMHEHHBIX CHCTEM WHTEPBAJBHBIX YPABHEHWN, MOXKeT ObITh OUEHb CJIOXKHBIM (TOYHEe
roopst, orr N P -nostable, oM. [29] u cepuiku tam xke). B [3, 39| moxasano, uro B miem-
MIOTEHTHOM CJIydae PeleHue MHTEPBAJBLHBIX JIMHEHHBIX CHCTeM TpebyeT MOJMHOMUATIHLHOTO
KOJIMIECTBA OTepaIyit (Tax ¥Ke KakK U Jist 00BIYHOrO MeTo/Ia ucKtodenust Laycca). [Ba cBoii-
CTBa, KOTOPBIE JIEJIAI0T WJIEMIOTEHTHYIO HHTEPBAIBHYIO0 apUMMETHKY TaKOH IPOCTO, — 3T0
MOHOTOHHOCTH apU(DPMETUUECKUX ONEPAIi U MOJOXKUTEILHOCTh BCEX JIEMEHTOB HIEMIIO-
TEHTHOTO TIOJIyKOJIBIIA.

OrMernM, 9TO UHTEPBAJIBLHBIE OIEHKH B UJIEMIIOTEHTHOM MATEMATHKE OOBIYHO SIBIISIOTCS
TOYHBIMU. B TpajuimoHHol Teopuu Takue OIEeHKH, KaK IIPABUJIO, CJUITKOM MEeCCUMUCTHYE-
CKUE.

1.5. WMaeMnoTeHTHBLIA NPUHIUII COOTBETCTBUS

CymecTByeT HeTPUBHAJBbHAS aHAJOIMS MEXKIy MaTeMATHKON ITOJYyKOJE W KBAaHTOBOM
MexaHukoit. Hampumep, moJse BerecTBeHHBIX THCET MOKHO PaCcCMaTPUBATH KaK <«KBAaHTO-
BRIl OOBEKT» OTHOCUTEIBHO MIEMIIOTEHTHBIX IMTOIYKOJIEIl, KOTOPhIE PAaCCMATPUBAIOTCS KAk
«KJIACCUYIECKHE» U «ITOJIYKIACCHIECKHEe» OOBEKTHI OTHOCHUTEJBHO IIOJIsT BEIECTBEHHBIX 9H-
ceJl.

[Iycte R — mosie BermecTBeHHbIX ynces, a Ry — MOAMHOXKECTBO BCEX HEOTPUIIATE/IHLHBIX
quces1. PaccMOTpuM CJIeIyIontyo 3aMeHy MepeMeHHbIX:

u+— w = hlnu,

w/h e R. O6osuadnm wepes 0

rie v € Ry \ {0}, h > 0; rakum obpasom, u = e
JIOIIOJTHUTEIBHBI 9JIEMEHT —00 U Uepe3 S PacIUpeHHy o BenecTeernyo npsimyto RU{0}.
Dra 3aMeHa IepeMEeHHBIX MMeeT ecrecTBeHHoe pacmmpenue D), na Bce S ¢ D,(0) = 0;
rakzke Mbl mojoxuMm Dp(1) =0 = 1.

O6osuaunm S, MHOKeCTBO S, cHabXKeHHOe JIByMs oneparusaMu By, (obobriernoe cJio-

xenne) u ©p, (0606IenHoe yMHOXKeHHE), Takoe uro [, — romomopdusm uz {R,, +,-} B
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{S, ®n, ®r}. D10 03HAUAET, YTO
Dy (uy + us) = Dp(u1) ®p Dp(uz), Dr(uy - ug) = Dp(ur) ©p Dr(us),

TO ecThb Wy Op Wy = Wy + wy U w; Op wy = hln(e¥/? + e¥2/M). Jlerko nokazats, uTo
wy B wy — max{w;,wy} npu h — 0.

Asnrebpandecku Ry u S, u3oMopdHbI, M03TOMY MBI MojlydaeM Rmpax KakK pe3ysbTar
npeaeabHoil gedopmamun Ri. Mbl noguepknBaeM OYEBHIHYI0 AHAJIOTHMIO C IIPOIELY PO
JekBaHTOBaHusI, rie h — amasior nocrosinoi [Lnanka. Takum obpaszom, R, (wm R) ur-
pPaeT poiib «KBAHTOBOTO O0BEKTa», & Rpax — «KJIACCHIECKOrO» WIH «IOJIYKIACCHIECKOTO»
00'beKTa, KOTOPBIA MOJydaeTcsi KaK pe3ysbTaT JeK6aHMOo6aHUsL KBAaHTOBOrO obbekTa R .
B ciygae Rpmin COOTBeTCTBYIOMIas Mpolie/iypa JAeKBAaHTOBAHUS OPOXKIAETCSI 3aMEHOU mepe-
MeHHBIX u — w = —hlnu.

B city4ae 110151 BeIieCTBEHHBIX MM KOMILUIEKCHBIX YHCEJI, HIEMIIOTEHTHOE JIeKBAHTOBAHUE
B NOJIYKONIBIO Rpax (mmm Ry, ) ompezensiercst ¢ HOMOIIBIO KOMIIO3UIUHE OTOGPasKeHUST
x +— |z| u nedopmanuu, ONUCAHHOI BBIIIE.

B To ke BpeMmsi mieMIIOTEHTHOE JEKBAHTOBAHWE WIPAET BAYXKHYIO POJIb B METOJOJIOTHU
u B duwiocodpun MIEMIIOTEHTHON MaTeMATUKH KaK 0OOCHOBaHHWE BO3MOXKHOCTH IIEPEHOCA C
OCHOBHOTO T10J151 (KaK MPaBUJIO, BEIIECTBEHHBIX WJIA KOMILIEKCHBIX YHCEJT) HA WJIEMIIOTEHTHOE
TIOJIyKOJIBIIO MHOTMX MATeMaTHYeCKUX TOHSTHUil, KOHCTPYKIMH U pe3ysbraToB, cM. [31,33].
W nemnorenTHOE JIeKBaHTOBaHUE MPUBOJUT K CJIEYIONIEH (hOpPMyINPOBKE udemMnomenmmozo
npunyuna coomseemcmeus [31,33]:

Cywecmeyem 36pucmuveckoe coOOmeememeue MeHcoy UHMEPECHHLMU, TOAE3HbI-
MU U BAANCHBMU PESYALMAMAMU HAO NOAEM BEUELCTNEEHHDIT (UM KOMNAEKCHDIT)
YUCEA U NOTONHCUMY KOHCMPYKUUAMU U PESYALTNAMAMU HA0 UOEMNOMEHTHMY
noaykoavyamu 6 dyre npunyuna coomeemcmeusi H. Bopa 6 xeanmosoti mexa-
HUKE.

Hoemnomenmuulii npuryun

TpapunuonHas coomeemcmeus HneMnoTeHnTHAs
MaTeMaTHka | “| maremaruka
Ilons W eMnore HTHEIE
BELECTBEHHEBIX HOMyKOBIIA
¥ KOMIUIEKCHBIX U HOJIYIIONS
qucen

> < . <

Keanropas | [Ipunyun coomsemcmeus H. Bopa| o accuveckas

MeEXaHHKa MeXaHHKa

UnemnorenTHasi MaTeMaTHKa MOXKET PACCMATPHBATHCS KAK <«KJIACCHYECKAsl TeHb (Mim
JIBOMHUK )» TPAJMIMOHHON MaTeMaTuku Haj noisiMu. CucreMaTudeckoe NPUIIOYKEHHe STOrO
NPUHIAIIA COOTBETCTBUSI BEJIET KO MHOXKECTBY TEOPETUYECKUX U MPHUKJIAIHBIX PE3yJIbTATOB,
cM., Haripumep, [31,33,36,39,42,53,54]. Cass ¢ kBanToBO# dbusnkoii moapobHO 06CY K 1aeTcs,
Hampumep, B [31].
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Tereps MBI 06CYIUIM HMIIEI0 O TOM, KaK HMIEMIIOTEHTHBIN IPUHIAIT COOTBETCTBUSI MOT OBI
IPUBECTH K YHUMDUITMPOBAHHOMY TOIXOLY K paspaborke ammapartHoro obecredenus. [loapob-
Hee 00 9TOH wiee u ee ocymiecTsieHun M. B [35,40].

Haubomee BaxHbIE U JABHO U3BECTHBIE YUCIEHHBIE AJITOPUTMBI UMEIOT MHOXKECTBO alllla-
PATHBIX peasu3alnii B BUIe TEXHUIECKUX YCTPOUCTB WK CIEIHATBHBIX TIPOIeccopoB. Hacto
9TH yCTPOMCTBA MOTYT MCIIOIB30BATHCS KaK IPOTOTUIIBI JIJIsT HOBBIX AITAPATHBIX yCTPOUCTB,
B Pe3yJibTaTe MPOCTON 3aMeHbBI OOBITHBIX apH(PMETHIECKUX OepaIiil Ha UX aHAJIOTH B TTOJTY-
KOJIBIIAX (¥ JIONOJTHUTEILHBIE CPEJICTBA IS TOPOXK JIeHNst HefiTpabHbIX 91eMenTos 0 u 1).
Pasymeercst, ciydail YuCI0BBIX IOy KOJIEIl, COCTOSIIIUX U3 BEIIECTBEHHBIX IUCeT (BO3MOXKHO,
KPOMe HEHTPAJIBHBIX 9JIEMEHTOB) U [I0/IYKOJIEI] YUCIOBBIX HHTEPBAJIOB, SIBJISIETCSI CAMBIM IIPO-
CTBIM U €CTECTBEHHBIM. 3aMeTHM, YTO Jyist oayKoer (BKaodast Ruyax 1 R ) oneparus:
JIEJIEHUST TAKIKe OTPeJIe/IeHA.

Db dexTUBHBIE TEXHUTIECKNE UJIEN U PEIIeHNsT MOT'YT ObITh 3aMMCTBOBAHBI U3 TTPOTOTHUIIOB
¥ PeaJIM30BaHbl B HOBBIX allllapaTHBIX ycTpoiiBax. Takum o6paszsoMm, IPUHITUIT COOTBETCTBUST
TOPOKIAET IBPUCTHIECKUM METOJ, JIsT pa3spabOTKM AlTapaTHBIX CPEJICTB. 3aMETHM, UTO JIJTsT
[IOJTY 9€HUsT TTATEHTa HEeOOXOIMMO TIPEJICTABUTh TaK HA3BIBAEMYIO «(POPMyIy M300peTeHus »,
rie TpebyeTcst yKa3arh MPOTOTHI TIPEIaraeMoro yeTpolcTBa U PA3HUILy MEXKJIY YCTPO-
CTBOM H €r0 MIPOTOTHUIIOM.

Pacemorpum (Kak TUMUYHBIN TIpUMep) caMblif BayKHBIH U JIABHO M3BECTHBIA aJTOPUTM
BBIYUC/IEHHUST CKAJISIPHOTO TTPOU3BEIEHHST JBYX BEKTOPOB:

(,y) = 2191 + T2y2 + -+ -+ TuYn. (1.1)

YuusepcasibHast Bepcust popmyibt (1.1) st sioboro noaykosbia A ouesuiHa:

() =(T10y) ® (120 y2) &+ ® (Tn O Yan)- (1.2)

B caygae A = Rpax 9Ta dopMy/ia IPpUHUMAET CASAYIOMUA BUI:
(:C)y):max{x1+y17$2+y27"' ,$n+yn} (13>

DTO BBIYUCACHUE CTAHAAPTHO IS MHOTHX AJIOPUTMOB ONTHMHU3AIINHN, TIOSTOMY TIOJIE3-
HO CO3JIaTh allaparHoe cpejcTBo st Beraucienust (1.3). CymecTByeT MHOXKECTBO pas3jimd-
HBIX YCTPOUCTB M HATEHTOB jyist Bbluucaenus (1.1), U Kaxkigoe Takoe ycTpofCcTBO MOXKHO
HCIIONB30BATh B KAYeCTBE MPOTOTHIA JJIsi CO3JIAHUS HOBOTO yCTPOHCTBA JIst BHIMHCICHUST
(1.3) m maxe (1.2). MuOrMe mporeccopsl Jijist IEPEMHOXKEHUsI MATPHIL U JPYTUX AJTOPUT-
MOB JIMHEHHOH ayre6phl OCHOBAHbBI HAa BLIMACICHUN CKAJISIPHOTO IPOU3BEICHUS] U HA COOTBET-
CTBYIONAX <«3JIEMEHTaPHBIX» ycTpoiicTBax. Vemomp3yst coBpeMeHHbIe TEXHOJIOTHH, MOXKHO
COBJIATH JICIIEBBIE CIICIUATM3MPOBAHHBIE MHOTOIIPOIECCOPHBIC YUITHI M CHCTOTMYECKIE MAC-
CHBBI 9JIEMEHTAPHBIX TIPOIECCOPOB, PEATM3YIONNX YHUBEPCAIbHBIC aaroputMbl. CM., HApuU-
Mep, [35,40,48|, rue 06CyKIAIOTC CUCTOIMIECKUE MACCUBBI M BOIIPOCH TIAPAJLIEJBHOIO BbI-
YUCJICHWs] B PaMKaxX 3aJa9u aarebpandeckoro IMyTH. B 9acTHOCTH, CyINECTBYET CHCTOJIH-
yeckuit MaccuB u3 n{n + 1) 3JeMeHTapHBIX TPOIECCOPOB, KOTOPbIE BBIIOJIHSIIOT aJIOPUTM
uckmodenust aycca—zKopmana u MOryT pemarh 3a7ady aaredpandeckoro myTH 3a Hn — 2
BPEMEHHBIX IMAros.
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2. HekoTopble yHUBEpPCAJIbHBIE AJITOPUTMBI JUHEWHOI ajiredbpsol

B srom paszesie MbI pacCMOTPUM YHUBEpCAJIBHBIE aJrOPUTMBI Beraucaenunss A* u A*B.
Mgb1 HavTHEM € TPOCTBIX METOMOB: ICKAJTATOPHOTO METOJa W MeTOJa MCKJIoUeHus: |aycca—
Kopnana B monpasgene 2.1., a TOTOM PacCMOTPUM MOJIM(PUKAIIIIO ITUX METOJIOB JIJIsT CJIy-
qast cucrem Térmmma (noapaszaen 2.2.). Yuusepcanbroe LDM-pasioxenue jyist ypaBHeHust
Bennvana onmucano B nogpassese 2.3., a IOTOM IPUBOIUTCS aJIAITAINS STOTO METOJIA, JIJIst
CJlydaeB CUMMETPUYHON U JieHTOUHOH MarTpuiisl (nogapaszen 2.4.) . Hanee obeyxnarorest nse
UTEPAIIMOHHBIE CXEMBI, 4 TAKKE PEeaJU3allisl YHUBEPCAIBHBIX aJIrOPUTMOB (110pas e 2.7.).

Camu ajropurmbl OyayT 3anucanbl Ha sisbike MATLAB, cnenyst kaure l'onyba u Ban
Jloyna. D10 criesano 10 Iy IOMMM TpUIrHaM: 1) KelaHue yIpoCTUTh CPABHEHUE aIrOPUT-
MOB € WX aHAJIOTaMHU, B3sIThIX IperuMyInecTsento us [1]; 2) mockosnbky sizbik MATLAB pas-
paboTaH 1jIsi MATPUIHBIX BbIYUCTeHUN u yrnoben st ux 3amucu. Mer vHe Oymem (hopMaIbHO
ormuckiBaTh npapmwia Harmero MATLAB-ob6pasHoro si3bika, mpejmoduTasi TOJIbKO BBIJIEIUTE
CJIEJTYTOTTIHE BasKHBIE OCOOEHHOCTH:

1. Ocuosuble apudmerndeckue omeparuu: ¢ b, a ©b u a.
2. DT XKe omeparyn Jijist BEKTOpoB cienytor npasuaamM MATLAB.

3. Mur ucnosibzyem ocHosable Kitouenbie cioBa MATLAB: «fors, «ifs u «end», nmoxoxwue
HA KJIFOUEBBIE CJI0BA JIPYIHUX si3bIKOB mporpammuposanust (C4-+, Java, ...).

ﬂaﬂHM HECKOJIBKO IIPUMEPOB YHUBCPCAJBHBIX MaTPUYIHBIX BBIUUCJIEHUI Ha HAIEM SA3BIKE.

Hpumep 2.1. v(l:j)=0a*®a(l:j k) o3Hauaer, 9To pe3yapTAT YMHOKEHUS (CKa-
JISPHOTO) TIEPBBIX j KOMIIOHEHT k -1 KOJOHKH MATPUITHl A Ha 3aMBIKAHME (v TIPUCBAUBACTCS
HEPBBIM j KOMIIOHEHTAM BEKTOpa .

Mpumep 22 a(i,j)=ali,j)Dali,1:n)>a(l:n,j) o3nagaer, 4ro Mbl 100aBIIEM
() K 91eMeHTY @;; MATPHIBI A DEe3yIbTaT CKaJsPHONO YMHOYKeHUs (YHUBEPCAIBHONO) 1 -if
CTPOKHU U j-ro crojbia Marpuibl A (mpesmonaraercs, auro A — marpuna n X n ).

Mpumep 2.3. a(l:n,k)®b(,1:m) o3uagaer BHenTHee IpoU3BeIeHNE k -10 CTOIONA
matpursl A u -t ctpoku matpunpl B. DieMentsl maTpulipi-pesynbrata C'=(¢;;) paBHBI
Cij =y O by amsaiBeex ¢ =1,...,nm j=1,...,m.

Hpumep 24 z(1 :n)®yn: —1:1) - ckansipHoe TNPOU3BEJEHNE BEKTODA T U
BEKTODa Y, UbW KOMIIOHEHTHI GepyTcsi B 0OODATHOM MODsIIKe: MPABUIBHOE AnredpandecKoe
n
BeIpazkenue ) | 1 © Ypy1—i-

[Mpumep 2.5. Crexyromuil UK/ BEITUCTISIET TOT YK€ PE3YJIBTAT, YTO U MPE LIy I
IPUMED:
s=0
fori=1:n
s=s®x(i) Ox(n+1—1)
end



YHUBEPCAJILHBIE AJI'OPUTMBL 407

2.1. ckajaropHasa cxema u muckJjwdvenne l'aycca-2Koppana

CuagaJjia MBI TTpOaHAIU3UPYEM DA30BBIM FCKATATOPHBIN METO T, OCHOBAHHBIN Ha OIIpeIeie-
HUU 3aMbIKQHUA MaTPUIIBI (1.3). Ilycrs A — kBagpaTHast MATpUIA. 3aMBIKAHUS €€ TJIABHBIX
IIOAMATPUI], Ay MOI'yT OBITH HAMIEHBI 110 MHIYKIIAH, HAUUHAST C A’l‘ = (CLH)*, 3aMbBIKAHUS
[IEPBONO JIMATOHAJILHOTO dJIeMeHTa. B obrieM ciydae Mbl BhIpazkaeM Agy; Kak

A o A gk
k+1 — Iy )
B Akt
npeJrosarast, 9YTo Mbl y3Ke Hallm 3aMbikanne 11t A, B arott popmyne gp u hy — croabiiss
¢ k snemenrtamm U agyy — cxanap. Mol Takike soipaxkaem Aj | xax

* o Uk Uk
k+1 — T .
Wy Up+1

Ucnonszyst (1.3), MBI 1O/1y9aeM, 9TO

w1 = (hf Afge © ary)*,
Vi — AngUkH,
wlz - Uk+1h;2FAZ;

(2.1)

Anropur™m, ocHoBaHHBIH Ha (2.1), 3aUCBIBAETCS CIIEIYIOMUAM 0OPAZOM.
Anroputm 1. Dckaramopmolii memod svriucrenus oaa A*

Bxoa: marpunia A pasmepom n X n ¢ sjementamu a(i, j),
TaKzKe UCHOIB3YeTCs IS XPAHCHUs] PE3YJILTATA, BHITHCICHHS
U IPOMEZKYTOUHBIX PE3Y/IbTATOB BLIUUCICHUS.

a(1,1) = (a(1, )"

for i1=1:n-1

Ag=a(l:i,1:9)©a(l:d,i+1)

hd =ali4 1,1 29 @ all 24,1 £4)

ai+1i+ 1) =ali+ i+ ) @ali+1,1:i)© Ag(l:4,1)

ali+ 1,6 +1) = (a(i + 1,5 +1))*
a(l:i,i+1)=a(i+1,i+1)©® Ag

a(z+11 )= a(z+1z+1)®hA
a(l:4,1:4)=a(l:4,1:9) P Ageali+1,i+1)©hA
end

B mommoit amajormm co CBOMM TPOTOTUIIOM W3 JMHEWHOM aaredpwr  agroput™m Tpedyer
n® + O(n?) onepamuit cioxenust @, n® + O(n?) onepamuit yMHOXKeHUs: & U N omeparmii
B3ATHSI aaredPanieckoro 3aMblkannst. JmHelHo-aarebpandeckuit TPOTOTUII METOJIA, 3aIli-
CAHHOI'O BBIIIE, TaKXKe HasbiBaeTcst B ureparype |11, 18] memodom oxatimaenu.

B kagecrBe asibTepHATHBBI, MBI MOXKeM TOAyInTh perenne X = AX @ B B pesynbrare
nporecca UCKJtodeHust, (popMaibHoe o0bsiCHEHHe KOTOPOro jano Hike. Eceou A* onpene-

nsterest kak @, A* (Brinouast cxaaspHbIH ciydait), Torga A*B HauMeHbllee perieHue

i>0
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X =AX® B nmasecex A u B nogxongmux pasmepos. B sTom ciaydae, pemenue, Haiiaen-

HOE € ITOMOIIBIO IIPOIECCa UCKJIIOUeHUs!, coBlagaer ¢ A*B.

st matpurel A = (a;;) u BexTop-cronbios x = (x;) u b = (b;) (orpanmunmcs 6e3

norepu OONIHOCTH CAydaeMm, KOrja T U b — BEKTOP-CTOJOIb)

= Ax @b MoxeT OBITH 3aIMCAHO KaK

X1 ailp aiz ... Ain
) o1 A2 ... QA2n
Tn, Apl Ap2 ... dpp

[locne BBIpazkenusi x; 4depes xa,..

BBIDAzKEHUS I X1 BO BCE JIPYTHE YPABHEHUsI OT BTOPOTO JI0 1-TO MBI HOJYyIUM:

1 0 (a11)*ai2
ry | 0 ag @ (azi(an1)*as)
T 0 an2 ® (ani(a1r)*a2)

(an)* 0
CL21(6611)* 1

anl(all)* 0

X1 1 0 ... 0 bl

X2 01 0 bg
>

Tn, 00 ... 1 by,

(an)*aln X1

o, @ (ag1(arr)*ar,) o
Ann SH (anl(all)*aln) Tn
0 by

0 by

1 b,

ypaBHeHue bemmvana

(2.2)

., Tp W3 MEPBOrO YPABHEHWS W MOJACTAHOBKH 3TOTO

(2.3)

BaMeTI/IM, YTO HETPUBUAJIBHBIC 3JIEMCHTEI B obenx MaTpUullax 3aHNUMa0T JOIIOJTHUTE/ILHBIC

10 OTHOITIEHWIO JIPYT K JAPYTY MO3UITHH, TIO9TOMY BO BPEMsI BEITUCICHUH 00e MaTPUITHI MOTYT

. 5 k
XPaHUTLCs B O/HON kBasparHoil Matpuie C*). OBosHaumM ee seMeHTH depes cgj), re

k — «ucsio uckroUeHHbIX tepeMenHbix. [locme [ — 1 muekmoueHust Mbl nMeeM

1,...l=1,1+1,....n

z = (cy V)b,
I I=1) , (I—1)\ %
ng) - ng )(ng )) ) =
C(l) _ C(l—l) @ c<l_1>(c§ll_1>)*c<l_l>

1 4] il

ii=1,...,0=11+1,..

I =)\ (I—1
ng’):(cgl >) ng’ );

7 =

(VI
an

1,...,0=1,1+1,...,n

(2.4)

Iocre n wmexmodennii mveem x — Cb. Bruifupast B xadectse b m060i BeKTOp ¢ OIHOM

KOOP/MHATON, paBHON 1, a ocrambHbIME, paBHbIMH 0, mosyamm C™ = A*. Bammmrem

CJIEJLYFOIIAI aJIrOPUTM, OCHOBAHHBIN Ha pekypcun (2.4).

Anropurm 2. Memod uckarouenus Taycca—2Kopdara das eviuucaenus A*.

Bxoa: marpunia A pasmvepos n X n ¢ snementamu a(i,j),

TaK2Ke HCIIOJIB3YEeTCH IJId XPaHeHUd OKOHYaTeJIbHOI'O pe3yJbTaTa

U IPOMEXKYTOIHBIE PE3YJILTATEl BHIYUCICHUIN.
for i1=1:n

a(i,i) = (a(i,1))*
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for k=1:n

if k+£14
a(k,1) = a(k,i) ® a(i,q)
end end

for k=1:n

for j=1:n

if kA£i&j#£1

alk,j) = a(k, j) ® alk,?) © a(i, j)
endend for j=1:n
if j £
ali, j) = ali,i) ® ali, j)
end end end

Sameqarine. AJropuT™M 2 MOXKET PACCMATPUBATBLCSI KAK «YHUBEPCAJBHBIH ajaropuTMm
O rottma-Yopimaaaas, obodIIamui XopoIo W3BecTHBIE aaropuT™Mbl Yopmasia u Piolima
JUTsT BBIYUCIEHNST TPAH3UTHBHOIO 3aMbIKAHNs rpada 1 BcexX ONTUMAJIBHBIX My Tell Ha Tpade,
cM., Hanpumep, [7]. B cBoto odepesb, 9TH METOJIBI MOI'YT PACCMATPUBATHCS KAK IaCTHBIE
cydan ajropurMa 2 Jijist TPOMUIEeCKUX U OyJIeBBIX MOJIyKoJer. AjroputM 2 Takke OJM30K
K METOJLy «IIOIOJIHEeHUsT> EpIoBa jijist obpalieHust MaTpUIL U pererust cucreM Bujga Ax = b
B KJIACCUYIECKON JIMHeHOH anrebpe, moapobroctu eM. |11, riasa 2.

2.2. Cucrembr Ténjmna

BammieM 3CKaJaTOPHBIN MeETOJ JJjisi HaxoxkjeHust pertenust x = A*hD  ypasHenust
x = Ar @b, e xr u b — BEKTOP-CTOJAOIIBI, AHAJOTUIHBIH OMMCAHHOMY B IIPEJIbIILyIIEM
pasJieie 3CKaIaTOpHOMY MeTony s Haxoxaenus A*. Haumem ¢ 2 = A%, Ilyers o)

— BeKTOD, HaleHubli mocte (k — 1) mara. [lpencraBum ero B BHE

20D ( : )
Trt1

L1 = Uk+1(h;‘cp$<k> ® bpt1), 2= ™ @ AL geTry- (2.1)

Ucnonbayst (2.1), Mbl oy daem

Tpebyercst Borancants Afg,. amee MBI oKazkeM, 9T0 9TO BBIYHUCJICHAE MOMKET OBITH IIPO-
BeJICHO ropasio 3 dexTuBHee, Koraa A — cumMerpudHast TEILUIMIEBa MATPHUILA.

Marpuna A € Mat,,(S) HasbBaercst ménauyesot (wmm mampuuets Ténauua), ecan
CYIECTBYIOT CKAJAPBI T_pii,..., T0,-..,Tn—1, TAKWe, 910 A;; = r,_; JJIs BCeX © U J.
HApyruvu crioBaMu, TEILTAIEBBI MATPUTIBL 00IATAI0T TEM CBOHCTBOM, 9TO WX IJIEMEHTHI T10-
CTOSIHHBI BJIOJIb JIFO0OH JIMHUM, NapasUiebHOM riaBHOM quaroHa i (M BIOJb CAMOH [JIABHOM
jmaronasm). Hanpumep, marpuna

To Ti1 T2 T3
1 To T T2
T—o T_1 To 1
'—3 T—2 T-1 To
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TEIIMIEeBa. TaKume MATPHUILI He 00sI3aTeIbHO CUMMETPUYHBIE, OJJHAKO OHH BCEDJa NepCluMm-
MEMPUYHDIE, TO €CTh CUMMETPUIHBIE OTHOCUTEIHHO TOOOYHONW JIMATOHATIH. ITO CBOUCTBO
anrebpanmtdeckn poipaxkaercs kak A = FE,ATE,, tne B, = |en,...,e1]. Yepes e; MBI 060-
3HaYaeM cToJibert, deil -i smemenT paBen 1, a apyrume smements! pasubl 0. U3 cBoiicTtsa
E? =1, (rne I, — ejunudHasi MATPUIA 7 X N ) CJEyeT, 9T0 NPOU3BEICHUE JIBYX IIePCHUM-
METPUIHBIX MATPUIL SIBJISETCsT epcuMMeTpudabiM. CrieoBaTebHo, JTH0das CTereHb mep-
CUMMETPUTHON MATPHUIIBI TEPCUMMETPUTHA, KAK U 3aMbIKAHNE TIePCUMMETPUTHON MaTPHUIIHL.
Taxkum obpaszom, eciu A nepcuMMerpudHa, TO

B, A* = (AT E,,. (2.2)

Hamee MBI paccMaTpUBaeM TOJBKO CHMMETPUYHBIE TEILTHAIEBBI MATPHUIIBL. PaccMorprm
ypasuernne y — T,y & r™, roe r™ = (ry,...,r,)" u T, omupemensiercs cKauspaMu
ToyT1s -y Tpe1 Tax, 910 T3 — 7j_5 A Beex ¢ ® j. D10 obobmienne samaqm IOma—
Yokepa [1]. llpemmosoxuM, 94T0 MBI MOJYYUIN HAUMEHBIIEE DEIEeHUE y®  crcremb
y = Ty @ r'’® s mexoroporo k Takoro, uto 1 < k < n—1, tne Ty — rmasHast k X k
nopmaTpuria matpurel 1,. Torma Ti 1 MOXHO 3aIMCaTh B CJIELYIONEM BUIE:

v T Eyr®
k+1 — T<k>TEk To )

y<k+1): <Z> T<k+1): <r<k>> .
ag)’ Te+1

Ucnombzys (2.1), (2.2) u tosmecrso Tir® = y*) -yt nosmyaaem, ro

(k+1) (k+1)

nr — KakK

ay

o = (1o ® r<k>Ty<k>)*(r<k>TEky<k> B Troy1),

(k)T

O6osnaunm fi, = ro@r®Ty®)  Crenyromast BoIKIaIKA TTOKA3BIBAET, ITO [ MOXKET ObITH
1

HaliyieH pexypcusHO, ecn (35 ()~ cyiecrByer:

Bk =10 P [r<k—1>T - <Ek—1y<k_1>0zk_1 @ y<k—1)>
Op—1

=719 D T<k_1)Ty<k_1> ©® (r<k‘1>TEk_1y<k_1> ® rr)ap—1

= fr-1® (52—1)_1 © ai—l- (2.3)

Cymecreosanue (8f_ )~ He rapanTupoBaHO, U MOSTOMY Mbl 3allUCHIBAEM JIBE BEPCHHU

HAINIETrO AJrOPUTMA, repBas BKIodaeT (2.3), a Bropas He BKJOYaer. Mbl 3anmineM obe 31u
BEPCHHU B OJHON IPOIPAMME M BBIIEJIUM BBIPAYKEHUsT, KOTOPBIE OTHOCSITCST TOJBKO K TIEePBOLt
WM TOJBLKO K BTOPOH, ¢ momompio komMentapues sisbika MATLAB %1 m %2 coorser-
creerno. Cobupast BeIpaxkeHust st B, (p W 2, MBI IIOJYIUM CJIEIYIONIEeE PEKYPCHUBHOE
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Bpra)KeHHe:
Be=B1 @B ) @ap,, %l
= (80" © r"TEy® @ repa), (2.4)
(k1) <Eky< Doy, @yt >>
Yy = .
A

Pekypcust (2.4) — 910 06061mennas Bepeust Meroza lypbuna s 3amaau Ha-Yoxepa, npo-
TOTHIT ajroputMa cM. B |1, axropurm 4.7.1].

Agroputm 3. Memod Hypbura oan 3adaywu FOnra—Yoxepa das ypasnernuti Beaimana ¢ cum-
mempuHoti mampuuet TEnauya.

Bxon: ry: cxamnsap,

r: n—1x1 BexTop;

y(1) =rg ©r(l)

ﬁ =T %1

a=r5or(l)

for k=1:n-1
B=ro®r(l:k)oy(l:k) %2

g=pe(B)'oa® %l
a=080k: —1: D)oyl k)drk+1))
21:k)=y(Q:k)eyk:-1:1) 0«

y(1: k) = (1 k)

yk+1) =

end

Boixoa: BexTop .

B obmem ciydae anropur™ Tpebyer 3/2n? + O(n) omepamuit & uM () KayKJOH U TOIBKO
n? + O(n) omepamuit @ U (), ecoH JONYCKAIOTCS UHBEPCHH ajrebpamdecKux 3aMbIKaHuil
(kaK 06bIYHO, TPEOYETCs TOJBKO 7 TAKUX 3aMBIKAHUN B 06OUX CJIydasix ).

PacemoTpum 3amady Haxoxkgernst ) = T;bm), rine 1, 3BajaHbl Kak BBIINE, a BEK-
top b = (by,...,b,) mpoussosen. Takzxe Mbl BBegeM BexTop-cronben y\¥), smsmormmiics
permennen 3agaqn Fma—Yoxepa: y*) = T,jr<k>. OcHoBHast I/I,ZLGH COCTOUT B HAXOXKJIEHUH

soipaskerust st xF D = T b0 prmovatomux 2™ u ¢y, Bammmen p D g pHD

x<k+1>: <U> b<k+1): <b<k>>
Hk ’ bk+1

Ucnonssyst mepeumvmerputo Ty u toxaectsa Tiby = 2% u Tiry, = o

CTIEYTOITM 0OPA30M:

k) mpeoGpasyem

BhIpazkeHus (2.1) u mosrydnm, 9ro

e = (1o © r®OTy®N o (OTE 20 @ by 1),
v = By® g & 20,
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Koapdurment ro @ rFTyk)

Bre = Bre-1® (Bp-1)"

= [ MOxKeT ObITH BBIPAYXKEH PEKYPCUBHO:

! © (ak—1)27

ecu 3ambikanne (Og_1)* obparumo. YIuThiBasi 9TY BO3MOXKHOCTD, [OJIydaeM CJIeJYIONIIe

BbIPDazKCHMW !

Be =ro & rFTy®),
Br = Br—1® (Bi_1)
He — 51@ ( )TEkx

%2

- QOZI%—D %1

& bie1), (2.5)

2D <Eky< e @ ¥ >> .

Mk

Bripaxenus (2.4) u

(2.5) mator caemytoriee obobienne agropurMa Jlesurcona pernenust

JIMHEHHBIX CUMMETPUUIHBIX cucreM Térmia, cM. npororut B |1, amropurm 4.7.2].

Agroputm 4. Memod Jlesuncona oan cucmem Beaamana ¢ cummempuynot mampuied

Tenauua

Bxon: rg: cxamnsap,
r: 1 xn—1 BexTOp-CcTpOKA;
b: n x 1 Bekrop-cromber,

y() =rgor(l); x(1l)=r5 ©b1);

ﬁ:TO %1

a=rior(l)

for k=1:n—-1

B=ro@r(l: y(l: k) %2

k) ©
=R () oa? %l

p=p0rk: =1:1)ox(l:k)®blk+1))

v(l:k)=x(1:k)eyk:-1:1)Ou

21 k) = v(1 : k)

r(k+1)=p

if k<n-—1

a=p"0rk:-1: D)oyl k)yerk+1))
21:k)y=y(l:k)eyk:-1:1)0a

y(1: k) = =(1: k)

ylk+1)=a

end end

Bpixoxa: BekTop 2.

B obmem caydae asroputm tpebyer (5/2)n? + O(n) onepamuit & u & KaxJasi, U TOIBKO

2n? + O(n) omepammit @ u ©, ecau anrebpantdecKue 3aMbIKaHUs 06PATUMBI (Kak OGBITHO,

Tpebyercst TOJIBKO 1 3aMbIKAHUH B 000MX CIydasx).
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2.3. Pasgoxkenue LDM

Hat xytaccnyeckuMu 9ucI0BBIME TIOJISIMA MATPUYHbBIE ypasHerust Bijga AX = B MOxXHO
peraTh ¢ MOMOIIBI0 pasioykenust MaTpuiisl A B mpoussenenne A = LDM, tne L u M —
HUZKHSIST U BEPXHsIsT TPEYTOJIbHBIE MATPUIIBI ¢ €MHUIHONW TUArOHAJIBI0 COOTBETCTBEHHO, a )
— JMaroHaJibHast MaTpuiia. MBI TOCTPOUM TIOXOYKee Pa3JIOYKEHUe JIJIsl PEIeHUs] ypaBHEHMsT
Besumana X = AX @& B Haz HOJLYKOJIBIAMHU.

B cayuae cucrembr AX = B Haj KIACCHYECKUMHU YHUCIOBLIMHU IIOJISIMH, PA3JIOXKEHHUE
A= LDM npusomut K ciejytornemy pasioxenuto AX = B:

LZ=B, DY=2 MX=Y. (2.1)

CrenoBarebHO,

ATt =MD (2.2)

eciim Matpuria A obparuma. [lo cymectBy, mocrarouno Haditu marpurst L, D u M, tax
KaK Tocje 9Toro juHeitHast cucrema AX = B permaercst myTeM KOMOWHAIIMM TIPSIMOM TIOT-
CTaHOBKU /Z (pellleHne CHUCTeMbl YPDABHEHUI ¢ HUXKHE-TPEYTOJIbHONH MaTpUIeil), TpUBHUAIIb-
HOM MHBEPCUU JMArOHATBHONW MaTpuipl Y u obparHoit nojcranoBku X (pereHue cCucTeMbl
ypPaBHEHUI ¢ BEPXHE-TPEYIOIBHON MaTpuIed ).

Ucnonbsyst pasnoxkenne LDM st AX = B Kax TOPOTOTHI, MBI MOYKEM 3alllCaTh
aHajoruynoe pasioxkenue st X = AX & B

Z=LZ®B, Y=DYeZ X=MXaY. (2.3)

Torna
A* = M*D*L*. (2.4)

Tpoitka (L, D, M), cocrosiniast u3 HUXKHEH TPEYrOJBHON, JUarOHAJILHON M BepxHEH Tpe-
YyTOJBHON MaTpull, HasbiBaercss LD M -pasznsoocenuem Matpuribl A, eciv BBITIOJHEHBI COOT-
Homenust (2.3) u (2.4). 3amerumM, 4TO B 9TOM CjIydae IJIaBHble juaroHau marpur, L u M
— nyaesble. Jpyruvmu ciroBaMu, Marpuna L sBseTcs CTPOro HUXKHE-TpeyroJbHol, a M
SABJISIETCS] CTPOTO BEPXHE-TPEYTOJIHHOM.

Hama yuusepcanshast momudurarmss LD M -paznoxenus: cxoxa ¢ yHUBEPCAJILHOW MO-
quukarmeit LU -pasnoxenust, npesoxernnoit Kappe B [18,19], eM. Taxkke Huxe. YHUBED-
casbable ajroputMbl LDM u LU -pa3noxenus: MOKHO TIPUMEHSITH U B CJIydae OOBITHBIX
YHUCJIOBBIX TOJIeH, OMHAKO JIMIIH B TOM CJIydae, ecad He TpebyeTcst omepardsi «BbIbopa Be-
Jymiero sneMenTas (pivoting). B atom ciryuae onm Beraucssitor xkiaaccudeckue LDM w LU
passozkenust Jiist obparnenust Matpurisl [ — A.

Ecmu A — cummeTpudHast MATPUITA HAJ] TIOJIYKOJIBIIOM ¢ KOMMYTATUBHBIM YMHOYKEHUEM,
TO KOJIMIECTBO BBIYHCEHUM MOXKeT ObITh yMEHBIEHO BiBoe, Tak kak M u L mepexomsT
JIpyT B apyra npu Tpaxcnosuimn. CooTBETCTBYIONIME aIrOPUTMBI OYIYT TTOIPOOHO PACCMOT-
PEeHBbI HIXKE.

Mper Hagnem co caydast TpeyrojbHoit Marpunsl A = L (wm A = M ). Torna nHaxox ierue
X cBomutest K npsiMoit (mmm obparHoit) 3amene. B stux ciayuasix ypasuenne X = AX @ B
MMeeT eJIMHCTBEHHOE PeIeHrne, KOTOPOoe MOXKeT OBITh HAMIEHO ¢ MOMOIIBI) MPOCTBIX AJIr0-
PUTMOB, [IPUBEJIEHHBIX HUXKe. B arux ajropurmax B — Bektop (obosnadeHHbiit vepes b ),



414 I JI. Jlursunos, A. 4. Poanonos, C. H. Ceprees, A. H. Co6oseBckuii

OIHAKO X (II0CJIE COOTBETCTBYIOMIEH MOIMDUKAIMN) MOXKHO IPUMEHSATh U B CJIydae, KOIJa
B — wmarpuna smoboro nogxossitiero pasvepa. Hac uaTepecyer ciaydait ¢Tporo HuzKHETpE-
YTOJIBHOI MaTPHUIIbI, COOTBETCTBEHHO CTPOI'O BePXHETPEYroabHOM, Korga a; — 0 g ¢ < J,
COOTBETCTBEHHO a;; — 0 Jy1st ¢ 2> 7.

Anroputm 5. Ilpamas nodcmaroska.

Bxopa: Crporo HmxaeTpeyroipHas 1 X n-MaTpura | ;
n x 1 Bexrop b.

y==

for k=2:n

ylk) =Uk,1: k=1 oyl : k—1)
end

Boixoa: BexTop .
Anroputm 6. Obpammnas nodcmaroska.

Bxoa: Crporo BepxHeTpeyrobHast 1 X 1-MaTpUlia 1 ;
n x 1 Bexrop b.

W=l

for k=n—-1:-1:1
ylky=m(k,k+1:n)oylk+1:n)

end

Bbixoa: BexTop .

O6a asropurma Tpebytor n?/2 + O(n) oneparmit @& 1 & M HUKAKUX ajrebpandecKux 3a-
MBIKQHUA.

[Mocne LD M -paznoxkenust HaM HyZKHO BBIYUCIUTE 3aMBIKAHUE TUATOHATBLHON MATPUITHL.
DTO HesIaeTed MOIJIEMEHTHO.

Cdhopmymapyem amropurm LD M -paznoxkenus:, T. e. Beraucjaerne matpur, L, D u M,
yaosaersopsttormux (2.3) u (2.4). Hokazarenserso OyueT NPUBEIEHO HUXKE.

Agnroputm 7. LDM-pasaoocenue (sepcus 1).

Bxoa: n x n-marpuna A ¢ snementamu a(i, j),

TAKIKE UCTIOJIB3YCTCS IS XPAHCHNST PE3YIbTATa BBIYACTCHUH

1 TIPOMEZKYTOYHBIX DE3YIBTATOB BBITUCICHUH.

for j=1:n—-1

v(j) = (a(j, )"

0l +1:m) = a(j +1:1,5) ©v(j)
a(j+1l:nj+1:n)=a(j+1:nj+1:n)@aj+1:n,75)®alj,j+1:n)
a(j,j+1:n)=v(j) ©alj,j+1:n)

end

Anropurm tpebyer n?/3 + O(n?) omepamuit & u ® u n — 1 omepamuit anrebpanIecKoro
3aMBbIKAHUWAA.
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Crporo tpeyrosibHast Mmarpuria L 3ammuchbIBaeTCsl B HIKHEM TPEYTOJBHUKE, CTPOTO BEPX-
HeTpeyroJbHast MaTpurnia M B BepxHeM TpeyroJbHUKE, W IUaroHajibHasi Matpuria [ Ha
JIMArOHAJIM MATPHUIIBI, BEITHCIEHHON aJrOPpUTMOM 7.

Tenepy mokazkem, uro A* = M*D*L*. 3ameruMm, 4TO TPUBEJEHHOE HUXKE JIOKa3a-
TeJILCTBO siBJIsieTcst Mojudukarmeil noxkasarenscrsa |14, maHHOrO JyIsi YHUBEPCAJIBHOIO
LU -paznowxenusi. Unest 3axmogaercst B TOM, 9TOOBI ONPEIETUTh YHUBEPCAJBHBIN aHAJIOT
«marpurt, [aycca» HUXKHE-TPEYTOJBHBIX MM BEPXHE-TPEYTOJBHBIX, COCTOSIIIUX W3 OIHOTO
cTONIONA MM OJHON CTPOKH, COOTBETCTBEHHO ).

~ (an A
MoxHO TPOBEPUTH, UTO
1 hat >
A — 1y o
<On—1><1 In—l
any O1xn-1 1 O1xn—1 (2.6)
I (h<1>a’{1g<1> D B(D)* a»{lgu) B 47 ‘

IJle YMHOXKEHUE B [IPABOH JaCTH BEJIET K BBIPAXKEHUIO, TIOJHOCTHIO aHajgornaaomy (2.1), rie
(RWa3, g™ @ BYY* urpaer porb upyy. 3aech u ganee Oy O3HAMaeT k X [ -MaTPHIDL,
COCTOSATITE TOJIBKO W3 HyJsel, a [; o3HAYaeT eIMHUYIHYI0 MaTpUIly pasmepa [. DTo Taxxe
MOZKHO IIepelmrcaTb KakK

A" = M{DHA®) L], (2.7)

M1< 0 WV, )
Otm-1)x1 Om—1)x(n-1)/
< a1l le(n—l) >
Om—1)x1 Om—1)yxmn-1)/
A _ O1x1 Oix(n-1
Opm-nx1 R® )’

Ll _ < Ol><1 le(n—l) >
a’hg(l) Otn—1)x(n—1) ’

Dy

R® — p0gt ¢ g BO). (2.8)

31ech MBI HCIOIB3YeM, B 9acTHOCTH, uTo L2 = 0 u M? = 0, u, cregosarensno, L} = [ G Ly
u M{ =1& M.
[epsprit mar amroputva 7 (k= 1) Berauciaser

an  hWaf, 2
=A% LM &D 2.
<a,{19<1) R<2) © 1 S¥ 1 S¥ 1, ( 9)

9TO COMEPKUT BCIO HYKHYH0 HH(MOPMAIINIO.
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Terreps Mbr mpojoskuM ¢ nomMarpuiel R marpuner AP, packiasisast ee Ha MHO-
KuTem 1o anajgoruu ¢ (2.7), u 1. 7. Onumem (opmaibao k-t mar 9mol KOHCTPYKIIUH,
oTBevaOMUil k-My mmary agropurva 7. Ha srom obrmem trare Mbr paboraem ¢

40 _ <OO(k—1)x(k—1) O(k—l};(g;—kqtl)) ’ (2.10)
(n—k-+1)x (k—1)

e
RY = V(@55 )0g* ) o B =

(k) (k)
e . (2.11)
g Bk

Kak u na mepBom mare, Mbl IIpeICTaBISEM
(AW) = MED(A®HI) L, (2.12)
TJe

O-)x(k=1)  Or=1x1  Oh=1)x(n—k)
M, = O1x(k-1) O1x1 h<k>(a§j€ A I
O@m-t)xk=1) Om—k)x1  On—k)x(n—k)

O-)x(k=1)  Or=1x1  Oh=1)x(n—k)
(k)

Dy = le(k—l) Q. le(n—k) )
O@m-t)xk=1) Om—k)x1  Om—k)x(n—k)
(2.13)
Op-x(k=1)  Ote—1)x1  Oh=1)x(n—k)
Ly = O1x(k-1) O1x1 O1x(n—k) ,
k)\ %
Otu—iyxh—t) (@) 9™ Ouiyx(ni)
A1) Okxk  Orx(n—k)
O(n—k)xk RUHD ’
ROHD — 09 gy g8 g B8
BaMeTHM, 9TO UMEETCs CIEIYIONee PeKYPPEHTHOE cooTHOmeHne Ha d1emenTnr AR :
k1 0, ecmn 1 < k wm § < k,
g "= R o (B (R)ye, (R) . . (2.14)
a;; ®ag (ap, ) ap;, ecmai>kuj>k.

DTa peKypCHst cpa3y BHIHA B aaropurMe 7. Bosee Toro, MOXXHO MOKa3aTh 110 UHIYKIIAKA, YTO
MaTpHIA, BEIYUCIEHHAsI Ha k -M IIIare ajropuTMa, paBHa

k k k

A e B Le @M e P D (2.15)

i=1 =1 i=1

Wnawe rosopsi, ata MaTpura cocrasiena us hMat ... h<k>(a§€?)* (B BEpXHEM TPEYTOJIb-
muke), af gV, .. (agz))*g<k> (B HMKHEM TDEYTOJIbHUKE), 11, ... ,ag? (Ha JquaroHasn) u
R* ) (g 1oro-Boctounom yriy).
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[ocsie packpoiTus: Beex Bbipaxkenuit (2.12) st A® pne k= 1,...,n, MBI IOTydaeM
A*=M{D}---M D)L --- L] (2.16)

(na camom gnene, M, = L, = 0 u, crenoarensuo, MY = L = I). 3amerus, uto D} u M]’.‘
KOMMYTHPYIOT IPU ¢ < J, MBI MOXKEM IEPENNCATH

A*=M{---M:D}--- DXL - L. (2.17)
Pacemorpum pasencrsa

(Div&...e& D) =Dj---D;,
(i®...eL,)*=L}---Lj, (2.18)

n

(My@ ... M) = M- M.

IlepBoe m3 »THX paBeHCTB oOdveBHIHO. [lo MOBOAY OCTANBHBIX JBYX 3aMeTHM, YTO
M} = L2 =0 st Beex k, cneposarensno, M} = I @& My u LE = 1 & Ly. Hanee, L;L; =0
upu ¢ < j u M;M; =0 npu ¢ > j. Vcnone3ys sTu paBeHCTBa, MOXKHO ITOKa3aTh, UTO

n—1
=0
={UaLl,)  --UaL :L:;"-L*,
( ) :1 I (2.19)
Me.. oM =PMe.. oM)=
=0

:(I@Ml)"‘(I@Mn):Ml*‘”M;,

9TO Jaer jBa nociaenHux paseHcrBa u3 (2.18). Bamerum, uro B (2.19) MBI HCIOIB30BAJIH
HWIBIOTEHTHOCTE Ly @ ... D L, u My @ ... D M,, gro nozsosser npumeHuts (1.6).

Moxuo nposeputh, 4dro marpuret M = M, & ... &M, L = 1L&...% 1L,
ul = Dy&...8 D, comepxarcsd B BePXHEM TPEYLOJbLHUKE, B HUXKHEM TPEYTOJbLHUKE
M, COOTBETCTBEHHO, HA JIMATOHAJN MATPUIILI, BEITUCIEHHON aaropuTMoM 7. DTU MaTPUIIBI
yaosiersopsitor LD M -pasnoxkenuto A* = M*D*L*. D1um 3aBepriaercs: 00bsiCHEHNE aJl-
roputma 7.

B TepmmHax MaTpUYHBIX BBIYUCACHHH ajroputm 7 ectb Bepcust LD M -pasnoxenus c
BHEITTHUM TTPOU3BEJIEHHEM. JTOT aJTOPUTM MOXKeT OBIThH mepejiesad B (DOpMy, TOUTH HIeH-
truanyto ¢ |1, aaropurm 4.1.1):

Agropurm 8. LDM-pasaoorcenue (epcus 2).

Bxoa: n x n-marpuna A c¢ snementamu a(i, j),
TaK2Ke HCIIOJIb3YeTCHd IJisdl XpaHeHud pe3yJibTaTa BBIYMCJIEHUNA
U TIPOMEKYTOYHBIX PE3Y/IBTATOB BHITUCICHUL.

for j=1:n

v(l:j) =a(l:j,7)
for k=1:j—1
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vk+1:j)=vk+1:5)Dalk+1:75k) ©uvk)
end

for i—1:j—1

a(t, j) = (a(é,2))* © v(i)

end

a(j, ) = v(j)

for k=1:j—1
a(j+1:n,j)=a(j+1:n,5)da(j+1:nk)ovk)
end

d = (v())*

a(j+1:n,j)=a(j+1:n,5)od

end

DTOT AJTOPUTM BBIIOJIHSET B TOYHOCTH T€ YKE ONEPAITUH, YTO U AJTOPUTM 7, BEIYUCIIsIs 110~
CJIEJIOBATENIBHO OJTMH 3 JIPYTUM CTOJIOIBI Pe3yIbTaTa. A UMEHHO, B TePBON YaCTH OCHOBHOTO
IIMKJI& OH BBIYUCJSIET 3JIEMEHTHI ai; s ¢ = 1,...,7, cHa"aJa TOJ BUJIOM IJIEMEHTOB U W
OKOHUATebHO B npucBamBarun « ai, j) = (a(i,1))* © v(i) ». CaoXKHOCTH TOTO AJITOPUTMA
TaKas e, KaK y ajaropurma 7.

2.4. LDM -pazjioxkeHre ¢ CUMMETPUECHA U JICHTOYHOI CTPYKTYpPOii

Korpa marpuna A cuvmerpudna, T. €. G = Gj; JUIS BCEX {1, j, €CTECTBEHHO OXKHUIATH,
gqro LD M -pazioxenne Toxe IOMKHO OBITH cuMMeTpiaHO, T. e. M = LT, JlelicreuTemsho,
MIOBTOPSS PACCYZK/JIEHUS IPEJIBLIYINETO pas3iesa, MOKHO IOKA3aTh, 9YTO BCe IPOMEKYTOIHBIE
varpuipl A® comvMerprambl, cienosarensro, M) — LT nmns seex bk uw M = LT, Te-
epb MBI MPEJCTABUM JiBe Bepcuu cuMMerpudnoro LD M -pasnoxkenus, OTBEYAIONIAE JIBYM
BepcusiMm LD M -pasioxenusi, TaHHBIM B TPEIBIIYINEM pasiesie. 3aMeTUM, 9TO 00beM BbI-
YUCIeHUH B 9TUX AJTOPUTMaX IPUMEPHO BIIBOE MEHBIIE, YeM B WX TOJIHBIX Bepcusix. B obonx
ciaydasix onu Tpebytor n®/6-+0(n?) onepammit H u © (kaxjapiil) u n— 1 oneparuit B3sTHS
aIredpPamIecKoro 3aMbIKAHIMSL.

Agropurm 9. Cummempuunoe LD M -pasaooicenue (sepcua 1).

Bxoa: n x n-marpuna A c¢ snementamu a(i, j),
TaKzKe HCIIOJIB3YeTCHA IJIsdl XPpaHeHud pe3yJibTaTa BBIYMCJIEHUNA
U TIPOMEKYTOYHBIX PE3Y/ILTATOB BHIYUCICHUL.

for j=1:n—-1

v(7) = (a(4,7))*

for k=j5+1:n

for [=5+1:k

a(k,l) = a(k,l) @ a(k, j) © v(j) © a(l, j)
end

end

a(j+1:nj)=a(j+1:n,j) ()
end
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Crporo TpeyrosbHasi MaTpunia [ COAEPKUT HUKHAN TPEYTOIBHUK PE3yabTaTa, a MaTPUIA
D — na quaronamm. Crenyrommast Bepeust obobmiaer |1, agropurs 4.1.2].

Agropurm 10. Cummempuunoe LDM-pasznoocenue (sepcus 2).

Bxoa: n x n-marpuna A c¢ snementamu a(i, j),

TaKzKe HCIIOJIB3YeTCHd IJIsdl XpaHeHud pe3yJibTaTa BBIYMCJIEHUNA
U TIPOMEKYTOYHBIX PE3Y/IBTATOB BHIYUCICHUL.

for j=1:n

for i=1:j—1

(i) = (a(i, i)*)~"ali, j)

end
v(j)=v()@alf,l:5-1)0uv(l:j-1)
a(j,j) =v(j)

for k=1:j—1
a(j+1:n,j)=a(j+1:n,5)Ba(j+1:nk)ouvk)
end

d= (v(7))"

a(j+1:n,j)=a(j+1:n,j) ©d end

Bamernm, 4To 9Ta Bepcusi Tpedyer oOpaTUMOCTH 3aMbIKaHUH a(7,7)*, BBIYMCIEHHBIX AJIIO-

PUTMOM.

Bameuanme. B ciaydae MaeMIOTEHTHOrO MOJTyKOJbIa MBIl uMeeM (D*)? = D*| ciemo-
parenpHo, A* = (M*D*)(D*L*). Korma A  cuMMeTpudHA, MBI MOXKEM 3allHCAThH
A* = (GHTG*, tme G = D*L.  Ouesumno, sTa MAEMIIOTEHTHOE pasJjoxeHue Xo-

JIELIKOT'O NIPUBOJIUT JIUIE K HeHGoJbIoN Mojudukanuu ajropurma 9 (wmm 10). Cm. Takxe
KJIACCHIECKOe pasjioxkenne XoJerkoro B |1, ajaropurm 4.2.2).

A= (aij) Ha3BIBAETCS JIECHTOYHOU MaTpULEN ¢ BEPXHEN IMMTUPUHON TTOJIOCH! ¢ W HUKHEN
IMUPUHOM TOJIOCEL p, ecan a;; — () 171st Beex j > ¢+ p uBcex ¢ > j+p. Jlenrounas marpuma
¢ p = ¢g = 1 HasbBaercss TpuAMAroHAJILHO. /151 000CHOBaHUST YHUBEPCATHLHOW BEPCUU
LD M -passiozkeHust JIEBHTOYHBIX MATPHUI] HAM HYKHO TIOKA3aTh, YTO [TApAMETPHI JIEHT MATPHIL
A= AP AW pprancrennsx B mporecce LD M -pasnozkennsi, He GOJIbINE TaPAMETPOB
varpumpl A = A Tomoxny no mamykmmm, aro A = AWM AW pveror tpeGyembie

k1 S . .
apaMeTphbl JIEHTHI U PACCMOTPUM JIEMEHTHI anJr ) st ¢ > 7+ p. Fem « <k wm j < k,

k1 : .
TO anJr ) = 0, mOITOMY MBI MOXKEM IIPEJITOJIOKUTL, 9T0 ¢ > k u j > k. B srom ciyuae

i >k + p, crenoBaTebHO, ag,? =0u

kt1 k k), (k)yx (K
angr = agj) © agk)(agck)) agcj) = 0.

Taxum 06pasoM, MbI ToKazamn, 4to mHmxHss momoca A®) we Gompme p. Taxum xe
00pa3zoM MOYKHO TIOKA3aTh, ITO €€ BEPXHsIs [TOJI0CA He TpeBbImaeT ¢. MbI UCob3yeM 31o
JUIst IOCTpoeHust JienTodHoit Bepeuu L DM -pasnoxenus:, e€ npororun cM. B |1, aaropurm
4.3.1].
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Agroputm 11. LDM-pasaoorcerue aermounott Mampuiyol.

A — JleHTOUHAST M X N -MaTPUIA C DJEMEHTaMu (i, ), HUXKHsS IIUPUHA JIEHTHI P U BEPX-
Hsisl TIIUPHUHA JIEHTBI ¢ TaKKe UCIOJIB3YeTCs I XPAHEHUs! OKOHUATEIbHOTO Pe3y/IbTaTa U
[IPOMEKYTOUHBIX PE3Y/IBTATOB BBIUUCICHUT.

for j=1:n—-1

v(j) = (a(j,7))"

for i=j -+ 1:min(j + p,n)

ai,5) = a(i, j) @ v(j)

end

for k=7 +1:min(j + q,n)

for i=j+1:min(j + p,n)

alk,j) = alk,j) @ alk,7) © a(i, j)

end end

for k=7 +1:min(j + q,n)

a(j, k) = v(j) ©®a(j, k)

end end

Korma p u ¢ dbuxcupoBanbl u n >> p,¢ IepEMeHHAasI, JEerKO BHUIETH, 9YTO AJTOPUTM BbI-
HOJHSAET IIPUMEPHO Npq KaxKJIoN n3 omeparmiit © n @.

3ameuanmne. Fcmb Hexomopoie ewe 60Aee CNneyuasbhole 8udvl AEHMOYHBIT MAMPUL, Ha-
npumep, mampuyve Xeccenwbepza u mpérduazonasvroe mampust. Mampuuys Xeccenbepea
ONPedesfAOmMea Kax AEHMOUHBIE Mampuust ¢ p = 1 4 g = n, a 8 cayuae MPexduazonans-
ol mampuy p = g = 1. Hecaootcno sanucams daavretiuiue adanmayut aszopumma 11 oas
IMUT CAYHACSE.

2.5. HWrepanuoHHBbIE CXEMBI

[lo nacrosiimemMy yHUBEPCAIBLHYIO UTEPAITMOHHYIO CXEMY TPYIHO HAWTH, TaK KAK yCJIOBUS,
IIPpKY KOTOPBIX TaKHE CXEMDBI pa6OTaIOT, a TaKzKe YCJIOBHUHA OCTaHOBKH JJIA TaKHUX CXeM 3aBUCAT
OT IIOJIYKOJIbIIA 1 OT IIpeAcTaBJICHUA JaHHBIX. TGM HE MEHee, OCHOBHBIE OIlepallii TaKUX CXEM
6bIBaIOT YHUBEPCAJILHLI 1 OY€HBb IIPOCTLI.

Pacemorpum  cieytomuit mTepanMoOHHBIN TIPOTIECC PEIeHus]  ypaBHEeHHs besivana
X=AX @ B:

X®D = AX® ¢ B. (2.1)

Urepupyst Beipaxkenus: (2.1) st Beex k or 0 1o m — 1, Mbl nojydaem

m—1
X = AmXO o P A'B. (2.2)

=0

Taxum o6pasoM, pesymbrar 3asucur or nosenenmst A X, Amropurm Moxer GbITH
Heperucan cieayronmmM obpasom (st ciaydast, kKorga B — Bekrop-croJberr).

Agropurm 12. HUmepayuu Hrobu

Bxoa: n x n-marpuna A c¢ snementamu a(i, j);
n x 1 BekTOp-cTOOMBL b U T
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situation = 'Berauciienne’

while situation == 'Beruucienne’
r=A0Cxdb

situation = newsituation(...)

if situation == "pacxomumocts’
disp("Urepanmuu Axobu pacxomsires:.”)
exit

end

if situation == "cxomumocTs’
disp(’Perenne naiieno:”)

exit

end end

Bpixoxa: curyarust, x.

Hamee mbr kpaTko obcymmnM noBeieHne ureparumit Ylkobu Ham 0ObraHON apudMeTHKON ¢ HeOT-
PUIIATEIBHBIMEA BEIMECTBEHHBIMY YUCTAMEA U HAJT TOMYKOJLIOM Ryay. st mpoctoTs B 060-
UX CJIyUasiX Mbl OTPAHUYUMCSE CJIyIaeM Henpusodumot MaTpuil A, TO ecTh KOIJia accolli-
UPOBaHHBIN Tpad CHUILHO CBI3aH.

XopoIIo U3BeCTHO, ITO HAJI OOBIYHON apudMeTUKON (B HEIPUBOIUMOM HEOTPHUIIATEIHHOM
citydae) ureparuu JKo6u CXOIsITCs TOrIa U TOJBKO TOLMA, KOTia HAubOoIbIiee cOOCTBEHHOE
suauenue 17(A) marpunpt A crporo menbine 1. DTo CBAZAHO, B 4ACTHOCTH, C TEM, KaK BEJET
cebst ocenosarensaocts {A™x(V},,00. Bamerum, uro ureparun Axobu, maxe B CIydae
CXOJIMMOCTH, KaK TPABUJIO, JIAKOT JIUIIE PUOIMZKEHHOE perenne ypasaenust © = Ax + b.

B ciaydgae Ryax mosesenue mocaemosatensnocta { A™xOY, o ommumgaercs or cydas
oOBIYHON HeoTpHUIATEIBHON agredphl. OJHAKO, KaK U B CIydae HEOTPHUIATEILHONU ajred-
pbI, 910 nIoBesierne 3aBucuT oT T(A), Haubombiero cobereeHHOrO 3HavYeHus A B anrebpe
MAaKC-TUTIOC (TO €CTh OTHOCHTEIBHO cOOCTBEHHOH 3azatun A © x = A © & B 3T0# amredpe).
A mvenno A™x® — 0 wu, crenosarensno, urepanun cxomsitest ecm r{A) < 1. Bosee Toro,
B atoM caydae A* = (IGAD...® A" u, crenosarenbHo, UTepauy J0CTABISIIOT TOYHOE
permieHne ypasHeHHst Besunvana mocre Konednoro gucia maros. Haobopor, A™x(® — foo
U, cyiefioBaTe/ibHO, urepanuu pacxoggarcs npu r{A) > 1. [logpobuoctu oM., nanpumep, |18].

Ha rpanune r(A) = 1 crenenn A™ [OCTHUTAIOT TEPUOINIECKOIO PEKUMA IOCTE KO-
Hewnoro wucia maros. CiegoBaTennro, nocaenosarensuocts {A* @ ATz}, o rakxe
CTAHOBUTCS MEPUOIMIECKON [IOC/I6 KOHEYHOIO YMC/Ia Iaros. Fc/u mepuoj paBeH eJHUIE,
TO €CTh €CJIU ITA MOCIEI0BATEIBHOCTE CTabUIMZUPYETCs], TO METOJL CXOIAUTCS K HEKOTOPOMY
obieMy perernto ypapaerust © = Ax @ b, xoropoe onuchiBaercs kaxk cyneprosuiumsi A*b u
HEKOTOPOro cobcrBeHHOro BekTopa Marputibl A [2,17]. Bektop A*h moxer noMuHUPOBATH,
B 9TOM CJlydae MeToj, cxoautest K A*b kak «oxumanock». OHAKO, TIEPUOJL TOCTIEI0BATE b
HOCTH (TI0CJIE BBIXOJIA HA MEPUOJMUECKUH PEKUM ) MOXKET ObITh U OOJIbINE eJIUHUIILI, B 3TOM
cirydae ureparuu Jkobu He JI0CTABIISIFOT HUKAKOTO PelleHus: ypasHenuss © = Ax @ b nero-
CPEJICTBEHHO, OJIHAKO TAKOEe DEIeHHe MOXKEeT ObITh HANHIEHO ¢ MOMOIIBI0 CYMMUPOBAHUS 110
nepuoy. CTereHr MaTpHIL U TeOpHsi COOCTBEHHBIX BEKTOPOB U COOCTBEHHBIX 3HAYCHUN HAJY
anrebpoit Maxc-TIoc mopobHO ormcanbl B MoHOrpaduu Byrkosuda [16], em. takxe [49,50].
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B 6osee croxuOM cxeme mreparmit [aycca—3eiigenss MBI TaKKe MOYXKEM HCIIOJIB30BATH
IpeBapuTensHO Halinennase koopmaaTel X 9. B stoM ciayuae matpuia A sammceisaeTcst
B Bujie L ® U, tiie L — crporo HuskHeTpeyroybHast yactb A, a U — BepxHeTpeyrosbHast
YacTh ¢ IUaroHasbio. Mreparum 3ammcsiBaoTest Kak

X® = X®aUuxt-Dgp=rUX*Dg[*B. (2.3)

SameTuM, UTO IIpeodpa30oBaHMUsI MIPABOH YACTH OJHO3HAYHO, TaK Kak [ — CTPOro HUXKHEe-
TpeyrosibHasi MaTpuna, u L* onHosHauHO onpejensiercs Kak [ L @ ... O L (tne n —
pasmeprocts A ). Hpyrumu cioBamu, Mbl TOJIBKO NPUMEHsIEM (DOPMAJBHYIO MOJCTAHOBKY.
Urepupyst Beipazkenus: (2.3) 1j1st Becex k BILIOTH JIO 17, MbI HOJTY IHM

m—1
X = (L Uy X o @@L UYL B. (2.4)

=0

[Ipasast wacts Hanomuuaer Gopmyny (L @ U)* = (L*U)*L*, cem. (1.1), mosromy ecrecTBeH-
HO OKHJIATH, ITO 9TH UTeparmy cxonsTcess kK A*B mpu xopormem seibope X9, Pesymbrar
sapucut or nosegenust (L*U)™X . AnropurM Mozer 6bITH 3aIMcaH CIeLyIoNmM obpasoM
(MBI cHOBa TOJTaraeM, 9t0 B — BekTOpP-cTOJGELT).

Agropurm 13. Hmepayuu [aycca-3etidens

Bxoa: n x n-marpuna A c¢ snementamu a(i, j);
n X 1-Bekrop-cTo01Bl b U T

situation = 'Beramcsenue’

while situation == "Beraucienue’
for 1=1:n

y(i) = ali,i:n) ©x(i : n)  b(3)
end

for 1=2:n
z(i)=al(i,1:i—1)©x(l:i-1)

“end

situation = newsituation(...)

if situation == "pacxomumocts’
disp("Urepanuu laycca-3eitnens: pacxomsirest.”)
exit

end

if situation == "cxomumocTs’

disp(’'Permenue naiieno:”)

exit

end end

Beixoxa: curyarust, x.

Anammsz paborsr cxembl Laycca-3efiyienst B ciydasx Tponmdeckoil (Makc-1moc) aaredpbl u
HEOTPHUIATETHFHON JTHHEIHON aaredphl MBI 371€Ch HE MPUBOJINM, OJHAKO SICHO, UTO €r0 MOYXKHO
IPOBECTH TI0 AHAJIOIHH ¢ uTeparusyMu Jkobm.
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2.6. LU -pa3snoxxenue

Ob6cymum Gosiee KPaTKO YHUBEPCAJILHYIO Bepcuio pasioxenuss A = LU, xoropast 6bI-
ja onucana B paborax B.A. Kappe [18]. Dror pasmen comepxut juntb (GoOpMyIUPOBKE
COOTBETCTBYIOIUX AJTOPUTMOB, TaK KakK JOKa3aTeIhCTBa ObLINM mMaHbl B paborax Kappe u
Bexxayca [14,18,19] u MoryT 6bITh IOJIyUYEHBI (KAK U CAMHU aJITOPUTMBbI) IIyTeM HEGOJIBITON
MOIM(PUKAIIAE COOTBETCTBYIOIINX PacCy K ienuit B pasuese npo LD M -pasioxenue (cM. BbI-
e ).

Hanmomnum, gro B ciaydae Kaaccudeckoil cucrembl AX = B Haj 9UCIOBBIME IIOJISIMHA
passioxkerne A = LU, ryie I, — HUXKHsIsI YHUTPEYTOJIbHAs (C JMArOHAIBHBIME 9/IEMEHTAME
pasubiMu 1), a U — BepxHsisi TpeyrobHas MATPUIIA, TIPUBOIUT K CJIEIYIOMIEMY Pa3/IozkKe-
HUIO HUCXOJIHOTO YPABHEHUST:

LZ=B, UX=1/Z
Taxum 06pasoM, MBI IOy 9aeM
Al =yt

npu ycjgosur, uro Marpuria A obparuma. Jlocrarouno vatitu I u U, Tak Kax mocse 3Toro
JUHEWHAST cCUCTEMA (2.6.) MOXKeT OBITH peleHa KoMOMHAIe mpPsiMOM TOJICTAHOBKY ISt /
u obpaTHON moacTaHOBKY Jitst X .

B ciyuae cucrembr X = AX @ B nag nonykobiamu, ciaenyst [18], Mbl MoxkeM 3amucaTh

Z=LZ®B, X=UX®aZ

Taxum obpaszom,
A* — U*L*’

e U — BepxHe-TpeyroJibHasi, a [ — ¢TPOro HUXKHE-TPEYTOJIbHAS MATPHUIIA.
[asee MbI TPUBOMM AJITOPUTMBI TIPSIMON 1 0OPATHON MOACTAHOBKY, & TAKYKE JBE BEPCHHU
yausepcanbHoro LU -pazsoxkenust (To ecTb OJHOBPEMEHHOIO Beruucienust matpur, L u U).

Anroputm 14. llpamas nodcmaroska.

Bxoa: Crporo HmxaeTpeyroipHas N X n-MaTpura | ;
n x 1 Bexrop b.

y==

for k=2:n

ylk) =Uk,1: k=1 oyl : k—1)
end

Boixoa: BexTop .

AnropurMm 15. Ob6pamnas nodcmarosxa.
Bxon: Bepxuerpeyronbaasi n X n -MaTpUIa
n x 1 Bexrop b.

y=>

y(n) = (u(n,n))* ©y(n)
for k=n—-1:-1:1
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ylk)=ulk,k+1:n)0ylk+1:n)
y(k) = (ulk, k)" © y(k)

end

Boixoa: BexTop .

OrmerrM, 910 0OpaTHAsI MOJCTAHOBKA OoTaHdaeTcs oT ciaydast LD M -pasmoxkeHusi, Tax
kax mMatpunia U (B orsmaune or M ) siBjisieTcst UL TPEYTOJIBHOM, & He CTPOrO TPEYTOJIBHOM.
[Ipstmble mOfCTAHOBKY 15T 00EUX CXeM, Pa3yMeeTCsl, UICHTHIHBI.

Agropurm 16. LU -pasaoorcenue (sepcus 1).

Bxoa: n x n-martpumna A ¢ snementamu a4, j), TaxiKe UCIOJB3YETCsI JJisl XPAHEHUST Pe-
3yJbTATA, BBIYUCJACHUH U MMPOMEXKYTOIHBIX PE3yAbTATOB BEIIUCICHUM.

for j=1:n—-1

v(j) = (a(4,5))*

alj+1:n,j) = alj +1:n, ) v(j)
a(j+1l:nj+1l:n)=aj+1l:nj+1l:n)®a(j+1:n,j)@alj,j+1:n)
end

Agropurm 17. LU -pasaoorcenue (sepcus 2).

Bxoa: n x n-marpuna A ¢ snemenrtamu a(i,j), TakyKe UCIOJb3YETCsI JJisl XPDAHEHUS De-
3yJbTATA, BBIYUCACHUH U MMPOMEXKYTOIHBIX PE3yAbTATOB BEIYUCICHUM.

for j=1:n

o(1:5) = a(l : j,j)

for k=1:j—1
vk+1:j)=vk+1:5)Dalk+1:75k) ©uvk)
end

a1 : 4, j) = (1 : j)

for k=1:j—1
a(j+1:n,jy=a(j+1:n,75)da(j+1:nk)ovk)
end

d = (v())*

a(j+1:n,j)=a(j+1:n,5)od

end

DTH aarOpPUTMBI OCHOBAHBI HA CJIEJYOIINX OIIPEIEIeHIsIX, AHATOTHIHBIX (2.12) un (2.13).

0
1y . 4 [an h
AT = A= <g<1> B<1>>’

Iloaras

st mioboro k= 1,...,n moaydaeMm

(AW = U (A*H) L, (2.1)
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e
Ote—1)x(k=1)  O=)x1  O(k=1)x(n—k)
U, = le CL;CIZ) h(k) ,
O(n—k)x(k—l) Ottt Ofpoipifn-a)
O(k—1)x (k ) Ow-x1  Ot—1)x(n—k)
Ly = O1>< O1x1 le(n— ) 99
k) x .
Otn-ix(e=t) (a))*9®  Otneryx(n—i 12:2)
Akt Okxk  Okx(n—k)
N On k)xk R<k+1) ’
(k+1) p (kD)
REHD _ plk (akk) *) @ Bk — Ay 1 k1

gRFD gl

2.7. IlporpammHas peajmn3anus YHUBEPCAJIbHBIX aJIFTOPUTMOB

[IporpammvHbie peamu3anuy yHUBEPCAJBHBIX aJTOPUTMOB HA TTOTYKOJIBIIAX HE MOTYT OBITh
TaKUMHU 2Ke H(PQOEKTUBHBIMU, KAK U CTAHIAPTHBIE IPOrPAMMHBIE DEAU3AIINA (OTHOCUTE b
HO CKOPOCTH BBIUUCJIEHUIT), HO OHU HAMHOro GoJiee rubkue. [IporpaMmubie MOmyH MOIyT
UMeTh JIeJ10 ¢ abCTPAKTHBIMU (M [IEPEMEHHBIME ) OIEPAIlnaMU U TUIIAMH JIAHHBIX. KOHKpeT-
Hble 3HAYEHUs] ITUX OMEPAIil M TUIOB JIAHHBIX MOTYT OBITH 338JI[aHBI COOTBETCTBYIOIUMI
BXOJTHBIMU JTAHHBIMU. B 9TOM ¢jIydae KOHKPETHBIE OMEPAINY U THUITHI JAHHBIX TOPOXKIATOTCS
JIOTIOJTHUTEIBHBIMH TPOTPAMMHBIMEU MOY/ISIMU. B mporpamMMax, HAITMCAHHBIX B TAKOM JIyXe,
yIOOHO UCITOIB30BATE CIIENUAIBHBIE METOJIBI TAK HA3BIBAEMOTO 00'bEK THO-OPHEHTHPOBAHHOTO
(u PyHKIMOHAIBHOrO) J3aiiHa, M., HanpuMmep, [41,47,52|. K cuacTbio, HeJaBHO MOSIBIIUCE
MOTIHBIE MHCTPYMEHTHI, TIOIEPKUBAOITHE 00beK THO-OPHEHTUPOBAHHBIN TU3aiiH TTpOrpamMM,
BKJIFOUAIOIINE KOMITUIATOPBL JIJIs PEAJIbHBIX U YIOOHBIX SI3BIKOB IPOIPAMMUDOBAHUs (Ha-
npumep, C+-+ u Java) u coBpeMeHHBIE CHCTEMBI KOMITbIOTEPHOH ajreOpbl. C HeaBHUX TIOD,
9TOT THII TIPOIPAMMHBIX METOJIOB ObLI Ha3BaH OOOOGIIEHHBIM IPOTPAMMUPOBAHUEM (CM., Ha-
npumep, [47]).

Peanusayus na C++. Vlcnonbsyst mabIoHBl 1 00BEKTHO-OPUEHTHPOBAHHOE TPOTPAMMU-
posanue, A. B. Uypkun u C. H. Ceprees |9] cozmanmum nporpammy (Ha Visual C++), koropast
JIEMOHCTPUPYET, KaK HEKOTOPBIE YHUBEPCAIbHBIE aJTOPUTMBI BBITUCISTIOT 3aMBIKAHUST MAaT-
pur, A* u pemator ypasuenust besuivana x = Ar @b B pazauaHbIX noaykoabnax. [Iporpam-
Ma TaKykKe MOXKET pelraTh oOblaHyio cucreMy Axr = b B obbrunoil apudmeruke, npeodbpaszo-
BbIBasi ee B (hopmy «bemmvanas. [lepen naxaruem kHONKM «Solves moIB30BaTENb TOIKEH
BBIOPATH TOJIYKOJIBIIO, 33029y u aaroputM. [loce sroro HadambHBIE JTAHHBIE 3AMMCHIBAIOT-
cst B MarTpuiie (jist yuobcTBa 0TobpaXxKeHust PasMEpHOCTh MaTpuilbl orpanudera 10 x 10 ).
Pesymprar Moxer ObITH M BEKTOPOM, W MATPHUIEH B 3aBUCHMOCTH OT perraeMoil 3a1atdu.
O6BeKTHO-OPUEHTHPOBAHHBIN TIOJIXOJT TIO3BOJISIET PEATN30BATEL PA3TUIHBIE TOTYKOIBIA KaK
OOBEKTHI ¢ PA3JIMIHBIMU OTPEEIEHUsIMA OCHOBHBIX OIEPAInii, TOrIa Kak caMa IIporpaMMa
AJITOPUTMA 3AIIMCAHA KOMIIAKTHO U B €JMHCTBEHHOM <«3K3eMILIspe» (mabione).

Hpumepov noayroaey. lomykoasio cooTBeTCTBYET 0OBEKTY, HCIOIB3YEMOMY YHUBEDCAIb-
HBIM aJITOPUTMOM, U OIIpeJIesIsieT KOHKPETHYIO PeaTnu3alinio 91oro ajgropurMa. [lombzoBartess
MOXKET BBIOPATH OHO U3 CJEYIONINX Oy KOJIEIT:
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1) G =4 u @ = X : obbranas apudmMeTrKa HaJ TeHCTBUTEILHBIMEI THUCIAMHE,

2) @ =max u ® = +: apudpmernra Maxc-oc Hag R U {—oo};

3) @ =min u ® = +: apudmernka MuH-1LTEOC Hag R U {+00} ;

4) @ =max u @ = X : apudMeTUKa MAKC-yMHOXKUTH HAJ[ HEOTPUIIATETEHBIMI TUC/IAMHE,;
5) @ = max u ® = min: apudMETHKA MAKC-MUH HAJ[ BEIECTBEHHBIM OTPE3KOM |a, b

(koHIIBI @ U b MOXKeT BBIOUPATH TIOJIB30BATED );

6) @ =0OR u @ = AND: 6ynesa joruka Ha 1 1Byx31eMeHTHOM MHOKecTBOM {0, 1}.
Anzopummoi. TlonbzoBaTens MoxKer BEIODATH OAUH U3 CJICIYIONUX METOIOB:

1) Metog ucknouenus laycca, sxirodatomuil yHUBEPCAIbHBIE PeaM3alii ICKAa-
tToproro meroza (amroputm 1), @uottna-Yopraiia (aaropurm 2, aaroput™ Epiosa
(ocroBanHBIH Ha nporoTune u3 [11, ri1. 2]) u yHUBepcaabHbIl agaroput™ Pors [48];

2) Meroapl ajst cucrem TEmIUNA, BKIOUAKIINE YHUBEPCAIBHBIE PEATUZAIMN CXEM
Hypbuna u Jlesuncona (amropurmsr 3 u 4);

3) LDM -pazsyioxxerue (agroput™ 7) W ero aJanTalid K CAMMETPHYECKUM (aji-
roput™ 9), jenrounsiM (agroput™ 11), TpEXIMATOHAJBHBIM MAaTPUIIAM U MaTPUIAM
Xeccenbepra.

4) Urepanmonnbie cxembl Skobu u laycca-Setinenst. Kax 6b110 yoMstHyTO BbIIIE, 9TH
cXeMbl HEe YHHBEDPCAJIBHBI, T. K. KPUTEPHUH OCTAHOBKHM W YCJIOBHSI, IIPU KOTOPBIX OHU
CXOIIATCST W JAIOT MPABUIBLHBIM OTBET, PA3JIHYHBI [UIsT OOBIYHON apuMeTUKN U UIEM-
MOTEHTHBIX MOJIYKOJIEI (B 9aCTHOCTH, MAKC-ILIIOC).

Tunwvt mampuy. Ilonp30BaTeb MOZKeT BRIOpATH paboTy ¢ OOIIUMEA MATPUIIAMU MJIA C MaT-
PHUIIAME CITEITUAIBLHOTO BUA, HAIPUMED, CUMMETPUIHBIE, CUMMETPHUYIHBIE TETLIUIEBhI, JIEHT-
HOYHBIE, XecceHOepra W TPHIMarOHAJbHBIE.

Omobpasicenue. B cnydae MaeMIOTEeHTHBIX HOJIYKOJIEN, MATPHUIIA MOXKeT OBITH OTOOpazke-
Ha KaK B3BeIeHHBIN HanpasaeHHbIH rpad. [locme BemoOTHOHNST BRIYUCIEHTH TT0/IH30BATETH
MOXKET 3aX0TeTh HANTH ONTUMAJIBHBIN [Ty Th MEXK/ Ty JAHHOM TMapoil BePIMH Win 0TOOPasuTh
JIEPEBO OMTUMAJIBHBIX ITyTel. DTH 38729l MOTYT OBITH PEITeHbI, UCIIOIb3Ys POIUTEIHCKIE
CCBUIKM, KaK B ciydae ¢ Kiaaccumaeckum metogom Dotina-Yoprrasia, BEAUCTSIONIAM BCE
onrumasibhbie myTu. Cwm., Hanpumep, |7]. B Hamem ciydyae MexaHU3M POJHUTETHCKUX CCBLIOK
MOXKeT OBITh Pean30BaH MPSIMO B KJIACCe, OMUCHIBAIOIIEM HIEMIIOTEHTHYIO apu(pMeTHKY.

Upyeue apugmemuru u unmepsaivroie pacuiuperus. Bo3amoxna Taxke peaansalms pas-
JIMIHBIE TUMOB apU(PMETHKN KAK THUIIOB JAHHBIX M WX COYETAHWE C BBIOOPOM IOJIYKOJIEIL.
Bosee Toro, Bce peanmsoBaHHBIE TTOIYKOJIBIA MOTYT OBITH PACITUPEHBI JO WX HHTEPBAIH-
HbIX Bepcuit. Takue Bo3MOKHOCTH He ObLIM peajnsoBaHbl B nporpamme A.B. Uypkuna u
C. H. Cepreesa [9], oru oryiozxens jio ciaepytoeit Bepeuu. Crmcok 9Tux apudMeruk BKJIHO-
qaeT Iesble 9Uca, APoOHY0 apudMeTHKY ¢ IeMHBIMEA IPOOSIME W YIIPAB/IsIeMON TOTHOCTHIO.

Peaausauyuu 6 MATLAB. Bes pabora (kpome MHCTPYMEHTOB OTOGpaxKeHust) ObLIa 110~
sropera B MATLAB [9], xoropsiii Taxxe obazaer BOSMOXKHOCTSIME OOBEKTHO-
OPUEHTHPOBAHHOTO MTPOIPAMMEUPOBaHUs. Pazymeercsi, YHUBEPCAIbHBIE AJTOPUTMBI, 3aIli-
cannbie B MATLAB, ouenb 61M3KM K ONMMUCAHHBIM B HACTOSATIEH cTaThe.
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Iepcnexmusn, nwa 6ydywee. 1o-BuaumoMy, oCHOBHAS 3a/1a4a 3aKJII09A€TCST B TOM, 9TO-
OBI, UCITOIB3YS UIEMITOTEHTHBIN TPUHITUIT COOTBETCTBUSI M BBITUC/IEHUsT HAJT TIOTYKOIBITAMH,
pazpaboTaTh TPOrPAMMHYI0 CHCTEMY ITUPOKOTO HA3ZHAYEHWs], OCHOBAHHYIO HA KOJLIEKITUN
YHHUBEPCAJIBHBIX aJIMopUTMOB. PaszpaboTka Takoi cHCTeMBbI Ha OCHOBE YHUBEPCAJBHBIX AJIT0-
PUTMOB MOXKET TapaHTHPOBATH COKPAIeHne PabOIero BpeMeHn Jjisl POTPAMMUCTOB | TI0JTb-
3oBaTeselt baroapst yHU(UKAIINN TPOrPAMMHOTO obecriedenns. Takke MOxKeT ObITH TapaH-
TUPOBaHA TPOU3BOIbHASI TOTHOCTD U OE30ITACHOCTD IUCIEHHBIX Bhraucaenuil. [Ipu srom Ha 10
YyU€eCTh, 9TO BBICOKOYPOBHEBBIE HHCTPYMeHTHI, Takue kak STL [47,52], obnamaror 1 oueBuI-
HBIMH TPEUMYITIECTBAME, U HEKOTOPBIMU HEJOCTATKAMHU, ITOITOMY JIOJZKHBI UCIOIB30BATHCS
€ OCTOPOXKHOCTBIO.

CucremMa JIOJKHA COEP:KAaTh HECKOJILKO YPOBHEH (BKJIHOUAsi YPOBHU IOJIB30BATEs U
nporpaMmucTa) u GoJIBIIOe KOJIUIecTBO Moy/ed. ['pybo rosopsi, oHa J0/KHA OBITH pas-
neyleHa Ha TpHW 4dacTu. llepBas wacTs jo/mKHA CONlEpKATh MOJYIIN, KOTODPBIE DEAU3YIOT
MOJIYJIM JIOMEHOB (KOHEYHBIE [PEJICTaBJIEHIs] OCHOBHBIX MATEMATHIECKUX OOBeKTOB). BTo-
past 9acTh JIOJKHA PEAM30BbIBATE YHUBEPCAIbHbIE (MHBAPUAHTHBIE) METO/BI BHIUUC/ICHUSI.
Tperbst 9acThb JOKHA COAEPKATDH MOJIYJIN, PEATUIYIONIHE AJTOPUTMBI, KOTOPBIE 3aBUCAT OT
MOJIEJTA. DTU MOJLYJI MOTYT OBITH UCIIOJIB30BAHBI B MIOIB30BATEIBCKUX TporpaMmmax Ha C4+,
Java, Maple, MATLAB u jp.

B wacTHOCTH, crcTeMa JTOMKHA COJEPXKATE CIIeIYIONIIe MOTyJIN:

— Homenubre Moty u:

— ILIeJIble YHCJI8 TPOU3BOJILHON JJIMHEL;

— palMOHAJbHBIC YHUCII;

— paIMoOHAJbHBIE YUCIa KOHEIHONH TouHOCTH (eM. [8]);

— KOMILJICKCHBIE PallMOHAJIbHBIE YUC/I8 KOHEYHOU TOYHOCTH;

— panuoHaJIbHbIe YuCIa ¢ (PUKCUPOBAHHON U ILTABAOMIEN 3aIsiTOMH;
— KOMILJIEKCHBIC DallMOHAJIbHBIC YUCTIA;

— BEIIECTBEHHDLIC YUCJIA C ILIaBaIOIIell 3aATol NPpOUu3BOIBHON TOYHOCTH;
— KOMILJIEKCHBIC YUCJIa IIPOU3BOJIBHON TOYHOCTH;

— p-aludyecKue 4ucia;

— UHTEPBaJIbHLIC YUCIA;

— KOJIBIIA MHOT'OYJIEHOB HaJ PA3AUYHBIMU KOJBIAMU;

— UIEMIIOTEHTHBIE IIOJIYKOJIBIIA,

— UHTEPBaJIbHbIC UJICMIIOTCHTHBIC IIOJIYKOIbIIA;

— U JIPYTHE.

— AsropurMmsbr:

— JIMHelHast aarebpa;

— YHCJIEHHOE WHTErPUPOBAHMUE;

— KOPHU MHOTOYJIEHOB;

— MHTEPIOJISIINS CIUIAHAMEI U alllIPOKCUMATIHN;

— palMOHAJIBHBIE U TIOJUHOMUAJBHBIE MHTEPITOISATIMNN U AITITPOKCHMAIIIH;
— BBIYHUCJIEHHE CIEIUATBHBIX (DYHKIHII;

— mudpepeHImaIbHBE YPABHEHUST;

— ONTUMUBAINAN U ONTUMABLHOE YIIPABJIEHUE;
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— WJIEeMIIOTeHTHBIN (DYHKITMOHATBLHBIN aHAINS;

— U JIPYTHE.

DTa mporpaMMHAasl CHCTEMa MOXKeT ObITH OCODEHHO TI0JIe3HA Pa3paboTINKaM AJrOPUTMOB,

nporpaMMucTaM, CTyIeHTaM U MaTeMaTUuKaM.
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In this paper we offer a variant of Radon transforms for a pair of dual hyperboloids in R?:
the one-sheeted hyperboloid X' : [x,z] = 1 (|z,y] = —x1y1+22y2+1x3ys ) and the upper sheet
of the two-sheeted hyperboloid V: [y,y| = —1,y1 > 1 (the Lobachevsky plane). For a kernel
of these transforms we take 6(|x,y]), © € X, y € ), d(t) being the Dirac delta function.
This kernel gives two Radon transforms R : D(X) — C>*()) and R*: D(Y) — C*(X). We
describe kernels and images of these transforms. For that we consider a sesqui-linear form
with the kernel §(|x,y]) and write the decomposition of this form into inner products of
Fourier components. Results of this paper were announced in [4].

1. Hyperboloids

Let G be the group SOq(1,2), it is a connected group of linear transformations of R?,
preserving the form

[z, y] = —x1y1 + T2y + X3Ys.

We consider that G acts on R? from the right. In accordance with this we write vectors in
the row form.
Let us take the following basis of the Lie algebra g of the group G:

0 0 010 0 0 1
Li={ 00 -1 ), Li=[{100}.Ls={000]. (1.1)
01 0 00 1 0 0
The Casimir element in the universal enveloping algebra of g is (1/2)4A,, where

Ay=—L3+ L+ L3 (1.2)

Consider subgroups K, H, A of the group G generating by elements Lo, L, Lo,
respectively. The subgroup K is a maximal compact subgroup of G.

Denote by X the one-sheeted hyperboloid [z,x| = 1, and by ) the upper sheet of the
two-sheeted hyperboloid [y,y] = —1, y; > 1 (we consider that the x;-axis goes up). These
hyperboloids X and ) are homogeneous spaces of the group G with respect to translations
x — xg, namely, X = G/H and Y = G /K. The subgroups H and K are stabilizers of
points 2% = (0,0,1) € X and 3° = (1,0,0) € YV respectively.

These hyperboloids have a G -invariant metric. It gives rise to the measures dx and dy
and the Laplace—Beltrami operators Ay and Ay respectively (all are G -invariant).

As local coordinates on the hyperboloids we can take any two variables from xq, x9, 3.
For Y it is natural to take w,,y3. Then we have

dr = |x1| 'dwodrs, dy = yy dyadys,
H? H? 0 0
Ay = 2 2 4 D21 Dy, Dy = a1 |y
& adw: &g T, o, i Oxy’
0? 0? 0
Ay = —— —-+ P2+ Dy Dy =15— —
v 02 03 + D{+ Dy, D=1y o +Ys 515

If M is a manifold, then D(M) denotes the space of compactly supported infinitely
differentiable C-valued functions on M, with the usual topology, and D'(M) denotes
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the space of distributions on M — of antilinear continuous functionals on D(M). For a
differentiable representation of a Lie group, we retain the same symbol for the corresponding
representations of its Lie algebra and of the universal enveloping algebra.

Let us denote by Uy and Uy representations of our group G by translations on functions
on X and X respectively (quasiregular representations):

(Ux(9))(x) = f(zg), Ux(9)f)y) = flyg)-

The representations Uy and Uy on the spaces L?(X,dx) and L*(Y,dy) are unitary with
respect to the inner products

<RﬁxAﬁhf@W%<RﬂyQAF@7@@- (1.3)

We have
Ux(Ag) = Ax, Uy(4y) = Ay. (1.4)

2. Representations of the group SOq(1,2)

Recall some material about the principal non-unitary series of representations of the
group G = SOy(1,2), see, for example, [5]. Let CT be the cone [x,2] =0, x; > 0. The
group G acts transitively on it. For o € C, let D,(Ct) be the space of C* functions ¢
on Ct homogeneous of degree o :

o(tx) = t°p(x), t > 0.

Let T, be the representation of G acting on this space by translations:

(To(g9)w)(x) = p(xg).

Take the section S of the cone C* by the plane x; = 1, it is a circle consisting of points
s = (1,sina, cosa). The Euclidean measure on S is ds = da. For a function ¢ on S,
sometimes we write () instead of ¢(s). The representation 7, can be realized on the
space D(S) as follows (index 1 indicates the first coordinate of a vector):

L)) = ¢ () ot

The element A, see (1.2), goes to a scalar operator:
To(Ay) =0o(oc+ 1)E. (2.1)

The Hermitian form

¢¢s/¢ (2.2)

is invariant with respect to the pair (1,,7T_s_1), 1. e

{To (g1, p)s = (b, T_ar(g ™ p)s. (2:3)
This formula follows from d3 = (sg)7* ds, where 5= (sg)/(s9)1.
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Define an operator A, in D(S):

(Aop)(s) = / (s, ul) ™ o).

The integral converges absolutely for Reoc < —1/2 and can be continued as a meromorphic
function to the whole o -plane. It has simple poles at ¢ € —1/2 + N. Here and further
N=1{0,1,2,...}. For A, we have

(A, 0)s = (¥, Asp)s. (2.4)
The operator A, intertwines T, and T_,_1, 1. e.
T_,-1(9)As = AsT,(g), g€ G.

A sesqui-linear form (A,v, ¢)s is invariant with respect to the pair (75, T%). In particular,
for o € R, this form is an invariant Hermitian form for T},.
Take a basis ¥,,(a) =™ m € Z, in D(S). It consists of eigenfunctions of A, :

Asthm = alo,m)Pm, (2.5)
where F(_2 )
= oy 0 . 2.6
alem) = 2 (1) e (26)
The composition A,A_,_; is a scalar operator:
A A _ E
7T Rrw(o)
where w(o) is a “Plancherel measure” (see (5.2)):
1
w(o) = 373 (20 + 1) cot om. (2.7)

The representation 7, can be extended to the space D'(S) of distributions on S by
formula (2.3) where % is a distribution and (¢, ¢)s is the value of the distribution % at a
test function . It is an extension in fact, since D(S) can be embedded into D'(S) by means
of the form (2.2), namely, we assign to a function € D(S) the functional ¢ — (), )s in
D'(S).

Similarly the operator A, can be extended to the space D'(S) by means of formula
(2.4).

If o is not integer, then 7, is irreducible and 7T, is equivalent to T_,_; (by A, or gg)

Let 0 € Z, n € N. Subspaces V, and V,; spanned by %, for which m > —o and
m < o respectively are invariant. For ¢ < 0 they are irreducible and orthogonal to each
other. For ¢ > 0 their intersection E, 1is irreducible and has dimension 20 + 1.

Let V& =D(S)/E, and V¢ |, =V_, i+ V_,_1_. Let us denote by T¢, o € Z, the
representation on V¢ generated by T,. The operator A, vanishes on F, and gives rise to
the equivalence T2 ~ T, .
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There are four series of unitarizable irreducible representations: the continuous series
consisting of representations T, with ¢ = —1/2+1ip, p € R, the inner product is (2.2); the
complementary series consisting of T, with —1 < ¢ < 1, the inner product is (4,9, p)s
with a factor; the holomorphic and antiholomorphic series. We need only their sum T¢. We
shall call T2 the representations of discrete series. For ¢ € D(S), denote by ¢ the coset
of ¢ modulo E,. Then the invariant inner product (-,-), for T¢ is

(77/57 P)n = calAnt, 0)s, cn=a(n,n+ 1)_1- (2.8)

3. Poisson and Fourier transforms

First we determine distributions € in D'(S) invariant with respect to the subgroup H
under the representations 7,. We shall use the following notation for a character of the
group R*:

" = [t (sgn )™,

where t € R* =R\ {0}, A € C, m € Z. In fact this character depends only on m modulo 2.

Here and further the sign “ =" means the congruence modulo 2.
It is easy to check that the distribution

(90,5 — S?E — [$O7 5]0757

where 0 € C, ¢ = 0,1, is H -invariant. Sometimes we write an integer instead of ¢ with the
same parity as €. As a function of o, 0,. is a meromorphic function — with simple poles at
points 0 € —1 —&—2N. Its residue at 0 = —n—1, n = ¢, is the distribution const-§™ (s3)
concentrated at two points s = (1,41,0). Here 6(t) is the Dirac delta function on the real
line (a linear continuous functional on D(R) ). The space of H -invariants has dimension 2
for ¢ 4 —n —1, n € N, and dimension 3 for ¢ = —n — 1. Every irreducible subfactor for
T,, o € Z, contains, up to a factor, precisely one H -invariant. In particular, 6_,_;,,4; and
Onny1 have non-zero projections into V', ; . and D'(S)/V, - respectively.
The operator A, carries 0,. to _,_1. with a factor:

A090,5 — j(Uy 5)9—0—1,57 (31>

where
jo,e) = 27121 <—a - %) e+ 1)[1 = (—=1)°cosom]. (3.2)

It is easy to check that
j(0,6)j(—0 —1,¢) = (81w(0)) ™,
where w(o) is given by (2.7) or (5.2). The factor j(c,e) has simple poles at ¢ € —1/2+ N.
By a general scheme [3|, the H -invariant 6, . gives rise to the Poisson kernel P, (x,s) =

lz,s]7%, © € X, s € S. This kernel gives rise to two transforms. The first of them, the
Poisson transform P,.: D(S) — C*(X) is a linear continuous operator defined as follows:

(Preo)(2) = / [z, 5] (s)ds.
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It intertwines T_,_; with Uy, therefore, its image consists of eigenfunctions of the Laplace—
Beltrami operator:
AyoPFP,.=0(c+1)Ps,

of parity ¢ (see (2.1) and (1.4)). As a function in o, the Poisson transform behaves like
0y it depends on o meromorphically and has simple poles at ¢ € —1 — ¢ — 2N.
Formula (3.1) gives
Py A= 40,6} P i1, (3.3)

Consider o € Z. The transform P_,_;,y; vanishes on £, it generates an operator
on D(S)/E, which intertwines T¢ with Uy. The Poisson transform P, ; considered on
V—dn—l

The second transform generated by the Poisson kernel is the Fourier transform F,,. :
D(X) — D(S) defined by

intertwines 7%, , with Uy. By (3.3), B,ny1 has the same image as P_, 1,1

(o) (5) = / (2, 57 f ().

It is meromorphic in ¢ with simple poles at points ¢ € —1 — ¢ — 2N. It intertwines Uy
with T5,. It follows from (3.1) that

AUFU,E — j(U; 5)F—0—1,5- (34>

For a function f € D(X), let us call two functions F,.f, ¢ = 0,1, the Fourier components
of f corresponding to the representation 7.
The Fourier and Poisson transforms are conjugate to each other with respect to forms
(1.3) and (2.2):
(Poeo, flx = (p, Foef)s.

This relation allows to extend the Poisson transform to distributions on S.

Consider the reducible case. The Fourier transform F, corresponding to T¢ is defined
as the map of D(X) to D(S)/L, which assigns to f € D(X) the corresponding coset of
the function F,,1f. By (2.8) and (3.4) we have

(Fuf, Fuh)n = Aol Fop_imii |, Fanyih)s, dn = 201 /7(2n + 1)1

The Fourier transform corresponding to Tﬁln_l is Fp_1nt1

The representation T, has one up to a factor K -invariant, it is the function 7, equal
to 1 identically on S

To(s) = [°, 87 = 1.

The representations of the discrete series have no K -invariants.
The corresponding Poisson transform @, : D(S) — C=(Y) and Fourier transform
D(Y) — D(S) are defined by

Qo)) = / [y, 517 (s)ds,
(Goh) (s) = /y [~y s h(y)dy.
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Notice that [—y,s| >0 forall y €)Y and s € S.
The Poisson transform ), intertwines T_,_; with Uy, therefore, its image consists of
eigenfunctions of the Laplace—Beltrami operator:

AyoQo.=0(0+1)Qpe. (3.5)

4. Spherical functions

Let 0 € C, ¢ = 0,1. Let us define a spherical function ¥,. on the hyperboloid Y as
follows

Vorly) = (16(9)00e: T-7-1)s (4.1)
= <‘90,5;T—E—1(g_1)7——6—1>5
= /0075[—y,5]_0_1ds, (4.2)
s
where g € G is such that y’g = y. As the distribution 6,. does, the spherical function
V,. is given by an integral absolutely convergent for Reoc > —1 and can be continued
analytically in ¢ to a meromorphic function. It has poles where 0,. has and of the same

(the first) order.
The function ¥, .(y) is a function of class C*° on Y invariant with respect to H :

qu,E(yh) — \Ija,s(y), heH.
Therefore, it depends on y3 = [2%, y| only:

Voe(y) = Poe(ys), (4.3)
where &, .(c) is a function in C*(R).
Lemma 4.1. The function ®,. has the following inlegral representation:

g.E

P, (c) = /027T (c + /e 1 cos a) dov. (4.4)

Proof. Let us take in (4.1) as g the matrix a = expt Ls, see (1.1), in A:

cosht 0 sinht
a = 0 1 0
sinht 0 cosht

We have
(T,(a)0,.) (s) = [2°, sa]™® = (sinht + s3 cosh ).

By (4.1), the value of W, at the point y’a = (cosht,0,sinht) is just (4.4) with ¢ = sinh .
U]

It follows from (4.4) that the function ®,. has parity «:

Pye(—c) = (—1)°Psc(c).
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Equality (4.2) shows that the spherical function V¥, is the Poisson transform of the
H -invariant:

\IIO',E — Q—O’—leU,E' (45>
Consider W, . as a distribution on Y:

<%mﬁyéww@vwm% (4.6)

where [ € D()). The right hand side in (4.6) can be rewritten as an iterated integral, then
we obtain:

Ohwﬁy/%¢mwﬂMﬂ®Ma (4.7)

0

where

<Mﬂ@/ﬁ@—@ﬂwm

y

The map M assigns to a function f its integrals over H -orbits. It is a continuous operator
from D(Y) onto D(R).

Lemma 4.2. The value (4.6) is expressed in terms of Fourier components:
<\I}0',!;‘7 f>y — <‘90,5; G—U—1f>S- (48)

Proof. Let h(y) be a majorant of the function f(y), depending on ¥; only. Then for
Reo > —1 the right hand side in (4.8) is majorized by the integral

2w
/ | cos oz|7doz/ ‘[y,s]
0 Y

where 7 = Reo. In fact, the integral over Y here does not depend on s. Therefore, integral

—7—1

h(y)dy, (4.9)

(4.9) converges absolutely and the order of integration can be inverted. So we get equality
(4.8) for Reo > —1. To other o this equality is extended by analycity. O

Let ® be a distribution on Y invariant with respect to H. Assign to it two things: a
convolution with & of functions f in D()) and a sesqui-linear functional K on the pair
(D(X), D(Y)). The convolution ¢ x [ is the following function on X :

(@ f)(x) = (2,Up(9)f)y
= /yq)(y)f(yg)dy,

the functional is:

K(CI)VL) f) - <h7$*f>X
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where h € D(X), f € D(Y) and ¢ is an arbitrary element in G carrying z° to z.
Since ¢ is H -invariant, these formulae do not depend on the choice of ¢ for given z. The
convolution is a linear map D()) — C*°(X), intertwining Uy and Uy :

O+ (Uy(9)f) = Ux(g) (2% ).

For the spherical function V¥, ., the convolution and the functional are expressed in terms
of the Poisson and Fourier transforms:

(\IIO',E * f) ($) — (PU,EG—U—lf) ($)7
K(\I}U,E“L) f) — <F0,5h; G—E—1f>5- (410)

The kernel K, .(x,y) of the functional (4.10) is

B i ) = / [z, 57—y, s]°~ds.

Lemma 4.3. The function V,. has the following property of symmetry in o :

14+ (=1)°cosom

Vo 4.11
sinor ’ ( )

\11—0—1,5 —

P roof. By Lemma 4.2, (3.1), (2.4), (2.5) and Lemma 4.2 again we have:

(9—0—1,57 GEf>S
g, 5)_1<A090,67 Gsf)s

<\IJ—O'—1,E7 f>y

= a
Substituting here values of a(c,0) and j(o,¢) from (2.6) and (3.2), we get (4.11). O

Lemma 4.4. The spherical function V,. is an eigenfunction of the Laplace—Beltrami

operator:
AyV,, =o(c+ 1)U,.. (4.12)

P r o o f. The function W, is the Poisson transform of the function 6,., see (4.5).
[t remains to remember (3.5). O
On functions depending on y; = ¢ only, the operator Ay becomes to the following

differential operator (the H -radial part of Ay ):

o )
L= (02+1)@+QC%. (4.13)

Lemma 4.5. The function ®,., see (4.3) and (4.4), is an eigenfunction of L :

Lo, =o(c+1)P,..
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The lemma follows immediately from Lemma 4.4.

Theorem 4.1. The spherical function V,.(y) is expressed in terms of the Legendre
functions P, (see [2, Ch. Ill]) of the imaginary argument:

2
+{~1)

Voelt) = < reamior7s | Po (i) + (~1)7 Prl=ige) }. (4.14)

P r o o f. Denote for brevity:
PLlit) = Bilt); (4.15)
also for a function ¢(t) on R we shall denote

o~

p(t) = (1),
Equality (4.14) is equivalent to the following expression of the function @, :

2

b, .(c) = —
, (C) ewﬁ/g + (_1)

e { B0 1 (-1 Ba (0} (4.16)

So we have to prove (4.16).
The Legendre function P,(z) is analytic in the z-plane with the cut (—oo, —1], satisfies
the equation:

<(z2 - 1)% + 2z%> w= oo+ Dw (4.17)

and has the integral representation

P,(z) 1 /O27T (z + V22— 1cos a)g dov. (4.18)

:27T

Let o be not integer. Then the functions P,(z) and P,(z) form a basis of solutions of
equation (4.17). For z = ic equation (4.17) becomes the equation:

Lw =oc(0 + uw.

In virtue of Lemma 4.5 the function ®,. is a linear combination of functions B, and
EU. Coefficients of this linear combination could be found out by computing values of
functions ®,., B, and EU and their derivatives at the point ¢ = 0, using (4.6) and
explicit expressions (2, 3.4(20),(23)]. But it is more convenient for us to find them in another
way.

Let z tend to ic, ¢ € R, in (4.18) such that Rez > 0. We get:

1 2w o
Bs(c) = 2—6’”/2/ (c + V24 leosa — iO) da. (4.19)
T 0
Denote .
Zg(c)/ (c+Vc2+1cosoz—iO> dav.
0 +
Then

2w o
Zg(c)/ (c+Vc2+1cosoz—iO> do.
5 _
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Applying to (4.19) the formula:

(t —40)7 =17 +e7*7t7,

we obtain i
By = — [e"”ﬂzg i e—"”/QZ,} , (4.20)

2

whence |
EU - — [e_igw/2Zg + e"”pzy} . (4.21)

2

From (4.20) and (4.21) we have

Ly = L [e"”mBg — e_"”mﬁg} , (4.22)
isinow
/Z\U = .77- [ . e—z’mT/2BU + ez’aﬁ/2§g} . (423>
isinow
Since
Bpe = i+ (=1 2y
we obtain (4.16) by (4.22) and (4.22). O

Let us establish some estimates for spherical functions of the continuous series
(0 = —1/2+1ip). They show that values of these spherical functions at f decrease rapidly
when their parameter p tends to infinity.

Theorem 4.2. Let 0 = —1/2+1ip, p € R. For any compact set W C Y, there exists a
number C > 0 such that for any [ € D(Y) with the support in W the following estimate
holds:

(Yo, fly] < € max [(AZf) )| (0° +1/497™, m e N, (4.24)

Proof Take h € D()) depending on y; only, such that h(y) >0, h(y) =1 on W.
Then ph, where = max|f(y)|, is a majorant for f depending on y; only. Arguing as in
the proof of Lemma 4.2, we obtain

(Yo, f)v] < Cu, (4.25)

where (' is the number
21
C'/ |cosoz|_1/2doz/[—y,s]_l/Qh(y) dy.
0 N

Now apply the estimate (4.25) to the function A} f, m € N, transfer the operator Ay to
the function W, ., since it is self-adjoint, and use (4.12). Since |o(c + 1)| = p* + 1/4 for
o=—1/2+ip, we get (4.24). O

Let us write expressions of W,. for ¢ integer. In the notation W,. sometimes it is
convenient to write an integer instead of ¢ with the same parity as e.
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Let n € N. Let first 0 =n. For U, .1, we have to evaluate an indeterminacy in (4.14).
We have

\Ijn,n(y) = 2w " Py (iys),
Vpnt1 = —42'1_”@:;(2'?43),

where P,(z) is the Legendre polynomial and @} (z) is the Legendre function which differs
from the Legendre function of the second kind @,(z) by the cut on the z-plane: for Q,(2)
one takes the cut [—1, 1], but for Q! (z) one has to take the cut (—oo, —1]U[1, co) ; therefore,
we have:

1 1+ 2

Qi) = S Pul2) In

cf. |2, 3.6(24)], where the principal branch of the logarithm is taken and W,_i(z) is a
polynomial of degree n — 1 indicated in |2, 3.6.2].
For ¢ = —n — 1 we use the relation (4.11). For ¢ = n the function ¥, has a pole at

- n—l(z),

0 = —n— 1 because of 0,.. We have

\I}—n—l,nJrl — O)
Resyo 1 Vo, = (1)1 (2/7) W,

5. Eigenfunction decomposition of the radial part
of the Laplace-Beltrami operator
In this Section we obtain the eigenfunction decomposition of the operator (see (4.13))
o2 5,
L=(+1)= + 2=
(¢ + )aCQAF o

defined on the real line R. We use the function ®,.(c), see (4.3) and (4.4). Recall that it
has parity ¢ and satisfies the equation:

Lw =o(o+ Lw.

Let us denote by (p,%) the L?(R) inner product of functions ¢,

(0,1) = / Y SR de

0

Theorem 5.1. There is the following eigenfunction decomposition of the operator L :

(o) = [ o) Yo ad @) o (5.)

where

!
322

w(o) (20 + 1) cotom (5.2)
so that

1+' ! tanh
— = ——ptanh p7.
wl—5Fw Tg.2P tanh pm
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P roo f. Let us write the resolvent Ry = (AE — L)~! of the operator L. Let h € L*(R)
and Ryh = f, then h = (AE — L) f, so that

Lf —\f = —h. (5.3)

Let us take A in the form A = (o + 1). The correspondence o +— A maps the half plane
Reo > —1/2 onto the A-plane with the cut (—oo,—1/4] one-to-one.

Let fi, fo be eigenfunctions of the operator L with the eigenvalue A = o(o + 1) with
Reoc > —1/2. They behave at infinity (+oo) as Alc|? + B|c|7°~!. Let us take them such
that they are square integrable at +oo and —oo respectively. Then for ¢ — +o00:

fl(c) ~ Blc_g_ly
fQ(C) ~ AQCU+BQC_U_1,

and for ¢ = —00:
Sile) ~ Cile)” + Dyl =7,
fale) ~ Dole] ™",

The wronskian W of these functions is

Wo
W = C2~|>1’ W(): (26+1)31A2

We have already several eigenfunctions: P, (ic), Py(—ic), Z.(c), Z,(c), ®,.(c), e=0,1
By [2, 3.2(18)] the Legendre functions behave when ¢ — +o00 as follows:

Pg(iC) ~ p(a) . ez’mr/2 o +p(_0_ . 1) . ez’(—a—l)w/2 . C—O’—l)
Pg(—ic) ~ p(a) . e—z’mr/2 o +p(_0_ . 1) . ez’(a+1)7r/2 . C—O’—l)

where

11
p(o) T (0 +3 2) :

B(a,b) being the Euler beta function.
By (4.22), (4.22) it gives that when ¢ — 400 we have

Zs(c) ~ 2m-plo)- - —

Zy(c) ~ 2m-cotom-p(—o —1)-c”

p(—O' - 1) ’ C_U_ly

o—1

Therefore, as a mentioned-above basis fi, fo of solutions of the equation Lw = Aw,
A=oc(c+ 1), we can take the pair Z,, Z,. Then

Wo = 20+ 1) -2ap(o)-2rcoton - p(—o — 1)
= 4.

Therefore, the solution f of equation (5.3) is

o) — ﬁ{Z,(c) / Zo Ot + 7, (c) /:o Zo(h(t)at).

—0
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Thus, for ImA #£ 0, the resolvent R, is an integral operator with the kernel

| /a2 (0) Zs (1), e > t,
Blet) = { (1/4m) Z(c) Z5(t), c < t, (54)

here A = o(c + 1) and o belongs to the half plane Resc > —1/2 with the cut along the
real axis.
Let ¢,1 € L*(R). By the Titchmarsh-Kodaira theorem [1, XIII] we have

)=l o | [ (o ir= [~ (R,

Let us pass to 0. Then dA = (20 + 1)do and we denote S, = R,. The operator function
S, is analytic in the half plane Reoc > —1/2. Therefore,

(bt = 5= [ o D)

& o=—1/2+ip

dp.
We can keep here only the even part in p of the integrand:

() == | @or 1) (S - Sm)ow)

e o=—1/2+ip

Let us compute the kernel M, (c,t) of the operator S, — S_,_1. Let ¢ >t. By (5.4) we
have

dp.

Mofe,t) = 54 200 20(0) = Za (€ 7-ga(t)}

Let us insert here (4.22) and (4.22) and use that the Legendre function F, is unchanged
under o — —o — 1. We obtain (recall notation (4.15)):

Mo(et) = =237 L B, (0) Bo(t) + Bole) B, (1) . (5.5)
2sin“om
For ¢ < t, we obtain the same expression.
Further, if ¢ = —1/2 +ip, then for the Legendre function P, on the imaginary axis we
have

P,(ic) = Ps(—ic) = P_,_1(—ic) = P,(—ic),
or, in terms of B, :
Bo(c) = By(c) = B_o_1(c) = B,(c).
Therefore, equality (5.5) gives

(o) — _/_Oo (20 + 1) cosom

55 8sin? o
+ (9. Bo)(Bo, )}

{0, B)(Bo,v)

dp. (5.6)

o=—1/2+ip

This formula is the desired eigenfunction decomposition — in the basis B,, EU.
Now let us pass in (5.6) from B,, B, to ®,., ¢ =0,1, by

1 o .. OT
Bo— = % (COS 7 : CI)0—70 -+ 2sIn 7 : CI)O—J) 5
-~ 1
Bo’ = % (COS % > CI)QO + 7 sin % . CI)UJ) 5

then we obtain (5.1). O
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6. Decomposition of a sesqui-linear form on the pair of hyperboloids

Let us consider the following sesqui-linear form A(h, f) defined on the pair (D(X),
D(Y):

Al ) = /X () Fly)dndy.

The main result of our work consists of Theorem 6.1, which gives the decomposition of this
form in terms of Fourier components of functions A and f. The decomposition contains
Fourier components of the continuous series (o = —1/2 + ip ).

Theorem 6.1. The sesqui-linear form A(h, f) decomposes into Fourier components of
the continuous series Fyof and Goh, 0 =—1/2+ip, p€R, as follows:

dp, (6.1)

o=—1/2+ip

Alh, ) = / " (o) (Froh, Co fs

>

where

o) = 2to) (-7, ) (62)

1 o 1
= 162 (20 + 1)cotor - B <—§, 5) , (6.3)

the factor w(o) is given by (5.2), so that

1 1 _5/2 . 1 ap ‘ 1 ip ‘2
_Z —— : SR IO | N e ot
u( 2+2p> 7 ptanh pr sm<4+ 5 )T 4+2
Proof. Let us take in (5.1) as ¢ the characteristic function of the interval [0, a] divided
by a and as 9 the function M f, f & D(Y). We can consider that a € [0,1]. We obtain

é/jmdc Z/_Z ()| é /O&mdc} dp, (6.4)
where we denoted
Qé(p) - LU(O') (CI)U,;;‘) Mf)

- <\Ij¢7757 f>y

o=—1/2+ip

o=—1/2+ip

see (4.7). Let a tend to 0. Then the left hand side of (6.4) goes to M f(0). Let us prove
that we can pass to the limit under the integral over p in the right hand side of (6.4). By
the mean value theorem, the integral in the right hand side of (6.4) is equal to

Fia) = / (), (6.5)

>

where 7 is a number in [0,a] (depending on a, p and ¢). We have to prove that

Fe(a) — F:(0) (6.6)
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when a — 0, where
RO = [ 00O (6.7)

Let us take an arbitrary number v > 0. In virtue of Theorem 4.2 both functions Q.(p),
e =0, 1, decrease rapidly when |p| — 0. Therefore, there exists a number A such that

/ ‘Qs(p)‘dp <7. (6.8)
lo|=A
It follows from formula (4.4) that the function ®_;/5,4,.(c) is bounded, i. e.

124ipe(0)| < N, (6.9)

N being some number, for all p € R, ¢ = 0,1, and all ¢ from some finite interval, for
example, [0, 1]. Indeed, formula (4.4) implies the inequality

27
‘Cbg,s(c)‘é/ c+vVe2+1-cosa
0

since the function of ¢ in the right hand side of (6.10) (it is the function ®_y/50) is
continuous with respect to c.

‘—1/2

do (6.10)

On the other hand, since the function ®_;/51,,.(c) is continuous with respect to p and
¢, there exists a number ¢ > 0 such that

‘q)—1/2+ip,5(77) - q)—1/2+ip,5(0)‘ <7 (6.11)

for |p| < A and 0 < n < 4. Then for 0 < a < § we have

F(a) = F:(0)] < / Z\wm\ @t 2rine () = ®1/24i0(0) | dp

A
Y
! lo|=A

A
7/ ‘Qg(p)‘deN/ ‘Qs(p)‘dp
-A lo|=A
< (C:+2N)y, (6.12)

C. /_Z Qe(p)‘dp,

here we used (6.5), (6.7)—(6.9), (6.11). Inequality (6.12) proves (6.6).
Now we may pass to the limit in (6.4) when a — 0. We obtain

VIO = [ o) Y %0 e 5] (6.13)

o=—1/2+ip

N

where

By (4.4) we have
2w
P,.(0) = / (cos )7 dy
0
R co+1 1
- (T )
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We see that ®,.(0) is equal to zero for ¢ = 1, so that only one summand in (6.13) remains
— with ¢ = 0. Since
g=—0—1 for o=-1/2+1p, (6.14)

equality (6.13) is

MT0 = [ wo)oas £ do (6.15)
where p(o) is given by (6.3), (6.4).
The left hand side in (6.15) is
MF0) = [ 6 (12".) Ty (6.16)

Taking into account (6.16) let us apply (6.15) to a shifted function (Uy(g)f) (v) = f(yg),
g€ G. We get

/y 5[z, y]) Fg)dy = / " 0) (Voo Un() )y s, (6.17)

o o=—1/2+ip

where x — 2%.

Now multiply both sides of (6.17) by a function h(x) in D(X) and integrate over x € X.
In the right hand side we may invert the order of integrations — in virtue of Lemma 6.1, see
below. We obtain:

At = [ e /X (W, Uy(g) )y hi(z)de dp.

- o=—1/2+ip

The integral over X is nothing but the functional K(W,|h, f). Substituting its expression
(4.10) in terms of Fourier components and taking into account (6.14), we get (6.1). O

Lemma 6.1. For any function f(y) in Dy the integral in the right hand side of (6.17)
converges absolutely and uniformly with respect to x — 2% on any compact V C X.

P r o o f. The hyperboloid X can be embedded into the group G as the product AK of
subgroups A and K. By continuity of Uy, the union of supports of all functions Uy(g)f,
where g = ak is such that 2% € V' is some compact W in ). By Theorem 4.1 there exists
C > 0 such that for any ¢ = ak, 2%¢ € V, the following inequality holds

(Vo Un(9) fhy| < € max | (AFUY() ) )] - (0° + 1/,
Since Ay commutes with translations, we have

max | (AFU(9)f) (3)| = max | (Up(9)A5F ) ()] = max |25 £y

so that there exist numbers C,,, m € N, such that
|(Woe, Un(9))3] < G- (22 4+ 1/8)7,

for all x = 2% € V and all m € N, whence the lemma. O
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The quasiregular representation of G = SOy(1,2) on X contains representations of

the continuous series with multiplicity two and the analytic and antianalytic series with

multiplicity one, and the quasiregular representation of G on ) contains representations of

the continuous series with multiplicity one. Theorem 6.1 gives

Theorem 6.2. The kernel of the Radon transform R consists of functions belonging to

the discrete spectrum and to the odd part of the continuous spectrum on X, its image goes
in C(Y). The kernel of the Radon transform R* is {0}, its image consists of functions
belonging to the even part of the continuous spectrum X.

1]

2]

3]

4]
[5]
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locally compact Abelian groups
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Abstract. Let G be a zero-dimensional locally compact Abelian group whose elements
are compact, C(G) the space of continuous complex-valued functions on the group G. A
closed linear subspace H C C(G) is called invariant subspace, if it is invariant with respect
to translations 7, : f(z) = f(z +y), y € G. We prove that any invariant subspace H
admits spectral synthesis, which means that H coincides with the closure of the linear span
of all characters of the group G contained in H.

Keywords: zero—dimensional groups; characters; harmonic analysis; spectral synthesis; in-
variant subspaces

For citation: Platonov S.S. Spektral’nyj sintez na nul’'mernyh lokal’'no kompaktnyh abe-
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Annoranus. Ilycte G — HyJIbMepHAs JIOKAJLHO KOMIAKTHas abesera IPyIma, BCE dJie-
MeHTBI KOTopoil KomMnakTHel, C'(G) — HIPOCTPAHCTBO BCEX HEMPEPBIBHBIX KOMILIEKCHO3HAY-
Heix GyHKnui #a rpynne G . 3aMmkHyTOoe JuHeiinoe nogupocrpancreo H C C(G) Hazbl-
Ba€TCAd MHBAPDHUAHTHBIM ITOAIIPOCTPaHCTBOM, €CJIM OHO MHBAPHAaHTHO OTHOCHUTEIBHO CABHUIOB
Ty ¢ fla) = flz+y), y € G. B pabore O0KA3BIBAETCSA, ITO JIEOHOE MHBAPHAHTHOE OJ-
MPOCTPAHCTRO H JONMyCKAeT CHEeKTPAILHBIN CHHTE3, TO €CTh H COBNAJAET C 3aMBIKAHUEM
JIMHEHHOH 000JI0YKN BCEX COAEPXKAINMNXCT B H xapakTepoB rpymnnsr G .

KumtoueBbie cioBa: Hy/IbMEPHBIE TPYIINBL, XaPAKTEPHT; TADMOHUIECK I aHAIN3; CIEKTPATb-
HEI CMHTE3; MHBAPUAHTHBIE TTOAITPOCTPAHCTRA

Aaa murupoBanaus: [liamonos C.C. CnekTpasibHBIA CHHTE3 HA HYJIbMEPHBIX JIOKAJIBHO
KOMIIAKTHBIX abejieBbix rpynnax // BecTHuk pocemiickux yHuepcureroB. MaTeMaTuka.
2019. T. 24. Ne 128. C. 450-456. DOI 10.20310/2686-9667-2019-24-128-450-456. (In Engl.,
Abstr. in Russian)
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1. General definitions

Let G be a locally compact Abelian group (LCA—group), F be a locally convex topo-
logical vector space that consists of complex-valued functions on the group G'. This space
is called a translation invariant space if it is invariant under translations (shifts)

r f@) = flety), [eF, yed,

and all operators 7, on the space F are continuous. A closed linear subspace H C F is
called an invariant subspace if 7,(H) CH for any y € G.

A continuous homomorphism of G into the multiplicative group C, = C \ {0} of
nonzero complex numbers is called an exponential functions or generalized character on
G . A continuous homomorphism of G into the group T := {z € C: |z| = 1} is called a
character of G.

Continuous homomorphisms of G into the additive group of comlex numbers are called
additive functions. A function x — P(a(x),...,an(x)) on G is called a polynomial if P
is a complex polynomial in m variables and a,...,a,, are additive functions. A product
of a polynomial and an exponential function is called an exponential monomaial, and linear
combinations of of exponential monomials are called ezponential polynomials.

Let F be a translation invariant space on G and H be an invariant subspace in F .

Definition 1.1. Aninvariant subspace H admits spectral synthesisif H coincides
with the closed linear span in F of all exponential monomials that belong to H . We say
that a translation invariant space F has the spectral synthesis property if any invariant
subspace ‘H C F admits spectral synthesis.

2. Examples of spectral synthesis

In this section we give some examples of spectral synthesis.

1. G=[R,+)

Any exponential monomial on R has the form f(x) = P(x)e, where x € R, A € C,
P(x) is a polynomial. The function spaces C(R) of all continuous functions and
E(R) = C*(R) of all infinitely differentiable functions (all classical function spaces are
equipped with their usual topologies) have the spectral synthesis property. This is result
of L. Schwartz [1]. Some other examples of functions spaces on R with spectral synthesis
property were studied in the papers of J. E. Gilbert [2] and S.S. Platonov [3].

2. G=(R"+), n>?2

Any exponential monomial on R™ has the form f(x)= P(z) e, where x=(2y,...,2,) €
R, A= {(A,...; ) € C", Az = \izy + -+ + A\, P(x) is a polynomial in z. In [1]
L. Schwartz conjectured that the spaces C(R™) and E(R") = C*°(R™) have the spectral
synthesis property. This conjecture turned out to be false. In 1975, D. 1. Gurevich [4]
costructed an example of an invariant subspace H C E(R?) containing no exponential
monomials. Nevertheless, 1.. Schwartz [5] proved that the space S'(R™) of all tempered
distributions on R™ has the spectral synthesis property.

3. (G is a discrete group

For the case when (' is a discrete group, the most natural function space is the space
C(G) consisting of all complex-valued functions on G with the topology of pointwise
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convergence. The case G = Z" was studied by M. Lefranc [6]. He proved that the space
C(Z™) has the spectral synthesis property. Some results about the spectral synthesis on
the discrete groups were considered in [7]. In particular, the space C(G) has the spectral
synthesis property if (G is a finitely generated Abelian group [8] or a torsion Abelian group [9].
In [10] M. Laczkovich and L. Székelyhidi proved that the spectral synthesis in the space C(G)
holds on a discrete Abelian group G if and only if the torsion free rank of G is finite. For
the case when G is a finitely generated discrete Abelian group and F is the space of all
exponential growth functions on G the spectral synthesis property was proved in [11].

3. Main results

Let G be a LCA-group. An element x € GG is called a compact element if the smallest
closed subgroup of ', which contains x, is compact.

Let G be a LCA-group, such that all elements of G are compact. Any generalized
character of GG is a usual character and any additive function on G is zero. Any exponential
monomial on G has the form Ayx(x), where A € C, x(x) is a character of G.

Proposition 3.1. Let F be a translation invariant space on G, H be an inva-
riant subspace in F . If G is a LCA-group, such that all elements of G are compact, then
H admits spectral synthesis if and only if H coicides with the closed linear span in F of
all characters of G that belong to H .

For any LCA-group G let G be the set of all characters of G. The set G is a LCA-
group (dual group of G') with compact-open topology and multiplication being defined as
the pointwise multiplication of functions.

For any invariant subspace H C F, the set o(H) := {x € G:ye H}. is called the
spectrum of H.

If G is a LCA-group, such that all elements of G are compact, and invariant subspace
‘H admits spectral synthesis, then H can be recovered uniquely by its spectrum o(H).

A locally compact topological space X is called zero-dimensional if compact open subsets
of X form a basis of topology. A locally compact Hausdorfl topological space X is zero-
dimensional if and only if X is totally disconnected, that is any subset of X , which contains
more then one point, is disconnected.

Theorem 3.1. Let G be a locally compact zero-dimensional Abelian group, such that
all elements of G are compact. Then: 1) the space C(G) of all continuous functions on G

i~

has the spectral synthesis property; 2) a subset o C G 1is the spectrum of some invariant
subspace of C(G) if and only if o is closed subset of G .

4. Some examples of zero-dimensional LCA-groups,
all elements of which are compact

1. Let {ni}rez be a two-side sequence, nx € N, ng > 2. Let

G = P Zn,.

keZ
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where Z,, is the cyclic group of order n. Every Z,, is a discrete group and Gisa compact
group. Any element of G has the form

x = {xx }rez, Tk € Lo,
Let G be a subgroup of G that consist of all elements
z={x;} €G:IN(@x)€Z Vk< N(z) z=0.

The group G is locally compact, zero-dimensional and all elements of G are compact.
If np =2 Vk € Z,then we have the locally compact Cantor dyadic group. The harmonic
analysis on this group closely connected with Fourier-Walch harmonic analysis (see [12]).

2. Let @, be the group of p-adic numbers. Any element x € @, can be identified with

a formal series
@ = Z oep®, 2, €{0,1,...,p—1}, N(x)€Z
k=N (x)

The group Q, is locally compact, zero-dimensional and all elements of GG are compact.

Also, for any two-side sequence a = (ag)rez, ar € N, a, = 2, there exist the group Q.
of generalized a-adic numbers (see [13]). The group Q, is locally compact, zero-dimensional
and all elements of G are compact. A zero-dimensional LCA-group G with countable base
of topology, such that all elements of G are compact, is called a Vilenkin group. Harmonic
analysis on such groups was studied in [14].

5. On the ideal structure of algebras of locally constant functions

Let X be a zero-dimensional Hausdorfl locally compact topological space. Let 7.,(X)
be the set of all compact open subsets of X . The set 7.,(X) forms a basis of topology of
X . Any finite set a = {Uy,...,U,} of mutually disjoint subsets U; € 7.,,(X) is called a
discrete system of subsets of X . Let 9(X) be the set of all discrete systems of subsets of
X . For a={Uy,...,U,} € M(X), the support of a is the set

supp « = LnJ Us.
=1

A function f on X is called locally constant if for any x € X there exist neighbourhood
U = U(x) of x on which f is constant. Denote by D(X) the set of all locally constant
complex-valued functions on X with compact support. The set D(X) is a linear space. Now
we define a topology on D(X).

For any o € {Uy,...,U,} € 9M(X) let D,(X) be the set of functions of the form
f=>" ¢ Iy, where ¢; € C, Iy is the characteristic function of U. The set Do(X) is
n -dimensional vector space. With respect to the uniform norm

[ flloo = sup |/ (2)|
reX

the set D,(X) is a Banach space. We equip the space
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with the topology of inductive limits of the Banach spaces D,(X), that is a topology of
D(X) is the weakest locally convex topology for which all inclusions D, (X) C D(X) are
continuous. Then D(X) is locally convex space. With respect to the pointwise multiplication
of functions, D(X) is a topological algebra.
Let Z be an ideal of the algebra D(X) . Denote by N(Z) the set of zeros of all functions
from Z, that is
NZ)y={zxeX: f(xr)=0 Vrel}

The set N(Z) is called zero set of T.
For any closed subset A C X denote by Z4 the set of all functions f € D(X), such
that f(x) =0 for any x € A. The set Z4 is a closed ideal of D(X).

Theorem 5.1. Let I be an ideal of the algebra D(X) then Iy — I.

Corollary 5.1. Any ideal of the topological algebra D(X) is closed.

6. The proof of Theorem 3.1

Let G be a zero-dimensional LCA-group, C(G) be the set of all continuous functions on
G, D(G) be the set of locally constant functions with compact support on G'. By M.(G)
we denote the set of complex-valued Radon measures with compact support on G. The
space M (G) can be identified with the dual space of C(G) with respect to the duality

(b ) = / f@)du(x), feC(G), ueME).

The space M.(G) is a locally convex space with respect to the weak topology
o(M.(G),C(G)).
Let i, o € M:(G) . A convolution gy * pp is defined by formula

(i 12, ) //w+y Ay () dpin(y),

where ¢ € C(G).
The set M.(G) is a commutative topological algebra with convolution as multiplication.
For any closed linear subspace H C C(G), let H* be its annihilator in M.(G) that is

L e MAG): (u, f) =0 Vf e HY.

The mapping H — H* is one-to-one correspondence between the set of all invariant
subspaces of C(G) and the set of all closed ideals of topological algebra M.(G).

Let D(G) be the set of all locally constant complex-valued functions on GG with compact
support. The set D(G) is a commutative topological algebra with convolution as multipli-
cation:

(fr+ fo)x /flx— Valw)dy.  fi, f2 € D(G).

We will denote this topological algebra by Deone(G) .
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For any topological algebra A4 we will denote by s(.A) the set of all closed ideals of A.
In particular we have the sets s(M.(G)) and $(Deono(G)) . Using identification a function
f € D(G) with the measure f(x)dx, we have inclusion D(G) C M (G). The maps

p i $(M(G)) = 8(Deono(G)) and p 2 $(Deona (G)) = $(Me(G))
are defined by formulas:
p(H) :=HND(G), HEeEs(MAG)), pHo):=[Ho],  Ho € 5(Deonu(G)),
where [Ho] is the closure of Ho in the space M.(G).

Proposition 6.1. The mapping p is a biection of set s(M.(G)) onto the sel
$(Deone(G)) . The inverse mapping p~! coincide with p .

Let G be a LCA-group and G be the dual group. It can be proved that LCA-group G
is zero-dimensional group, all elements of which are compact, if and only if the dual group
G is zero-dimensional group, all elements of which are compact.

The Fourier transform of a function f € Ly(G) is the function j? on the dual group &
which is defined by formula

700 = / F@X@ de, y e

In particular, the Fourier transform is defined for any function f € D(G). The mapping
$: f— f is also called the Fourier transform.

Proposition 6.2. If G is a1s zero-dimensional group, all elements of which are
compact, then the Fourier transform ® s an isomorphism of the topological vector space
D(G) into the topological vector space D(G) .

Corollary 6.1. The mapping ® is an isomorphism of topological algebra Do, (G) into
the topological algebra Dpmun(G) .

Proof of Theorem 3.1 Let X be an invariant subspace of C(G), HL be its
annihilator in M.(G), T =HXND(G), T=®(T). Then T is a closed ideal of Deone(G),
and 7 is a closed ideal of Dmult(@) . We will say that the ideal 7 corresponds to the invariant
subspace H.

Let x € G . One can prove that y € H if and only if the point y belongs to zero set
of the ideal Z. Thus the spectrum o(H) of invariant subspace H is the same as zero set
N(Z) of corresponding ideal Z C Dpui(G) .

Let H be an invariant subspace of C(G). Denote by H; a closed linear subspace
of C(G), that coincides with the closed linear span in C(G) of all characters of G that
belong to H. Then H; is also an invariant subspace of C(G) and o(H) = o(Hi).
Let 7 = HE N D(G), Z; = ®(T;). Since N(Z) = N(Z;) then we have Z = Z; by
Theorem 5.1, and from Proposition 6.1 we have H = H;. This completes the proof of
Theorem 3.1.
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