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Onenka cyMMapHOIro JIOXOJZa C yYeTOM JUCKOHTUPOBAHMSI
JJIsi BEPOSITHOCTHBIX MojeJeili JMHAMUKA TOMyJIsI i

Amnacracua Auapeesna BA3YJ/IKMTHA
OI'BOY BO «Bragumupckuit ToCyIapCTBEHHBIH YHUBEPCUTET
nmenu Ausekcanjipa I'puropbesnia u Hukosas I'puropsesnta CToseToBbIX»

600000, Poccuiickast Penepartus, r. Biagumup, ya. ['opskoro, 87

Annoramus. PaccmarpuBarorcss MOJe M OMHOPOAHBIX M CTPYKTYPUPOBAHHBIX TOILYJISIIH, 3a-
naHHble Mg depeHInaIbHBIMU YPABHEHUSIME, 3aBUCSIIUME OT CJIYYalHBIX mapaMerpos. [lo-
MyJISIIAS HA3BIBAETCS OJHOPOIHOI, €CJIM OHA COCTOUT TOJIHLKO U3 OJHOTO BUJIA YKUBOTHBIX WJIH
pacTeHuil, ¥ CTPYKTYPUPOBAHHON, €CJIM OHA COIEPKUT 7 2> 2 PA3JIUIHBIX BUIOB WU BO3PACT-
HBIX KJiaccoB. IIpeiosiaraem, 9To Ipu OTCYTCTBAN SKCILIYATAIMH JMHAMUKA, TOIYJIAIIAN 3a/1aHa
cuctemoit muddepeHITnaIbHbIX yPABHEHNH

& =g(x), x€RY i{xER”:x1>0,...,aﬁ">0}.

B momenThl Bpemenu T, = kd, tne d >0, k= 1,2,..., u3 3T0ii HOIYJISIIIUN U3BJIEKAIOTCS CIIy-
qaiiHble jjoim pecypea wi, @ =1,...,n. Ecm w] okasbiBaeTcs Gobllle HEKOTOPOrO 3HAYEHUS
ui €10,1), To c6Op pecypca i-ro BHAA B MOMEHT Ty NPEKPAIIAETCS, U J0JIsT H3BJIETEHHOTO Pe-
cypea mostydaercss pasuoit (i = min(w}, ut). Ilycrs C* > 0 — crommocTh pecypea i-ro Bua,

X}; = 2%(kd — 0) — KomUYeCcTBO pecypca i-ro BHJA B MOMEHT BpPeMeHH Tj JI0 c6opa; Torja
n

BEJIMIMHA, JOXOJA B JAHHBIT MOMEHT paBHa ) = E C' X4, Ucenenytores cBoficTBa Xapak-

i=1
TEPUCTUKU CYMMapHOTO J0XO/Ja, KOTOpad OUPEEIdeTCd KaK CyMMa PAJia U3 BEJINYIUH JI0XO/1a B
MOMEHT BpPEMEHU T} C Yy4YeTOM IIOoKa3aTeJIsl JJUCKOHTUPOBAaHUSI @ > 0:

oo oo n
Ho(lmo) = Zpe = "e kN " C'Xj4,
k=1 k=1 i=1
e ¢ = (b1,...,0k,...), To — HAYAJBHBIA pa3Mep MOMYJIANUN. SHAYCHHUE [I0KA3aTelsd ( yKa-

3bIBaCT Ha TO, 9YTO CTOUMOCTDL IIO3JHEE IIOJIy9IaeMOI'0 J0XO/Ja CHU2KACTCHA. HOHy‘{eHbI OIICHKN
CyMMAapHOT'O J0XOJa C yI€TOM JJUCKOHTUPOBaHUA, BBIIIOJTHEHHBIC C BEPOATHOCTBIO €INHUIA.

Kirouesrnlie ciioBa: CTPYKTYpUpOBaHHAL IOMYJIAINA, OIIEHKa CYMMapHOT'O JIOXOIa

Hnst iurupoBanusi: basyakuna A.A. OneHka cyMMapHOro JIOX0/a € yIeTOM JIMCKOHTHPOBa-
HUsI JIJIE BEPOSITHOCTHBIX MOJIesIell UHAMUKY nonysisinuii // BecTHUK poccuiickux yHuBEpcuTe-
roB. Maremaruka. 2023. T. 28. Ne 143. C. 217-226. https://doi.org/10.20310/2686-9667-2023-
28-143-217-226
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Estimation of total income with discounting
for probabilistic models of population dynamics

Anastasia A. BAZULKINA
Vladimir State University
87 Gorkogo St., Vladimir 600000, Russian Federation

Abstract. Models of homogeneous and structured populations given by differential equations
depending on random parameters are considered. A population is called homogeneous if it
consists of only one animal or plant species, and structured if it contains n > 2 different
species or age classes. We assume that in the absence of exploitation, the dynamics of the
population is given by the system of differential equations

z = g(x), zER"i{xeR”:f}O,...,;ﬁ}O},

At times 7, = kd, where d > 0, k =1,2,..., random shares of the resource wy = (Wi, ...,w})€
Q C [0,1]" are extracted from this population. If w! is greater than some value u} € [0,1),
then the collection of the resource of the i-th type stops at the moment 7, and the share of
the extracted resource turns out to be equal to £i = min(w},u}). Let C* > 0 be the cost of
the resource of the i-th type, i = 1,...,n, X} = z'(kd — 0) the quantity of the i-th type
of resource at the time 7 before collection; then the amount of income at the moment equals

n

Zy = ZC”'X,QZ};. The properties of the characteristic of the total income, which is defined
i=1

as the sum of the series of income values at the time 7y, taking into account the discounting

factor a > 0 are investigated:
(o] o0 n
Ho(lmo) =Y Zre™®F =) e ®* Y "X,
k=1 k=1 i=1

where ¢ = ({1,...,0x,...), mo is the initial population size. The value of a indicates that the
value of the income received later decreases. Estimates of the total income, taking into account
discounting, made with probability one are obtained.

Keywords: structured population, total income estimate
Mathematics Subject Classification: 37H35, 39A50, 49N25, 93C15.

For citation: Bazulkina A.A. Estimation of total income with discounting for probabilistic
models of population dynamics. Vestnik rossiyskikh universitetov. Matematika = Russian Uni-
versities Reports. Mathematics, 28:143 (2023), 217-226. https://doi.org/10.20310,/2686-9667-
2023-28-143-217-226 (In Russian, Abstr. in Engl.)
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Haunnas ¢ mpomuioro Beka MHOTHE aBTOPbI 3aHUMAJIUCH UCCJIEIOBAHUEM BOIIPOCOB OIITHU-
MAJILHONW SKCILTyaTAIIMA TOMYJIANNAN, 3aJaHHBIX Pa3/JIMIHBIMA JTUHAMUIECKAME CUCTEMAME
(cMm., mampumep, [1]). B Hacrosinee Bpemsi BejyTCs aKTHUBHbIE PAGOTBI [0 U3yYEHUIO OITHU-
MaJIbHOTO TIPOMBIC/IA U €TI0 BJIMSHUS HA XapPaKTeP JUHAMUKUA U COCTAB CTPYKTYPUPOBAHHBIX
nomyamuit (em. [2-4]). CymecTByer Tak»Ke MHOXKECTBO PabOT, TOCBSIIIEHHBIX 3a/1a9aM Mepu-
OJINYECKOr0 MMITYJILCHOTO cOOpa BO30OHOBJIEMOIO Pecypca W 3ajiadaM ONTUMAJIbHON SKCILTY-
aTallluy TOMyJIANNN ¢ Juddys3ueii, uccjieIOBaHuI0 MaKCUMaJIbHON 3¢ dekTuBHOCTH cOOpa pe-
cypca (em. [5,6]), mosydennto HanbGosbIIel BBINObI OT SKCILIYATAIMHI TIOMYJISAIUN, 3aIaHHON
pasHocTHBIME ypaBHeHusIMHU (cM. [7,8]). OmeHku cpe/Heil BpeMeHHON BBITOIbI JJIst TTOITYIISIIIA,
3aJIaHHBIX MU depEeHITNATBHBIMI YPABHEHUSMA CO CJIyYailHBIMU TapaMeTpaMy, IOJydeHbl B
paborax [9,10]. [TousiTne cyMMapHOIo JI0X0/ia C yIeTOM JIMCKOHTUpOBanus BBejeHo B [11]. Or-
Jdre JaHHON crarbu or mybuaukarmii |9, 10] cocTouT B TOM, UTO 3/1€Ch PACCMATPUBAETCS MHAST
XapaKTepUCcTuKa c6opa BO30OHOBJIIEMOI'O pecypca — CYMMApPHBIN JIOXOJ, C YIeTOM JIMCKOHTUPO-
Bauusi. Kpome Toro, B paborax |10, 11] paceMarpuBaroTcst TOJBKO OTHOPOHBIE HOIY/IAINN, & B
HACTOAIIEN cTaTbe — KaK OJHOPOJIHBIE, TaK M CTPYKTYPUPOBAHHBIE, TO €CTh MOMYJISINN, Pas-
JieJIEHHbIE Ha BO3PACTHBIE I'PYIIIBI WIN OTJEIbHbIE BUJIbL. JJIs JAHHBIX HOIYJIANNNA JJOKA3AHDbI
TeopeMbl 00 OIeHKaX CYMMAPHOTO JIOXO0/Ia € YIETOM JIMCKOHTHPOBAHUSI, KOTOPBIE BBITIOJTHEHBI €
BEPOATHOCTHIO €JIMHHUIIA.

1. OcHoBHBIE TOHATUSA

PaccmorpuM nomysisiuio, pa3BuTue KOTOPO IPU OTCYTCTBUU SKCILIYATAIINHN 3a]aHO CUCTe-
Mot uddepeHnraaibHbIX YpaBHEHMIT

i=g(z), zeRI={zeR":2'>0,...,2" > 0}; (1.1)
3yech g(x) — BEKTOP-CTOJIGEI, KOOPJAUHATAMU KOTOPOIO SIBJISIIOTCS HEnpepbiBHO auddepen-
nupyemble gyuxmun g (z),...,¢"(z). lpu n = 1 nomyasanus oJHOPOHASA, TO €CTh COCTOHT

TOJIBKO U3 OJTHOT'O BUJIa »KUBOTHBIX WM pacTeHnil. Ecim n > 2, To MOMyganumo Ha30BEM CTPYK-
TYPUPOBAHHOM, B 9TOM CJIydae OHa COJEPKUT 71 Pa3JIMYHBIX BUJIOB UM BO3PACTHBIX KJIACCOB.

[IpeanosaraeM, 9T0 B MOMEHTBI Bpemenu 7y = kd, tie d > 0, k= 1,2,... U3 NOnyJIdruu
U3BJIEKAIOTCS HEKOTOPbIE CJIydaiiible Joiu pecypca wy = (wi,...,wl) € Q C [0,1]". Ecanm
TOJIst TOOBIBAEMOTO Pecypea Wi OKasblBaeTcs 6oJbIle HeKoToporo sHadenust ui € [0,1), To
cbop pecypca i-ro Bujia B MOMEHT Tj OCTaHABJIMBAETCs; MO3TOMY JIOJIS PECYpCa JAHHOTO BU/IA,
U3BJIEKAEMOI'0 U3 IOIYJISAINT B MOMEHT BPDEMEHU Ty, PaBHA

0 =min(wj,u), i=1,...,n, k=1,2,....
[ycrs 4, = (6},...,0%), 2'(kd —0) u z'(kd) — koqmHUecTBO pecypca i-ro BUJA B MOMEHT
T, = kd 1o u nocse cbopa coorBercrBenno, (1 — lp)x(kd — 0) — BeKTOp ¢ KOOpIMHATAME

(1 — £zt (kd — 0),...,(1 — £)z"(kd — 0). Torga AMHAMEKY SKCILTyaTHPYEMOH MOIYJIAIIN
MOZKHO OIIMCATh YIPABJISAEMOil CHCTEMOIl ¢ UMITYJIbCHBIM BO3JIEHCTBHEM

b= g(e), 14 kd (12)

z(kd) = (1 —l)x(kd —0), k=1,2,.... (1.3)

[Tostaraem, uto perenns: cucreMbl © = ¢(x) HEOTPHIIATENBHBI TP JIFOOBIX HEOTPUIATETHHBIX
HavYaJbHBIX YCJIOBUSAX, /I 9TOI0 HEOOXOMMO U JI0CTATOuHO, 4Tobbl byukmun g'(z), ..., g"(x)
Y/IOBJIETBODSLIIN YCJIOBUIO KBA3UIOIOKUTEIbHOCTH (CM. [12; ¢. 28]).
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[Tycrs C* > 0 — crommocTsb pecypea i-ro Buaa, @ = 1,...,n, X} = x'(kd — 0) — xomu-
YeCTBO pecypca % -T0 BIJa B MOMEHT BDEMEHH Ty 10 cbopa; Toraa BeJUYINHA JT0XO0/1a B JAHHBIN

MOMEHT paBHa Jj = ZC”Xk e k=1,2,....
=1
Oupenmenenune 1.1. (em. [11]). Cymmaprowm dorodom ¢ yuemom QucKOHMUPOSaHUA
Ha3bIBaeTCd (DYHKIUSA

(T.n0) zzke 3ok S i,
k=1 =1

rae £ = (1,..., 0, ...), Ty — HAYAJBHBINA pasMep HOmysarmu, « > 0 — moKa3aTesb JTUCKOH-
TUPOBaHUsl. 3HAYEHNE TI0Ka3aTeIs (¢ YKa3bIBAeT Ha TO, YTO CTOMMOCTD IO3JHEE IOJIyIaeMOro
JIOX0JIa CHUZKAETCH.

Bameuanue 1.1. B ganHoil craTrhe OpuMeHsieM BEPOSITHOCTHYIO Mojeinb (X, 2, 1),
onucannyio B paborax [9,10]. IIpusemem Kparkoe onumcanue jganuoii mogenu. Ilycrs 3agano
BEPOSATHOCTHOE IIPOCTPAHCTBO (Q,ﬁl, 1), toe Q C [0,1]", 2 — curma-are6pa TOIMHOKECTE,
Ha KOTOpOW 3aJlaHa BEPOATHOCTHad Mepa 1. OnperesimM MHOXKECTBO IOC/IEI0BATEIHLHOCTEMH
Y ={o:0=(w1,...,wk,...)}, tae w, € Q. Obosnaunm dvepe3 2 HAMMEHBIIYIO CHUMa-
aaredpy, MOPOKACHHYIO IAINHIPUICCKIMEI MHOXKECTBAME

Er={ceX:o0=(w € A,...,wx € Ay)}, 11E Aje§l, j=1,2,...k,

u onpenenum Mepy i(Ey) = u(Aq) - ... - 1(Ag). Torma B cury reopemsr A. H. Konmoroposa
[13, c. 43] na usmepumonm mpocrpancrse (33,20) cyiecTByer eJMHCTBEHHAsT BEPOSITHOCTHAS Me-
pa p, KoTopasi SBJII€TCS IMPOJOIKEHNEM Mepbl [i Ha curma-ajarebpy 2.

2. OmneHka CyMMapHOrO JIOXO/Ia C y9€TOM AUCKOHTHUPOBAHUS
JJ1 MO/JieJIl OJHOPO/HOM MOMYJIAINNT
PaccmoTrpuM OfHOPOJIHYIO TOIYJIANIAIO, KOTOpas IPU OTCYTCTBUH SKCILUIYATAIIMH 3a/IaHa
JudepeHImaIbHbIM YpaBHEHIEM

t=g(x), x€l0,+00),

1 0603HaUNM 1Yepe3 (t, x) pelieHre JAHHOTO yPaBHEHHUS, Y/I0BIETBOPSIOIICE HATATBHOMY YCIIO-
Buo ¢(0,2) = z. Ecm u, = v € [0,1] mmaseex k=1,2,..., to Xy = x(kd—0) — konmdecTBo
pecypca 10 ¢6opa, yJO0BJIETBOPSIET CJIEYOIEMY PA3HOCTHOMY YPaBHEHHIO:

X1 =¢(d,1 —w)Xy), k=1,2,..., (2.1)

e Xy = p(d, zg). Ormernm, 9to pu n = 1 MOXKeM MPEJIIOIOKUTh, YTO CTOUMOCTH Pecypca
C7 =1, mosTOMy CyMMAPHBIN JOXOJ0M C yIETOM JIMCKOHTUPOBAHUS PaBEH

€ xo Zkake &k pre a>0.

Ycanosue 2.1. Ilpeanonoxknm, aro ypasuenue (1.1) umeer pemenus ¢(t, A) = A >0
u p(t,0) =0.
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Hanomunm, aro X (u) mHasbBaercsa nenodsuosicnoll mowkol ypasaenus (2.1), ecam mmeer
mecto coorromrenne X (u) = ¢(d, (1 —u)X (u)). B crarbe [14] nokasanbr ciemyionmmue yciosus
CYIIECTBOBAHUS [OJIOKUTEILHO HEIIOBIZKHON TOUKN ypasHeHus (2.1):

Jlemma 2.1. Ilycmo svinoaneno ycaosue 2.1 u nepasencmeo

(1—w) ¥, (d,0)>1. (2.2)
Tozda ypasrenue (2.1) umeem nenodsusrcryro mouxy X (u) maxyro, wmo 0 < X(u) < A.

Ecaun ypashenne (2.1) mmeer HemopBmkHyio Touky X (u) > 0, To ompenennm x(u) =
(1 —u)X(u). Obosmaunm U = {w:u = (uy,...,ux,...)}, tme ug € [0,1], k=1,2,....

Jlemma 2.2. [Ipednosostcum, wmo ewnosneno ycaosue 2.1 u nepasencmeo (2.2). Tozda
das mobozo xy € [x(u), Al cywecmsyem ynpasasenue uw € U maroe, wmo oas 6cex o € X
uMeem Mecmo HePaseHCmMBEo

Zﬁke ok < H (0, 20) AZ&@ ak, (2.3)

k=1
JokaszaTeuabctTsBo. II3memmsl 2.1 ciiefyer, 4T0 IpH BLIIOJIHEHNH HepaBeHCTBA (2.2)
cymectByer Henomsmzkuast Todka X (u) ypasrmenns (2.1) m 0 < X (u) < A. Torma 0 < z(u) <
(u)
X (u)
o(d, x) Bospactaer (cwm. [14]), To ma g € [z(u), A] nmeem

X(u) < A. Boibepem ynpasienns u, = 1 — st Beex k € N. Tlockosbky dyHKIms

X(u) = p(d, z(u)) < p(d,z0) = X1 < p(d, A) = A.

z(u
Takum obpasom, ecin u; = 1 — ﬁ o X(u) < X; < A. Ilosromy, tak Kak f; =
U

min(wy, u) < u, UMeeM

z(u) =Xl —u) <X;(1—4) =121 <A,

To ectb x7 € [x(u),A]l. Anamoruvyno mosydaem, 9To mpm up = 1 — X)’ .
u

BBITIOJTHEHBI HEPABEHCTBA
Xu) < Xp <A k=1,2,.... (2.4)
13 npeapliyniero HepaBeHCTBA U OIPEIEe/IeHUs CYyMMAapHOTO JOXOJa CJEIyeT, UTO JJIsd BeeX
o € ¥ soimosmeno (2.3). O
[IpeamnosiokuM, 9T0 B pa3HbIX OIBITAX MOABUINCH PA3JIMIHBIC CJIyYailHbIe OC/IE/I0BATE /b
HocTn oP) = {w§p’ w,gp), ...}, TaK¥Ke onpeje M FAR (ng), . ,K,E:p), ), e p=1,2,....

. (»)
Jlns kazkmoit moceoBareibHOCTH £ peann3yercsi CBoe 3HaYeHHe CYMMAapPHOTO JIOXO/a, KO-
TOpOE PaBHO

-(p) " ) - Zxép)gl(fp)e—ak’ p=1,2,....

O6o3unaunmM yepe3 M{(u) MaTeMaTHIeCKOe OXKUJIAHNE CJIyYallHBbIX BeJinanH {; =min{wy, ug },
z(u

() , k=1,2,
X(u)

e up =1—
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Teopema 2.1. ITycmwv svinoanerno ycaosue 2.1. Tozda das awbozo g € [x(u), Al cywe-
cmeyem ynpasaerue u € U makoe, 4mo 0aa nowmu ecex o € ¥ cnpagediuso HEPaGEHCMEO

X (u)M{(u) 7 4 AMK( )
— 2 < lim — H, E 1 2.
o — 1 Smeem Z -1 (25)
JoxkasaTeabctso. Tak Kak ciaydaiiinble BeIMIunsl wi, p = 1,2,..., HE3aBHCHMBI
U OJIMHAKOBO PAacCIIPeJIe/IeHbl, TO U CJydailHble BeJIUIUHbI él(f ) = l(wh,u), p=1,2,..., s

Kaxkjoro k € N rTakke HE3aBUCHMbBI U UMEIOT OJMHAKOBOE pacupejesenue. [lostomy u3 ycu-
JIEHHOTO 3aKoHa Gosibiux vuces Kosmoroposa |12, c. 418| ciemyer, aro jijisg nodru Becex o € 3
BBITIOJIHEHO CJIEIYIONIEee PaBEHCTBO

hm—ZE (), k=1,2,...,

m—o0 11

U3 KOTOPOTO MOJIy9IaeM, YTO Jisl IOUTH BCeX 0 € X
lim — E E f e = ]\/[ﬁ( ) (2.6)
m—00 M e —1 '
p=1 k=1
U3 mepasencrBa (2.4) ciemyer, 94To

X (u) lim —zm:iépeak < lim izm:Ha(z(p),xo) < A lim iiiﬁg)eak. (2.7)

m—o0o N
1 p=1 p=1 k=1

ﬁ

Takum obpasom, u3 (2.6) u (2.7) mosmydaem, 9To HepaBeHCTBO (2.5) BBIIOJHEHO /i HOYTH
BCeX 0 € X. [l

[Ipumep 2.1.PaccmorpuM 3a/1ady HAXOXKJICHNUST MAKCHMAJIBLHOMN ONEHKH CHU3Y JIJIst CYM-
MapHOI'0 JIOX0/Ia C yIeTOM JIUCKOHTUpOBaHudd. [IpeanonoKuM, 910 pa3BuTre OIS 38/1aH0
JIOTUCTUYIECKNM ypaBHEHUEM

T = (a— bx)x, (2.8)

e a >0, b> 0 gBJIAIOTC IOKa3aTeJAMU POCTA MOIMY/ISINN U BHYTPUBUIOBONH KOHKYPEHIIUN
COOTBETCTBEHHO.
Haiinem pemenne (2.8), yaosierBopsoriee HadaabHoMy yeaoBuio (0, z) = zp :

azoe™
a+ bxo(edt — 1)’

g0<t7 {L‘Q) =

U BBINUIIEM Pa3HOCTHOE ypasHenwue (2.1) jyist jorucrudeckoro ypasaenus (2.8):

P a(l — u)Xe
T a4 b(1 — w) X (evd — 1)

k=1,2,....

OueBuIHO, YTO OJIHOI M3 HENOJBUKHBIX TOYEK JIAHHOIO ypaBHeHus spigerca X (u) = 0, BTO-
poil HEOABUKHOUN TOYKOIN ABJIAETCA
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Ormerum, uro X (u) > 0, ecm (1 —u)e® > 1.

Haiinem maremarndeckoe oxuganue Ml(w,u), rue wy, wo,... — HE3ABUCHMBIE CJIyJaiiHbIe
BEJIMYNHBI, UMEIOIe paBHOMepHOe pactpefenenune Ha [0,1], a {(w,u) = min(w,u). Torma
M/{(w,u) MoxkHO HaiiTi Kak uHTerpas Jlebera, To ecTh

2 u2

1 u 1
M(w,u) = i €(w,u)dw=/0 wdw+/ udw:%—i-u(l—u):u—?.

[ToscraBuM HostydeHHBbIE Pe3yJIbTaThl B HepaBeHCTBO (2.5), Toria

a((1—u)e —1)(2u — u?) ®) a(2u — u?)
< lim — H, (", < — . 2.9
(1 — u)(ewd — 1)(e® — 1) ~ misoom ; o) 2b(e — 1) (29)
[Iyctrb a =1, b=1, d=1n25, a=In2, torma (2.9) npunuMaer cjeayronuii BuI:
(24 — 25u)(2u — 2u — u?
g lim — H —_— 2.10
48(1 — u) mev00 Z 2 (2.10)

[Tpu momMon# cTaHAAPTHBIX BHIYUCICHAN MOZKHO II0Ka3aTh, YTO B IIOCJIEHEM HEPABEHCTBE OICH-
Ka CHH3Yy MakcuMasbHas npu u = u* ~ 0,722. Iloxcrasisaa gannoe suadenue u* B (2.10),
HOJIy UM IPHOJIIZKEHHYIO OIIEHKY CHH3Y U CBEPXY, KOTOPas BBIIOJIHEHA C BEPOATHOCTHIO €J11-
HUIA!

Ly 0
< — <
0,411 < lim — > Ho (0", 29) < 0,461, (2.11)

Takum obpazom, Jiisi ypaBHeHus (2.8) olleHKa CyMMapHOI'o JIOX0/Ia C YIeTOM JIMCKOHTUPOBAHMS
ynosyierBopsier (2.11).

3. Teopema 006 OoIleHKE CyMMapHOrO JIOXOJ[A C Y4€TOM AUCKOHTUPOBAHUS JIJIsI
MO/IeJIEl CTPYKTYPUPOBAHHBIX MOILYJIAIUAN

PacemoTpuM cTpYKTYpPHPOBAHHYIO HOILYJISAIMIO, 0COOM KOTOPOii pa3/ie/ieHbl Ha 1 > 2 BO3-
PacTHBIX TPYII WM OTJIEJBHBIX BUJIOB. IlycTh KOMMYeCTBO ocobeil i-ro BUja paBHO I
i = 1,...,n. O6oznaaum wepes X (u) = (X'(u),...,X"(u)) HENOABUKHYIO TOUKY CHCTE-
MBI (2.1) (ecsim OHa CyIIECTBYeT), IIyCTh

z(u) = (2 (u),...,2"(w)), rme 2'(u)=(1—-u)X(u), i=1,...,n. (3.1)

Ina xo = (x),...,20) Brmouenue wg € [a,b] Gyjem moHUMATDH CllelyIOMUM 0OpasoM: Th €
[’ b, i=1,...,n
B jannoM pasjesie GyieM MpejnosiaraTh, 9To BbIIOJIHEHO CIeLyIONee YCIoBUe.

Yenosue 3.1 Ecm z) > ' mna seex @ = 1,...,n, 1o ¢'(d,z(0)) > ¢'(d,x),
1=1,...,n

OrmernM, uro yeaosue 3.1 MOXKHO 3amucarh B cokpaiieHHbM Buje: ecau z(0) > x, To
o(d,z(0)) = ¢(d, r). O6oznaumm vepes M/{: mMaTeMaTHuecKoe OXKHIAHUE CTyHalHbIX BeJMIUH
i _
ii=1,....n, k=1,2,....
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JIemma 3.1. ITycmo cucmema (1.2), (1.3) umeem cmayuonapryro mouky A > 0, u cy-
wecmeyem nenodsusicran mouka X (u) cucmemwr (2.1) maxas, wmo X(u) € (0,A]. Tozda
ons mobozo o € [x(u), Al Hatidemes ynpasaenue uw € U, npu xomopom das eécex o € X
BHINONHEHDL HEPABEHCTNEE

3 —akzozxz < Hala) <Y —akzow (3.2)

k=1 k=1

HJoxkaszatenncrtso. [lockombky xy € [z(u), A], To n3 ycaosus (3.1) cremyer, aTo

X'(u) = ¢'(d, z(u)) < p(d,x0) = X{ < ¢'(d,A) = A", i=1,...,n

1 n
Bribepem yrpasieHus g = (1 — %, U %) st Bcex k= 1,2,... m OTMeTHM,
910 (= min{wg, ug} < ug, TOrMIA
= (-] > (1 - wxf = PO iy
1
AHajIoruIHO PN BHIOPAHHBIX YIIPABJIEHUAX IOy IaeM
X'u) < Xp <A, k=1,2,..., i=1,...,n. (3.3)

I3 (3.3) n onpejiesieHust CyMMapHOIO JIOXOJ@ CJIEJLYeT, YTO JIJIst BCeX o € Y BBIIOJHEHBI Hepa-
BeHcTBa (3.2). O

. ()
JI1st KazKI0it 1oc/Ie10BaTeIbHOCT £ BBINMIINEM 3HaYEHHEe CYMMAPHOIO JI0XO0J1a

E(p) ZZC’ e e a>0 p=12....

=1 k=1

Teopema 3.1. ITycmo cucmema (1.2), (1.3) umeem cmayuonapryro mouxy A > 0, u cy-
wecmeyem nenodeusrcnas mouxa X (u) cucmemos (2.1) makaa, wmo X (u) € (0, A]l. Toeda dan
1106020 o € [x(u), Al Hatidemes ynpasaerue 4 € U, npu komopom 0as nowmu 6cer o € %
GVINOAHENDL HEPAGEHCTNGA

ST CUXH(u) M (u) m STCTAT M (u)
=1 < lim N HL (1" x) < 2 (3.4)
e —1 m—00 11, “—= e —1
JlokaszaTenanbcTBo. CaydaiiHble BeJITMINHBI ¢ ), /v ), ... YJIOBJIETBOPSIOT yCJIOBUSM
y 1 2 Y y

YCUJIECHHOI'O 3aKOHa OOJIBIINX YUCEJI KOJ’IMOI‘OpOBa, IIO3TOMY JJIsI IIOYTU BCEX O € > uMeeT
MECTO pPpaBEHCTBO

lim EZZCZX’ e~k ZC"XZ VM (w)e . (3.5)

p=1 1=1

13 (3.3) u (3.5) caemyer, uro jist Kazkaoro k= 1,2, ... BBIIOJHEHO
i z 7 —ak . % l(p) p) —ak
ZCX )M (u)e gA%mZZO 0 . (3.6)
p=1 1=1
Cymmupyst (3.6) mo Bcem k = 1,2,..., nosydaeM JjieByto dacthb (3.4). AHAJOrUYIHO JIOKA3bIBA~

eTCs HePaBEHCTBO B IpaBoil dacTu (3.4). O
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ABTop BhIpazkaeT 0JIArOAAPHOCTb HAYIHOMY PYKOBOJIUTENIO Hpodeccopy Kadeapbl dhyHK-

[IMOHATBHOTO aHAJIN3a U ero MpUIOKeHuiH BjaiumMupcKoro rocyiapcTBEHHOIO YHUBEPCUTETA

uMm. A.T. u H.T. Crosneropeix JI. . Poaunoit 3a BHuManme K paboTe 1 PYKOBOJCTBO €€ BBIIIOJI-
HEHHEM.
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Bsenenue

PaccmarpuBaercst ypasiisgemasi CUCTEMa

T =g(t,z,u), tel0,r],
U (z(0)) = @(x(7)), (0.1)
flt,x,u) =0, h(t,z,u) <0.
Baech g : RxR"XR™ = R, ¥ & :R* - R”, f:RxR"xR™ = RF, h:RxR"xR™ — R* —
9TO 3aJ[aHHbIE HEIIPEPBIBHBIE OTOOpaxKeHus n pyHkimu, a 7 > 0 — 310 3aann0e yucyo. [lycts,
KpoMe TOoro, 3ajaHa To4uKa gy € R”.
Hemnpepoiayio dyukmuio v : 2 — R™, onpenesennyio B HEKOTOpoi okpectHoctu ) C
R x R™ rouku (0,x(), HASBIBAIOT JONYCMUMBLM NOZULUOHHLM YNPABACHUEM, ECITH

flt,zu(t,x)) =0, h(t,z,u(t,z)) <0 V(t,z)eQ

(311€Ch U Jasiee HepaBEHCTBA JIJI BEKTOPOB U3 R® MOHUMAETCsl TIOKOOPMHATHO), U CYIIECTBYET
HenpepbiBHO b depeniupyemoe perenne x : [0,7] — R™ nuddepennuanibHoro ypaBHeHus
& = g(t,z,u(t,z)), maa koroporo umeer mMecto pasenctso ¥ (z(0)) = O(x(7)).

HenpepoiBayto dyskiuo w : [0, 7] — R™ Ha3biBaoT donycmumvim npozpammmbim Yynpas-
AEHUEM, €CJIU TMEIOT MECTO COOTHOIICHUS

ft,z,u(t)) =0, h(t,z,u(t)) <0 Vtel0,7],

B KOTOPBIX HEPABEHCTBO BBINOJHAETCS TIOKOOPJMHATHO, W CYIIECTBYET HENPEPBIBHO audde-
pernupyemoe perrerne z : [0, 7] — R™ auddepenrnmansaoro ypasuenns & = g(t,x,u(t)),
Jutst Kotoporo mMmeer Mecto paserctBo U(x(0)) = ®(z(7)). Ormernm, 9TO ecm CymecTByeT
JIOIYCTUMOE HO3UIMOHHOE yIIpaB/IeHue, TO CYIIeCTBYeT U IIporpaMMuoe yrpasienue. JleiicTBu-
TeJIbHO, TycTh « : {2 — R™ — 910 jmomycrumoe mosunuonHoe yrnpasienue, a z : [0,7] — R
— 3T0 pellleHne cooTBeTcTByoMeil kpaesoit 3agaun. Torna dyukuus ¢ — u(t, x(t)), t € [0, 7]
SIBJISIETCsI JIOITYCTUMBIM TIPOTPAMMHBIM YTIPABJICHUEM.

B Hacrostieit pabore paccmaTpuBaioTcs pasimanbie qactabe caydan (0.1). Jng xHux mosry-
YeHbl JOCTATOYHBIE YCIOBUSA CYNIECTBOBAHUS JOIYCTUMBIX HO3UIIMOHHBIX YIIPABJICHHUI.

1. yl'[paB.TIf[eMaﬂ cucreMa C OorpaHnvdeHmdMu THUIla PpaBE€HCTB

PaccmorpuMm ympasiisieMyio cucremy

i =g(t,x,u), tel0,7],
U (x(0)) = @(x(r)), (1.1)
ft,z,u) = 0.
[Iycts 3aganel uncia R > 0, 7 > 0, a > 0 u Touka uy € R™. Ilycrs 2 C R x R”
— 9TO 3aJIaHHOE OTKPBITOE MHOXKECTBO TakKoe, 4To Jjid Touek (t,x) rakux, uro t € [0,7] u
|z — xo| < R, nmeer mecro Britouenue (t,z) € .
O6oznaunm depes B(&,r) 3aMKHYTHIH map ¢ neHTpoMm B Touke £ € R™ pammyca r > 0
B R". Tlosoxum

a:= max |V¥(z)—z|, [B:= max |P(z)+ z— 2|,
lz—zo|<R |lz—zo|<R

RO = a'_l max{|f(t,x,u0)| tle [OaT]v |‘T - x0| S R}7
v :=max{|g(t,x,u)| : t € [0,7], |x — x| < R, |u—1up| < Ro}.
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[IpeamosozxkuM, 9To
(H1) orobpaxkenue f(t,z,-) JIOKAIbHO JHUIIIHAIEBO s Joboro (¢, x) € Q.

O6osunaunm uepe3 O, f(t,x,u) npomssomuyio Kiapka orobpaxkenusi f(f,x,-) B TOUKe u
(em. [1, § 2.6]). IIpenmomoxum, 910

(H2) muorosmaunoe orobpazkenue (t,z,u) — 0,f(t,x,u), (t,z) € Q, u € R™ nomynenpe-
PBIBHO CBEpXY.

[TpuBesieM ycioBUST PeryssipHOCTH, 1O3BOJIsAOMUe B 3a1ade (0.1) cHATh orpaHmveHus TUIA
PaBEHCTB.

IMIpennoxenune 1.1 Hycmo ewnoanaomea npednosoocenus (H1), (H2) u

(H3) inf (max{/{ >0: A€o, f(t,z,u), B"(0,k) C AB™(0, 1)}) > a.

(t,2)eQ, ueR™

Toeda cywecmesyem nenpepuwshoe omobpasicerue u : € — R™ makoe, wmo
ft, o u(t,z) =0, |ult,z)—uo| <a t|f(t,z,u0)| V(t,x)€Q.

HoxkaszatTenbctso. [Ipumerum Teopemy 1.7 o messuoit dyukiu u3 [2|. Ionaras
Y= Q, o := (t,x), nomyuaem, uro BeinosHsaTcs yeaosusa (L1) — (L3) sroit Teopembl n
ko > a. IlosTomy cyiecTByeT nckomasi HessBHasi (pynknusa u : 2 — R™. O

Teopema 1.1. ITyemw evinoansromes npednososcenus (H1) — (H3) u
a+pB<2R, 7Ty<2R—a-—0.

Tozda das 3adavwu (1.1) cywecmeyem donycmumoe no3uUUOHHOE YNPasieHUue, KOMopoe onpe-
deaero na mmuoocecmae S2.

Hoxkaszatrensbctso. [lycrs nanee u(-) — 1o DyHKIMsI, OTBEYAIONIAS Y TBEPIK ICHUTO
npeoxkenns 1.1. g moKazaTeabcTBa TeOpeMbl JOCTATOYHO JIOKA3aTh, YTO CYIIECTBYET OT-
Bedarollee yrpasiennto u(-) HempepbiBHO Tuddepenimpyemoe perenne x(-) KpaeBoil 3ajaqu

t=G(t,z), tel0,7], (t,z)e, Y (z(0))=(x()). (1.2)

31ech
G(t,z) = g(t,x,u(t,x)), (t,z) €.

Jlnsg nokazarenbeTBa paspenuMOCT KPaeBoi 3a1a9i Mbl BOCIIOJIB3YEMCS METOIOM, IIPEIJIO0-
JKEHHBIM B [3| 151 T0Ka3aTe/IbeTBa paspenmMoCTH KPAeBbIX 3a/a4 JIJI aBTOHOMHBIX Jiudde-
peHIMAILHLIX BK/IIOYeHni. JlajibHeilnme paccyKAeHns IO0M00HbI JOKA3aTe/JILCTBY TEOPEMbI 1
u3 [3| u mpuBOAATCS ST HOJTHOTHI M3JI0KEHUSL.

[Tostoxkum

M :=[0,7] x B(zo, R).

B cuny nepaBencTBa B npejioxkennu 1.1 numeem

G(t,z)| <~ Y(ta)eM.
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[TosTomy mo Teopeme Beiiepiirpacca CymecTByeT IMOCJIEI0BATEILHOCTh HEMPEPHIBHO judde-

peHnupyembx orobpakennit g; : R x R" — R", koropasg cxomurca pasHoMepno K G Ha

mHoxkectBe M 1 takas, 9o |g;(t, )| < v mus Beex (t,x) € M u 11 BceX HOMEPOB J .
[Tokazkem, aTo jij1s Kaxkjgoro j € N KpaeBas 3ajia4a

& =g(t,x), ¥(z(0))=o(x(r)), =z(t)€ B(zo,R), te]l0,7] (1.3)

HMeeT HelpepbIBHO juddepentupyemoe pemenne z; @ [0, 7] — R™.

SadukcupyeMm Mpoms3BoJbHOEe HaTypaiabHoe duciao j € N. M3 rmamgkoctn oTobparkeHust
g; u Toro, uro |g;(t,x)] < v B cmIy TeopeM O CYIIECTBOBAHUE U €JUHCTBEHHOCTH DEIIeHUS
(eMm., manpumep, [4, Teopemsr 11.4.1, 11.4.5]) caeayer, uro s moboro z € B(xg, R) cymiecTBy-
er euHcTBenHOoe pertenne (-, 2) : [0, 7] — R” 3amaun Komm

t=g;(t,z), x(0)=z2 =x€R", tel0r7] (1.4)

Us |5, crencreue 1.10.2] BeiTeKaeT HenpepbiBHOCTH oTobpazkenus & : M — R™. Kpowme Toro,
UMeeT MeCTO HepaBeHCTBO

|§<r,z>—z|:' / gj<t,5<t,z>>dt\s / gL dE <y V() eM.  (L5)

Henpepbisable orobpaxenns x +— V(r) —x u = — ®(x) + x — 229, = € B(xo, R),
orpanmdensl KoHcTanTamMu o u (3, T.e. |[VU(x) —z| < a u |P(x) + 2 — 2x¢| < f a1 Beex
x € B(zg, R). Tloaromy 1o Teopeme Tutriie o mpoJo/zKeHUI CYIIECTBYIOT HEIPEPbIBHbIE OTOO-
pazKeHus {Ivf, d:R" —» R" TaKue, 9To

U(z) — 2| <o, [B(x)+az—2x0]<B VaeR™

1.6
U(z) =VU(z), ®(z)=>(z) Ve Bz, R). .
[Tokaxkem Temepb, UTO CYIIECTBYET pelleHne YpaBHEHUSs
U(z) = B(&(r,2)), 2 € Blao, R) (1.7)
c HeusBecTHBIM z. CremaeM 3aMenHy b = z — x( U IOJIOKUM
T(b) :=b— U(b+ z0) + P(E(,b+ x)), be B(0,R).
Torna ypasuenue (1.7) npunumaer Bu
b="7(b), be B(0,R). (1.8)
Hng kaxxaoro b € R™, mus koroporo |b| = R crpaBeyinBO HEPABEHCTBO
(b, T(b)) < R?. (1.9)

Heiicreurenpro, qast b € R™, myst kotopbix |b| = R, nmeem

(b, Y(b)) = (b,b+ 20 — V(b + x0))
+ <b7 &)(f(b =+ anT)) + §(T7b+ LL'Q) - 21‘0) + <b>b + X — €(T7b+ $0)> - <b> b>
<aR+ BR+ Rry— R* <2R®> - R? = R
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3/ech 1epBoe HEPaBEHCTBO BbITeKaeT u3 1epBoil crpoku B (1.6), u3 coornomenus (1.5) u u3
Toro, uro |b| = R; a mocje/iHee HEPABEHCTBO BBITEKAET U3 Mpenoyiokenns 7y < 2R —a — f3.
SameTum, UTO

b£AY(b) YAe(0,1), VbeR": |b=R. (1.10)

HeiicrBuresibro, B mpoTuBHOM cirydae, ecan b = A\Y(b) jyist HeKOTOPBIX b U A, JIIT KOTOPBIX
b|=R u A€ (0,1), o
(b, YD) = (b, A7) = \'R* > R?,

4710 nporuBopednt (1.9).

U3 (1.10) u menpepbiBrocTu orobpaxkenust ¥ wa B(0, R) 1o Teopeme Bosist 0 HenoBuzKHOI
touxe (cM., HampuMep, [6, § 5, Teopema 7.2|) ciaemyer, uto cymectsyer pemtenue b € B(0, R)
ypasuenus (1.8). 3HaunT, TouKa Z := 1o + b aABIserca pemennem ypasrenus (1.7).

ITo ompenenenmo dyuxumn &(-) dbynkuus x;(-) = (-, Z) sBisgercs pelleHreM 3a/1adu
Komm (1.4). Kpome toro, mockomsky Z = x;(0), &(7,2) = x;(7) u Z dABjIsieTcs PeIIeHHeM
ypasrenus (1.7), o W(z;(0)) = ®(z;(r)). Taxum oGpason,

#(t) = g;(t, x(t)) Vte[0,7], V(x(0)) = d(x(r)), ,;(0) =% € B(xo, R). (1.11)

[TokaskeMm, dbynkius x;(-) gBisgercs perrenueM 3aaadu (1.3).
13 nepsoro pasencrsa B (1.11) u Toro, aro |g;(¢,x)| < 7, ciaemyer, 410

|2;(t) = 2;0)] <ty |;(7) —2;(0)]| < (7 =)y VIe0] (1.12)

(7TOKa3aTEe/ILCTBO STUX HEPABEHCTB aHAJOTHYIHO paccyzkaenusam B (1.5)).

Hna t € [0, 7] mveem
2| (t) — ol

73(t) = w(0)| +

73(0) = W(a;(0))] + |B(a (7)) + 5(r) = 20| + |5 (1) = w5(7)
<ty+a+p+(r—1t)y <2R.

<

3J1eCh TepBOE HEPABEHCTBO BBITEKACT U3 HEPABEHCTBA TPEYTOJbHHKA 1 Toro, uro W(z;(0)) =
®(z;(7)) B cumy (1.11); BTOpoe HepaBeHCTBO BBITEKaeT U3 Hepsoit crpoku B (1.6) m u3 (1.12);
a HoCJIe/Hee HePaBEeHCTBO BBITEKACT U3 mpejiosoxkenus 77 < 2R —a — (3.

I3 mokazaHHOTO HepaBeHCTBa caefyeT, 9to z;(t) € B(xg, R) ama moboro t € [0,7]. Ilo-

3TOMY

W(z;(0)) = ¥(z;(0)) = (z;(7)) = ®(x;(7)).
3/ech mepBoe U MOC/eHee PaBEHCTBA BBITEKAIOT U3 BTOpoi crpoku B (1.6), a BTrOpoe — u3
Broporo pasencrsa B (1.11). 113 mosyuennoro paBencrsa, u3 Toxkaecrsa B (1.11) ciemyer, aro
dbyukims x;(-) ABIAeTCS pelreHueM Kpaesoit 3agadn (1.3).

[TocTpoennas mpu KaxkJI0M J TI0CJIE/I0BATEILHOCTD HEIPEPBIBHO /T depeHImpyeMbIx (DyHK-
nuit z; : [0,7] — R™ paBHOMepHO OrpaHmdYenHa U PaBHOCTEIEHHO HEIPEPBIBHA. DTO BBITEKAET
U3 TOro, 4ro «,(-) sBJseTcs perrenueM Kpaesoii 3agadn (1.3) u u3 Toro, uro |g;(t,x)| < 7.
[Tosromy, 1o Teopeme Apriesia, CymecTByeT paBHOMEPHO CXOJSAIIASCS TIO/ITOC/IEI0BATETHHOCTD
nocstenosaresnsHocT {z;(-)}. Ilepexonst K moaIoCIe0BATEILHOCTH, He OIPAHIYUBAsT OOIIHO-
cru OyneM cunTars, 9to {x;(-)} cxomurcsa paBHOMEPHO K HekoTopoil dynkuu 7 : [0, 7] — R™.
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ITo mocrpoenuto Z(t) € B(xg, R) C Q st moboro t € [0, 7]. Kpome Toro, uz Toro, 4ro
gj cxoxaTca paBHoMepHO K G Ha M, a dyHkiun w; gBAOTCH perneHuaMu 3agadn (1.3)
cJIeJIyeT, 9To T siBjIsercs perreHneM Kpaesoil 3amaqu (1.2). Takum obpasom, cyrecTByomas B
custy npejytoxkenus 1.1 GyHKIws u(-) ABIAETCS UCKOMBIM YIIPABICHUECM. 0

2. VYmnpaisemas cCUCTeMa C OTPAaHUYEHUSIMU TUIIA HEPABEHCTB

Paccmorpum yrpaBiiieMyo cucTeMy

Tt =g(t,z,u), telo,r]
U(2(0)) = @(x(7)), (2.1)
h(t,z,u) <O.

Bnece h = (hi,...,hs), hj : RxR"xR™ —» R, j = 1,5 — 970 3a7aHHbIE HENPEDPBIBHbIE
dyHKIIH.
Yupasisiemas cucrema (2.1) mMoxkeT ObITH cBesieHa K yrpasisieMoii cucreme (1.1) 3a cuer
cJreyIoniero nocrpoenus. Ilomoxnm
f(t,x,u) = maxh;(t,z,u), (t,z,u) € RxR"xR™. (2.2)
Jj=1,s
Mpeannoxenune 2.1. yemov gynruyua u(-) Asasemea 0ONYCMUMLM NO3UUUOHHBLM
ynpasaeruem 0 ynpasasemot cucmemv, (1.1), 6 komopoti f onpedeaeno no dopmyae (2.2)
(m. e. k=1 u cucmema codeporcum 0dno ozpanuvernue muna pasercmea ). Tozda sma owce

Pyrxyua u(-) asasemea QONYCMUMLM NO3UUUOHHBIM YNPABAEHUEM 0L YNPABAAEMOT Cucme-
mo (2.1).

Hokaszarenabctso. llycts x(-) — 310 coorBercTBYIOMmAast yupasieano u(-) daszo-
Bas TPAEKTOPHH, T. €.

(t) = g(t,x(t),u(t,z(t))), [f(t,z(t),u(t,h(t))=0, te€[0,7], V(x(0))=(z(1)).
Torna, s oupenenenust pyHKIuU f CaeAyeT, 9To

max h;(t, z(t),u(t,z(t))) =0, te]l0,7]

j=1,s

SHauwnr,

hj(t,x(t),u(t,z(t))) <0 Vte]|0,7].
CirieioBaresibHO, u(+) SABJISIETCsI JIOIMYCTUMBIM TIO3UITMOHHBIM YIIPABJICHUEM JIJIs YIIPABJIAEMOIt
cucremsl (2.1). O

Vcrionb3yst 910 yTBep2KieHre n3 TeopeMbl 1.1 BbIBEIEM JOCTATOYHBIE YCIOBUSI CYIIECTBOBA~
HIUsI JIOIYCTUMOTO yIIpaBJIeHust Jyist cucreMbl (2.1).

Teopema 2.1. [Ipednonoorcum, wmo omobpasicenue h(t,x,-) duddepenyupyemo das 1106020
(t,x) € Q u ezo wacmnas npoussodHas %(-) nenpepuieha 6 Kastcdot mowke (t,x,u) € Q0 x R™.

Hycmo

inf{|A| cAe conv{%(t,x,u) g :E}, (t,z) €Q, ue ]Rm} > a, (2.3)
u

a+pB<2R, ™ <2R—a-—0.
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3decv conv — 2mo 6uNYKAAA 000A0UKA MHOHCECTNEA,

7 = max{|g(t,z,u)|: t €[0,7], |z — 20| < R, |u—uo| < Ry},

Ro = a "max{|f(t,r,uo)| : t € [0,7], |z — x| < R}.

Tozda das 3adavwu (2.1) cywecmeyem donycmumoe NO3UUUOHHOE YNPABAEHUE, KOMOPOe ONpe-
deaerno na muootcecmese §).

Hoxkaszatrensnctso. Bagaanm dyaknuio [ 1o dopmyne (2.2). [Tokaxkem, 9to s
dbyHKIMKI f BBIMOJIHAIOTCS PEIIOIOXKEHUsT TeopeMbl 1.1.

[Ipeamonoxenne (H1) Bormosnsiercs B cuiny rmagkoct h mo w. Ilpeamonoxenne (H2)
BBITEKAET U3 IVIAJAKOCTH h 10 w, U3 OYEBUAHOIO TOXxAeCTBa Oyh;(t,z,u) = {%(t,x,u)},
U U3 TOrO, YTO 3aBHCHMOCTb MHOXKECTBA AKTUBHBIX UHJIEKCOB (T. €. HOMEPOB j TaKHUX, UTO
hi(t,z,u) = f(t,z,u)) or (t,z,u) aBigeTca morynenpepbBHOil cBepxy. IIpemmonoxenne (H3)
BoiTekaer u3 (2.3). Kpome toro, umeem o+ 5 < 2R u 7y < 2R — o — 3, NOCKOJIBKY Y =7 U
Ry = Ry 110 HOCTPOEHHIO.

Takum obpaszom, g GYHKIUU f BBIIOJHAIOTCS IIpeanosioxkenus teopeMbl 1.1. Ciremo-
BATEJILHO, CyIIecTByeT (byHKIWMs (), KOTOpas sBJISIETCs JIOIMYCTUMBIM MTO3UIMOHHBIM yIIPaB-
nenueM Jyist cucteMbl (2.1). B cuy npemiorkenust 2.1 sra yHKIMS SBJISETCS JOITYCTHMbBIM
HOBUIMOHHBIM yIIpaBaeHueM Jyist cucreMbl (1.1). O

Bameuanue 2.1. Ecim dyrkiuu h; He ABJIAIOTCH [VIAJKUMH [0 U, a BCErO JIMIIb
JIOKAJILHO JIMIIIAIEBBl, U MHOTO3Ha4HBIe oToOpazkenusa O,h/ :  x R™ mnosynenpepbIBHLI
cBepxy, To i dyHKIWU f, omnpemesnenHoit o dopmyse (2.2) mnpemnosnoxenne (H2) mo-
’KeT Hapymarbed. JelicrBuresbio, nmycth n = m = 2, s = 2, Q = R? hi(t,z,u) = u,
ho(t, z,u) = t* — |u+t*|. Torma 9,f(0,0,0) = {1} u 9, f(£,0,0) = [~1,1] upu t # 0. 3nauwur,

npesnosoxkerne (H2) napymaercs.

References

[1] F.H. Clarke, Optimization and Nonsmooth Analysis, Wiley, N.Y., 1983.

[2] A.V. Arutyunov, S.E. Zhukovskiy, “Smoothing procedure for lipschitzian equations and
continuity of solutions”, Journal of Optimization Theory and Applications, 2023.

[3] A.B. Apytionos, C.E. 2Kyosckuii, “O HeqMHeHHbIX KpaeBbIX 3ajadax s guddepeHyuaib-
HbIX BRJtoueHnit”, Jluddepenyuarvrve ypasnenus, 2023; anra. mep.:A.V. Arutyunov, S.E.
Zhukovskiy, “On nonlinear boundary value problems for differential inclusions”, Differential
FEquaitions, 2023.

[4] J. Warga, Optimal Control of Differential and Functional Equations, Academic Press, N.Y., 1972.
[5] H. Cartan, Differential Calculus, Kershaw Publ. Company, London, 1971.
[6] A. Granas, J. Dugundji, Fized Point Theory, Springer Verlag, New York, 2003.

Nuadopmariusa o6 aBTopax

Bop3os Hukura CepreeBud, acmumpaHT, Ka-
denpa dyHKIMOHAILHOTO aHAM3a, TaMOOBCKMIA
rocyJgapcTBennbiit yausepcurer um. I.P. [lepxka-
BuHA, T. TamO0B, Poccuiickas Pemeparusa. E-mail:
borzov-nikita@mail.ru

ORCID: https://orcid.org/0009-0005-7439-0405

Information about the authors

Nikita S. Borzov, Post-Graduate Student,
Functional  Analysis Department, Derzhavin
Tambov State University, Tambov, Russian
Federation. E-mail: borzov-nikita@mail.ru

ORCID: https://orcid.org/0009-0005-7439-0405



O CYIIECTBOBAHNMU JOITYCTUMBIX ITPOIIECCOB IJIA YIIPABJIAEMBIX CUCTEM 235

KykoBckas 3yxpa TarmpoBHA, KaHIuIaT
bU3nKOo-MaTEMATUIECKNX HAyK, CTApIIAi Hayd-
HBII coTpynuuk, HCTHTYT TIpobseM ynpaBjeHus
uM. B. A. Tpanesuukosa PAH, r. Mocksa, Poccuii-

ckast @enepanus. E-mail: zyxra2@yandex.ru
ORCID: https://orcid.org/0000-0002-4595-6685

KOH(bJII/IKT HNHTEpPEeCOB OTCYTCTBYET.

1Jisi KOHTAaKTOB:
2Kyxosckas 3yxpa Taruposua
E-mail: zyxra2@yandex.ru

Ilocrymuna B pemaknuio 01.06.2023 r.
IToctynmna nocse pereasupoBanus 07.09.2023 .
[Ipunsara xk nybumkanun 12.09.2023 1.

Zukhra T. Zhukovskaya, Candidate of
Physics and Mathematics, Senior Researcher,
V. A. Trapeznikov Institute of Control Sciences
of RAS, Moscow, Russian Federation. E-mail:

zyxra2@yandex.ru
ORCID: https://orcid.org/0000-0002-4595-6685

There is no conflict of interests.

Corresponding author:
Zukhra T. Zhukovskaya
E-mail: zyxra2@yadex.ru

Received 01.06.2023
Reviewed 07.09.2023
Accepted for press 12.09.2023



ISSN 2686-9667. Bectuuk poccuiickux yauBepcuteToB. Maremaruka

Towm 28, Ne 143 2023

HAVUHAS CTATDSI
(© Bypaakos E.O., Mamskos 11.H., 2023

https: //doi.org/10.20310,/2686-9667-2023-28-143-236-244
VIK 51-76, 519.62
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Awnunoranusi. B naHHO#T pabore IocTpoeHa MareMaThdecKasi MOJIeIb Ha OCHOBE HeIPepbIBHOMN
JUHAMAYIECKON CHCTEeMBbI, (popMaanu3yiomas B3anMojeiicTBre (py3apueBbIX T'PUOOB, paCTEHMA
[IIEHUIBl U OYBEHHBIX MUKPOOpranu3MoB (Mukodaros u canpodaros). B pafore mnposejen
CTATUCTUYIECKUI aHAJIN3 UMEIOIIUXCs] SKCIIEPUMEHTAIbHBIX JIAHHBIX, IOy YeHHBIX B JIab0paTop-
HBIX YCJIOBUSIX, Ha OCHOBAHUU KOTOPOTO PEITieHa 3a/1a9a O BOCCTAHOBICHNN OMOTOTUICCKN HHTEP-
MIPETUPYEMBIX TApaMEeTPOB IMOCTPOEHHON MOIEN pacCMATPUBAEMON IKOJOTMIECKON CHCTEMBI.
B pabote Tak»ke paccMOTpeHa 3aja4a UMILYJIbCHOTO YIIPABJIEHNS B PAMKaX IOCTPOEHHON MOoJie-
JIV, OTBEYAIOINIEr0 HAITPABIEHHOMY BO3/IEHCTBUIO HA MUINEBbIE MIEITOYKNA B M3yIaeMOil cucTeMe, ¢
[EJTBI0 CTUMYJISIITAN POCTA TIOMYJIAINI €CTeCTBEHHBIX AHTATOHUCTOB BBIZBIBAIONIETO TATOJJIOTUIO
MIIEeHUIBI (Py3apueBoro rpubda IyTeM BHECEHUsI B IOUYBY CIEIUAJBbHBIX CMecell OpraHuIecKuX
yroopennii. [loyaeHnb! ycaoBus, TapaHTAPYIONINE YIIPABIIEMOCTh B pAMKaX PaCCMATPUBAEMOI
MaTeMaTUIeCKOI MOJIE/H, & TaKyKe 00eCIIeTNBAIONIIe HEITPEPHIBHYIO 3aBUCUMOCTD PEIIeHuit MO-
JeNUPYIOMUX YPABHEHUR OT yIPaBJIAIOIINX BO3ACHCTBUIL.

Kirouesble ciioBa: MareMaTUdecKue MOJeJ/JIn B 9KOJIOrUH, I/I,Z[GHTI/I(bI/IKaL(I/ISI ImapaMeTpoB Ma-
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Abstract. In this paper we constructed a mathematical model based on a continuous dynamic
system, which is formalizing the interaction of fusarium fungi, wheat plants and soil micro-
organisms (mycophages and saprophages). The paper presents a statistical analysis of the
available experimental data obtained under laboratory conditions, on the basis of which we
solved the problem of restoring biologically interpreted parameters of the constructed model
of the considered ecological system. The paper also considers the problem of impulse control
within the constructed mathematical framework, which corresponds to a correction on the food
webs in the system in order to stimulate the growth of the populations of natural antagonists of
the fusarium fungus causing wheat pathology by applying special mixtures of organic fertilizers
to the soil. We obtained conditions that guarantee controllability within the framework of the
constructed mathematical model, as well as providing continuous dependence of solutions of
the modeling equations on control.
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Bsenenue

B Tedenne mociennux gecaruieTuii HaOIIOMACTCS POCT TOTEPh YpPOXKasl IIMIEHUIbI, BbI-
3BaHHBII PA3/IMIYHBIMUA TOYBEHHBIMH (DUTOMATONEHAMM, B TOM YHncje (py3apreBbIMU IPUOAMU.
B 6osbimmacTBe pernonoB Poccun 3epho 3apazkeno rpudamu posa Fusarium, npudemM B HEKOTO-
PBIX U3 HUX 1014 3apazkenns npesbiinaer 50%. I13-3a BbicoKo n3MeHuInBoCcTH 1 crierudunaecKoit
9THOJIOTHH (Py3aPUEBLIX IPUOOB CYIIECTBYIOMINE METO/IbI HX KOHTPOJIst (06paboTKa 3epHa mepe;t
[IOCEBOM, MTPABUJIbLHOE XPAHEHNE 3ePHA, & TAKKe BhIPAIUBAHIE YCTOWIUBBIX K (hy3apUIO COPTOB
IIEHWIIbI) HE SIBJISTIOTCS JTOCTATOYHO 3D DEKTUBHBIMU.

Ecth Bce ocHoBaHus mosiaraTh, YTO MaHUIYJIUPYs CTPYKTYPOIl JIETPUTHBIX TUITEBBIX CETelt,
MOKHO BO3JICHICTBOBATDH Ha MOYBEHHYIO (pa3y dpy3apueBbIX rpruOOB, BO BpeMs KOTOPOil 3TU I'pH-
OBl BeJyT cebsi 110/I00HO canpoTpodHO MUKPOMIOPE U UMEIOT MOHUXKEHHYI0 KOHKYPEHTHYIO
CrtocoOHOCTH [1,2], a TakKe HU3KYIO yCTOHYUBOCTD K BBICIAHUIO OYBEHHON (ayHoit [3-5].

B mamnoit pabore craBUTCs 3ajada IIOCTPOEHUsT MaTeMaTHUIEeCKON MOJIEJIH, TO3BOJIAIOIIE
OIICHUTH B3aMMHOE BjusHue (hy3apueBbiX rpudoB, MukodaroB u carnpodaros JIpyr Ha Jpyra
1 Ha OMOMacCy MIIeHUIIhl Ha OCHOBAHUHU SKCIIEPUMEHTAIBHBIX JTAaHHBIX. TakxKe B paboTe Impe/i-
JlozkeHa (opMasn3aIys BO3/AEHCTBUN Ha JETPUTHBIE MUIEBbIE IENU B UCCJIELyeMOl CUCTeMe
[yTeM BHECEHUsI CIEIMaJbHON CMEeCH OPraHmYIecKuX yJao0peHuil (MyJbaupyrommei cMecH), sB-
JISTIOTTEHICSl TUTATEIBHBIM CyOCTPATOM JJII €CTECTBEHHBIX aHTArOHUCTOB (by3apus, B TEPMIHAX
3aJIa9K UMITYJILCHOTO YIIPABJICHUS JIJIsI PACCMATPUBAEMON MOJIECIH.

1. Ananus AKCIIEpUMEHTAJIbHBbIX JaHHBIX

B xojie 9KcIeprMeHTa UCIOJIB30BAINCh YeThIPe HE3aBUCUMBIX JPYT OT JIPYTra SKCIEPUMEH-
TaJIbHBIX IUIOIIA/IKH, 3aII0JIHEHHBIX [I0YBOI ¢ 1oCeBHBIX nojieil. Ha sTu moma/xkn 66110 BeIca-
JKeHbI BexoJibl mimenuribl. Ha yestoBabie 0-it, 21-it, 48-it u 95-it JHM SKclIlepUMEHTa Ha BCEX Ue-
ThIpEX ILIOIIAIKaX B BEPXHEM CJIOe ITOYBBI COOMPAJINCH JIaHHBIe: OnmoMacca py3apreBbIX I'PUOOB
(kormu renoB / M? ), unciaeHHOCTH MUKO(hAros u capodaros (ocobu / M? ), a TakxkKe CpeHsst
Macca pacTeHus MIeHuIsl (rpaMMer). Ha pucyrke 1 mpe/icTaBiieHbl TaHHBIE 9KCIIEPUMEHTA.

Jlnst pernennst 3a/1a4n MOCTPOEHNS MATEMATUIECKOH MOJIENIN 110 IKCIIEPUMEHTAILHBIM JIaH-
HBIM HEOOXOJIMO OIEHUTH BEPOATHOCTHBII 3aKOH, 110 KOTOPOMY OHH pacipejiesenbl. C momMo-
mplo Kpurepus coryacus JInmmmedopea [6] mpu mpoBepke psifia TUIIOTE3 O THIE PACIpPee-
JIEHHsI JTAHHBIX YCTAHOBJIEHO, YTO HCIIOJIb3yeMble SKCIIEPUMEHTAIbHBIE JTAHHbIE PACIIPE/IEIeHbI
JIOP-HOPMAJIBHO.

Tax Kax IIPeJIIOI0KeHHs O B3aNMO/EICTBUI KOMIIOHEHT CHCTEMbI OCHOBAHBI HA JIAHHBIX 110
JIMHAMEKE YHCIEHHOCTH B T€UEHHE HECKOJBKHUX HEJNENb, HEOOXOJNMO BBISCHUTDH, COOTBETCTBY-
0T JIM JIAHHBIM CJIeJTaHHbBIE TPEeNoJIoKeHus. st ONeHKH CyIeCTBEHHOCTH OTIMIMNA MEXK Ty
JIAHHBIMU B pa3Hble JIHU 9KCIIEPUMEHTa, OblLia IPOBEPEHa CTATHCTHYECKAs 3HAYUMOCTH Das-
JIIUA MEKJLy CPETHUME y DPACCMATPUBAEMBIX DY (TPYHIbl cOPMUPOBAHBI 1O JTHIM) C
HCIOJIb30BaHneM Kputepust Baprrerra |7]. B Tabmuie 1 npuBe/ieHbl BBIMHC/ICHHbIC 3HAUCHUS
pacnpeseenus x> Ha yposue 3Hadumoctu « = (.05 ¢ Tpems cTeneHaMH CBOGOMIBI JIJTst JaH-
HbIX 110 y3apuio (x30.05(F) ), Muxodaram (x3.5(M) ), canpodaranm (X3 g.05(S) ) 1 mienume
(X3.005(B) ), a TaxzKe KpurHueckne 3nadennus ( X3 o o5(Cr) ) samsoro pacupeesenus. V3 smarde-
HUil B Tabsniie 1 MOKHO CIIesIaTh BBIBOJ, UTO CPEJHUE Il BCEX TPYIII CTATHCTHIECKH 3HATIMO
Pa3IIIAIOTCS.
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Puc. 1. DkcrepuMenTabHbIe JIAHHBIE

Tabsmma 1

PeSy.HbTaTbI IIPOBEPKU KPpUTEPUA BapT.HeTTa JJId SKCIIEPUMEHTaJIbHBIX JTaHHBIX

X%,o.os(cr) X§0.05(F) X§,0A05(M) X§,0.05(S) X§0.05(B>
7,81 85,25 15,93 11,12 27,76

2. Maremarudeckasa ModeJIb

B omuceiBaemoit cucTeme mpeInosiaraioTcs B3anMOJIeHCTBUS TUIIA, «XUITHUK-KEPTBay, IJIe B
POJIN XUITHUKOB BBICTYIAIOT I'PpUOOsijiHble MUKOMAaru u canpodaru, a B poJu KepTB — I'PUObBI
pona Fusarium. Bojiee Toro, dy3apueBbie rpudbl MOI'YT Pa3MHOKATHCS BHE 3aBUCHMOCTHU OT
YCJIOBHUI ¥ HAJIUYUS ITHIIH, & Ha KOJHYECTBO MUKOMAroB u canpodaroB Hajau4une MUIU BIUSIET
CYIIECTBEHHO, TO €CTh UX MPUPOCT 3aBUCUT OT KOJIMIECTBA (Py3apUeBbIX I'PHOOB B 1mouBe. Tak-
JKe TIPEeJINoJIaraeTcsd HeraTuBHOE BJIMSHIE Py3apUeBbIX I'PUOOB Ha OMOMACCY MIIEHUIIbI, TaK KaK
[IaTOreHHBIN rpub MoparkaeT KOPHHU U JIMIIAeT pacTeHrne BO3MOKHOCTH IOJIyIaTh HEOOXOIUMbIE
BerecTBa 1 MuHepaJibl. CxeMa OIMCAHHON MOJIE/IN TIPUBE/IeHa Ha PUCYHKe 2 (0CTPOYTOJbHBIMA
U IIPSAMOYTOJIbHBIMU CTPEJIKAMI 0003HAYEHBI B3ANMO/ICHCTBU, XapaKTePU3yeMble MTOJI0KATE b=
HBIM 1 OTpUIaTC/JIbHBIM, COOTBETCTBCHHO, BKJ/Ia/JaM B JUHAMUKY YKa3aHHBIX KOMHOHeHT).

Cucrema nmuddepeHImalbHbIX YpaBHEHUH, (POPMAIN3YIONIX B3aNMOIEHCTBIE TTOYBEHHBIX
MUKpoopranu3mMos (bysapuii, Mmukodaru, carnpodaru) U pacTeHHil MINEHUIBI B COOTBETCTBUH C
[IPEJICTABJICHHON CXeMO, nMeeT CJeAYIOIUI BUJI:
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H%H

Puc. 2. Cxema B3amMo/1eficTBUSI OPTaHW3MOB B PACCMATPUBAEMOI SKOJIOTUIECKON crcTeMe

%F(t) = BpF(t)(1 — %f)) — e F()M(t) — yrsF(1)S(1),
%M(t) = BuM(t) — BraF () M () — par M (1),

2.1
%S(t) = BsS(t) — BrsF(t)S(t) — psS(t), Y
d . _ BeB(t)(Cp — B(t))
P = )

rae F(t), M(t),S(t) — 3nadenus maoTHOCTH momyssiiuu ¢ysapus, MuKodaros, canpodaros,
COOTBETCTBEHHO, & B(t) — cpejiHee 3HaYeHMe CyXOil MacChl pacTeHUsl IIIEHUIbl; B TabuIe 2
IPEJICTABICHO OIMMCAHUE ITAPAMETPOB MOJICJIH.

st pemmenust 3a1a49u uaeHTUMUKAIN TTapaMeTpoB cucteMbl (2.1), B cokparentoii gpopme
UMEIOIIENR B

X(t) = G(X),

e X = (F(t),M(t),S(t), Bt)T G :R* - R* — nokambro jummmiesa (GyHKIS, COOTBET-
cTByIOIas papoit dactu (2.1), IpUMEHNUM MeTOJI MaKCUMaJIbHOrO npasgonogoousa. C yuerom
JIOP-HOPMAJILHOTO PACHPEe/IeHUs JaHHbIX BBeJeM (hyHKImoHan JF, ONpefeIsiomuii cooTBeT-
CTBHE 3HAYCHUI PEIICHUST MOJEIN SKCIEPUMEHTATBHBIM JTAHHDBIM:

4
t:€{0,21,48,95} j=1

Baech t; — i-it menb (t; € {0,21,48,95},i = 1,2,3,4), nepeMenHast CyMMUPOBAHUST j OTBe-
JaeT 3a ONpEJIeJIEHHYI0O KOMIOHEHTY MOJENHN, T;; — 9SKCIePHMEHTaIbHbIe JaHHble j -i KOMIIO-
HeHTBHI X Ha JIeHb t;, P — BEKTOp mapamerpos mojenu (cm. tabmumy 2), x;(t;, p) — 3Havenue
j-it KOMIOHEHTBI X B MOMEHT BPEMEHM {; NP 3HAUCHUAX MAPAMETDPOB P, MOJIYUCHHOE IPH
pererun cucrembl (2.1). Jlnsa uaentudukanuyu napaMeTpoB MOJEI HEOOXOUMO PEIIuTh 3a-
Jady MUHEMU3anuu (GpyHKIMOHAIa JF OTHOCHTEILHO IMepeMEeHHO D, IpeIBapUTeILHO OICHUB
00JIaCTH ONpEJEIeHns e KOMIOHEHT, HAIIPUMED, METOJOM MpOoMuInpoBanus (PyHKIUNA TPaB-
nornoziobus [8]. Pesysbrarsl IpuMeHeHUs! JAHHOTO MeTOjIa IIPEJICTaBJIeHbl B Tab/mIle 3.

JlJist pernennst 3a/1a91 MOUCKA 3HAYEHUH P, MUHUMU3UPYIOIUX (DYHKIMOHAI J, UCIOJIb3Y-
em meros Hesepa—Muga [9]. JIunamuka komionenT cucreMbr (2.1) mpu HallJileHHOM 3HAYEHUN
P TpejcTaB/IeHA Ha PUCYHKE 3.
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Tabauma 2
Ommncanne napamerpos mozenn (2.1)
[TapameTp Ornucanne [TapameTp Ornucanne
Br CkopocTb HTpUPOCTA YUCJIEH- Bs CKopocTbh pa3sMHOXKEHUs Cca-
HoCTH (by3apus pocharon
Or MakcumaibHOE  BO3MOYKHOE Brs CkopocTh  BOCIIPOM3BOJICTBA
KoJImgecTBa (pyzapus campodaroB  IpU  IUTAHUHI
dyszapuem
YFEM Cxopocth ucrpedbienus ¢pysa- s CKOpOCTH ecTecTBEHHOI rude-
pHsl TATAIOITIMUCT UMHU MIKO- Jii carpodaron
daravmu
YEs Cxopocth ucrpedbienus ¢pysa- BB CkopocTh  yBejinueHusi OUo-
pusi TUTAOIMAMUACST UMU  Ca- MaCChI TIIIeHUTIBI
npodaramu
B CKOpOCTb pPasMHOXKEHHUS M- Cg MakcuMaJibHasg ~ BO3MOKHASI
Koaron ouomacca IIeHUITbI
Brm CKOpOCTb  BOCIIPOM3BOJICTBA 0 [Topor  moysiymHruOMpoBaHMS
MUKOMAroB  1pu  [HTAHUH O6uomMacchbl  MIMEHUIIBI  TIOJ
dazypuem JeticrueM ysapust
Lar CKOpOCTh ecTecTBEHHOI rubde- YFB Crenens Biusgnus dysapus Ha

Jin MUKOdaron

CKOPOCTBb yBeJIMYCHUA oromMac-
Chbl IIINIIEeHUIIbI

Tabanma 3

Pesynbrar onenku obsacreii onpeesennst mapamerpoB Mogesn (2.1)

[Tapamerp | JleBas rpanuna | [IpaBas rpannia
Br 0,00 18802,44
Or 368,87 00

YEM 0,00 2,74E-05
YFs 0,00 2,17E-05
B 0,00 22288,40
Bru 0,00 5,90E-05
s 0,00 22286,41
Bs 0,00 51995,12
Brs 0,00 3,21E-04
s 0,00 51993,13
Be 3,20E-02 4,08E-02
Cg 0,00 1,36 E+07
Op 28,15 35,89
YFB 0,00 3,46E-08
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Pemenne crcTeMEr

Puc. 3. /lunamuka koMmmnonenT cucrembl (2.1)

1Ipu I/I,ZLGHTI/ICI)I/IU‘I/IPOBaHHbIX SHa4YCHUAX ITapaMeTOpOB

3.

3ajada UMITYJIbCHOTO yHpaBiieHust AJjisi modesn (2.1)

Pesyibrarsl MOJIeTMPOBaHEsl JIEMOHCTPUPYIOT BO3MOKHOCTD IIpUMeHeH st Mojiestu (2.1) st

JIAJILHEHTITNX MCCJIe/IOBAHUI, HAIIPAB/JIEHHBIX HA pa3pabOTKy METOJ0B KOHTPOJIA (Dy3apUeBBIX

rpuboOB B arporeHo3ax IyTeM BHeCEHUS MYJILUUPYIONIUX CMeceil, CTUMYJIMPYIONUX POCT IMOITy-

JISIIUI €CTeCTBEHHBIX aHTAroHucToB (y3apusi. Jlanubie METO/IbI €CTeCTBEHHO (POPMAIU3YIOTCS,

HaAIIpUMep, B paMKax 3a/1a9i UMITYJIbCHOT'O YIPABJIEHUS JIJI U3Yy9aeMON CUCTEMBI, TOITOJTHEHHON

KOMIIOHEHTO# V, cOOTBETCTBYIOIIEN Macce MYJIBIUPYIOIIENl cMecH:

a
dt
a
dt
4
dt

F(t)

F(t) = BeF (1= 5

d
—B(t
dt (
d

%V(t)

O + vrpF(t)

— ——=) = e F(t)M(t) — ypsF(t)S(1),
S(t) = BsS(t) = BrsF(1)S(t) — psS(t) +vsV (D),

_ BeBOCy = BW)

=V (t)(emrM(t) + csS(t) + cpB(t)),

rJe napameTpbl Vg, Vs, Vg OTBEYAIOT 3a BJUAHUE CMECU Ha, IMOIYJIAINNH MUKO(AroB U carpo-

(1)&1"OB )48 6HOMaccy HIIEHUIIbI, COOTBETCTBEHHO; IIapaMeTPbl Cpr,Cs,Cp OIIPEACIAI0OT CKOPOCTU

oTpedIeHNsT MYJIBIUPYIONIEH cMecu MUKOgaraMu u carpodaraMu 1 pacTeHUAMUI TIICHUTTHI.
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Byzem pacemarpusath cuctemy (3.1) ¢ HauanabubiM yenosuem X (a) = Xo € R® Ha Bpemen-
HOM OTpe3Ke |[a, b], cOOTBETCTBYIONEM Ce30HHOMY IMHUKJIY cucTeMbl. C yaeToM 0603HAYeHMsT

X(t) = (F(t), M(1), (), B(t),V(t))", X(t) R,

cucremy (3.1) MOXKHO mepenucarb B BUe
: ¢
X(t) = Xo + / G(X(s))ds. (3.2)

PaccmorpuM ciieryolnyo 3a1a4qy UMITYJIbCHOTO yrpaB/ieHus st (3.2):

X(t) = X + / t G(X(s))ds + T (t), (3.3)

re U — ynpasnsomas dynknug suga (0,0,0,0,> 0, X0 (6)Vi)T, xa — xapaxkrepucruye-
ckag dynkius muoxkectBa A C [a,b], {tx} C [a,b], 0 < k < K € N. Takum obpasom, pas-
JINYHBIEe yIpaBiIeHnss U MOIYT COCTOSTH U3 PA3HOIO KOJIMYECTBA MMITY/IbCHBIX BO3IEHCTBHIL,
o0I1ee KOJIM4IeCcTBO KOTOPBIX I KaXKJ0ro yIipaBjieHusd He rnpeBocxoautT K € N.

Onpezgenum MuokecTBo Y dbyuknmid Buma Y = X + U, rae X — GyHKIHA U3 KIac-
ca HEIPEPBLIBHBIX BEKTOP-(PYHKIWMIL ¢ IATHI0 KOMIIOHeHTaMu. MHoxkecTBo ) obpasyeT MoJIHOe
METPHYECKOEe IIPOCTPAHCTBO OTHOCUTEILHO METPHUKHI

b
py(Y1,Ys) = [[ X1 — Xoflc +/ ‘ Z X[t}c,b](t)vkl - Z X[ti,b](t)vlf dt,

@ k:t} €[a,b] k:t? €[a,b]

riae cumBosioM || - || obosnauena HOpMa B COOTBETCTBYIOMIEM IIPOCTPAHCTBE HEIPEPBIBHBIX
dbyuxiwit. [Tomobras Merpuka Oblia omnpenesnena B pabore [10| npu ucciaeqoBanun 3a1a9 UM-
IyJIbCHOTO YIIPABJIEHUS HEAPOHHBIMU CHCTEMAMU.

Permenmenm 3aja4u ynpasienns (3.3) 6yaem cantaTh GyHKImO Y € ), YAOBIETBOPSIONTYIO
ypaBreHnuio (3.3).

Vreepxkaenue 3.1. [Ipu mobom ynpasaenuu U 3adaua (3.3) umeem QduncmseHnoe pewe-

e TTU
nue. Kpome mozo, ecau nexomopas nocaedosamenrvrocms ynpasaeruts U crodumes x ynpas-

b
aenwo U 6 cauvicae cxodumocmu / ) Z X[t;;’b](t)v,fdt — Z X[tg’b](t)Vko dt — 0 npu
@ kati€layb] k:t9 €[a,b]
i — 00, MO N0CAJOGAMENDHOCTID PeUeHUL Y cucmemvi (3.3), coomeememeyiousus ynpac-

— 0 0
aeruam U, cxodumces x pewenuro Y , coomeemcmeyrouwemy ynpasieruro U, 6 mempure
npocmpancmea Y.

CrpaBe IMBOCTD JIAHHOTO yTBEPXKECHHsI CJIe/yeT U3 OCHOBHOIO pe3dysbrara pabors [10].
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JmHaMudyecKkue CyK/IeHusl O CBI3aHHOM CO 3710POBbEM
KavecTBe KU3HU Ha OCHOBE MeTO/la aHaJIn3a uepapxuii

Mapuna ITunxacosna IbAKOBUNY!'?, san Anaroasesny PMTHOTEHKO?
L ®IrBOY BO «AHrapckmit roCyJapCTBEHHLIN TeXHIIeCKHH YHIBEPCUTET
665835, Poccuiickast @eneparust, r. Aurapck, yiu. Yaiikosckoro, 60
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664033, Poccuiickass Peneparus, r. Upkyrck, ya. Jlepmonrosa, 134

Awnnoramus. PaspabarbiBaercsi MeTOM MCC/IEIOBAHAST JTUHAMUKI OCHOBHBIX KPUTEPHUEB, CBS-
3aHHBIX CO 3/10poBbeM KadecTBa ku3Hu (C3KZK), ocHOBaHHBI Ha MeTojle aHAIM3a nepapxuii
(MAIT) T. Caaru. Ilpemmonaraercs, 910 10 CymIECTBYIOIUM clieluduIecKuM U Hecrerudu-
YECKMM OIPOCHHMKAM C TEYEHHEeM BPEMEHU MeHsTCs oneHku mkai (Kpurepues) C3K2K, uro
[IPUBOJINT U K M3MEHEHHUIO CTEIeHW UX BJIUSHUS JPYr Ha JIpyra. DTO, B CBOIO OY€PE/ib, Me-
HsieT uHTerpaJibable nokasarean C3K2K. Bosaukaer He0OX0IMMOCTh pacCMaTpUBATh TabJIMIIbI
JMHAMWYECKUX CyKjeHnii Ha ocaoBe MAU ¢ mcrnosb3oBanreM pas/indHbIX KJIACCOB (DyHKIUN
BpemeHu, ucxois u3 crenudurn 3agaun u kpurepues C3K2K. B pabore npemraraercs HoBas
metojuka ornenok C3KZK ¢ yueTroMm quHAMUKE OCHOBHBIX xapakTepucTuk MAI.

KimrogueBbie ciioBa: CBsI3aHHOE CO 370POBbEM KadeCTBO YKU3HHU, METOJ aHAJIN3a HePapPXUil, JTu-
HaMUYIECKHe CY2KJIEHWs, MATPHUIA APHBIX CPABHEHUN, BEKTOPHAS (DYHKINS IPUOPUTETOB
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HOM CO 3JIOPOBbEM KadeCTBe YKU3HU HA OCHOBE MeTOja aHajm3a uepapxuil // BecrHuk poccuii-
ckux yHuBepcureToB. Maremaruka. 2023. T. 28. Ne 143. C. 245-255.
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ITpobnema n3ydyeHuss JUHAMUKA
CBSI3aHHOT'O CO 3J0POBbEM KadeCcTBa >KU3HU

B Crparernn manmonabnoit 6e3omacrHoctn Poccniickoit @etepariuu, KOTopasi OIpeessier
LeJIn U 3aJa9d TOCYIapCTBEHHOM MOJUTUKNA B obJyiacT obecrievueHnsl HAIMOHAIbHONW Oe3o1ac-
HOCTHU W YCTOIYIUBOTO PA3BUTHUSI CTPAHBI HA JIOJTOCPOYHYIO MEPCIEKTUBY, JTOCTONHOE KATECTBO
JKU3HU SIBJISIETCsI OJIHUM U3 ee BayKHeHImux KoMIoHeHToB [1]. B 970ii cBs3n u3ydenune kadecTsa
JKU3HU HACEJIEHUS U BOIIPOCKHI €70 U3MEPEHUs ABJISIOTCS OJHUMEI U3 Hanbo/1ee akKTyaJbHbIX. Ka-
YeCTBO KU3HU TIPEJICTAB/IsIET cOO0i HAOOpP PA3HOPOHBIX 1 MHOTOMEPHBIX KPUTEPUEB, KOTOPHIE
OTIPEJIETISTIOTCA 3a9aCTYI0 SMOIMOHAJIBHBIM COCTOSIHHEM Y€/I0BEKa, W TVIABHBIM 3J1€Ch SIBJISAETCS
3JI0POBbE IEJIOBEKA.

[Tpobieme anasmsa cBsi3aHHOIO €O 370poBbeM Kadectsa kusnu (C3KZK) nocssimeno 60/1b-
11oe KOJIMYECTBO PadOT, CyIIECTBYET U MHOXKECTBO METOJIMK ero olpejeseHus. Haubosiee nH-
dopmartuBabIM gBjsteTcsa ucciaeaoBanne C3KZK B kKoMIiekce 0O0bEKTHUBHBIX U CyObeKTUBHBIX
IapaMeTpoB, U3MEHSIIOIINXCsT BO BPEMEHHU, ITOCKOJIbKY YCTAHOBKM OIIPEIEJIEHHOIO CYObEeKTa He
SIBJITFOTCS TTOCTOSTHHBIMU: OHU MEHSIFOTCSI CO BDEMEHEM U OITBITOM, CBSI3AHbBI C &JIAIITAIlNi, COBJIa-
JIAHUEM, ONTUMU3MOM, CAMOKOHTpOJIeM u camoorerkoii [2]. Ouenka C3KZK npenycmarpusaer
CpaBHEHME 3HAYEHHUI [apaMeTpOB BO BPEMEHHOM (IIPEMMYIIECTBEHHO PETPOCIIEKTHBHOM) HJIN
B IPOCTPAHCTBEHHOM (MEXKTePPUTOPUAILHOM WM MEKIPYIIOBOM) acrekre. HTerpasbHbIi
MHJIEKC KaYeCcTBa YKU3HU XapaKTEePU3YeT CTATHUYECKOE COCTOsIHUE OMPEJCTCHHBIX CYOBHEKTOB B
OTIpeJIeJIEHHBIT MOMEHT BpeMeHu u orpazkaer guHamMuky m3mepennss C3KZK. Dto obycios-
JINBAeT HEOOXOIMMOCTD CO3/JaHUA aJIeKBATHBIX MATEMATUIECKUX aJTOPUTMOB M IIPOIPAMMHBIX
CPeJICTB, KOTOPbIE TO3BOJIAT 10 psify Kpurepue orneHuBarh junamuky C3KZK, a me Tobko
PACCUNTBIBATE OT/IEbHBIE CTATHCTUIECKIE TTOKA3ATEIH.

Uccnenosanne qunamukn C3K2K genoBeka 1o cyecTByOmMuM crierudnIecKiuM 1 HeCIIeIi-
dudecknM OPOCHUKAM BKJIIOYaET TO, KaK C TeIeHNeM BPEMEHN MEHSIOTCA Pa3InIHble HACTPO-
ennsi, cuMuToMbl n apyrue cepbl C3KZK, kKak oHE BAUSIOT APYT Ha Jpyra. DTUM BOIpOCaM
MIOCBSIIIIEHO MHOTO pabOT CIENUaIUCTOB MEJIUIIMHCKOTO TPOMUIsi, paCCMATPUBAIONINX JTITHAMU-
Ky C3KZK y namuenToB kak cpapuenue nmapamerpos mkajg C3KZK B IByx BpeMeHHBIX TOYKaX
«JI0» U «II0CJIe JIeYeHNs / peadiInTaluny B TEPMUHAX <«BBIIIE» U «HUKE». [Ipu 9TOM UCHOJIB3Y-
I0TCsT B JIydmieM ciaydae t-gputepuit CTbioeHTa I ONpeIeIeHIs JOCTOBEPHOCTH PAa3ININit
MEXKJIy CPEHUME 3HAYCHUSIMU JJIs JBYX CBSI3aHHBIX /HECBS3AHHBIX BBHIOOPOK WJIM HEITapaMeT-
pudeckuil Kpurepuii cpaBaeHnst Y uiakokcona—Manna—YurHu [3-5].

Hamu BbIsIBJIEHO JIWINE HE3HAYUTEILHOE KOJIMIECTBO paboT B MHTEPeCYIoeil Hac 00IacTH,
HCIOJIB3YIONIIX COBPEMEHHBII ammnapaTr MaTeMaTHIecKoil craructuki. Tak, B pabore |6] mpose-
nen ananu3 m3menennit C3KZK y mammenToB 10 omeparuu, depes 3 mec. u 12 Mec. mocie Hee
¢ ucroJib30BanneM 06001eHHbIX ypasaenuit onenku (GEE). DTor Mero m03Bo/nI M0JyInTh
ckoppekTupoBanubie cpeane nokazaren C3KZK mo ornenbabiM mikamam onpocHuka SF-36 ¢
YYIeTOM BO3MOYKHOT'O BJIUSIHUS 110J1a, Bo3pacTa u ncxogaoro C3KZK Ha quHaMuKy rokasare/ieii.

JLnst onipejiesieHust COrJIaCcOBAaHHOCTH ¥ CUTYAITMOHHON M3MEHIMBOCTH WHIUBU/IyaIbHBIX Pa3-
mranii mapamerpos C3KZK Bo Bpemenn B [7| Oblia ucmosib3oBaHa MOJETh JIATEHTHBIX MPU-
suakoB cocrosuus (LST) ¢ werbipbmst qomenamu C3K2K, usmepsronmuMu JIaTeHTHBIN TPH3HAK
HEOJTHOKPATHO B TEYEHUE IECTU MECAIEB C 3aJePXKKOi 110 TPeM IePEMEHHBIM JIATEHTHOTO CO-
CTOSIHUSI. DTa MOJEIh MOXKET (DUKCHUPOBATDH JJIUTEIbHBIE U CHCTEMAaTHIeCKIe M3MEeHEeHNsT B KOH-
KPETHOI 1epeMeHHol B TeUeHue JIUTEIbHOTO IepUojia BPEMEHH.
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[TomobubIit MHOrOMAKTOPHBIH 110/1X0/1 K MoiernpoBannio LST obecrieunBaeT HaleKHBIE OIle-
HKHI m3MeHenwii ¢ Tedennem spement [8]. C3KZK mpescrapisiercs Kak ceTb MPUIHHHO-B3aNMO-
JIEHCTBYIOIIMX IIEPEMEHHBIX, TI09TOMY, OIIEHUBas CETEBbIE MOJIE/IN 10 JJAHHBIM, 10Ty I€HHBIM Me-
To710M BbIGOPKH orbiTa (KESM), MOXKHO BBISIBUTH MOTEHIUAJBHBIE IMHAMUYIECKIE B3AUMOCBSZH
MEK/Ty HaOJII0/TACMBIMH IIepEeMEHHBIMIE [9)].

JlocTymiable HaM pabOTHI KacarTcst ocobernnocTeit muorosterHeit quaamukun C3KZK y manm-
eHToB, JinbOo cpaBuenus napamerpoB C3KZK B 3aBucumocTu oT BpeMeHHU Ha, MOIMYJIAIHOHHOM
YPOBHE C HCIIOJIb30BaHMEM HHTerpabHbIX mokazaresteil [10]. Vcnonb3oBanne Meroia aHaIm3a
nepapxuit (MAU) st uarerpamuu nokazareneir C3KZK u crpykrypHoe MojiesiupoBanue 1mo3-
BOJIUJIO ABTOPAM BBISIBUTDH U SIBHBIC, U JIATCHTHBIC B3AUMOCBSI3M MEXK/Iy PA3IUIHBIMU OJIOKAMUI
C3KZK [11,12].

Yuenbte n3 Hunepnanos [13| npemnoxmim onpenensars Tpaekropun C3KZK ot nByx Mme-
CAIEB JI0 OJHOIO TI'ojia IOCJe WHCYJIbTa C KCIOJb30BAHUEM MOIEIUPOBAHUS CMECH CKPBITHIX
nepemennbix (Latent class growth mixture modeling) u ompenensaTs (akTOpbl, CBsI3aHHbBIE C
IPUHA/JIEZKHOCTHIO K TPAEKTOPUU MTOJTUHOMHUATIBHOIO PErPECCUOHHOIO aHAII3A.

Jlnst onpesiesieHus OJTHOPOJIHBIX CYOIOIY AN, OTJIMIAIONINXCA BPEMEHHBIMU TPaeKTOPHU-
sy C3KZK, mo muenmio [14], ymectro paccmarpuars mapamerpsl C3KZK nHe kak Hempe-
PBIBHBIE, & KaK TOPsJIKOBbIE TIEPEMEHHbBIE JIJI TPUMEHEHUA CMECH KYMYJIATUBHBIX MOJIEJIE co
caydaitubim 3 dexTom.

MoKHO 3aMETHTDb, UTO CY:KJEHHS O KadecTBe JII0OOr0 00beKTa CYObeKTUBHBI U MOT'YT Me-
HSIThCSI B COOTBETCTBUM C PA3JIUIHBIMU CUTYAIUAME, KOTOPBIE B CBOIO OUYepe/Ih 3aBUCAT OT Bpe-
Menu. B cucreMuo-quHaMudeckux Mojesasax ooras kaptuna C3K2K moinkaa paccMaTpuBaThCst
BO BPEMEHHU, 9TO MOXKeT 1MoMOo4Yb yrpasiennio kKommonentamu C3KZK na ocHoBe npumenenust
CIIEHAPHOT'O TTOJIX0/Ia K MOJICTMPOBAHMIO.

HecmoTpst Ha 3HaunTe/bHOE KOoTmdecTBO ncciepoanuii mo C3KZK manmeHToB, a Tak:ke Ha
nonbITKH oneHnTb C3KZK oTaeIbHBIX MOy Al Hace/IeHNs, B HACTOAIIee BPeMsl HeI0CTATO -
HO pa3paboTaH TaKoil BayKHBIN acIeKT, KaK aHAJN3 JUHAMUIECKNX XapaKTEePUCTUK MTOKa3aTe-
Jieit, pOpMHUPYIONIUX €ro HHTerpaJibHyIo oneHKy. Hailma nenb — paspaboraTbh METOJMKY U J1aTh
000CHOBaHME MMOCTPOEHNUS JIMHAMIYECKUX OIEHOK Jiisi cpaBHenust mkajl (kpurepues) C3KZK ¢
HCIIOJIB30BaHNEM OCHOBHBIX BBIYUCIUTENIbHBIX Tporieayp MAU.

1. O6mue npobsembl ucciaemgoBanuss C3K2K
1 [IOCTPOEHMSI NHTErPAJIbHBIX IOoKa3aTeJieil

[Ipobstembr ucciremoBannss C3K2K cBsizanbl ¢ MHOTOMEPHOCTBIO COCTABJISIIOIIUX €0 IITKAJT
U UX Pa3sHOPOJIHOCTHIO. HacTo uccyeaoBaTen cTajJkuBaioTcs ¢ 3ajadeit cpapaenns C3KZK y
OJIHOTO WH/IWBU/IA C TEUYEHNEM BPEMEHU WU Y Pa3/IMIHBIX I'PYIIT UHIAUBUIOB B OJIUH U TOT K€
MOMeHT BpeMenn. Vcmonb3oBanne BeKTOpHBIX KpuTepues onenkn C3K 2K Henmzbe:kHO mpuBOIUT
K TOSBJIEHUIO HecpaBHUMBIX cocrosguuii. [losromy sis onenku u cpasuenuss C3KZK nepsbim
marom sBjsiercs mepeBo uHdopmannn o C3KZK n3 kadecTBeHHON B KOMYECTBEHHYIO, a 3a-
TeM JIaJbHENINNi aHaJIn3 U UCHOJIb30BaHue dncjieHnbix nmokasareneii C3KZ2K. Meron anammsa
uepapxuit T. Caaru [15] mo3BoJISET 9TO JIEJIATH U MOIYYIaTh HAOOP OMEHOK KAXK/I0r0 KPUTEPHs
YHCIAME, KOTOpbIe 006pa3yoT BekTop npuoputeToB mkag C3KZK.

B mamux nccsemoBannsgx Mbl onupaemcs Ha cTpyKTypHyto mojenb C3K2K, na ocnose nn-
dbopmarun, cobpannoii o mecrienmduaeckomy onpocuuky SF-36 (The Short Form-36). Mosesns,
ommcanHas B [12], 6pu1a mocrpoena ¢ momoribio MAU.
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QoL I ypoBenb
| w=1
A v
PHC MHC II yposenb
| Wai | Wos
PF RP BP GH VT SF RE | | MH | III ypoBens
Wy Wy, Wi, Wi, Wis Wis Wiy Wig

Puc. 1. Uepapxuueckas momesir C3KZK

31ech mpuHATH cieaytomnue obosnadenns: PHC — dwusnyaeckuit kommonenT 3710posbsi, PF
— dusnyeckoe dyuknnonuposanne; RP — posieBoe dbyHnknmonuposanue, o0ycjaoBaeHHOE DU~
sudeckuM coctosinueM; BP — unrencusnocts 6osin; GH — obmiee cocrosinue 310poBbst; MHC —
[ICUXOJIOTUIECKUN KOMIOHEHT 3/10poBbsi; MH — ncuxudeckoe 3/10poBbe; RE — posieBoe dpyHK-
[IMOHUPOBaHUE, 0OYCIOBIEHHOE SMOIMOHAIBHBIM cocTOgHIEeM; SE — coruaibHoe dyHKITHOHN-
posanmne; VT — xusnennas aktuBHOCTh; QoL — C3KZK.

Cxassipusaliusi BEBKTOPHBIX KPUTEPUEB pernaeT mpobyieMy HecpaBHUMOCTH. VHTerpabHbIT
[OKa3aTe/Ib MoJIyIaeM, Kak HEKOTOPYIO YCPETHEHHYIO XapaKTePUCTUKY COCTOSTHIS O0beKTa, KO-
topbiM sBjsgercs C3KZK. Buauase crpoutcs JimHeiiHas cBepTKa

4 8
J(w, x) = wy Z W3;T3; + Wao Z W34 L34, (1.1)

=1 1=5

e © = (31,...,T33) — BeKTOp HuzKHEro yposHs uepapxun C3KZK u3 puc. 1, npesgcrapis-

0N Pe3y/IbTaThl aHKeTUpOBaHus (1moKaszaresnn) B 6asmiax or 0 go 100 st mKaj olpoCHUKA
) w38)7
[IOCTPOEHHBIE ¢ ncnoab3oBanneM MAL, paccMaTpuBaloTest, KaK BEKTOPBI BECOBLIX KO DUIM-

Ha TPETheM YDOBHE Mepapxui. BeKTOpbl IPHOPHTETOB we = (W1, Was), w3 = (ws1, . .

eHTOB BJIoKeHHOM JinHeitHoit ceeprku (1.1). Tlocie HOpMupoBaHus MOJIydaeM HUHTErpaJibHbII
[I0Ka3aTesb

I(w,x) = J(w,z)/100. (1.2)

Ouesnno, uro 0 < I(w,z) < 1 n I(w,z) Tem Oiamke K 1, 9eM BBIIle 3HAYEHUS ;.
Maxkcumywm, paBubiit 1, mocturaercs npu xs; = 100 gag Bcex ¢ =1,...,8.

WNuTerpaabHblii TOKa3aTe b MOXKET TaKyKe CIYKUTh MEXaHU3MOM OOPATHOM CBA3M MEXKTY
cyObeKTaMi, TPUHUMAIOIINME peltenns st yiaydinerns mokasareass C3KZK, u camum o0bek-
ToM yrpasienus. lurepecna muHaMuka Toro nokasaress. Ecin [(w,x) paccmarpuBaTh Kak
1eJIEBYIO (PYHKIUIO, ONTUMAJIBHBIN IIYTh JIOCTHXKEHUS MAKCUMYyMa IIPEJICTAB/ISIeTCs KaK ObICT-
pelitiiee JIOCTUKEHNE WHTETrPAJIbHBIM ITOKA3aTe/IeM CBOEr0 HAMOOJIBINErO 3HAYEHUST U3 OIIPejIe-
JIEHHOT'O HadaJIbHOro cocTosinus. [Iporemaypa ontumasbaoro yaydmenns nokaszaress C3KZK mo
MaKCUMaJIbHOTO, TIPU KOTOPOM BCE IOKA3aTeN 3-TO YPOBHS ME€pPAPXUHM NPUHUMAIOT 3HAYEHUS
B Oasax, pasabie 100, cieayromas. Jlobas QyHKIMA BEKTOPHOTO apryMeHTa B HaIPABICHUN
rpajueHTa pacrter ObicTpee Bcero. [loaToMy 3 TeKyIero cocTossHusi BEKTOPa MoKa3aTe el ce-
JIyeT JIBUTaThCsl B HAIpPaBIeHNH rpajuenta GyHkiun J(w, ), KOTOPbIi mpejcTaBiser coboil
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BEKTOD BecoBbIX KoaddurmenTos. Takum obpazom, s nanbbicTpeiiniero yiayuienuns C3KZK
JIJIsI KasKJIOr0 YeJI0BEKa, MOKA3aTe/N BOCHMU COCTABJISIONIUX MIKAJI OIMPOCHUKA SF-36 momKHbI
U3MEHSATHCS ITPOMOPIIMOHAIBHO CBOMM BECOBBIM KO3 MUITIEeHTaM.

[Ipobsiemy BBIOOpa BecoBbix KOdbduimentos permaer MAUW. Jlng ciaydas guHAMAYECKUTX
cyxennit o kpurepusax C3KZK onn cranostes dyukiusymu Bpemenn. Torma nHTErpabHbII
[OKa3aTe/b TaKyKe CTAHOBUTCH (PYyHKIMEHl BpeMEHU, M BOIPOC €ro ONTUMU3AIUUA CTAHOBUTCS
OTJICJIbHOM 3a/ia4ell, KOTOPYIO Mbl B JaHHOHW cTaTbe HE pacCMaTpPUBACM.

2. Junamu4eckue cyxkaeausas MAUN

C MaTeMaTHIecKoil TOUKM 3peHHs CTPYKTYPHast Mojiesib (puc. 1) — 31o rpad-mepeBo, B Ko-
topom 3ytementhl C3KZK, Kak cucrembr, pacipesiesennl o yposusaM. KadecrBenunble cyzkieHus
9KCIIEPTOB, TOJIyYeHHbIe Ha OCHOBE HapHbIX cpaHenmit KpurepueB C3KZK, mpeobpazyrorcs B
KOJInJecTBeHHbIe. J[J1s TOCTUKEeHNs STO e Ha KayKJIOM YPOBHE COCTABJISIOTCS KBaJIpaTHbBIE
MaTpUIbl HapHbIX cpaBueHuii. Ha BTopoMm ypoBHe 3TO Oymer 2 X 2 MaTpuiia, U HA TPETheM
ypoBHe — zBe MaTpuiibl 4 X 4. Bekrop BecoBbIX KOI(DDUIMEHTOB (BEKTOP PUOPUTETOB) sIB-
JIsleTcsl PeleHneM JIMHEHHOTO ypaBHEHU

Aw = \paew, (2.1)

T7e Amer — HaMOOJIBbITIEe COOCTBEHHOE 3HAUEHIE MATPUIIBI IAPHBIX CpaBHEHUN A, KOTOpoe Jiist
00paTHO CHMMETPUYHBIX MATPHI] He IIPEBLIIIAET ee pa3dMepHocTH. 1109ToMy OTKIOHEHHE Appyqy
OT Pa3sMEPHOCTU MAaTPUILI CJIYKUT Mepoil ee coriacoBanHocTH. COOCTBEHHOE YHCIIO gy U
cOOCTBEHHBII BeKTOp MaTpunsl (pemierne ypaBHeHHs (2.1)) HaXOmATCA METOJAMH JIMHEHHOI
aJIredpBhI.

MBI HCXOUM U3 TOTO, ITO CYKJACHUS MOTYT MEHATHCS B COOTBETCTBHU C PA3JIMIHBIMA CHTY-
allUsIME C TeYeHHeM BPEMEHHU U, TeM CaMbIM, (DOPMHUPOBATH 3aBUCSIILYIO0 OT BPEMEHU MATPHILY
napHbIx cpasuenuit. Ho Torna OymyT MeHATHCS U COOCTBEHHOE THCIIO Apqp ITOI MATPUIBL, H
BEKTOD MPHOPHUTETOB. TakmmM 06pa3oM, MBI IPUXOUM K HEOOXOAUMOCTH DENICHNS YPABHEHHS

AWBw(t) = Aaa(o(2). (2.2)

Ho upexje, gem mepeiitn K ypaBHeHuio (2.2), HEOOXOJMMO BHECTH U3MEHEHUs B KAy
cpaBuenns: kpurepreB C3KZK, T. e. Hy>kHO nMeTh BO3MOKHOCTH B MATPHUILY HApPHBIX CpaBHEe-
HUI 3aIMChIBaTh (DYHKIIUN BPEMEHU, COXPAHAs JIJIsT HUX JUAIla30H Ipanult oT 1 10 9. Dot aua-
[1a30H OOYCJIOB/IEH BO3MOYKHBIM KOJIMIECTBOM CPaBHUBAEMBIX KPUTEPHUEB, KOTOPOE HE TOJIZKHO
IPEBOCXOIUTE 7 &+ 2 3j1eMeHTOB. VCIIoIb30BaTh 9TOT MPEIesI, NCXOIs U3 ICHXOJTOTHIECKIX BO3-
MOXKHOCTEI 9Kciiepra, pekomeryer asrop MAU [15]. B To ke Bpems pazpaboran MaTeMaTue-
CKUIl aImapar, TO3BOJISIONINNA OIPeIe/IsITh KOJINIeCTBEHHbIE 3HAUEHNST KPUTEPHsT PA3SMEPHOCTH
MHOYKECTB aJIbTePHATUB B 9KCIIEPTHLIX OIEHKaX, IIPOBOJINMBIX METOJIOM IIapHBIX CPABHEHUI, B
pasHbIX cuTyarusx [16].

Nrak, HeoOX0MMO BBOJNTH B pacCMOTpeHne (DYHKIMU BpPeMeHM, KOTOPbIe JOJIZKHBI OTpa-
JKaTh IPeICTaBJIeHNAs] SKCIEPTOB O JMHAMUKE HCCJIeIyeMOro o0beKTa, OCHOBAHHBIE Ha KaKUX
OO CTATUCTUIECKUX JTAHHBIX, HHTYHUIMN, QHAJOTUAX U T. II. B 9TOI cCUTyaruu mpeacTaBisier-
¢ pa3yMHBIM BBIJIEISTH KJIACChl (DYHKIIHMIA, ONMUCHIBAIOIINE IUHAMUKY IporieccoB. OHU MOryT
KJIACCUPUITUPOBATHCST KaK IIOCTOsIHHBIE, BO3pacTaiomne, yobiBaolye, KojgedbaTeabHble 1 T. II.
Hekoropbie kitacehl (hyHKIUI 1 CBSI3aHHBIN ¢ HUMI XapaKkTep U3MeHeHUs JTUHAMUIECKUX CyIK-
Jlennii 06 ucesieryeMoM o6beKTe TpejcTaBiensl B tabsmie [15, ¢. 90]. Ormernm, uro sra Tabim-
I1a He MOXKET MCUEPIIBIBATh BCEX BO3MOXKHBIX BApPUAHTOB m3MeHeHms 3HadeHnii mraa C3KZK.
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OyHKIUK, OMUCHIBAIOIINE STH M3MEHEHUs!, BCAKWUII pa3 IOJJIe’KAT OIpPeIesIeHu0, a (DOPMYJIbI
guaaMuKa B MAV MoryT OBITH 3ammcaHbl, BoOOIe TOBOPS, s 000 (DYHKINH, 3aBUCAIIEH
OT IIEpEMEHHON t.

Crefyrorriee Hallle 3aMevYaHie CBSI3aHO C TeM, YTO B ypaBHEHUH (2.2) JKeJAaTebHO Oy IUTh
3aBUCHMOCTH MAaKCUMAJBLHOTO COOCTBEHHOIO 3HAYEHUS] Apqz(t) U cOOCTBEHHOTO BekTOopa w(t)
matpursl A(t) B gBHOI aHaguTHIecKOi dopme. TONBKO 9TO TO3BOIHUT IIPOCICIUTH THHAMUIKY
pazsutus BekTopa npuoputeroB C3KZK Bo B3amMOCBA3M ¢ M3MEHEHUSAMU MATPUIIHI TAPHBIX
CpPaBHEHUs. 3JIeCh MOXKHO OTMETHUTh, 9TO COOCTBEHHbIE 3HAUEHUS JIIOOOH MaTPUIIBI Pa3MEePHO-
CTH M X N SBJSIIOTCS PEIeHns] aJredpanvieckKoro ypaBHeHUsT 1 -ro mopsjika. 3sectno, 9To B
KBa/[paTypax Takoe ypaBHEeHUEe MOYKHO PEIUThb TOJIBKO i N < 4, a j11s 60J1ee BICOKUX ITOPSIJI-
KOB CJIeJIyeT MPUMEHSITh MPUOJINKEeHHbIe MeTO/IbI pereHust. [losromy B 00I1eit cutyarun mepe-
XOJT K AuHaMuIecKuM cyxkieansy B MAU cozmaer gonosHuTeIbHBIE TPY/IHOCTH UCCIIEIOBAHUI
C3K2ZK. Ho umeercst BO3MOYXKHOCTH ITOCTPOEHUsI IPAMDUKOB JIJIsi KOMIIOHEHT BEKTOPA IPUOPUTE-
TOB, UTO JieJlaeT CpaBHUTENIbHBIH aHam3 KpurepueB C3K2K marsaabim.

Baeck mbl 3armmrrem dhopmysast MAU [15, pasmen 5.4| i Marpurer 2 X 2, KOTOpbIe Oy/IyT
WCIIOJIB30BAHbI JTAJIbIle B WJITIOCTPATUBHOM IpPUMepe JMHAMUKH ITKaT «(PU3NIeCKIil KOMIIO-
HEeHT» U «rcuxosiorndeckuii Kommonents> C3K2K wa BropoMm yposue mepapxuu (puc. 1). Mer
JIOJIKHBI [TIOCTPOUTH MATPHILY HMAPHBIX CPABHEHHUI 2-TO MOPsi/IKA, U CPABHEHUIO MEXKy CO0Oi
noyyiexkar kpurepun PHC u MHC.

[Iycrb jist onvcaHust IMHAMUKY CY2K/IeHUiT BbIOpaHa HekoTropast dbyHkims a(t). s sroro
ciydast Apae(t) = 2 u, yauTbiBag 0OPATHYIO CHMMETPUIHOCTb MATPUIIBI IIAPHBIX CPABHEHUIA,
ypasaenwue (1.2) sanmcbiBaercs B BHJIE

wy(t) + a(t)ws(t) = 2wy (t),

wi(t)/a(t) + wa(t) = 2wy (). (2.3)

Torna u3 nepsoro ypaprenust noaydaem wi(t) = a(t)ws(t). Ionaras, nanpumep, wy(t) = 1,
nosyaaeMm wi(t) = a(t). Bekropom mpuopureroB 6yger BekTop w(t) = (wi(t), wa(t)), ompe-
JleJIeHHBI 13 ypaBHeHus (2.3) mocse HopMmasmsanun. HopMmasmsanus TpuUMeHsieTcs JJist Ha-
DJISTHOCTH, T. K. CTEleHb BayKHOCTHU (BeCcOBble KOMDMUIMEHTDI) KPUTEPHUEB YI0OHO paccMaTpu-
Barb B juanasone or 0 jgo 1. st ypaBaenwuii (2.3) BEKTOp NPUOPUTETOB 3AIUIIETCS B BUJIE
w(t)/(a(t) +1). Beibop dbyHKIME 3aBUCHT OT KOHKPETHOMN 3a1a M.

Becb niepro1 :Ku3HI Ye/I0BeKa Pa300beM Ha TIEPUOJIbL. DTa Olepaliusl, O-BUIUMOMY, JTOJIZKHA
OBITH XapaKTePHOI JIjIst JTFOOOH JUHAMUYIECKON 3a/[a9i, 9TO MPUBEJIET K IOC/IE0BATETbHOCTI
MaTPUIL APHBIX CpaBHEHUI, X0oTst (OpMaJIbHO 3a/1a49a 3alUChIBAETCs OHOM MaTPUIlEll apHBIX
cpaBHeHUI ¢ QyHKIIIEH a(t), YCTPOEHHOH II0-PAa3HOMY Ha KazKJIOM OTPE3KE BPEMEHU.

MbI BbLIEISIEM CJIEYIONIIE BPEMEHHBIE IEPUOJIbI }KU3HEHHOI'O Iy TH YeJI0OBEKA:

1. t <20 — oHOCTH (yueba, BBIGOD mpodeccun);

20 < t < 40 — mouozocTh (pabora, Kapbepa, CeMbs);
40 < t < 60 — nepsbiii Iepuo 3peiocTu (pabora, ceMbsi, UTOTH);

=W

60 < t < 80 — Bropoii nepuos 3pesoctu (neHcus, pabora, ceMbs);
80 <t — crapocTb (meHCHsl, CeMbs).
[IpumeM creytonmue coryamenud. B mepBom nepuoje pusnydeckasd U ICUXTIecKasd KOMIIO-

meaTel C3K2K pasrosnaunbl. Bo BropoM jgomuHUpyeT dpusndeckas KommonenTa. [Ipesmmoa-
raeM, 94To MaKCHMyM JIOMHHUPOBaHUS B JBa pasa npuxomutcd Ha 40 jet. ITocsae sToro momm-
HUpOBaHue (PU3MIECKON KOMIIOHEHTHI yMeHbInaeTcd, u B 60 Jjier dusndeckasd U NMCUXUIECKAd
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komrioneHTol C3KZK cnosa pasnosnaunbr. /lajiee HaunHaercs JOMUHUPOBAHUE IICUXUIECKOM
KOMIIOHEHTBI, KOTOpoe HapacTaeT j10 80 JIeT U CTAaHOBUTCA B YeThIpe pa3a 3Hadnmee pusmde-
ckoii. Jlastee 3T0 COOTHOIIIEHNE COXPAHAETCS.

OTrmeTuM, 9TO HAIIK PACCY2K/IEHUsI BEChbMA YCIOBHBI U IIPEIHA3HAYCHBI JIUIITh JIJI UJLTIOCTPA-
un auHaMuaeckux cyxkaernit o C3KZK. Berbop Bo3pacTHBIX TEPHOIOB MOYKET OBITH N3MEHEH
0e3 KaKux-u00 METOJINYEeCKUX U BLIYUCIUTENbHBIX 1podsem. [l yinoberBa onucanue dpyHK-
UK B TAOJIUIE JIMHAMUYECKUX CYZKJICHUI OyJIeT cJieJlaHO TakK, 4ToObI oHa Obljla, HEIPEPBIBHOM.
PaszpbiBbl DyHKIMN U3 MaTPUIBl TAPHBIX CPaBHEHUI Oy/IyT O3HAYATH KATacTPOQUUecKue n3-
MeHeHUs (PU3NIECKOTr0 WK IICUXUIECKOTO 370POBbs dejioBeKa. C TeopeTuvIecKoil TOUKN 3PEeHUst
po0JIeMbl He BOSHUKHYT, HO Ha MPAKTHUKE ONPENEJNTh TOUYKHA TaKUX KaTacTpod, BooOIe ro-
BODsi, HEBO3MOYKHO. 3JIeCh MOI'YT OKA3aThCs MOJIE3HBIMU METO/[bl HHTEPBAJILHOIO aHau3a [17].
Mpsr craBuM 3a/1ady OIPE I/ IeHUsT TNCIeHHBIX COOTHOIIEHNH 3HATNMOCTH (DU3UIECKON U TICUX -

qeckoit kKommouenT C3KZK, mcxomst u3, BooOIIEe roBopsi, KAIeCTBEHHBIX €0 XapaKTePUCTUK U
COILIAIIICHUI.
Permenne 3anaun:

Oyukiwst a(t) g MATPUIIBI TAPHBIX CPABHEHWI JJIsl OIMCAHHBIX BBIIIE COTJIAIIIEHUN MMeeT
BUI.

o t <20 — dbyukuua a(t) =1 mocrosuua;

o 20 <t <60 — bynkmus a(t) = —(t —40)?/400 + 2 nepesepHyTas U CABUHYTas BIPABO
rmapaboJia, JOCTUTaeT MaKCUMyMa, paBHOro 2, npu t = 40;

e 60 <t < 80 — caBuHyTas BIpPaBo MapaboJia, JMOCTHraeT MUHIMYMa, paBHOro 1/2; mpu
t = 80;

e 80 <t — dyukrusa a(t) =1/2 nmocrosiaHa.

o

a(t) 1

2 .y

1
172 T~

20 40 60 80 t

Y

Puc. 2. Oynknusa iuHaMUYecKuX CyzKIeHUN

Ipaduk dyskmun a(t) wa puc. 2 orpaxkaer nmunamuky mkaga C3KZK B coorsercrBum c
MPUHSTBIMEA COTJIAIIIEHUSIME, KOTOPAasi, ITO BOOOINE TOBOPsi, MOXKET ObITh BBIparKeHa JIPYTOit
dbyHKIMEit, oTpaxkaroiieil 3Ty auHaMUKY. MaTpura mapHbIX cpaBHeHUN u HOPMYJIbI I BbI-
YHCJIEHNs] BEKTOPA [IPHOPUTETOB (BECOBBIX KOA(hMUIMEHTOB) MpeicTaBjieHbl B Tabmie 1.

Tabumna 1
Boerauciimrensabie nporemxypst MAU
Caazannoe co 3go0pobeM | Ousmdeckuii | [Icuxuaeckuit Becopoit
KaYeCTBO JKU3HU KOMITOHEHT KOMIIOHEHT | K03 urment
DusznuecKnii KOMIOHEHT 1 a(t) wy =a/(l+a)
IlcuxuaecKuii KOMIOHEHT 1/a(t) 1 wy =1/(14+a)
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CobCTBeHHBIE 3HAYEHNS MATPUIIBI ABJIAIOTCA pemeHnsmMu ypasaenusa (1 — A% —1 = 0.
Ux, oueBupno, 1Ba U Apazy) = 2. llosTomy maTpuiia IapHBIX CpaBHEHHi Beerja IOJHOCTHIO
coryiacoBana. BekTop npuopureToB (HOpPMUPOBAHHOE pelleHne ypaBHeHus (2.2)) onpejessiercs
paBeHCTBaAMU

Low(t) =w(t) =1/2, t<20;

2. wi(t) =1+ 400/((t — 40)* — 1200), wy(t) = —400/((t — 40)* — 1200), 20

3. wi(t) = 1 —800/((t — 80) + 1200), ws(t) = 800/((t — 80) + 1200), 60 <

4. wy = (t) =1/4, wy— (1) =3/4 80 < t.

Ipaduku dyukuumit w(t), wo(t) mpegcTaBieHbl Ha pUc. 3 U JEJAOT aHAJNA3 COOTHOIICHU

<t < 60;
t<8

t
< 80;

IKa.JI CbI/ISI/I“IeCKOI'O 1 IICUXUYIECKOI'o 3J0PpOBbid JOCTATOTIHO HaIl'JISAIHBIM.

A
w(®) |

2/3

12

173 _ w1

20 40 60 80 t

A 4

Puc. 3. Jlunamuka BeKTOpa MPUOPUTETOB

3. 3axkJrodyeHue

B coorercreun ¢ nepapxueit C3K7K, npunsaroit 8 pabore, jijisi TOCTPOEHUST BEKTOPA TIPHU-
OPHUTETOB BCEil CUCTEMBI HY?KHO C(DOPMUPOBATH U UCCJIEI0BATDH JIBé MATPUIILI 4-TO TOPsIKa Ha
TperbeM yposHe nepapxun C3KZK.

BekTop npumopuTeroB omnpejesisieT 3HaunMOoCTh Kazk10it mKasibl B cTpykrype C3KZK n mo-
9TOMY MOXKET OBIThb UCIOJIb30BAaH B KA4eCTBE BECOBBIX KOIM@MUIIMEHTOB /it OCTPOCHUS WH-
TerpajibHBIX MoKazareseil. 1o Gyer ckassipHas (yHKIMs (CBepTKa) MHOTHUX I€pEMeHHbIE.
Takue mccse0BaHus Jjisl CTAIMOHAPHOTO CJIydasi TIPOBOJAWINCH B pabore [12]. B nammem ciry-
vasg guHaMudeckux cyxkjennit o kpurepusx C3KZK umnTerpaspbiil okasaresb OyaeT erne u
dyukmueit Bpemenn. lcciremoBanne Takoil PyHKIINN B Ka9eCTBE IEJIEBOI SIBJIETCS CAMOCTOSI-
TeJILHOM 3a/1aueil Teopun onTuMu3aruu. Pe3yibraTel, oIy YeHHbIe B XOJI€ UCCJIE/IOBAHIS, MOy T
OBITH UCIIOJIBL30BaHBI 111 mHTerpaabHoil onenkn C3KZK mHanBmIa Kak 00beKTa yIpaB/JIeHIS B
3/IPABOOXPAHEHUN W COIMAIBLHON MOJTUTUKU, U JIJIs BEIPAOOTKU YIIPABJIAIONINX PEIEHHT 0 ero
YIIY YIITEeHUTO.
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K BepossiTHOCTHOMY OIIMCAHHIO aHCAMOJIS TPAaeKTOPUii
HeIIPePbIBHO-INCKPETHOIN CHUCTEMbI yIpPaBJICHUS
C HemoJIHOoI mHdopMauei

Baagumup Ilerposuy MAKCHUMOB

OI'AOY BO «Ilepmckuii rocy1apcTBEHHBIA HAIMOHAIBHBIA MCCIEI0BATE/IbCKII YHUBEPCUTET»

614068, Poccuiickas Peneparnus, 1. [lepmnb, yia. Bykupesa, 15

Annoramusa. PaccmarpuBaercs: inHelinast cUCTeMa YIPABJIEHUS C HEIPEPBIBHBIM U JUCKDPET-
HBIM BPEMEHEM W JHUCKPETHOH mamsiThio. CucTemMa COMEPKUT HEOMPEIEJIeHHOCTh B OIMUCAHUN
OIIepPaTOPOB, PEAJU3YIONIUX YIIPABJISIONNE BO3JIEHCTBUAS. DTa HEONPEIEIEHHOCTh SIBJISIETCS
CJIEZICTBAEM CJIy4YailHbIX BO3MYIIEHHUI B IIPEJIIOJIOKEHNN 0O MX PABHOMEDHOM PaCIIPEJIeJIEHUN
Ha M3BECTHBIX MHTepBaJaxX. [Ipu KaxKoil pean3amnyun CJIyJailHbIX BO3MYIIEHUII BOSHUKAET CO-
OTBETCTBYIOIAsl TPAEKTOPUs, & B COBOKYITHOCTH — aHCAMOJIb TPAEKTOPUil, Jijisi KOTOPOTO Jia-
eTcsl IIOKOMIIOHEHTHOE BEePOATHOCTHOE OIMCAaHHUe B BHJIE ceMeiiCcTBa IJIOTHOCTEeH BepOATHOCTH,
mapaMeTpPU30BAHHBIX TEKyIUM BpemeHeM. st mocTpoenust 3tux (OYHKIHIA HCIOIb3yeTCs 110-
JIy9eHHOe paHee IpejicTaBiienne oreparopa Komm paccmarpuBaeMoit cucrembl. [Ipennaraemoe
BEPOSITHOCTHOE OIIMCAHUE BO3MYIIEHU JIJIS TPAEKTOPHBIX IIEPEMEHHBIX IT03BOJISIET HAXOUTh UX
CTaH/JapTHBIE XapaKTePUCTUKH, BKJIOYad MaTeMaTH4YeCKoe OKMJAaHUe U JUCIEPCUIO, a TaKxXKe
BECh BO3MOZKHBIH JTMANa30H 3HaYeHUN. Pe3yIbTaThl HOCAT KOHCTPYKTUBHBIN XapaKTep U JIOMyC-
KatoT 3 OEKTUBHYI0 KOMIIBIOTEPHYIO pean3aiuio. [IpuBoauTcs WiLIIOCTPUPYONIUI TPUMED.

KirtoueBsbie ciioBa: QyHKIMOHAIBHO-IUMDdEpeHIInaIbHbIE yPaBHEHNs, THOPUIHBIE CUCTEMBI C
TOCJIeIEICTBIEM, CUCTEMBI C HETIOJTHON mH(pOpMaIinei
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Bsenenue

OcHoBbIBasgiCh Ha pe3yiabraTax o0Ieil Teopun (QyHKINOHAILHO-IMDGEPEHITNATBHBIX ypa-
BHeHuil [1,2|, MbI mpomo/KaeM uccseoBanus |3, 4] u paccMarpuBaem cucTeMy yIpaBIeHHsI C
HEIIPEPBIBHBIM U JUCKPETHBIM BpEMEHEM U JUCKPETHON aMsIThIO, COCPEIOTOYEHHO B 33 IaHHOM
HabOpe TOYEK KOHEYHOIO MPOMEXKYTKa. PaccmarpuBaemasi CUCTEMa COJIEPYKUT HEOIpe e/ IeH-
HOCTDb B OIIMCAHUU OIEPATOPOB, PEATU3YIONINX YIIPABJISIONINE BO3ACHCTBHUA. DTa HEOIIPEIC/ICH-
HOCTB SIBJISIETCS CJIEJCTBUEM CJIyYalHBIX BO3MYIIEHUN B IIPEJIOJIOKEHNN 00 UX PABHOMEPHOM
pacupejie/ieHn Ha M3BECTHBIX MHTEepBajax. [Ipm Kaxkoit peaju3anuu CJIydaflHbIX BO3MYIIE-
HUII BO3HUKAET COOTBETCTBYIOIIAS TPAEKTOPHUsi, a B COBOKYIIHOCTH — aHCaMOJIb TPaeKTOPHUii,
JUTsT KOTOPOTO JTAeTCS TTOKOMIIOHEHTHOE BEPOSITHOCTHOE OIMCAaHUe B BUJIE CeMeiCcTBa ILIOTHO-
cTeil BEpOATHOCTH, IMapaMeTPU30BaHHBIX TEKYIIUM BpeMeHneM. B 3apyOexkHoil jureparype Ta-
KO€ OIMCAaHUe CBA3BIBAIOT C IOCTPOEHMeM Tak HasbiBaemoil 1-pdf-dyukiwm (first probability
density function). IogpoGHOe 06Cy2KIeHne PO U BAyKHOCTH [TOCTPOEHUST TAKOH (DYHKIIUK PH
U3YyUEeHNN CJIyYailHbIX IIPOIECCOB, a TaKxKe OHOJMorpaduio 1mo 3Toil TeMaTuKe MOXKHO HAWTU B
pabote [5], B KOTOpOii mpuBOATCs IpUMeph! ocTpoerns 1-pdf-yHKIwN Jj1s1 TpOIeccoB, omu-
ChbIBaeMbIX OOBIKHOBEHHBIMU JIpdepeHITnaIbHBIMI yPABHEHUSIMI U YPABHEHUSIMU B YaCTHBIX
IpoM3BOAHBIX. B HacTosieir paboTe Mpu MOCTPOSHUN ITUX (PYHKIUN JIjId PACCMAaTPUBAEMOTO
KJIACCa CHCTEM C IMOCJIe/IefiCTBIEeM HCIIOJIL3YeTCsl MOy YeHHOe paHee B |3| mpejcrasienue ore-
paropa Koru, matorero npejcrasienue peiieHuii paccmarpuBaeMoii cucrembr. [Ipeiaraemoe
BEPOATHOCTHOE OIUCAHNE BO3MYIIEHUN JI/IsT TPAEKTOPHBIX MTEPEeMEHHBIX MTO3BOJISIET HAXOINTH UX
CTaHIApTHbIE XapaKTEPUCTUKM, BK/IIOUAs MaTeMaTHIECKOe OXKUJIAHUE U JIUCIEPCHIO, a TaKzKe
BeCb BO3MOXKHBIN jnana3on 3uadenuit. [lomydennbie s onucanus MJIOTHOCTEH BEPOSITHOCTU
COOTHOIIIECHUSI JIOMYCKAIOT 3((MEKTUBHYIO KOMITBIOTEPHYIO peajim3aliuio. B 3akouenne npuBo-
JINTCs UJITIOCTPUPYIONTHU puMep.

1. Omnucanue cucremol. IlocTtanoBka 3agaun

Crenyst obozHaueHnsIM paboTHI [3|, BBeJieM GaHAXOBBI IPOCTPAHCTBA, B KOTOPBIX PACCMATPH-
BaIOTCs OIEPATOPBI M YPABHEHUsI, U JAJIUM OIUCAHUE OCHOBHOI cucTeMbl. 3aUKCUPyeM KOHe -
Holit orpe3ok [0, 7] C R. O6osnaunm uepe3 L" = L"[0,T] npocTpaHCTBO CyMMUPYEMBIX (DyHK-

T
it v : [0,7] — R™ ¢ nopmoit [|v]| p» = / |v(s)|nds, tae cumBos |- |, obosHadaeT HOPMY B
0

R™; Lt = L4]0,T] — mpocrpaHcTBO KBaIpaTudHo cymmupyembix dbyrakmuit v : [0, 7] — R” co
T

cKaJApHBIM npoussegenueM (u,v) = [ u/(s) - v(s)ds ((-) — cUMBOJ TPAHCIOHUPOBAHM);
0

AC™ = AC™[0,T] — mpocTpaHCcTBO abCOTIOTHO HempepbiBHbIX dyuKimid x : [0,7] — R"

¢ mopmoit ||z|| acr = |2(0)],, + ||%]| n. Hamee duxcupyem mmoxkecrso J = {to,t1,...,t,},

0=ty <t <...<t,=T. Ob6osumaunm 4yepes FD"(n) = FD"{ty,t1,...,t,} IpocTpaHCTBO

dbysKImit guckperHoro aprymenta 2z :J — RY ¢ mHopmoit ||z|| ppviy = D oo |2(8:)]o-

PaccmarpuBaeTcst HelpepbIBHO-IMCKPETHAS CHCTEMa YIPABJICHUS C JUCKPETHON MaMsIThIO

B(t)= Y AMx(t) + Y Bit)=(ty) + (Fu)(t), t € [0, 1], (1.1)

Jit<t Jiti<t
At) =Y Dya(ty)+ > Hyz(ty) + (Gu)t:), i=1,...,pu (1.2)
7j<t 7<t

Brmecy crombupt (n X n)-marpun; A; n (n X v)-marpur B; IpHHAIIEXKAT IPOCTPAHCTBY
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L"; D;; nu H;; — nocrosHHble MaTpuibl pasMepHocTH (v X n) u (V X V) COOTBETCTBEHHO;
F: Ly - L" G:Ly— FD"(u) — nuHeiiHble orpaHIYeHHbIE BOJBTEPPOBHI 2] omepaTops.
JIMCKpeTHOCTh MaMsATH BCeX OLepaTopoB, JeficTByIomux Ha (hasoBble NepeMeHHbIe B IIPaBOil
qactu cucreMbl (1.1)—(1.2), onpemensiercss nX KOHCTPYKIHEH.

Js cncremsr (1.1)—(1.2) ¢ 3aaHHBIM HAYATBHBIM COCTOSTHAEM

z(0)=a, z(0)=9¢ (1.3)
CTaBUTCA 3a/avda YIIpaBJICHUA, B KOTOpOf/i oeJib yIIpaBJIEHUA 3a/1a€TCAd PaBEHCTBOM
l(x,2) = BERY, (1.4)

rae {: AC™ x FD"(u) — RY — juneiinblit orpanundenHblil BeKTOp-DyHKIMOHA.

Pesynbrarst 06 yenoBusx paspermmmoctu 3a1a4au (1.1)—(1.4) B Ki1acce mporpaMMHBIX yIIPAB-
JIEHUI I cjIydast OTCYTCTBHS ONPpAHMYCHMI Ha yIpaBJIeHHe M JJIs CJIydasd IOTOYEYHBIX II0-
JIM9JIPAJIbHBIX OIPAaHUYeHuil IpejcTaBienbl B paborax [4,6-8|. 3mech Mbl uccieyeM BOIPOC
0 BJIMSHHUM CJIyYaflHbIX BO3MYIIEHUi omneparopoB F u (G Ha KOMIOHEHTHI TPAEKTOPHBIX IIe-
PEMEHHBIX T W Z IPU U3BECTHOM YIIPABJIEHHU U. Be3 orpaHudeHust OOIIHOCTH BCIOLY HUXKE
OyzeM cuuTaTh HyJIEBBIM HadabHOE cocTosHue cucreMbl: o = 0, 6 = 0.

OupegenuM BUJI BO3MYILEHURA B jeficTBuu oneparopos F u (G, orpaHMYMBasiCh pPacipo-
CTPaHEHHBIM B IPHUKJIAIHBIX 3aJa49ax CJIydaeM, KOrja CaydaiiHble BO3MYIIEHUs OIMUCHLIBAIOTCS
[OCTOSTHHBIMU CJIyYaiHBIMUA HapaMeTPaMu:

(Fu)(t) = (Fou)(t) + AF - u(t), t€[0,T],

(@) = Gon)) +8Gs- [ uls)ds, 5= 1..oon

e AF u AG; — MaTpuiipl pasMepHOCTH 1 X ©' U U X T, COOTBETCTBEHHO, 3jieMenThl A F*
u AG* KOTODBIX SIBISIOTCS CIlyHailHBIME BeIMIUHAMII, PACIDEIEICHHbIMI PABHOMEDHO Ha
orpeskax [a’*, 0'*] u [a’¥, b'F], coorsercrBenno. [t COKPAIIEHMS 3AIUCH STO IPEIIOTIOKEHIIE
Gynem samuceBarh B Buge AF* ~ U* u AGF ~ UlF. TIpennonaraercs, uro oneparopsr Fy
n Gy peajmsyioT yIpPaBJIsIONe BO3AEHCTBIA 6e3 NCKaYKEeHH.

Cucrema (1.1)—(1.2) aBagercs 9acTHBIM ciiydaeM OOIINEl HempepbIBHO-UCKPETHON CcrcTe-
MBI, JleTa’dbHo pacemorpentoit B [9]. Teopema 1 (9] maer mus pemenus cucremsr (1.1)—(1.2) ¢
HYJIEBBIMU HAYAIbHBIME 3HAUEHUAMU TIPEJICTAB/ICHUE

x Fu Cn C Fu
_c _ (b G ’ (1.5)
z Gu 621 CQQ Gu
rae z = col(z(ty),...,2(t,), C — oneparop Komu c 6iounbimu komnonentamu Cij, 1,7 = 1,2,

JEACTBYIOMMMH CJICLyIOIIUM 00Pa30M:
Cll L — AC”7 Clg RV — AC’", C21 L — Ryu; C22 : RV — RYM.

Jnsa pacemarpuBaeMoro cirydas gBHOE IIpeJICTaB/ICHIE BCeX KOMIOHEHT C;; B TepMUHAX MaT-
pudHBIX napamerpos cucreMbl (1.1)—(1.2) momyueno B [3]. Huxke mMbl Bocmosb3yemMcest cireyto-
MUMHA IIPEJICTaBICHIAMI KOMIIOHEHT Cjj

Cun)t) = [ Cutts)f(s)ds (Cuglt)= [ 30 Cultys)glty)ds. te 0.7
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ti
nf = / > Calty9)f(s)ds; Cog =) Coli)glty). i=1.....p.
0 J<i J<i
Bepxunit unjexc B oboznadenusx kommonenr Csy u Ch, COOTBETCTBYET HOMEPY CTOJIONA Pas-
MEpHOCTH V B cTosbie u3 R,

Hamra 3amaua cocTouT B TOM, 9TOOBI It KasKI0i KOMIOHEHTBI Z;(t), KaxKJI0# KOMIIOHEH-
Tl 2;(t;) u dukcuposannoro momenta spemenu (t € (0,7] mus x; u t;, j=1,..., 0, aud
2; ) OCTPOUTH COOTBETCTBYIONLYIO (DYHKIIMIO IJIOTHOCTH BEPOATHOCTH JIJIT MX CJIyIallHbIX BO3-
Myternit. Karias KOMIIOHEHTa COJEPKUT JeTepMIUHNPOBAHHYIO COCTaB/Istontyio ) (t), 29(t;),
COOTBETCTBYIONLyI0 orneparopaM Fy u Gy, n ciaydaitiyio cocrasisiontyo &(t), n;(t;), coor-
BeTcTBylomyto Marpunam AF n AG, :

wi(t) = 2 () + &(t); z(ty) = 2 (t;) + nilty).

OTMmeTuM, YTO TPEIIOI0KEHNe O PABHOMEDHOM DPACIpeeleHN BO3MYIIEHN COOTBETCTBYET
CJIy9al0 MUHUMAJILHOW MHMOPMAIIUN O YacTOTaX, ¢ KOTOPOil peain3yloTcs KOHKPETHBIE 3HaTe-
nud. B ormmdame oT HOpMAJIBHOTO pacipejiesieHus, paBHOMEPHOE PACIIpe/ie/IeHIe He COXPaHsIeT
CBO¥ BUJI TIpU JINHEHHBIX MpeobpasoBaruax. Ocobo OTMETHM, UTO pelleHrne pacCMaTpUBAeMOit
38/1a91 TTO3BOJISIET B KaXKJIOM BPEMEHHOM CEYEHUW TOYHO YKa3bIBATDH JIMATIA30H BO3MOYKHBIX
3HAUYCHUN JJIsT KOMIIOHEHT TPacKTOPUH.

2. BcrnomorarespHble IIOCTpOeHud. KommonenTa c HellpepbiIBHBIM BpeMeHeM

C yuerom npesjcrasienns (1.5) misa & (t) nmeem

/ZZC ts”k()dSAngJrZZZ/C tj,S)deuk(T)dTAGﬁk. (2.1)

(=1 k=1 jity<t £=1 k=1Y) 0

3/1ech BepXHME MHJIEKCHI Y KOMIIOHEHT orepaTopa Kormm ucrnosb3yores Kak OObIMHO: TepBbIit
WHJIEKC — HOMEP CTPOKH, BTOPOIl — HOMeEp CTO0JI0Ia cOOTBETCTBYIONIEeH Marpuilbl. /Is 6osee
JIAKOHUYTHOM 3aIliCh 9TOTO TPEJICTABIEHUS BBEJIEM 0003HATEHUS

t t t]‘

Ui (1) = / Cil(t, syun(s) ds; 26iye(t) = / Cib(t;,5) ds / w(r) dr,

0 0 0

C WCIIOJIb30BaHNEM KOTODBIX IpejicTaBienne (2.1) npuauMaer Bu/T

= Xn: Z oL () AP Y Z Z 260,,.(t) AGYF. (2.2)

=1 k=1 jitj<t =1 k=1

BamymMmepyeM Bce cjaraeMble B 9TOW JIMHEHHON KoMOMHAmm ciaydaifabix Beanaua AF tk
AG?’“ [OCJIEJIOBATEIBHO C IOMOIIBIO €JIMHOIO UHJIEKCA ¢ IO CJIEJYIOIEeMy IpaBuiy: 1) cHavdasa
B II€PBOIi JIBOIHOM cymMme HaunHas ¢ £ = 1 uw Hymepys o k= 1,...,r, 3arem jqia ¢ = 2, Ha-
guHast ¢ T+ 1,... ¥ Tak jaJee, 3aKaHIMBasl IPUCBOEHUEM HOMEPa ¢ = n-7; 2) 3aTeM BO BTOPOI
TPOWHOI CyMMe — I10 OIUCAHHOMY TpaBmity. lIlpu 3ToM camu cirydaiinble BeJIMYUHBI O003HAYNM
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d,, a Ko3hdUIMEHTs! IPH HUX, 3aBUCAIIIE OT BDEMEHNU, — gofl(t). Teneps npejcrasienne (2.2)
3alliChIBAETCS B BHUJIE

&)=Y ¢i(t) - d, (2.3)

Brece N = n-r+v-p-r. YKa3aHHBIM BBIIIE CIOCOOOM IIEPEHYyMEPOBBIBAIOTCS TaKKe I1a-
pamMerpbl 1 0603HAYMEHNS PABHOMEPHBIX PACHPE/ICICHUH CIIyIalHbIX BEIMYIH, TAKIM 00pa3oM,
d, ~ Ulag, by]. Ilpencrasum d, B Buze

dg = (by — aq)cq + ag,

rae ¢, ~ U|0, 1]. Ilogcrasiss sro Boipaxkenue B (2.3), momydaeMm s §;(t) mpejacrasieHne
B BUJIE CyMMbI JIMHEHHON KOMOMHAIMK CJIy9afiHbIX BEJIUUNH, PACIPEICICHHLIX PABHOMEPHO Ha
orpeske [0, 1], u JeTepPMUHUPOBAHHOIO YUCJIA:

N
&(t) =D eh(t) - (bg— ag) - ¢+ 0i(t), (2.4)
q=1
rie
N
oilt) = 3 ¢(t) (25)
q=1
B npe/jesiax 9Toro pasjesia Mbl CHUTaJIN Sa(bI/IKCI/IpOBaHHbIMI/I MHIICEKC 1 U MOMEHT BpemMenu t,
COXpaHssl UX BO BCEX OIPEJICJISIONUX cOOTHOMeHusAX. Jluist ciyqaitnoit Besmmannbl &;(t) Tpeby-

eTCsl BBIBECTH COOTHOIIEHHE, OLPE/IENIAIOIIEe ee INIOTHOCTh BEPOSTHOCTH fe, (Y, ).

3. BcmnomorarenbHbIe IIoCTpO€eHu. KomnonenTa ¢ AUCKPETHbIM BpeMeHeM

O6parnmcst Tereps K KOMIIOHEHTe ¢ AUCKpeTHBIM BpemeneM. st 7;(t;) umeem

n r p ty
n(t) =Y 3> 0k - [wls)ds - arm

m=1 k=1 /=1 0 31
y - u ty ( : )
+ > IRy ~/uk(s)ds-AG}T"“.
m=1 k=1 /=1 0

B,ZLGCI:) MbI BOCIIOJIb30BaJIUCh IIPEACTaBJICHUEM KOMIIOHEHT Cgl n 652 orepaTopa Komm B BHUIE

(cat. [10])

!/

CQlf = QQl . (/f(S) dS, e ,/f(S) dS)/; CQQQ = QQQ . (g(tl), N ,g(t#)) s

e Qo1 U (Qoy — TOCTOsIHHBIE MATPHILI pasMepHoctd (i -v) X (p-n) u (u-v) X (u-v),
coorBercTBenHo. [oSICHUM MHJIEKCAIMIO 3JIEMEHTOB B Marpure (Qop: B oboznauennn “Q5T i
— HOMEp CTPOKH B j-# IDyIIle V-MEepHBbIX CTPOK, { — HOMep T'DYINIbI 1 3JEMEHTOB B i-if
CTPOKEe, ™M — HOMep 3JeMeHTa B yKasaHuoil rpymume. Takas ke Hymepanusi HCIOJb3YeTCs B
oboznauennn QLY.
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,Z[JIH OoJIee JIAKOHUYHOM 3alllCU 3TOTO IpeacTaBJICHNA BBEJIEM 0003HAYCHU

te ty
291, — Q. / wi(s)ds; 200, = QL / wn(s) ds,

0 0

C WCHOJIb30BaHUEM KOTODBIX TIpejicTaBiienue (3.1) npuHuMaer Bu

n r v r I
mlty) = D, Y MO AT Y Y Y B0 AGE

m=1 k=1 m=1 k=1 /(=1

[IpumenuM K 3Toit JinHeltHON KoMOuHanuu ciayuainbx semuun AF™ u AGT®  cnocob
HyMepaInuy CJIAaraéMbIX, MCIOJIb30BAHHBIN paHee B BBIPAXKEHUU Jijisi KOMIIOHEHTHI &;(t), ¢ 1o-
MOIIIBIO €INHOTIO MHJICKCA ¢ II0 CJICAYIOIEMY HPaBUIY: 1) cHa4daJla B HNEPBOH JIBOMHON CyMMe
HauymHasg ¢ m = 1 u mHymepyd o k= 1,...,r, 3areMm jiyid m = 2, HaduHasg ¢ 7 + 1,... U Tak
Jlajiee, 3aKaH4YnBagd IIPUCBOCHUEM HOMEpa q = N - T'; 2) 3aTE€M BO BTOPOI TPONHONA CyMMe — IIO
onmcaHHOMY IpaBuiy. IIpu sTom camu cirydaitable BeJIMIIHBI 0O03HAYIM €4, & KO3(hhHUINEHTEI
IIPU HUX, 3aBUCAIIUE OT JTUCKPETHOT'O BPEMEHH, — wé(tj). Tertepns mocsieiHee TpeicTaB/IEHIE
3aIUCHIBACTCH B BUJIE

m(t) = Y vilty) - eq (3.2)

Baech, kKak u B (2.4), N =n -7+ p-v-r. YKazaHHbIM BbIIIIe CIOCOOOM MEPEHYMEPOBBIBAIOTCSA
TaKKe ImapaMeTphbl 1 0003HaUYeHUsT PABHOMEPHBIX PACIPEICCHUN CyYalHbIX BEJTUYNH, TAKUM
obpasom, e, ~ Ulag, by]. Ilpeacrasum e, B BuIe

eq = (bg — ag)cy + ag,

rae ¢, ~ U[0, 1]. Iloxcrasiss mosydennoe Bolpakenue B (3.2), momydaem juist 1;(t;) mpen-
CTaBJIEHNE B BUJIE CYMMBbI JIMHEHHOT KOMOMHAIMN HE3aBUCHMBIX CJIyYaiiHBIX BEJIUINH, PACIIpe-
JIeJIEHHBIX PaBHOMEPHO Ha orpeske [0, 1], U jeTepMUHUPOBAHHOIO YHUCIIA:

N

ni(t;) = Z Ue(t;) - (bg — aq) - cq + wity), (3.3)

rie
wity) =Y Ui(ty) - ag. (3.4)

st coywaitnoit Besmmauubl 17;(t;) TpeGyeTcst BBIBECTH COOTHOIIEHNUE, OLPE/IE/IAIONIEE €€ III0T-
HOCTb BepositHOCTU f (Y, ;).

4. OcHOBHOI1 pe3yabTaT

st popMyIMPOBKE OCHOBHOI'O pe3y/ibTaTa O ILIOTHOCTH BEPOSTHOCTH JIJIst BO3MYIIEHUHA &
U 7) BBEJEM JIBa IIOJIHIPAJBHBIX MHOXKECTBA, KOTOPbIE CTPOSTC IO cucTeMaM (DYHKIUI @,
gq=1,...,N u ¢, ¢=1,..., N, coorsercrenno (cM. (2.4), (3.3)).
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Jna kaxxgoro y; € R onpenesnm B RV ™! nomsapansroe muozkectso M (yy,t) :

Mi(yr,t) = { (y2,. .., yn) € RN‘1'0<yq§1,q:2,...,N;
N
t b — 4.1
A 1 SZ Spq aq) g < — 1 ‘1/1}- (4.1)
@i(t) - (by — a1) i(t) - (b1 —a1) @i(t) - (by — ax)

AHaIOrn4HbIM 00pa30M OLPEIENINM oy IpaibHoe MHOKecTBO N;(y1,1;)

Ni(yi,t) ={ (2, .., yn) €RVT: 0<y, <1,¢=2,...,N;

1 al é(tj) ’ (bq - aq) 1 (4.2)
SO D D o iy e B U e e B

Teopema 4.1. [Ipu xaoscdom t € [0,T] marom, wmo @4 (t) # 0, dynkyus fe,(y1,t) xom-
nonenmot & 0npedessemcs pasencmeom

VYU My — o(1), 1)
i ()] - (by — a1)

ede VN=UM] — wmepa Jlebeza mmoocecmea M C RN™1 noausdpasvroe mnoorcecmeo M,
onpedeaeno pasencmeom (4.1), dynryuu @fl(t), qg=1,...,N onpedeaenv, pasercmeom (2.4),
o'(t) — pasencmeom (2.5).

Ipu waocdom t;, j = 1,..., p, maxom, wmo wmo Pi(t;) # 0, dynkyua f, (y1,t;) Komno-
HEHMDL 1); ONPEICAAECMCS PAGEHCTNEOM

fe(y1,t) = (4.3)

T NIy — @' E), )]
|¢i(ta)| (br—ar1)
2de noausdpanvroe muoscecmso N onpedeaeno pasencmeom (4.2), dynxuyuu Pi(t;), q =
1,..., N, onpedeaenw, pasercmeom (3.3), w'(t;) — pasencmeom (3.4).

fm‘(ylatj) =

Jloka3zaTesnbcTBo. JlokazaTeabcTBO POBEJIEM JIJIT KOMIIOHEHTBI &;, JIJI KOMIIO-
HEHTBI 1); JIOKA3aTeJIbCTBO WPOBOJUTCH aHagoruduo. OrpejiesiuM JinHeliHOe OTOOpazKeHue
Fi(-,t) : RY - RN Fi(c,t) = col(Fi(c,t),...,Fiy(c,t)) pasenctsom

Fi(c,t) Zgoq aq) - Cq; F;(c,t):cq, q=2,...,N.

[Ipu ycnosun @' (t) # 0 orobpaxenne F(-,t) mumeer obparnoe ®'(y,t) = (F)~(y,t) =

COI((I)Zi(yvt)v "'7(I)§V(y7t))> (y:COI(yl,__.,yN)),
i _ 1 i i :
P (y,1) = S0 - —a) (y1 — @5(t) - (b2 — az)yo — ... — iy (t) - (by — an)yn);

@ (y,t) =yq q=2,...N.
Bocrosib3yemest U3BeCTHBIM YTBEPKIEHUEeM O Buje (PyHKIUU PacIpeeseHus JJIst Ipeodpa-

30BaHUsSI CUCTEMbI CJIyYailHbIX BeJIMIHMH (CM., Hanpumep, npejacrasienne (6.13), c. 131 B [11] ),
B CHJIy KOTOPOI'O MMEeM

JA® (0. 0) - e v ) € 0,11,

ffi(ylw"ayl\fat) = { 0, Y (I)i(y’t) ¢ [07 1]N.
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31ech f. — IJIOTHOCTH BEPOSATHOCTH CUCTEMBI N HE3aBUCHMbBIX PABHOMEPHO PaCIIPeIeIeHHBIX
Ha orpeske [0, 1] cayuaitabix Beamans. [lepexosist K MpeebHON MO0 OTHOMIEHHUIO K Yo, . . ., YN
IVIOTHOCTH BEPOATHOCTH, MOJIyYaeM JJId UCKOMOI'O PACIPEIC/ICHUA:

1

ffz(yh / /f&l Y1, YN, )dyQ d

0

Ormernm, uto u3 onpeenenns GbyHKuun fe,(yi,...,Yy) CJIELYET, 9TO IPU KaxKIOM Y; HHTe-
rpaJjl B IIpaBoil 9acTH MPEJICTaBIgeT cOO0 MHTErpaJsl OT €JIUHUIIBI 110 TTOJTUIPATHLHOMY MHOYXKE-

crBy M;(y1,t), yMHOXKEHHBIIT Ha JPOOD Taxkum 0OpazoM, OKOHYATEIHLHO TI0JTy YaeM

1
FHORCEE
paBercTBO (4.3).

JlokazaresbecTBO [/ KOMIIOHEHTBI BO3MYIICHUS C JUCKPETHBIM BPEMEHEM MTOBTOPSET MPHU-
. N i
BeJICHHOE JIOKA3aTeIbCTBO C 3aMeHof Beroy byHkimit o (1) byrxnuamm ) (). O

OrmernM, 9TO 3a/ia4a HAXOXKJIEHUS 00beMa HOJIN/IPAJIHLHOIO MHOYKECTBA PEIaeTcs TOYHO
(HampuMep, CpeICTBAME CHCTEMbI KOMITbIOTepHO anrebpbl Maple), eciu Bce KoadbduimeHTs!
U TpaBble YaCTH JIMHEWHOI CUCTEMbl HEPABEHCTB, OIPEJIEISIONIIX OIS IPAIHLHOE MHOXKECTBO,
SABJIIOTCA PAIMOHAJBHBIMUA YHCJIAME. DTO JAET BO3MOXKHOCTH HAXOJUTDH 3HaUYeHUusd (DYHKIUT
fe.(ya,t) u fi,(y1,t;) B paIMOHAIBHBIX TOYKAX C JIOOON CTENEHBIO TOYHOCTH.

5. Ilpumep

Pacemorpum cucremy
i(t) = 0.52(0) + 0.5 sin(t)x (1,4 (t)z(1) + 0.1 exp(—0.1¢)x (2,4 (£)2(2) 4+ 0.16%x 3,4 (¢)(3)

+0.3t2(0) 4+ 0.2x (1,41 () 2(1) + 0.1 *x (2,41 (£)2(2) + 0.15 x (3.4 (1) 2(3) + AF - u(t), t €[0,4],
2(1) = 0.42(0) + 0.5 x(1,4/(7)2(1) + 0.4 X (2,4 ()2 (2) 4+ 0.3 x (3,41 (2)2(3) + 0.2 2(0) + 0.2 x(1,4() 2(1)

)

+0.3 X(2,4)(%)2(2) + 0.15 x(3,4(7)2(3) + AG; - /u(s)ds, 1=1,..,4.
0

st sroit cucrembl umeem (M. [3]):

(Cuf)(t / {1+ / 0.5 sin(7) xa,4(7) + (0.0500000007

+0.070807342 exp(—0.17)) (2. (7) + (0.139984405 + 0.162851600 72) y 5.4 (7) ] X{0.01(5) +
+ [0.1 exp(—0.17) x(2,4/(7) + (0.060000000 + 0.025918178 7%)x(3.41(7) | X[0.2(5)
+ [0.17% X4(7) I X0 (8)} dT f(s) ds

(Crag)(t / {[0.200000000x 1,4 (s) + (0.040000000 exp(—0.1s) + 0. 020000000 s*)x 2.4)(8) +

+(0.630000000 + 0.088367271 5)x(3.41(5)] g(1) + [0.100000000 5>x (2.41(s) +
+ (0.045000000 + 0.089999999 5%)x(3.41(s)] g(2) + [0.150000000x 3.4 (s)] 9(3) } ds,
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0
1

0.500000000 / £(s)ds
0

C — 1 2
zf 0.933229367 / £(s) ds + 0.400000000 / f(s)ds
0 0

1 2 3
1.795075907 / £(s)ds + 0.637754534 / £(s) ds + 0.300000000 / F(s)ds
0 0 0

g(1)
0.200000000 g(1) + g(2)
Caog =
0.420000000 g(l) -+ 0.300000000 g(2) + g(3)

0.853101814 g(1) + 0.690000000 g(2) + 0.400000000 g(3) + g(4)

3/1ech InCIIOBbIe 3HAYECHUS TPUBEIEHBI ¢ TOYHOCTHIO 10 1077,
Badukcupyem yupasienne u(t) = t(4 —t) n3amamm a, = —0.1, 6, =0.1, ¢ =1,...,4.
B rakom ciaydae npejcrasienue (2.4) qyst £ OpUHEMAET BT

E)=p1(t) 0.2 c1+ ...+ pa(t) - 0.2 ¢4y + o(t),

rae
@1(t) = 5.110544 - x(2.4(t) +2 - t* — 0.333333 - t* — 13.446769 - x (3.4 (t)

+0.450252 - X (1,4 (t) — 6.513456 - X (2,41(t) - exp(—0.100000 - ¢)
—0.833333 - x(1,4(t) - cos(t) + 0.553307 - x(3,4(t) - t + 0.027778 - X (2,4 (t) - *
+0.436550 - X (3,4(2) - t*;
©2(t) = 0.049093 - x(3,4(t) - t* + 1.050000 - x(3,4(t) - t — 4.475509 - x(3.4(¢)
+0.011111 - X (2,4(t) - t* — 0.666667 - X(2,4)(£) - exp(—0.100000 - ¢)
+0.456932 + X (2,41 () + 0.333333 - (1,4 (¢) - t — 0.333333 - x(1,4(¢);
p3(t) = 0.160000 - x(3.4(t) - t* + 0.240000 - x(3.4(t) - ¢
—5.040000 - x(3.4(t) + 0.177778 - x(2.41(t) - t* — 1.422222 - (2.4 ();
@a(t) = 1.350000 - x(3.4(t) - t — 4.050000 - X (2,41 (2);
o(t) = —0.002338 - x(1,4(t) — 0.063866 - x(3.4(t) - t + 0.540245 - X (3.4(t)
—0.006667 - X (1,4(¢) + 0.006667 - t* — 0.040000 - > — 0.082905 - x(2,4)(t)
—0.012913 - x(3,.4(t) - t* — 0.004333 - x(2,4(t) - t*
+0.143602 - x(2,4(t) - exp(—0.100000 - t) + 0.016667 - X (1,4(t) - cos(t).

S,H‘GCI: 1 HU2KE YUCJIOBbIE S3HaYEHUA ITPUBEJICHDBI C TOYHOCTBIO /10 1076.
Hpe,ZLCTaBJIeHI/Ie (6] d)YHKHI/II/I IVIOTHOCTU BEPOATHOCTHU JIJISA BO3MYIICHU A 5 KOMIIOHEHTDBI C

HEIIPEPBIBHBIM BpEMEHEM J1aeT puc. 1, Ha KOTOPOM N300parKeHbl YeThIPe ceUeHns 3TOH (DYyHKITNHN.
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Puc. 1. Ceuennst fe(y,1/2), fe(y,3/2), fe(y.5/2), fe(y,7/2)

JIJ1st BOBMyIIIeHUsT 7) KOMIIOHEHTBI C JIMCKPETHLIM BPEMEHEM OIPAHUYMMCs cedeHueM (yH-
kiun f,(y,t;) upn t; = 3. B Takom cirydae npescrasienue (3.3) IpUHIMAET BUJL

7(3) = ¥1(3) - 0.200000 - ¢1 + . .. +104(3) - 0.200000 - ¢4 + w(3),

rue
P1(3) = 0.737743, 15(3) = 0.140000, 15(3) = 0.320000, 14(3) = 1.800000,

w(3) = —1.498872.

Ha puc. 2 mroraocts Bepositnoct f)(y,3) nm300parkeHa Tak, KaK OHA BBIIVISIUT IIPH IO-
CJIEJIOBATEILHOM BBIYUCICHUN O0beMa MOJU3IPaTbHBIX MHOKECTE N (y1 — w(3), 3) ¢ I1arom
0.1 mo ;.

Puc. 2. Ceuenne f,(y,3)
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Awnnoranusa. B pabore nccimenyioTcs BeIecTBeHHO3HATHbIE (DYHKIMH, OMpeIe/IeHHbIe Ha KBa-
3UMETPUIECKUX IIPOCTPAHCTBaX. it HUX 1mosy1eHo 00600IeHne BAapUAIMOHHOTO TPUHITATIA, DK-
JaHJa ¥ aHaJormdHOro yreepxkieHnss u3 crarbu [S. Cobzas, “Completeness in quasi-metric
spaces and Ekeland Variational Principle”, Topology and its Applications, vol. 158, no. 8§,
pp. 1073-1084, 2011]. Ilpusenennas 3aech MopudUKaNys BAPUAIUMOHHOIO IPUHIIUIA IIPUMEH-
Ma, B 9aCTHOCTH, K IITUPOKOMY KJIACCY HeOTpaHUYeHHbIX cHu3y (yHKIiwuit. [lomydennsii pe3yiib-
TaT IPUMEHEH K HCCJIEIOBAHUI0 MUHUMYMOB (DYHKIUH, OIPEIeIeHHBIX Ha KBa3MMETPUUECKUX
npocrpancrBax. CdopmynupoBano ycjioBue Tura KapucTu Jjisi CONPSKEHHO-TIOJIHBIX KBa3W-
MeTpudeckux mpocTpaHcTB. [lokazaHo, 9T0 mpeijioyKeHHOe ycjioBue Tuia Kapucrtu siBisiercst
JIOCTATOYHBIM YCJIOBHEM CYIIIECTBOBAHUS MUHMMYMa, JIJIs TIOJyHEIPEPBIBHBIX CHU3Y (DYHKIIHIA,
IEMCTBYIOIINX B COIPSKEHHO-IIOTHBIX KBA3NMETPUIECKNX IPOCTPAHCTBAX.

KiroueBbie cJji0Ba: BapHAIMOHHBIA TPUHIUI JKJAHA, KBA3UMETPHUIECKHE MPOCTPAHCTBA,
HEOTpaHUYEHHbIE CHU3Y (DYHKIIUN
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Abstract. In this paper, we study real-valued functions defined on quasimetric spaces. A gene-
ralization of Ekeland’s variational principle and a similar statement from the article [S. Cobzas,
“Completeness in quasi-metric spaces and Ekeland Variational Principle”, Topology and its
Applications, vol. 158, no. 8, pp. 1073-1084, 2011] is obtained for them. The modification of
the variational principle given here is applicable, in particular, to a wide class of functions
unbounded from below. The result obtained is applied to the study the minima of functions
defined on quasimetric spaces. A Caristi-type condition is formulated for conjugate-complete
quasimetric spaces. It is shown that the proposed Caristi-type condition is a sufficient condition
for the existence of a minimum for lower semicontinuous functions acting in conjugate-complete
quasimetric spaces.
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Bsenenue

HaHOMHI/IM IIOHATHA METPUICECKOI'O U KBa3UMETPUYICCKOI'O ITPOCTPaHCTB. HYCTB 3a/JaHO HE-
nycroe MuoxkectBo X u dbyukmug p : X x X — R,. Bmecb R, — 970 MHOXKeCTBO HEOT-
punaresbHbIX uncesl. Kak m3BecTHo, (DyHKIMS p Ha3bIBAETCs METPHKON, a mapa (X, p) —
METPUIECKUM MTPOCTPAHCTBOM, €CJTU UMEIOT MEeCTO CJIe/IyONne aKCHOMBI:

1. p(x,y) =0« x =y (akcmOMa TOXKJIECTBA);
2. p(z,y) =py,z) Vr,y € X (akcmoma cuMMeTpun);
3. plx,2) < plz,y) +ply,z) Vr,y,z € X (HEpaBEHCTBO TPEYTOJHHUKA).

DyHKIWMIO p HA3BIBAIOT KBA3UMETPUKOIiL, a mapy (X, p) — KBa3UMETPUIECKUM IIPOCTPAHCTBOM,
eCJI JIJIs1 P BBIMOJHSIIOTCS AKCHOMa TOXKJIECTBA W HEPABEHCTBO TPEYTOJIbHUKA (CM., HATIPIMED,

[1])-

[Iycts 3aannl uuciaa q; > 1 u o > 1. Pacemorpum ere oHy akKCHOMY st (PYHKITUU P

3. plz,2) < qup(x,y) + @ply, 2) Va,y,z€X.

DyHKIUO p HA3BIBAOT ((1,¢2)-KBa3UMETPUKOM, a napy (X, p) — (qi, ¢2) -KBa3uMeTpudec-
KIM IIPOCTPAHCTBOM, €CJIH JJIsl px BBINOJHsIOTCs akcnombl 1 1 3 (cm., Hanpumep, [1, c. 527]).
OueBuao, uro (1,1)-KBasumerpuka sBjsgercd Kpasumerpukoii, a (1,1)-kBasumerpuueckoe
IPOCTPAHCTBO ABIAETCS KBA3HMETPHIECKUM IIPOCTPAHCTBOM.

[MonsaTus GyHIaMEHTATBLHOCTH U CXOAMMOCTH II0CIEA0BATEILHOCTE, a TaKZKe HOTHOTHI IIPO-
CTPAHCTBA, XOPOIIO M3BECTHLI [T METPUICCKIX IMPOCTpaHCTB. I[109TOoMY 3/16Ch OHU HE IIPUBO-
narea. Onpeenenns 3TUX NOHATUH I KBA3UMETPUIECKNAX IIPOCTPAHCTB BBOAATCI B CJICLYIO-
e maparpade.

Baxknyo posib B aHa/Jnm3e MrpaeT BapUAIMOHHBIA NPUHINN DKJIAHIA — yTBEPXKICHUE O
cBolicTBax (DYHKIMI Ha MeTpuieckux rnpocrpancrsax. Hanomuunm ero. Ilyers (X, p) — mosiHoe
Merpraeckoe mpoctpancTso, U : X — R U {+oco} cobcrBennsiit hyHKIMOHAT, T. €.

{x € X :U(z) # +oo} # 0.
[Ipenosoxkum, uro dpyukimonaa U MoyHEIPEPbIBEH CHU3Y U OIPAHUYEH CHU3Y.

Teopema 0.1. Jlas aobwx ¢ > 0, A > 0 u daa wmobozo xg € X maxozo, wmo U(xg) <
e+ in)f( U(z), cywecmsyem mouka T € X, ydoaemeopaowan Hepasercmeam
S

U(z) <Ul(xo), p(T,z0) <A,
U(z) < Ulx) + ip(x,f) Vre X\ {z).

Pesysibrarhbl, CBA3aHHbIE C IIOMCKOM MUHUMYMOB (DYHKIMHA M PEIIeHUil ypaBHEHUH B MeT-
PUYUECKUX IIPOCTPAHCTBAX, UMEIOT IMUPOKUIl CIIEKTP HPUMEHEHHI B Pa3JIMIHbIX 00IaCTAX aHa-
JM3a, BKIIOYas HeJUHeHHbI anamu3 (cM., Hampumep, |2, . 11, X]| u [3]), ontumusanumio (cm.,
Harpumep, [4,5]), ontumanbHoe yrpasienue (cM., Hapumep, [6-8|), Teopuio quddepenimain-
HBIX BKJIIOUCHUIT (CM., HApuMep, |7]), Teopuio ToueK cOBIA/IeHNS 1 HAKPBIBAIOIINX OTOOPaKe-
uuit [5,9-13]|) u MaremMaTnuecKyto SKOHOMHKY (cM., Hanpumep, [14]). CymecTByer MHOKECTBO
0600mennit 1 MoaudUKAIMil BApUAIMOHHBIX IIPUHIIUAIIOB, KOTOPHIE ITO3BOJISIOT MOJYYUThH Bbl-
MY OMSIHY Thle Pe3y/IbTarhl (cM., Hampumep, [15-19)]).
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[TpusenenHas TeopeMa UMeeT pasuble 0600meHus (cM., nanpumep, [15,17,20]), oqaaxo ocra-
€TCsl ellle MHOI'O MHTEPECHBIX M BaXKHBIX MPOCTPAHCTB U KJIACCOB (PYHKIIHI, 119 KOTOPBIX aHa-
JIOTH BapUAIMOHHOTO IPUHITUIIA elTle He 1moTydenbl. Hacrosmas paboTa rnocssimnena o6001IeHno
BapHUAIMOHHOIO MPUHIUIA DKJIAHIA /s (DYHKIHI, KOTOPbIE OIIPEJIe/IeHbl Ha KBa3UMeTpUte-
CKOM TIPOCTPAHCTBE, 6€3 alpUOPHOTO IPEJIIOJIOKEHN OrpaHndYeHHOCTH (pyHKImi cuuzy. s
METPUYECKHUX TIPOCTPAHCTE aHAJOIMYHbIH pe3y/ibrar ObLT moyden B [19)].

1. IlpenBapurenbHbIE CBEAECHUS

[Iycts (X, p) — 910 3aj1aHHOE KBa3UMETPUIECKOE MPOCTPAHCTBO. HamoMHUM psit onpe/ie-
JIEHUI, CBA3AHHBIX ¢ 3TUM noHAgTHeM. DyHKINA

plx,y)=ply,z), wyeX
HA3bIBAETCsI CONPSIZKEHHOI KBa3NMETPUKON K KBasuMeTpuke p(z,y).

Onpenenenne 1.1. IlocnemoBarensrocrs {x;} C X wHasbiBaercsa cxojsimeiics K
Touke r € X, eciu

Ve>0 INeN: px(z,x;)<e Vi>N.

Onpegenenune 1.2. [locrenoarensuocts {z;} C X naspiBaeTcs QyHIaMeHTAIb-
HOI, ecju
Ve>0 INeN: px(z;,z)<e Vi>j>N.

Onpenenenne 1.3. Kasumerpuueckoe npoctancTBo (X, p) Ha3BIBAETCS IIOJIHBIM,
ecsin Jiodas pyHIaMEHTaJIbHAA [TOCIE0BATETbHOCTh B HEM CXOJIUTCH.

Onpepnenenne 1.4. Kpasumerpuaeckoe nmpocranctso (X, p) HA3bIBAETCS COIPSIZKEH-
HO-TIOJIHBIM, €cJiu Jiiobas (pyH1aMeHTaIbHasd OTHOCUTETbHO KBA3UMETPUKH p TOCJI€I0BATE b
HOCTb CXOJIUTCS OTHOCUTEJbHO METPUKU p.

ITonsarue COHpﬂ}KeHHOfI IIOJIHOTBI BOSHUKaE€T BO MHOI'UX CJ/Iy4dadX. HpI/IBe,ZLeM IIpuMep KBa-
SUMETPUIECKOI'O IIPOCTPaHCTBa, KOTOPOE ABJIACTCA COIIPAZKEHHO-IIO/THBIM, HO HE ABJIACTCHA I10JI-
HbIM.

[Ipumep 1.1. Paccmorpum kBasumerpuky 3oprerdpes va X = R,

’ZZ' - y’? x < Y,
plz,y) =
1, T > .

[IpoBepuM, YTO HMPOCTPAHCTBO SIBJISIETCS CONPSI?KEHHO-TIOIHBIM. [lycTh X, compsizKeHHO-
dyHIaMeHTaIbHAs TI0CIe0BaTeIbHOCTh. Torma st jroboro € > 0 cymecrByer N Takoit,
qTo Jyist jroboro n > N Beimosnsercs p(z;,x;) < € g mobsix j > ¢ > N. Ilo ompe-
JIEJIEHUIO0 KBa3UMETPUKU 30preHdpesi, 9TO O3HAYAeT, YTO cyliecTByeT HoMmep N Takoif, 4To
[OCJIEIOBATEILHOCT { XN, TN 41, ...} SIBJISIETCS] MOHOTOHHO yOBIBAIOIIEH 1 OrpAHUYeHHAs CHU-
3y. Hec/10:kHO IpOBEpUTD, 9TO TOUHAST HUXKHsASI IPAHUIIA STOM 1IOC/IeI0BATEIbHOCTH SIBJISIETCS €€
npejiesioM (OTHOCHTEeNIbHO KBasuMeTpuku p ). CrenoBaresbHO, TpocTpaHcTBO (X, p) sABIgETCS
COIPSAZKEHHO-TIOJTHBIM.

PacemorpuMm Tenephb mociieioBaTeIbHOCTD Yy, = 1 — %, n=1,2,.... Ouna asisgercsa dyH-
JIAMEHTAJIbHOW OTHOCHTE/IbHO KBa3UMETPUKU p, OHA He sBjsgeTcd (QyHIaMEHTAJIbHON OTHO-
CUTEJIbHO KBa3UMETPUKU p U HE CXOJUTCS OTHOCUTEJILHO KBasumerpuku p. CrempoBaresbHO,
npocTpancTBo (X, p) He sIBJISETCS TTOJTHBIM.
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[Iycte o € X u r € Ry. Onpesesnnm 3aMKHYTBI 1 OTKPBITBIii APl KAK
B(zg,r):={z € X : p(xg,x) <r}, Oxg,r):={z € X :p(xg,x) <1}

AnaJiornano OIIpeJIeJINM COIIPsAXKEHHbIC IIapbI:

B(xg,r):={r € X : p(wg,7) <71}, O(xo,7):={x € X : p(wg,7) <71}

[Tycts Tenepnb (X, p) — CONPSIZKEHHO-TIOJIHOE KBA3UMETPUIECKOE TIPOCTPaHCTBO. Jljist j1t060it
dbyuxmm U : X — RU {+o0} nomoxum

v(A):=inf U(z), ACX, A#0.
€A
Bynem mpennonarars, 1to y(A) MOXKeT NpUHAMATH 3HAYCHHS —OO HJIH +00.

Hepes Q(X) Oyaem oboznadaTh MHOKeCTBO Beex yuknuit U : X — R U {+oo} rakux,
q10 Y(A) > —o0 g Jroboro Hemycroro orpanudentoro Muaoxkecrsa A C X. s U € Q(X),
notoxkuMm domU = {z € X : U(z) < +oo}. Ormernm, 410 Jfobas OrpaHu<deHHAs CHU3Y
dbyuxmus U nexur B Q(X).

B [20] 6110 THOJTYIEHO Cceytotee 0600IIeHne BapUAIMOHHOTO TPUHITNIA DKIaH/IA.

Teopema 1.1. IIyemw npocmpancmeo (X, p) conpasicenno-noano, o gynrkuyua U @ X —
RU{+o0} asasemea cobemsernnot oepaHuiennots chudy u nosyrenpepuenot chudy. Toeda das
A106020 € > 0 u das a0b020 xo € X, 0as Komopolx

< inf U
f(zg) < ;SX (z) +
cywecmeyem mouka T € X makxas, 4mo

Uz) < U(xo), p(,a0) < A (1.1)
U(z) < U(z) + ip(x,j) Vre X\ {z).

Bameuaanue 1.1. B crarbe 20| conpsizKeHHYIO HOJHOTY Ha3bIBAIOT TpaBoii p — K -
nosiHoroit (right p — K -completeness). Takzke Moj4epKHYTO, YTO TOMOJIOIHsI, TIOPOXKJICHHAS
KBa3UMETPUKOIl, yIOBJIETBOPIET akcuome oTiaeauMoctu 1. Y Hac ke akcuoma 1) sgBisgercd
HPSIMBIM CJIEJICTBUEM OIpeJIeJIeHNsT KBa3UMETPUKI. DT0 00bscHsIeTcs TeM, 9To B [20] moHsaTHe
KBa3suMeTpuKH ciabee, 4eM 3j1eChb. A UMEHHO, B onpejesiennu KBazuMerpuku B [20] akcuoma 1
3aMeHeHa 0oJiee CJIadbIM yCJIOBHEM:

p(z,y) =ply,z) =0 = x=y Va,ycX.

2. OcHoBHOIi pe3yJbTaT

Teopema 1.1 mpuMeHHMa TOJBKO K OIPAHUYCHHBIM CHU3Y (hyHKImsiM. Pe3yibrar, KoTopbIit
MBI ChOPMYIUPYyEM HUKE, TPUMEHUM i 60Jjiee MUPOKOTo Kjacca (PYHKIH, BKIIOYAIONINI B
cebst MHOTHE (DYHKIIUN HEOTPAHUIEHHBIE CHU3Y.

[Iycrs (X, p) — 9T0 3aaHHOE KBA3UMETPUIECKOE MTPOCTPAHCTBO.
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Teopema 2.1. [lTycmv xeazumempuueckoe npocmparcmeo (X, p) conpascenno-noino,
Pynryus p noaynenpepviena ceepry no nepsomy apeymenmy, dynwkyus U @ X — RU {400}
noaynenpepvisha crudy u U € Q(X). Tozda dan awbozo xo € domU, das 40600 dynryuu
e: Ry — (0,400) maxot, wmo

U(zo) < y(B(xo,7r)) +e(r) Vr>0, (2.1)

u daa mobozo A > 0 cywecmsyem mouka T € X maxas, wmo ewnoanaemca (1.1), m. e.
U(z) <U(xo) u p(xg, ) < A, u umeem mecmo

Uz) <U(z)+ @p(m,f) Vee X\ {z}. (2.2)

Jloka3zaTeabcTBo. BodbMeM npou3BojibHBIE TOUKY Xy € X, dyukmuio € : Ry —

(0,400), ymosaerBopsiomnyio (2.1), u uncao A > 0. Ilosoxum
e(N)
Xy=qzreX: Ux) +Tp(x,x0) < U(xg)p, A>0.

JlokakeM, 94TO MHOXKeCTBO X) 3aMKHYTO. Bo3bMeM TPOM3BOIBHYIO IMOCJIEI0BATETLHOCTD
{z,} € X\ urouky = € X rakymw, uro z,, — x. [lockonbky dyuknusa U mosyHenpepbiBHA
cHu3y, Jyuis Jioboro § > 0 cymectByer Homep N (0) Takoit, uro U(z) < U(z,) + d upu Beex
n > N(J). Vmeem

U(x) + i:\>p(9[:, xg) < U(xy) + 60 + #p(x, o)
e(N) e(N)

S U(l’n) + ) + Tp(x, l‘n) + Tp(xn,azo)

Jts1 JIE00bIX 0 > 0, n > N(0). 37ech epBoe HEPABEHCTBO CJIE/yeT U3 MOy HEIIPEPBIBHOCTH CHIU-
3y dyukiuu U, BTOpoe cjejlyeT u3 HEepaBEeHCTBA TpeyrobHuKa. V3 ompeenenns MHOKECTBA
X\, TOJIyHEITPEPBIBHOCTH CBEPXY (DYHKIIUU p TI0 IEPBOMY apryMEHTY, IepeXo/id K IIPeJIeTy IpH
n — 00, a 3aTeM Nepexojd K npejeny npu o — 0, mosyaum

e(A)

Uw) + == p(,20) < U(zo).

Tem cambiM ycranosseno, uto x € X. CuenoBaresbro, X, 3aMKHYTO.
Hokazxewm Bioxenne X, C B(xg, ). dust mroboro x € X, umeem

U(zo) =U(z) _ \ Ulzo) = 7(B(zo, M)
T <

p($7x0> < A

3/1ech TIepBoOe HEPABEHCTBO CJISAYET U3 onpejesieHus Xy, BTOPOe HEPABEHCTBO CJIE/IyeT U3 Olpe-
Je/leHus Y, TpeThe HepasencTso cieayer us (2.1). Cienosarensno, Xy C B(w, A).

Tak xkak X, 3aMKHYTO U orpanudeno, (X, p) SABISETCS CONPSIKEHHO-IIOJHBIM KBA3HMeET-
purdecKuM npocrpanctsoM. Jonoaurensno, U orpanmdeno cuusy na Xy unciaoM v(B(zg, A)),
T. K. u3 BriodeHns X, C B(zg,\) caeayer, aro y(B(xg,\)) < y(X)). [Ipumenss Bapuarm-
OHHBIN MPUHIUI DKJIAHIA I KBA3UMETPUICCKUX TPOCTPAHCTB it orpanndenus U ma X,

MBI TIOJIy9HM, YTO CyIIeCTBYeT Touka T € X, Takas, aro (1.1) BeIIOTHSIETCS U

U(z) < U(a:)—l—@p(x,x) Vee X, x#TI. (2.3)
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Ocrajiocw jtokazarh (2.2). BosbMeM 1npousBosibayto Touky © € Xy. g Hee HEpaBEHCTBO
(2.2) caeayer n3 mepaserncrsa (2.3).
Bosbmem ternepb Touky x € X,. meem

e(A _ e(A _ e(N) _
U) + N o) 2 U@ + X o(a,20) — @ 20)) > Ulao) - W p(a.0) > ()
311ech mepBoe HEPaBEHCTBO CJICYeT N3 HEePaBEHCTBA TPEYrOJLHUKA; BTOPOE HEPABEHCTBO CJIe-
JyeT u3 onpejenerust Xy, MOCKOIbKY & € X); a TpeThbe HEPaBeHCTBO CJIEyeT U3 OlpeeIeHIs

Xy, T k. T € X,. Cuenosaresnbro, st © ¢ X, HepaBeHCTBO (2.2) TakxkKe cupaBeymBo. [

[IpuBemem npumep GYHKIUU, [0 KOTOPOW He IpuMeHHMa TeopeMa 1.1, HO HnpuMeHHMa
Teopema 2.1.

Mpumep 2.1. Iycrs U(z) = —\/m , ¢ € R. Tak Kak (pyHKINUsS HEOrpaHUYIEHA CHUZY,
K Hell HeBO3MOXKHO IPUMEHHUTDH TeopeMy 1.1, Ho OHa yI0BIeTBOPSET BCeM TPeOOBAHIAM TEOPEMbI
2.1. ITpumennm 31y Teopemy B Touke xo = 0. Ionoxkum &(r) = /r. Torma upesnonoxkenne
(2.1) Bbimodasiercs. [Tosromy 1o Teopeme 2.1 cymiecTByer Touka T Takasd, 4to |T| < A u

VE| < \/erglx—fl Vo #Z.

O6cymum Terieps npumenerue Teopemsl 2.1. [lycrs namee dyukiusa U : X — R orpanndena
cunzy. [omoxxum

v:= inf U(z).

zeX
Ounpenmenenne 2.1. Bymem roBoputh, uro ¢dpyuknus U yI0BIETBOPSET COMPSIZKEH-
Homy ycJsioBuio tura Kapucra ¢ koncranroit k > 0, ecan

Vee X: U(xr)>~y 32’ eX: U@)+kplx,2) <U(x).

Cdopmynupyem ciaenctsue K Teopeme 2.1, KOTOPOe sIBJISIETCSA JIOCTATOYHBIM YCJIOBHEM CY-
IIECTBOBAHMS MUHUMYMa, JIJIsl TIOJIYHEIIPEPBIBHBIX CHU3Y (DYHKIIHIA.

Caexncrsue 2.1. [Tycmv npocmpancmeo (X, p) conpasicenno-noino, k6a3umempura p no-
AYHENPEPBIBHA CEEPTY Mo nepsomy apeymenmy, o gynrkuua U @ X — RN {400} noaynenpe-
puera chudy. Eeau dynxuyus U ydosaemeopaem conpascennomy yciosuro muna Kapucmu c
xoncmanmot k, mo dasa aobozo xg € domU cywecmeyem T € X maxot, wmo

_ _ U(zy) —U(z
U) =2, p(Z x0) < %
HdoxkaszaTesubctTBo. Be3 orpannyuenusi OBIHOCTH MPEIIOIOKUM, YTO BBIIOJIHEHO
v =0 u U(xyg) > 0. Homoxum e(r) := U(xg), a X\ = @ [Tpumensisi Teopemy 2.1, mo-

JIVIUM, 9TO CyIIecTByeT T € X TaKoii, 9TO

U(z) <Ulxo), p(T,20) <A,

Uz) <U(x) + i;)p(:v,x) Vee X\ {z}. (2.4)

[Tokazkem, aro ToUKa T siBjsieTcss uckomoit. Jlocrarouno mokasars, uro U(Z) = 0.
[Ipeamonoxum nporusHoe, mycts U(z) > 0. Torma, mo conpsizkernomy yciaosuio Kapucr,
cymiectByer Takoit ' € X, x' # T, dro

U(x') + kp(z,2") < U(z).

[Tostyunsm mpoTHBOpeYne cO CTPOTUM HepaBeHCTBOM (2.4). ]
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ITpobiaema ko3 pummeHTOB A1 OrpaHUYEHHBIX PYHKIINI
U ee MPUJIOXKEHUS

Henuc Jleonnmosuu CTYIINH

OI'BOY BO «TBepckoii rocy1apCTBeHHBIN YHIBEPCUTETS
170100, Poccniickas @enepanus, r. TBeps, yi. 2Kensdbosa, 33

Annoramus. [Iposogurcs 0630p Bocxopsmiero kK V. Ilypy pernenunst Kiaccuaeckoil mpodreMbl
K03 durmenToB Ha Kjacce )y OrPAHUIEHHBIX B €IMHUYHOM Kpyre (pyHKIUH w € HOPMUPOB-
kot w(0) = 0. 3areM BBIBOJATCSI IEPBBIE IECTh HEPABEHCTB, OINUCHIBAIOIINE COOTBETCTBEHHO
[epBble MecTh Tesl KoadduiueHToB Ha Kiacce (g. lajee msiaraercs MerTos, IOJIydYeHUs aHa-
JIOTMYIHBIX HEPABEHCTB JJIsi CBS3aHHBIX C KjaccoM )y KjaaccoB Mp yHKIHMM, TOMIMHEHHBIX
rojiomopdHOI MyHKIME F, U npu 3TOM jraeTcs pelreHue mpobeMbl KO3 MOUITUEHTOB JIJIsl ITUX
KJIACCOB. 3aTeM aHAJN3UPYIOTCS CBOMCTBA YIIOMSIHYTHIX HEDABEHCTB, & TAKIKE CBI3U MEXKLY HU-
vu. Kpome toro mokaszamno, 4ro s onmcanus n-ro Tena Koddduimentos Ha Kiacce {1y, a
cJe/ioBaTesbHo, U Mp J10CTaTOYHO TOJILKO OJHOTO 7 -T'O HEPABEHCTBA.

O06cy ) aa10Tcs 33129 Kak 00 OIEHKE MOJLYJIsl KaXK/IOT0 HAYAJILHOI'O TeHIIOPOBCKOT0 Ko du-
IUEHTA II0 OTJIEJBHOCTHU, TaK U 00 OIEHKe MOJyJIeil BceX TeHJIOPOBCKUX KOI(PDUIMEHTOB CPa3y.

Sajada oIy 9€HIsT TOYHBIX OIIEHOK MO/TYJIsSI TEMJIOPOBCKOTO KO3 pUIinenTa ¢ HOMEPOM 7, TO
ecrb dyukiuonana |{f},|, Ha kiacce Mp cHauasa cBeleHa K 3ajade 06 OleHKe QYHKIMOHA~
Jla HaT KiaccoM §lg, KOTopasi B CBOIO OYepe/b CBeJleHa K 3a/(atde O [ONCKEe MAKCUMAJILHOIO 110
MOJLYJIFO YCJIOBHOTO 3KCTPEMyMa JleHCTBUTENbHO3HAUHOM hyHKImn 2(n — 1) JefcTBATEIBHBIX
apryMeHTOB C orpaHnydeHussMu Tuia HepaBeHCTB 0 < zp < 1, 0 < ¢ < 2, UTO MO3BO-
JIsTeT TPUMEHSTHb CTAHIAPTHBIE MEeTOAbI 1uddepeHITNaTbHOIO UCUUCIEHUsT JIJIsl UCCIIEIOBAHNS
Ha SKCTPEMYMBI, TaK KakK IiejieBasi (DYHKIMs OECKOHEYHO IJIaJIKasl 110 BCEM CBOMM apr'yMeHTaM.
JJtst 9TOr0 MCIIOMB3YIOTCSA PE3yIbTAThl PENTeHnsT KJIaCCUIeCcKoi mTpobieMbl KO3(hDUITMEHTOB Ha,
Kmacce {g.

KiroueBsbie ciioBa: orpanudennabie QyHKIMM, Ipodaema Ko3hOUIneHToB, Testa KodbdOuIneH-
TOB, TOYHBIE OIIEHKM MOJIYJIell TeHIOPOBCKUX KO3 PUIMEHTOB, runore3a Kimmxka

Hnsa nurupoBauus: Cmynun /I.J1. Ilpobiema k03D PUIMEHTOB /11t OrpaHUIeHHBIX (DyHKITI
u ee npuioxkerus: // Becruuk poccuiickux ynusepcureroB. Maremaruka. 2023. T. 28. Ne 143.
C. 277-297. https://doi.org/10.20310/2686-9667-2023-28-143-277-297
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and its applications
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Abstract. A review of the solution of the classical coefficient problem on the class Qg of
bounded in the unit disc functions w with normalization w(0) = 0, going back to I. Schur,
is given. Then the first six inequalities, describing respectively the first six coefficient bodies
on the class {0y, are derived. Next, a method of obtaining similar inequalities for classes Mg
of functions subordinated to the holomorphic function F, giving the solution of the coefficient
problem for these classes, is given. Then the properties of the mentioned inequalities as well as
the relations between them are analyzed. In addition, it is shown that only one n -th inequality
is sufficient to describe the n-th body of coefficients on the class €2y, and hence on Mp.

The problems of estimating both the modulus of each initial Taylor coefficient individually
and estimating modules of all Taylor coefficients at once are discussed.

The problem of obtaining the sharp estimates of the modulus of the Taylor coefficient with
number n, i.e. the functional |{f},|, on the class Mp is at first reduced to the problem
of estimating the functional over the class €y, which in turn is reduced to the problem of
finding the maximal modulo of conditional extremum of a real-valued function of 2(n —1) real
arguments with constraints of inequality type 0 < xx < 1, 0 < ¢ < 2w, which allows us to
apply standard methods of differential calculus to study for extrema, since the target function
is infinitely smooth in all of its arguments. For this purpose, the results of the solution of the
classical coefficient problem on the class 0y are used.
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Bsenenue

[Iycts 2y — Kjace rosloMOpgHBIX B OTKPHITOM eJIMHUYHOM Kpyre A dyHKIuil w, Takux,
qro |w(z)| <1, z € A, w(0) =0. Oboznaanm [gepe3 ) kmacc romoMopdubx B A dyHKimii
w Takux, uro |w(z)| <1, z € A.

YrBepxkaenne 0.1. QPopmysra wo(z) = zw(z), wy € o, w € Q, ycmanasausaem 63aum-
HO 00HO3HAwHOE coomeememeue mearcdy g u 2.

HoxkazartenbcTso Eum w e, 10 oueBunno, uro 0 - w(0) = 0 u |zw(z)] < 1,
z € A, cieoBaTesIbHO Wy € §p.

Ob6parHo, ecim wy € €y, To cormacuo jemme IBapra [1, ¢. 29] wo(2) < |z|, z € A, craso
6bITh |wp(2)/2| < 1 1 w € Q. OcobeHHOCTH B HaUae KOOPIMHAT CIMTAEM YCTPAHEHHOM.

BuekTuBHOCTH COOTBETCTBUS CTAHOBUTCS OYEBH/HOMN, €C/IHM paccMaTpuBaTh QYHKIUN w U
Wo KakK CTENeHHDbIE PAODI. ]

Teittoposekue koadduimentsl GyHkiun w Oyaem obosnadars {w},, n € {0} UN.

[Ipobaema ko3 duimenToB Ha Kaacce {2y CTaBUTCsS TaK: HAUTH HEOOXOIUMBIE U JOCTATOY-
HbIe YCIOBHsI Ha KOMILIKCHbIe yncia {w}hy, {w}s, ... Jus Toro, urobnl paa {whiz+{w}ez?+. ..
ObL1 psijiom Teitiopa HekoTopoit pyHKIUE Kiacca (2. 3ajada O MOJyIEeHUN TOYHBIX OIECHOK
MOJTyJIeit 5TuxX KoahummenToB Ha Kiracce )y ecTh YaCTHBIN cydail mpobsieMbl Ko UImen-
TOB.

B 1917 romy U. Illyp uccrenosar kiaace €2 [2]. B wacTrOCTH, OH Ja/1 a71M0pUTM ONpe/Ie/IeHIs
dakTa NpUHAJIEZKHOCTH TOJIOMOPGHON (DYyHKIINK Kaaccy {2 U MoKa3aJl, YTO KaxKaad (PyHKIId
kjacca () MoxkKeT ObITH TapaMeTPU30BaHA HEKOTOPOil TIOC/IEI0BATE/IbHOCTHIO KOMILIEKCHBIX -
ces1, m3BeCcTHBIX Kak mapamerpsl [llypa. Orum ompemensatoT mpejcTaBiieHne JaHHON QyHKITUN
KJacca {) B BUJIe HEIIPEPBIBHOM JIPOOH.

Pa6ora [lypa [2] 6pu1a omybinkoBana 1depe3 10 ser mocste nepsoit paborer K. Kapareosio-
pu 3], mocesiennoit npobiaeme kKoadduimentos s Kiaacca C' GyHKIUi ¢ MOJI0KUATETHHOM
BellleCTBEHHOI JacThio. OcHoBoMO IaraIeil paboroit 1mo mpobdseme Ko3hMUIIMEHTOB B KJiacce
C' cuauraercs cratbst Kapareonopu [4]. I[lonpobroe uznoxkenne perennst mpobdieMbl Koadhduriu-
enToB jiis kiaaccoB ) u C umeercsa B pabotre [5]. B ynmomsanyroii pabore TakKe ecTh KpaTKuii
UCTOPUYIECKHIT 0630D.

Tak kax mpobsema kKo3(huUIMeHToB I Kjaacca ) ObLaa peleHa, TO B HACTOSIIEE Bpe-
Msl (POKYC BHUMAHUS UCCJIEIOBATEICH CMECTUICS B CTOPOHY IIEPEHOCA PEe3YJIbTATOB Ha JIPYyrue
KJIACCHI, & TaKzKe Ha 000O0INEeHNEe METOJIOB, MCIIOJIH30BABIINXC JIJIs pellenus 3Toi 3aaaqu. 13
COBPEMEHHBIX PaboT B 9T0it obactu ormerum [6, 7.

Mmuorue 3a/1a4u reoMeTpUYEcKOil Teopun (DYyHKINNH KOMILJIEKCHON IepeMeHHOM CBOJATCA K
MU3YyYIEHUIO CBOMCTB (DYHKIMH Yepe3 ee TeI0pOBCKHe KOI(MDPUITUEHTHI. DTa TeOPUsl UMeeT IPH-
JIOKEHUSI B THIPO- U adPOJMHAMEKE, Ha €e OCHOBe C(OpMHUPOBAIaCh, B YACTHOCTU, TEOPUS
npoctpancTB TeifixMiosepa, UMeIoas MepPCIeKTUBHbIE TTPUJIOKEHUS B COBPEMEHHON MaTeMa-
TUYIECKON U TeopeTudeckoil pusuke (COMUTOHUKE, KOH(MOPMHO, KAJIUOPOBOYHON U CTPYHHOI
TEOPHSX OJIS).

[Ipobiema K03 PUITUEHTOB UMEET HEITOCPEJICTBEHHYIO CBSI3b ¢ TEOPUE TOTIMHEHHBIX (DY HK-
it [8] u, B wacTHOCTH, ¢ runoresoil Kimmka [9]. IIpobaema Kimzka mys kosddurmenta ¢ HO-
MepOM 7 ecThb 3ajia4a Ha SKeTpeMyM dyHKimonana (koadduimenta psia Teiiopa ¢ HomepoM
1 ), KOTOPYIO MOYKHO CBECTH K 3ajiade 00 SKCTpeMyMe JieficTBUTe IbHO3HAYHON hyHKIuu 2n — 3
JIeHCTBUTEIbHBIX TIEPEMEHHBIX.
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Kpome riyboKux 1 MHOTOYUCIEHHBIX IIPUJIOYKEHUI B Teopun (DyHKITUI, n3J/1araeMbie B CJIe Ty~
I0MUX naparpadax n3BecTHbIE 1 HEKOTOPhIE HOBLIE PE3Y/IbTATHI 10 TTpobiieMe KO3 PUITMEHTOB
UMeIOT PUJIOYKEHNS B KJIACCHYECKON MpobJieMe MOMEHTOB, TEOPUHU OIIEPATOPOB U TeOPUH 00pa-
borku curnajos. Kiace )y TecHO cBsI3aH ¢ KJACCAMH OJIHOJIMCTHBIX (DYHKIHUI, B YaCTHOCTH,
¢ KJIACCAMU BBIMYKJIBIX U 3Be3HBIX GyHKIMA. COOTBETCTBEHHO, U IpobieMa KO3(hDUIIMEeHTOR
i (g cBA3aHa ¢ mpobsemMoil KodpDUIMEHTOB I YIIOMSHYTBIX KJIaccoB. Takke MMeroTcs
napaJiiesn Mexky mnpobsemoii koadduimentos u teopemoii [le Bpamxka (panee rumoresoit
Bubepbaxa).

1. O0630p pe3yabTaToB 110 IIPOobJIEeMe KO3 PUImeHToB

Kak yromunasiocs Boiiie, . [lyp pemmi npobiiemy Koadpdunnenton Ha kiacce €. B nan-
HOIT paboTe MbI OYyIeM UCIIOIb30BAThH PE3Y/ILTAThI 110 TIpodJieMe KOIMMUITNEHTOB J/1 TOJIKJIacCca
Qo xmacca 2. YrBepxkiaerue (.1 mMO3BOJISIET JIETKO MEPEHECTH BCe PE3YIBTATHI C Kjacca ) Ha
Kaacc g, 9eM MBI U 3aiiMeMcsl B 9TOM IyHKTe. HekoTopble yTBep:KieHust Oy/IyT MPUBEICHbBI
6e3 JrokazaTesbeTB. Bee 0TCy TCTBYIONIIE 3/1eCh T0KA3aTeIbCTBA MOXKHO Haiitu B pabote [5].

MHOKeCTBO, TOUKAMHU KOTOPOTO SBJISAIOTCS YIIOPSIOUE€HHBIE HAOOPBI 7 KOMILIEKCHBIX THCET
™ = (c1,...,¢,), MBI GyJeM HA3BIBATH 71 -MEPHBIM KOMILIEKCHBIM HPOCTPAHCTBOM I 0603Ha-
garh ero cumBojiom C", n € N.

MmuozkecTBo, cocrosmee u3 Touex w™ € C* Taxux, uro wnciaa {wh, ..., {w}, apadorca
mepBBIME 1 KO3 uImenTaMn HeKOTOPoit GyHKIIH Kaacca (g, Oyaem o0o3HaIaTh depe3 Qé")
U Ha3bIBAThb N -M TeJoM Ko3dhduimenTon Kiacca §)g.

ITon e-okpectrOCTBIO Toukn W™, € > 0, GymeM HOHHMATH MHOMKECTBO, COCTOSINEE N3
touek w™* = ({wht, ... {w}:), yaosrersopsionmx yemopuam |[{whi — {whi| < &, mma Beex
k=1,...,n. Byuem Ha3bIBATbH 5TO MHOMKECTBO mapoM ¢ rneatpoM w™ pajmyca €.

Ncxomst w3 OHSATHS OKPECTHOCTHU, MOXKHO OIPeIe/INTh TIPe/ie/IbHbIe, BHYTPEHHNE U TPaHUI-
HbIe TOUYKH MHOYKECTBa, OTKPBIThIE M 3aMKHYThIe MHOY)KeCTBa. BBesieHHyo Takum obpazom B C"
TOIIOJIOTUIO OOO3HAYUNAM Tr,.

3aMeTuMm, 9TO 10 CyTH MbI HESIBHO BBeJIM HOPMY [/t TOYKH ¢ mpoctpancrea C™:

lell = max Je].
HOC.He 9ero Mbl HEABHO BBEJIM METPUKY Ha OCHOBE STON HOPMBI, a 3aTeM y2Ke ITIOCTPONJIN TOIIO-
JIOTUIO Ha OCHOBE METPUKH.

Berony nanee Bo Bcex paccy:xkienusx B C™) jayke eciin 9TO He OrOBOPEHO sIBHO, OyieMm
UCIIOJIb30BATh TOIOJIOTHIO Ty, & IIPU PACCYKICHUAX O (DYHKIUAX Beerja Oy/1eM HCII0Ib30BATh
TOTIOJIOTUIO JIOKAJIbHO-PABHOMEPHON CXOIMMOCTH.

Ucnonb3ys reopemy Beiteprrpacca [1, . 17|, jerko mokasarhb, 910 U3 JOKaJIbHO-PABHOMED-
HOW CXOJIMMOCTH TIOCJIE/IOBATEIbHOCTH (DyHKIMN Kiracca {2y CJe/lyeT CXOJMMOCTh COOTBETCTBY-
IOIIUX [T0CJIe/I0BATEIbHOCTE HAOOPOB TEMIOPOBCKUX KOIMDMUIMEHTOB 9TUX (PyHKITUI B TOIIOJIO-
run 7, (obpaTHOE yTBepIK/eHNe, KOHEYHO, He BEPHO, OJTHAKO B KAKOM-TO CMBICJIE «OODATHBIM»
MOXKHO cuuTaTh opmynupyemoe Huxe yrsepxienue 1.3). ChopMmynupyem 3TOT pe3yabrar B
SBHOU (bopMme.

Jlemma 1.1. ITyemv n € N. Ecau nocaedosamenvrocmo gynruyut {wi e, wi € Qo, cxo-
dumcs A0KAALHO-pasHOMeEPHO, Mo nocaedosamervrocmys movwek {({witi, ..., {wktn)}ee, cxo-
dumcs 6 MonoNOUY Ty,
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YrBepxkaenune 1.1. [Tycmv n € N. Mwnoowcecmeo Ql(]") ecmu abCcoOMMO BOINYKADIT KOM-
naxm 6 npocmpancmee C", codeporcawyutica 6 wape ¢ UeHmMpom ™) = (0,...,0), paduyca 1
U uMmerwull ™ ceoed sHYMpPEHHET mouko.

Hokaszarenbctso. Tak kak wy,ws € Qg Baeder aw; + (1 —a)ws € Qy, 0 < a < 1,
TO Yo 1 Ql()") — BBIIYKJIbIe MHOKeCTBa. [[0CKOJIBKY BMecTe ¢ w B Kjaace (g BXOAUT U PyHKITUST
Cw, [€|=1, 10 Qo n an) — abCOJTIOTHO BBIMTYKJIbIE MHOYKECTBA.

Jlnst m060ro 6eCKOHETHOro MHOXKeCcTBa (DyHKIHUH n3 )y mMeeT MeCTO MPUHIIUAI KOMIIAKT-
Hoctu Mownrens [1, c¢. 23|, u npenenbHble GyHKIMI BHOBb HpuHajiexkar )y (Tak Kak Bce
dbyukuun kiracca y paBrHomepno orpanudersl BayTpu A ). CiiemoBaTesbHO, Q(()") — 3aMKHY-
TOe MHOXKECTBO, coryiacto Jjiemme 1.1. MuoxkecTBO Qé") COJICPXKUTCH B IIape pajmyca 1, Tax
kak [{w}i| <1, k €N, 9r0 BbITEKAET U3 UHTErPAJIBLHOTO TIpecTaBienns {w}.

Bee nomunomsr w(z) := {whz + ... + {w},2" ¢ mocrarouno masibivMu kodbdunmeHTaMI
{w}r, & =1,...,n, nexar B kiacce ). [eilcrBuresibHo, ecin w orobpazxkaer A B Kpyr
paguyca r, 7 > 110 w/r € Q. Cramo 6bTh TOuKa (0, ...,0) — BHyTpeHHsIsI TOUKa Q(()n). ]

YrBepxkaenne 1.2. Kaacc (g uesurxom cocmoum us3 2paHuMHbLE MOYEK 6 MOonos02ul
AOKAAOHO PABHOMEPHOT CXOOUMOCTIU.

JokaszarenbctTso. Ecm w — npoussoibHasg GyHKIua Kiaacca (g, TO ee MOKHO
AIPOKCUMUPOBATH POU3BeIeHusIMU Bursiiiike [5, yrBepxkaenue 1]. O603HaIMM 3TH AIIIPOKCH-
Malliy 9epe3 w, U PacCMOTPUM ToceaoBaTebHoCcTh {wy(2) +1/n}22 . Tak Kak w,, n € N,
0TOOpaKAIOT €MHIYHYIO OKPYKHOCTh Ha cebst, To QyHKINN wy(z) + 1/n, odeBuHO, JTekKAT
BHe Kjacca ()y. C mpyroit ctoponsl, w, € 2y, n € N, u 3ra moc/e10BaTeIbHOCTD CXOIUTCS
JIOKaJIbHO paBHoMepHo K dyHkmuu w € €y Ha A. Takum obpa3oM w — I'pDaHUYHAs TOYKA
kitacca . O

Bamernm, uro QyHKIWMA w(z) = 2/2 COMIACHO YTBEPKICHUIO 1.2 sIBJIsIETCA TPAHIUYHON TOY-
Koit Kacca (g, HO Habop ee Koabburmentos (1/2,0,...,0) He gBISETCS TPAHIIHON TOUKOI
muoskectsa Q.

Yrob6n!r penuth mnpodiemy kodddummentos Ha kiacce (), . Ilyp wucrnonb3oBas crernu-
aJIbHBIE TI0csIejoBaTebHOCTH dyHKImit. Crreytomnee yrBepkKIeHre — 9TO 1O CyTH HECKOJIBKO
BUIOM3MEHEHHas1 (popMa BTOPOi TeopeMbl Abesist.

o n
Vreepxkaenue 1.3. [Tycmo w(z):= > {whz® € Qy v w,(2):= > {whrzF+o(z"), n €N,
k=1 k=1
mozda nocaedosamenvrocms {w, }22 | crodumcs aokaavHO pasHOMEPHO K w Ha A.

MokaszaTeabcTso. 3amerus, uto w(z) — wy(z) = O(z"™), n € N, jerko mnoka-
3aTh, YTO MOCJIEJOBATEILHOCTD {2™}°7 | CXOAUTCS JIOKAJIBHO PABHOMEPHO K TOXKJIECTBEHHOMY
HyJT0 Ha A, OTKyJa Cpady CJIeJyeT, YTO IOCJeJ0BATELHOCTD {wy, }52 | CXOMUTCS JIOKAJIBHO
paBHOMEpPHO K w Ha A. n

Berimme yke ynomuHamoch, uto B 1917 rogy B pabore [2| mosiBuics aaropuTM, COCTOSIIHI
B 00ITIEM cilyvae U3 CYeTHOIO KOJIMYECTBA IAroB, MpeIHa3HAYeHHbBI /IS Olpe/lesieHns (haKTa
npuHa IekuocTu rojiomopdnoit dyuknun kiaccy (). W. [lyp nokaszas, aro KaxKioit GpyHKImn
w Kiacca §) COOTBETCTBYET OJIHA 1 TOJBKO OJIHA MOCJICI0BATEIBHOCTh KOMIIJICKCHBIX IHCEN, ¢,
j € NU{0}. Hdnsa onpenenenust stux napamerpos V. Ilyp gai cieayrongyio mpomeypy:

()= L 2am1(Z) — @
T TG W)

k=1,2,..., (1.1)
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rae wo:=w, qk—1:= wk—1(0). Yucna g1, k=1,2,..., n HassBatorcs napamerpamu lypa.
OrmernMm ere, 9TO BBIIOJHATE Ty HPOIEAYyPY MOXKHO JI0 T€X MOp, MoKa |gx_1| < 1, uHaue
noJTyauM Jsiesienne Ha Houtb (qr_1:= wi_1(0) = wy_1(2) =€, p € [0,27)).

[Iycts n € N. @opmyina (1.1) momyckaer obparieHue

r (Z) _ qk—1 + Zrk-<Z)
o L+ Qg 2mi(2)

k=n—1n—-2,...,1 (1.2)
Ecau monoxuth 7, 1 = w,_1 B dbopmyne (1.2) u npumensts dopmyty (1.2) mociiemoBaresbHO
n — 1 pas, Torga Mbl BepHEMCs TyAa, OTKyJIa Hadad, TO €CTh K MCXOAHON (hyHKumn w. Ecinm
Ke TOJIOKUTh Ty_1(2) = ¢,—1 (upu ycmoBuu, 910 wy_1(2) Z ¢u_1), TO SICHO, 9TO Ty 7# Wk.
Bouee Toro, ucnonbsys dhopmyiny (1.2) MOXKHO Jl0Ka3aTh M0 UHIYKIUK, 9TO KaxKas (DyHKIs
7r OKaXKeTCsl paIMoHaIbHONI JIpOoObI0 OOIEro Bua, ToJOMOPGHONE B A :

ag+ a1z + .. a2
ri(2) =

B Bo+ Brz+ ...+ Bug_12" k1

rae k= OJ"'7n_ 17 aOJ"’7Oén—k—1aﬁ()7“'7ﬁn—k—l € C.
HpI/IBe,ILeM aHaJIOTUYHbIC (bOpMyJIbI JJI1d KJjiacca Qo. HpHMaﬂ d)OpMyJIa [10]
wi(2) — qr2

=" =0,1,... 1.
wk:-i-l(z) Z_qkwk(z)v k 07 ; ) ( 3)

rjae wo:=w, qg:= {wr}1. Obparnas k (1.3) dopmy.a:

Qe—1 + 71(2)

I TIRE) e —1n—2,... 1. 1.4
L+ 2o (2) (14

re-1(z) =2
BameTn™, 4T0 Bee DYHKIUU Wy U 7 JieskKar B Kiaacce () miam )y B 3aBHCHMOCTH OT TOLO,
npumensteM Mol bopmyitst (1.1) u (1.2) wrr dbopmysst (1.3) u (1.4). deso B ToMm, 910 HMeeT MecTO
yreepxenne 0.1, u kiace (2 MHBapHAHTEH OTHOCHUTEIBHO JIPOOHO-IHHEHHOro aBToMOpdu3Ma
kpyra A.
Bosee Toro, cupapemBo

Vreepxkaenne 1.4. [Tycmv n € N, w(z) = {whz+... +{wl.2" +0(z") € Q. Tozda
cywecmsyem m € {1,...,n} u payuonasvnas dpobv obusezo 6uda
ag+ a1z 4 .. Fay, g 2™!

(m)y._
ml2,w =z , m € Qo,
O ) Bo+ Brz+ ...+ Bz @ ’

UMEIOWAA 6 C60eM MeETUNOPOSCKOM pasdiodtcenuu okoro z = 0 n nepswr kospduyuenmos,
coomeememeenio pashulr {wh, ..., {whn.

Jlemma 1.2. Ilyemv n € N u o € C, k=0,...,n— 1. Payuonasvras dpobw

= = = n—1
Ru(2):= zan_1+an_gz+...+aoz ’ (1.5)

o+ o2+ a2t

ne umeem Hyael u noaocos na okpyorcnocmu |z| = 1. Boaee moeo, |R,(z)| =1, |z| = L
Tosomopgrocmo R, 6 kpyee A u evinoanenue ycaosua R, (0) = @,_1/ag € A sxsusasenmmo
momy, wmo R, € Q.
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Jlerko mokazarb, 4TO KaxKJOMy HYJIO 2, YHUCJIUTENs PAIMOHAJILHON Jipodum R, oTBeua-
eT HyJlb ee 3HAMeHaTessd 1/Zp, CUMMETPUYHBIA HYJIIO IHCIATENsT OTHOCUTENBHO €MHIIHOM

Z — Zk
=Tl
1 -2z’

OKPY?KHOCTHU, TO €CTh

rae e =1, |z <1, k=1,...,n—1.

Ecmm orpe3ok nocieioBarenbnoctu mapamerpos [llypa me 3akanumBaeTcs 9uCIOM IO MO-
JYJIIO paBHBIM 1, TO K HEMY BCerjia MOXKHO IIPHUIINCATH YHUCJIO C MOJyJIeM 1, CieJI0BaTEHLHO
CIIPABEJIJTBO

VYreepxxaenne 1.5. Ilyemv n €N, [q <1, k=1,....n—1, we u
() = {whe o4 (w2 o),

moezda cywecmeyem 0pobv euda (1.5) peeyaapnas 6 A u umerwas 6 c60em MeldioPOSCKOM
pasnosceruu 0koao mouky z = 0 mepsvie n — 1 xoapuyuenmos, coomeememeenHo pasHvLT

{W}l, cey {W}n_l.

To ecTb MHOZKECTBO MOJIOMOP(MHBIX PAIMOHATBHBIX JIpobeit Bua (1.5) BCIOLY MIOTHO B KJIac-
ce )y B TOIOJIOI'UU JIOKAJIHBHO PABHOMEPHON CXOIUMOCTH.

Teopema 1.1 (Illyp). Cnpasedauso exarovernue w € Qg ecau u MOALKO ECAU GUNOAHEHO
odno uz ycaosuti: aubo |qr| < 1, k € N, aubo natidemca nomep n, makot wmo |qx| < 1,
k=1,....n—=1, |gu| =1 u wy(2) = qy.

QYHKYUA W ABAAEMCA PAUUOHAALHOT Ipobvio euda (1.5) mozda u moavko moeda, kozda
Cywecmeyem HamypaibHoe wucio n, makoe wmo |q| <1, k=1,....n—1, a |g,| =1, mo
ecmov wy(2) = ¢y.

Teopema 1.2 (Illyp). ITycmo n € N. Touxu w™ epanumo Q(()n) HATOOAMCA 60 63AUMHO-
00HO3HAYHOM COOMBEMCMEUY ¢ 20A0MOPPHOIMU 6 A dpobamu euda (1.5)
Q1 + Q02 + . .. +6ozm’1

R (2, w™) = - - . Qe eA, me{l,...,nk
(2, ) = 2 ag+ a1z 4+ .. 4y 2™l G-/ m e d n}

CyrmectByer erre ofuH THI anmpokcuMarnuu [11] mpu momoru pannoHaJbHbIX 1pobeil Bu-

a (1.5).

Teopema 1.3 (Kapareomopu, ®eitep). ITycmv n € N. Kakos 6vi Hu 6bia nosuHom

p(z) ={whz+ ... +{w}2" Z0,

cywecmeyem, u npumom eduHcmeennas, dpods euda

Qp1 + Cpoz + ... + 0zt

g+ oz + .+ a2t

Ro(\, z,w™) = Xz

, A>0,

peyAApHan 6 A U umenwas 6 ceoem metioposckom padaodceruy okoao z = 0 n nepevir
koappuruenmos, coomsememeento pashulx {wlhy,. .., {whny.
Cpedu ecex dynxuyui w(z) = p(z) + o(z"), peeyasprnox ¢ A, ama payuonasvhas dpods u
Moavko ona daem Haumenvuiee snaverue o seauunv, M, = max lw(z)], npuuem Mg, = \.
zE
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CpaBHI/IBaH KOS(b(bI/IHI/IeHTbI IpKu OJUMHAKOBBIX CTCIICHAX B COOTHOIIIEHUN

Q1 + Qpoz + ...+ Qe !

o+ oz 4.+ a2t

= {wlo +{whz+... +{wh 12"+,

IoJIyv9aeM CUCTEMY U3 1 YPaBHEHWIl ¢ 21 HEM3BECTHBIMHU O, ..., 0n_1, Qp_1,...,00. LIpuco-
eIUHAS K 9TUM YpaBHEHUAM ypaBHEHUS, OJyUYeHHbIE U3 YK€ NMEIONUXCS YPaBHEHUM 3aMeHO
BCEX YJICHOB Ha COIPsI?KEHHBbIE, OyIeM UMETb CHUCTEMY 2N JIMHEHHBIX OJHOPOJIHLIX ypPaBHEHUIA
C 2N HEU3BECTHBIMU O, . .., Qp_1, Xp_1, - - -, Q-

Brinuiem ompejiesinrelib 3TO CUCTEMBI:

)\ . 0 0 {w}l {w}Q R {W}n
0 ... 0 0 0 {wh - {wha
0 ) -2 0 0 - {wh
D my.—= | — 1
n(A, ™) W}, - 0 0 —X 0 ... B (1.6)
mnfl T ml 0 0 0 e 0
wh, - Aok {ohy 00 A
3aMeTuM, 4To B cirydae Korga {w}hy,...,{w}, — geficTBUTeIbHBIE UYHCIA, CHCTEMA U €€ OlIpe-
JeJINTeN b UMEIOT APYTOi BHI:
A0 .. 0 {wh

0 —)\ s {W}l {UJ}Q
dn(X, W)= | S : : (1.7)
0 {wh - A{wli2—A {whi
{fwh {wh -+ Awhir {wla—A

Teopema 1.4 (Kapareonopu, @eiiep). Hycms n € N. B obwem cayuae, X = Mw™) acisn-

eMeA HAUBOALUUM NOAOHCUMENLHBIM KopHem ypasHerus Dy, (X, w™) = 0 cmenenu ne eviwe
2n. Ecau orce sce wucaa {who, {w}i,...,{wtn_1 sewecmsernnm, mo N ecmv naubosvwud us
abcomommnir anavenuti xopreti ypasnenus dn(\,w™) =0 cmenenu ne evaue n.

B sakmouyenne npusegem npumepbl. Ilycts w(z) = z/2 + 2%2/2. Tak kak w € €y, HO
[IPU 9TOM He SIBJISIeTCsI TPOOHO-paIoHa buoit dbyukimeir Buga (1.5), To no reopeme 1.2 w He
COOTBETCTBYET HUKAKOI IPAHUYHOlN TOUKe Q((]”), n € N, crajio ObITh, 3T0 BHYTPEHHAS TOYKA
JUIS KasKJIO0TO U3 YHOMSHYTBIX MHOXKECTB. ECim B34Th n = 4 1 IPUMEHHTH OPAMYIO (POPMYITy
asropurma [lypa (1.3), To nomyunm qo = 1/2, ¢ = 2/3, ¢ = 2/5, q3 = 2/7. Tlpumenus
obparnyto dhopmyry (1.4), cormacHo yreepKieHno 1.4 mosryamm

ro(2) = 253+ 962 + 762% + 562> 12+1Z2+O<Z4)
O 9531432 £3322 4+ 1423 27 1 2 '

Eciu rerepb K MOCIE0BATENLHOCTU J00aBUTH ¢4 = | U BBINOJHUTHL Te Ke jeiicTBus (31eCh
n =15), TO CONIACHO YyTBEPKJCHUIO 1.5 TOIydnMm
142242224223 +224 1 1

- = it =224 O,
o) it o2t95 14 27t (")
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Hakowmer, corsacHo teopeme 1.3 (3mech Bo3bMeM 1 = 3)

1+2x: 1 1,
= — o(z* A
zz)\_'_z 2z+22+ (2°),

C1+V5

~ 0.809.
4

ro(z) = A
Kosdpdbunment A Mbl BBIYUC/IMIN, UCIOJIB3YsA TeopeMmy 1.4, ocrajbHble KOIMDDUIUEHTHI paliy-
OHAJTLHOM P61 MBI HAILH, pemus cucremy d, (A, w™) = 0.

VrBepxienne 1.4, yrBepxkiaenue 1.5 u Teopema 1.3 0T TpU Pa3IUYHBIX CIIOCODA ITPO-
noskenns nosmHoMa p(z) = {whz + ...+ {w}2" £ 0, n € N, 10 1pobHO-pAIMOHAIBHOTO
oTobpazkeHus KJjacca (lg. DTU TPpU TPOJIOJIZKEHUS COBIAIAIOT €CJU U TOJbKO ecian A = 1. Ta-
KM 0Opa3oM, mpu A > 1 1poJioizKeHne HeBO3MOXKHO, P A = 1 TPOJIOJIzKEeHNEe e TMHCTBEHHO,
anpu A < 1 npomoskenuii 66CKOHETHO MHOTO, TaK KaK Mbl MOYKEM PaCIOPAKAThCs apaMeT-
pamu Illypa g, npu k > n mpousBoJIbHO.

KoncrpykTuBHBIT XapakTep TeopeM, cOPMYIMPOBAHHBIX BBIIIE, JIaeT JOCTATOYHO YI00-
HBII C1I0COO TMPOBEPKH MPUHAJIEKHOCTU CHCTEMBI 7 HAYaJIbHBIX KOI(MMUIMECHTOB HEKOTOPOIt
roioMopHOI GYyHKIUN N -My Tesry KodhdumumenTos Kiracca ).

2. HepaBencrtBa, onucbiBaIue teja KO3 QuIimeHToB

[Mycrs wo(2):=w(z) = {whz+ {w}2? + ... + {w}ez® + ..., Torma no popmyme (1.3)

_ W) —{whz

Wl(z) = = {wl}lz + {W1}222 + {w1}323 + {W1}4Z4 + {W1}5Z5 + ...

z —{whw(z)

OGo3HauuB, /i COKpAIIEHUs 3amucu, aj:= {w}y, ro:=1— [{w}i|?, umeem:

az
{wl}l =
T2
as 61a2
2
{wite = —+ ;
2
ay 61a2a3 GQCL3
— 1%2
{is = —+2—5—+—3, (2.1)
as  .@axaq ayas  _acalaz  aaj
{wrta=—+2—; 5 t3—3 1
= = = 2 =2 2 =33 =45
Qg 10205 aq ai1as ajaz0asg a1a503 a0y
{w1}5:——|—2 5 +—2 3 —|—2a3 CL4—|—3 3 +4 1 + 5 -
r r r r T r r
2 2 2 2 2 2 2

Hamomuum, 9To w; Jexxut B Kinacce ()g B CHIy TOrO, 9TO UMeeT MecTo yTeepxkaenue 0.1 u
Kaace () MHBapHaHTEH OTHOCHTEJILHO JPOOHO-IMHERHOr0 aBToMopdu3Ma Kpyra A.
Tak kak Ha Kiaacce )y, B cuay semmbl [IBapua [1, c¢. 29|, nepsoe HepaBeHCTBO:

ma| <7, mypi={wh, =1, (2.2)
CIIpaBEJJIMBO U TOYHO 0e3 Begkux ycaosmil, To |[{wi}i| < 1 Takske BepHO M TOYHO, TakK Kak

wy € Q. U3 dgero, ¢ yaerom dopmy (2.1), ciemyer, 9T0 BTopoe HEPABEHCTBO

1
Ima| <19, moi={w}e, 1ro:= r—(r% — |m1|2) (2.3)
1

CIIPaBeJIMBO U TOYHO Ha Kiyacce ()y Takke 0e3 BCSIKUX JOTOJTHUTE/THHBIX YCIOBUIA.
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[Tpumensig Bropoe HepaBeHCTBO (2.3) K Koadbburmentam Gyakrmu wy (em. (2.1)), noaydaem
TPEThE HEPABEHCTBO:
——
mymsy Lo 2
|m3] <3, Mmgi= {w}3 +—, T3i= _(7’2 - ]m2| )a (2-4)
T2 T2
CIIpaBE/IMBOE U TOYHOE Ha Kjacce )y Takyke 6€3 BCAKUX JIONOJTHATEILHBIX YCJIOBUIA.
U3 (2.4) cnenyer, uro

T
BammncaB TpeTbe HEPABEHCTBO JJIsI W, IOJIydaeM deTBepToe HepaBEeHCTBO:

mimom mem?2  mems 1
|m4| STy, Myi= {w}4 + 2 2 + 28 12 2, Tyi= _(7“32) - \m3|2). (2-5)
T2 TaT3 7”2 T3

HerBeproe HEPABEHCTBO CIPABEJIMBO U TOYHO Ha Kiacce )y 6e3 BCSAKUX JIONOJTHUTEIHHBIX
YCJIOBUM.
Us (2.5) caemyer, aro

mlQOg m2m§ m%mg
{W}4 =My — 2 — 5
T2 T9T3 7"2

3amnucas qgeTBepToe HEpaBEeHCTBO IJId Wi, IIOJIydaeM IIAdTO€ HEpaBEeHCTBO!:

1
|m5‘ < s, T5:= _(Ti - ’m4|2)7
Ty
= — 2
momn m msmm,
ms = {w}s + 2 [ mymy + ——2 | 2 4+ 24 (2.6)
3 T2 3"y
Jmmams | [ma|*\ mi  mimi | mims
—3— 5 tm|l-20—— ] — —— 3

[TaT0e HEepaBeHCTBO CUPaBeIJINBO U TOYHO Ha Kiacce {2y 6e3 BCAKUX JOIOTHUTEILHBIX YCIOBHIA.
Breipasus {w}s u3 (2.6), mosydaaeM 1mecToe HEPABEHCTBO:

1
. 2 2
ime| <16, T6:= —(7’5 — |ms[%),
Ts
mlmg mgmg m3m4 m4 2
me:={w}e + 2 + + ms + ——my
T2 Tars 374 T4Ts
2 7520092 7520092
. Mo ms msm mim
+ (2m | —glmzly ma 23 32 my
J— J— JE— — 2 _2 .
mo mimaoms M| m| 2 M3z 3
+ —2 -2 5 my — Wm4
T2T3 97374 Tar3Ty r3ry
xS US| =2 2 = 2
mim mime mo mi1me mo
+4—2my 4+ 3—— 2l —1)mj+2—— 2] —1)m3
T r5 T2T3 r3Tr3 973
m% 4 mzll 5
3,373 4
rars 2

Hpouecc IIOoJIydeHnd HEPAaBEHCTB MO2KHO IIPO/I0JI2KaTh 6GCKOHG‘IHO7 HO JId HallnuX ueﬂeﬁ
IeCT HEPaBEHCTB BIIOJIHE JOCTaTOYHO. CILGH&GM HEKOTOPbLIC IIpUMEeYaHnd.
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HepasencrBa (2.6) u (2.7) nosydensr Bruepsbie. llepBble ueThipe HEpaBEHCTBA W3BECTHBI
(cm. [10]). HepasencrBo (2.2) mocur mmst [Isapua. Ix. Bpayn B [10] ormedaer, uro Hepa-
BeHcrsa (2.3) u (2.4) ObUIM U3BECTHBI JI0 HETO, a HEPABEHCTBO (2.5) MPUHA/JIEKUT eMy.

[TostyauThb 5TH HEpaBEeHCTBA MOXKHO TakKxKe W JAPyruMu crocobamu. Bo mepBBIX, MOXKHO
HE OrpaHUYUBATBLCS OJHOI mrTeparnueit B ajroputMme [llypa. B srom ciyuae nam Beeryga 0Oy-
JIeT JIOCTATOYHO TIEPBOTO HepaBeHCTBa. Hampumep 1mectoe HEpaBeHCTBO OYIET BBITJISAIETh TaK:
{ws}h| < 1. Jx. Bpayu B [10] ucnosib3oBai uMEHHO MHOIOKDATHBIE UTE€PAIIUH, HO TOYEMY-TO
HE [IepBOe, a BTOpOe HepaBEeHCTBO. BO BTOPBIX, MOYKHO BBIJIEJUTDH MOJIHBIA KBajpaT B HEPpABEH-
creax D, (1,w™) >0, n € N (cm. dopmyast (1.6) u (1.7)), HOo 9TOT criocob TpebyeT BechMma
IPOMO3JIKUX BBIYUC/IEHUN, TO9TOMY MbI €ro He ucrojb3yeM. [lonpobuee o ¢Bsi3u HEPaBEHCTB,
COJIEPIKAINNX OIPE/ICTUTEIH, U HEPABEHCTB, 00CYKIABIINXCA BBIIIE, CM. B IIYHKTE 4.

AmnajiornvHpie HEPABEHCTBA MOYKHO MOJIYIUTh U B JIPYTHX CBaA3aHHBIX ¢ )y Kiaaccax. Kak
mpuMep, MOXKHO B3sTh Kiace §2 maum kiace C' Bcex TO0MOPGDHBIX B A QYHKIHIL ¢ TOJTIOKI-
TEJILHON JIeHCTBUTE/IBHON 9acThio Win Kjiacc B Bcex romomopdubix B A (yHKIMIT Orpanm-
YEHHBIX U HE OOPAIAIONIIXC B HY/Ib. JIOMOJHUTETBHBIMEI TPUMEPAMHU MOTYT CJIY?KUThH KJIACCHI
OJTHOJIUCTHBIX (DYHKIHI, B 9aCTHOCTH, KJIACC BBIMYKJIBIX (DYHKIIUI 1 KJTACC 3BE3/IHBIX (DYHKITHIA.
k. Bpayn B [10] mpeyraraer mjist sroro nepenectu aaropurs [lypa Ha 9TH K1acehl, HCHOIb3Ys
dopmyibl cBazu ¢ )y, OpHako, BbIYUCAEHUS IPU 9TOM OyIyT ciioxkuee, deM B ()y. Hammnoro
[IPOIIE TOJIy9IUTh YIIOMSIHYThbIe HEPABEHCTBA, UCIOJIB3Ysl YK€ NMEIOINecs: y HAaC HEPaBEHCTBA
Ha §)y, MCIIOJIb30BaB (POPMYJIbI CBI3U JJIsd TOTO, 9TOOBI BBHIPa3UTh KOI(PDUIMEHTH (DYHKIIUN
heC wm f € B uepe3 koaddurnmentsr GpyHKImn w € (1.

3. OO0 obmieM BHUae HEPABEHCTB, ONMCHIBAIOMINX TeJia KO3dDUIImeHTOB

Ecym 3anmcaTth Bce HepaBeHCTBA U3 MPEJIBIIYIIErO ITYHKTA B BHUJIE
Imp| <rny, n €N,

rjie m, — IOJIMOJ/IYJIbHOE BbhIparKEHUE B JIEBOU YacTU 7 -I'O HEPABEHCTBA, & T, — IIpaBas 4acTb
7.-Ir0 HEPABEHCTBA, TO MOJIy4dasi U3 1 -T0 HepaBeHCTBa (n+ 1) -e criocoboM, OIMCAHHBIM B IIPE/IbI-
JYIIEM ITyHKTe, Mbl YBUJIIM CJIEJIYIONTNE 3aKOHOMEPHOCTHU:

My Tnt1
M= —2 neN, rme 2L g1, (3.1)
(] (]

rJie CHMBOJT « — » 0DO3HAYAET «IepexoauT By (1o jeiicterem dopmysbl (1.3)).

Baenem obosnauenue
|17 |
RES .
Tn

dcuo, yto 0 <z, <1 1z, — 21, n €N

MeTO,Z[OM MaTeMaTn4ecKoit NHAYKIOUN MO2KHO IIOKa3aTb 9TO CIIpaBE/IJINBO
YrBepxkaenune 3.1. Fcau w € g, mo

rii=1,

2 _ 2
Tn+l Zrnrﬂzrn(l—ﬁ), n € N.
n
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,Z[ okKazaTeabcTBO. B IpeablAynieM IIYHKTE UMeeTCA basza NHAYKIOUAW JIJIA IIEPBOIO

pasenctBa ipu n = 1,6. Ilpeamonoxum, 4To

: r/rs = Ima /73

2
a1 = o]
-1 n—1
Ty = — , Torja (3.1) Bieder ry, 1 /re = ,
Tn—1 Tn/TQ
4TO U TpebOBaJIOCh. BTopoe paBeHCTBO OYEBUIHO. O

[Tpumenss yTBep:kaenue 3.1 MHOTOKpATHO, MOJTy9IaeM

CaenacrBue 3.1. Fcau w € €y, mo

_ |mk|2_ 2

W3 cnencruga 3.1, cpazy nomydaem

CaexncrBue 3.2. Ecau w € Qy, mo 0 <1, <1, n € N. Iocaedosamenvrocmv {r,}>
He sospacmaem. Boaee mozo, T, = 0 pasHOCUADHO CYUwEcMB06aru0 Homepa k < n, maxozo
wymo xr =1, a r, =1 pasnosnauro momy, wmo xp =0, k=1,...,n— 1.

[Mycrs n € N. @yukmun 2" u 2"/2+ 2" /2 apnsaiores npumepamu dynkiumit Kaacca §,

JJIsT KOTOPBIX 7, = 1.

N3 cnencrBuga 3.1, nosrydaem

CaencrBue 3.3. Fcau w € Qo, u |mg| <rg, k=1,....,n—1, |my| =r,, mo
7,.27 m n—1 m 2 n—1

g = ol 1o I TTa -,
Tn-1 k=1 k=1

Uraxk, Mbl BbiBesn 1pocTyio hopMyity (yTBep:keHue 3.1), I03BOJISIIONIYIO 3aUCATD Ty 11 IO
U3BECTHBIM M, U T,. 3aucaTb M, 10 W3BECTHBIM M, WU T, B BUJE IPOCTOI 3aKOHOMEp-
HOCTH MOYKHO B CJIy4dae, OITMCAHHOM B CJIEJCTBUU 3.3 U OTBEYAIONIEM ITPUHAJIIE?KHOCTUH TOUKH
w™ rpanure n-ro rema KoahdumeHToB Kiacca ).

4. WTorosble pe3ysibTaThl 110 MpobJjeme K03 huiimeHToB

[Ipumenus n — 1 pas3 yrBepxkaeHue 3.1, mojryanm

CaenctBue 4.1. [Ipu n > 2 u3 cnpasedausocmu 00no20 nepasencmsa |my| < r, caedyem

CNPABedAUBOCING BCET OCTNAAHUE Hepasencme |my| < ri, k = 1,...,n — 1. Boaee mozo,
Imn| < rn eaewem |my| < rp, k= 1,...,n — 1, a cywecmeosarue HAUMEHDULEZO HOMEPA
s < n maxozo, wmo |mg| = rs, eaenem rs > 0 u |mg| < 1, k=1,...,5 =1, npuuem
mg| =1k, =0, E=s+1,...,n.

Hoxkaszarensbcrso. Illyctrb n > 2 u |m,| < r,. HepaBencrso r, > 0 1o yrBep-
xKjenuio 3.1 skeuBasentHo 12| — |m,_1|*> > 0. OTkyma cpasy ciejyer, 9To |m, 1| < rp_1.
[Iycrs reneps |my,| < r,. D10 3wauur r, > 0. W3 uero, coracHo yTBepxaeHuio 3.1, 1o

HeNovKe Caeyer, 9to |mg| <1, u 1 > 0 npu k < n.
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HYCTI) Telepb s — HaUMEHbBIINN 13 HOMEDPOB, HE IIPEBOCXOAAIINX 7Tl TaKHUX, 9TO |m5| =Ts,

r2_ —|ms_1)?

TOIJIa 110 yTBep:KaeHuto 3.1 r, = % u ry > 0 B cuy onpeenenust Homepa s. Jlasee,
.

KaK ¥ B IPEJBIIyIIeM ab3are, u3 yrBepzx/IeHns 3.1 mocie0BaTeIbHO BBIBOJIVUM, 9TO |my| < Tk

urp>0 upu k <s, awuscieacrsud 3.2 — 9ro 1y =0 npu k > m. O]

TaxkuM 06pa3oM, NI ONHUCAHUS MHOMKECTBA Q((J”) JIOCTATOYHO BCETrO JIUIIH OJHOTO Hepa-
sencrsa |m,| < 7,. Ilepexon or HepaBeHcTBa |m,| < 7, K IIpeabLIyieMy HEPaBEHCTBY
|m,_1] < rp_1 ecTh npoenupoBaHue QO") m3 C* B C" !, Tak KaK pe3yIbTATOM 3TOTO Jefi-
cTBUA Oyer Q(()"_l).

[Iyctb n € N u w € Q. B obmiem ciaydae, cormacHo mpeblayIeMy MyHKTY, |my| < 7.
DT0 HEPABEHCTBO MOXKHO epenucarh B Buje |[{wh, — ¢, < ry, tae ¢,:= {w}, — m,. U3 reo-
METPHIECKIX COOOpazkeHmit BuuM, 9to w'™ — BHYTpPEHHSSI TOUKa, 1 -T0 Tesia Kod(DPUIIEHTOB
Q((Jn), TOIJIA U TOJILKO TOTJA, KOraa |my,| < r,.

TakumM 06pa3oM, CyMMHUPY$ BCE BBIIIEH3/I02KCHHOE, pelleHre Ipob/ieMbl Ko3(hdUINEeHTOB Ha
Qo MOXKHO cHOPMYIUPOBATH B BUJIE CICAYIOIMETO YTBEPIKICHU.

Teopema 4.1. ITycmv n € N. Munoocecmso anauenuti cucmemv, koapduyuernmos w™
Ha Kaacce Sy ecmov aOCOAIOMHO BLINYKABIT KOMNGKI, Q[()”), COCMOAWUT, U3 MOYEK NPOCTNPAH-
cmea C", ydosaemeopsouyux subo cmpozomy nepasencmsy |{wkn,—cn| < 1, aubo pasencmesy
Hwls —cs| =15y, s <y, npuvem 1y >0, 1, =0, {wh = ¢, s <k < n. Iepswi cayuai
OMBEYAET, BHYMPEHHUM TOUKAM Q(()"), 6mMopotl CAYHaAT, — 2PAHUMHLLM TMOYKAM Qg”). Kaorc-
doti eparunHot Mouke omeeuwaem 00Ha U MOAbKo 00na Pynkuua Kiacca g, umerowas 6ud
2on0moproti 6 A payuonasvroti dpobu Ry(1, z,w®).

Bamernm, aT0 TeopeMma 4.1 ecTb KpUTEpHit MPOIOIZKAEMOCTH TOJTNHOMA,

p(z) ={whz+... +{w}z" #0

10 dyskmmn w(z) = p(z) + o(2") € Q. Teopema 4.1 ecTh TakzkKe KPUTEPUil IPUHAJICZKHOCTH
rosiomopdHOt B A (hyHKIINN w ¢ TEHTOPOBCKNME KOI(DMDUITHEHTAMI PA3JIOKEHNsT OTHOCUTE b=
o toukn z =0, {w}r, k €N, kmaccy .

O6061M Teopemy 4.1. Ilycts Mp — kiace, cocrostiuit u3 dyuknuii f(z) = F(w(z)), tae
F — ronomopduast B A dyukiust, a w € y. fcuo, aro {f}, 3asucur or {w}r, k=1,...,n.
Ecymm Bepxuwmit nujgexkc o003HaYaeT MOKA3aTe/ b CTENEHU, TO

{fIn={Fh{wtn + {F}2{W2}n + o {F b {w" b

orkyna {F}i{wl, = {f}n— {F}2{w?}n+... +{F}{w"},). Honcrasus {w}, B HepaBeHCTBO
Hw}n — cn| < 1y, momydaem moxoxkee HepasencrBo |{f}, — ci| < vk, tme )= [{Fhlr, a
cti={F}he, + {F}{w?*tn+ ... + {F}{w"}n

Teopema 4.2. ITycmv n € N. Munoocecmeo snavenuti cucmemnt xosdguvuermos
na xaacce Mp ecmo xwomnaxm M fpn) (ne sunyKAvLT, BUNYKABT UAU AOCONOMHO GONYKABIT,
ecau mnoorcecmeo Mp(A) we svinyrioe, 6bnyki0e UL AOCOMOMHO BUNYKAOE), COCMOAULUT U3
mouex npocmpancmea C", ydosaemeopsrowyux aubo cmpozomy nepasencmsy |{f 1, —ci| < rk,
aubo pasenemey |{f}s—ct| =715 s<mn, ede ri >0, ;. =0, {ftr =c, s <k <n. Iepswi

(n)

o n . . n
CAY1aU omeeHaeimn 6HYmMmpeHHUM TMOYKaM MF , 6Mopou caAyvau — 2PparHUTHbBIM TNOYKaM M}(;‘ )

Kaorcdoti epanuvmnoti mowke omeeuaem odna u moavko odna dynruyus xaacca Mp, umerouwasn

6ud F(Ry(1,z,w®)).
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OTMGTI/IM, 9TO TeopeMa 4.2 ecThb KpI/ITepI/Iﬁ IIPOJO0JIZKaeMOCTH TTIOJIMHOMAQ

p(z) ={fto+{fhz+...+{f}" #0

no dyakiun f(z) = p(z) +o(2") € Mp. Teopema 4.2 ecTb TakyKe KpUTEPUil TPUHAIIEKHOCTH
roiomopdHoit B A dyHKImu f ¢ TeilTopoBcKuME KO3MDPUIMEeHTaMI Pa3I0sKeHNsT OTHOCUTE b~
Ho Toukn z =0, {f}x, k €N, knaccy Mp.

Bamerum, uro Teopemy 4.1 MOXKHO CcHOPMYJIUPOBATH, UCIOJIL3YS BMECTO HEPABEHCTBA C
MOJIyJIEM HEPaBEHCTBO ¢ ompeseautenaeM (cm. dopmyist (1.6) u (1.7)). HeiictBurenbHo, mycTh
w € Q. Boumemus B mepasenctsax Di(1,w®) > 0 u Dy(1,w®) > 0 mommbii xpajgpar,
noyunm nepasenctia [{wh| <1 u [{w}s| <1 — [{wh|?, To ectb mepasencrra (2.2) u (2.3).
[Iycte n € N. Tak kak {w}, u mn BXOJUT B ONpeJeIuTeNb 1), TOJLKO 110 OJHOMY a3y,
TO UCXOJIS U3 OIPEJIEJICHNsI OIPEIEIUTEA MOKHO 3aK/II0UNTh, 9YTO OH 3aBUCUT OT HEKOTOPBIX
crerrencit {w}y, {w},, k=1,...,n—1, wor nepsoii crerenn {w},, {w}, u [{w}n|> Boyrenss
HOJTHBIH KBaJIPAT, TOJIydaeM N - HEPaBEHCTBO.

31ech MBI He HCIIOIb3yeM HEPABEHCTB ¢ OLPEISUTE/SAME, OJHAKO Y HUX €CTh OJHO HEOCIIO-
pPUMOE IIPEUMYIIECTBO — MbI 3HAEM BHJ[ 3TUX HEPABEHCTB 115 Jiioboro n € N. DTo J1erko 1mosso-
JISIET JIeJIATh KOMIBIOTEpHbIE BhIuucaenns. Hanpumep, TakiuM 00pa3oM MOXKHO IIPOBEPUTD, YTO
MbI He JIOIYCTHJIM OIUOOK MPH MOJIYyYeHUH IIEPBLIX miecTn HepapeHcTs. Kiaccnueckue (opmy-
JIMPOBKH C OIPEJICINTEIAMI MOXKHO HaiiTn B padore [5]).

YioMmstHeM elre pas3 0 TOM, 9To Jis jioo6oro n € N MHOKeCTBO Q(()") [OJTHOCTBIO OIIPeIeJIsi-
eTCsl OJJHUM HEepaBeHCTBOM |my,| < r,. B sTOM n coctont ocHOBHOE OoTiimane (hOpPMYyTHPOBOK,
IPUBOIUMBIX 3/1€Ch, OT (POPMYJIUPOBOK Kjaccuaeckux. [IpuBesenM, Hampumep, Takyio (hopmy-
apoBKy 13 MoHorpadun |1, ¢. 484]: « s Toro 4To6nI w™ Geita BHyTpenHei Toukoi Q)
HEOOXOMMO U JIOCTATOYHO, YTOOLI BBINOIHAMICH HepasencTa Dy, (1,w™) >0, k=1,... n>».
3/1ech KOHEIHO HeT OIMOKM, HO CO3JAeTCs BIEYATJICHUE, YTO JJId OIMUCAHUSA MHOXKECTBA Q(()”)
HEOOXOAMMO 7. HEPABEHCTB, & He OJIHO.

DU coobpaykeHus: MO3BOJILAIOT HaM IepedOopMyIupoBaTh ciejgctsue 4.1 B TepMuHax onpe-
JIeJINTEJIEN.

Cnencrsue 4.2. IIpu n > 2 us cnpasedrusocmu odnozo nepasercmea D, (1,w™) > 0

caedyem cnpasediusocms 6CEr HEPAGEHCNE Dk(l,w(k)) >0, k=1,....,n—1. Boaee mozo,
D,(1,w™) > 0, eaeuem Di(1,w®) >0, k=1,...,n—1, a cywecmeosanue Haumenvwez0
nomepa s < n makoeo, wmo Ds(1,w®) = 0, earevem Dip(1,w®) >0, k =1,...,5 — 1,

npuvem Dip(1,w®) =0, k=s+1,...,n.

5. IlpuaoxkeHus

DTOT MYHKT ITOCBITUM IPUMEHEHHUIO PE3YJILTATOB TI0 IpodieMe KO3 MUIMEeHTOB JIjist OIIEHOK
MOJTyJIell TeJIOPOBCKUX KO DUIIMEHTOB Ha KJiacce )y M CBA3aHHBIX KJIACCaX.

5.1. OrmeHkn MoayJieii TeiJIopoBCKUX KO3 DUImeHToB

[Ipu BBIBO/IE KOI(D@PUITMEHTHBIX OINEHOK Ha KjaccaxX (YHKIU, CBI3AHHBIX ¢ KaaccoMm 2,

BeCbMa, TI0JIE3HO UMETH B BUJLY CJIEJIYIONIMI OYEBUIHBIN, B CBETE M3JIOKEHHOTO B IYHKTaX 2.
u 4., paxt.
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Jlemma 5.1. ITyemv n € N, a w € Qy. Ecau ece metinoposcrue xkosgduyuenmo, {wly,
k=1,n—1, durcuposanv, mo {w}, = c, +¢e%pr,, p€ (0,1, ¢ € [0,2r). To ecmv {w},
ecmyb HEKOMOopoe wucao ug 3amknymozo kpyea |{wh, — cp| < v ¢ paduycom r, u yenmpom
Cny Basucaugumu, om {why, k=1,n—1.

O0600IIM 3Ty JIEMMY, UCIIOIb3Ys 0OO3HAYEHNSI U3 IIyYHKTa, 3.

JIemma 5.2. ITlyemv n € N, a f € Mp. Ecau metinoposckue kospguyuenmor {wly,
k=1,n—1, gurcuposanv, mo {f}, = ¢ +e“pri, pe0,1], ¢ €[0,27). To ecmv {f}n

ecms HeKomopoe wucao u3 3amrnymozo kpyea |{fi, — ci| < rl ¢ paduycom vl u yewmpom

*
n

¢, sasucawumu om {why, k=1,n—1.

Bamernm, 9T0 ¢ u 1) MOXKHO BeIpasuThb depe3 {f}i, k= 0,n — 1, U COOTBETCTBYIOIIIM
00pa3oM OTpeIaKTUPOBATh (POPMYJIUPOBKY TeopeM 4.2 u 5.2, a TakKe JPYrux YTBEPXKJICHUI
Ha Mp, HO OOBIYHO TH BBIPAXKEHUS IOJIYyJalOTCs 00JIee TPOMO3IKIMU.

3 nemmbr 5.1 BoITEKaeT

YrBepxkaenue 5.1. Ilycmv n € N, w € y. Cnpasediusv, mounvie HepaseHcmaan
lcn| = 7 < {winl < leal + 7 (5.1)

Pasencmea 6 nepaserncmeazr (5.1) docmuearomes ma epanuye Q(()"): 68 MEPBOM HepPaseHcmee

1arg cn
)

(¢ 0eosoprofti |cp| = 1y ) npu {w}h, = cp — e a 60 emopom npu, {wh, = ¢, + rpe’ e,

Hoxkaszareansbctso. Ilyere n € N. Nmeem: [{w}, — ¢,| < 7y, caemoBaTesnsHo, Tak
KaK |cp| —[{whn| < {whn —cal 1 {wha] —len] < {whn —cal, o |en| =10 < Hwhnl <o+ eal.
Yto n TpeboBAIOCH. O

Anajiorugso, u3 JleMMbI 5.2 BBITEKAET

YrBepxkaenue 5.2. [lycmv n € N, f € Mp. Cnpasedausv. mounvie nepasencmaea
el = S HFhal <lepl +r5, = {Fhe + 2 AFh{w b, = [{Fhlra. (5.2)
k=2

Pasencmea 6 nepasencmeax (5.2) docmuearomes na epanuiye Q(()n) : 6 nepsom nepaserncmee (¢

oz060proti |ct| = 1%) npu {f}n = ¢ — riet™E% 4 60 emopom npu {f}n = ¢, + riet e

VreepxKaenue 5.2 rOBOPUT O TOM, YTO HAM JOCTATOYHO UCCJIEIOBATH 1EeJIeBOil (DYHKIMOHA
n
{f}s| HA Makcumym TosbKO Ha rpanmie Tena KoI(DhUIUEHTOB Qé ), KOTOpas IOJHOCTBLIO
onpejessiercsa ypasuenueM |[{wl}, — ¢,| = .

5.2. OaHO CBOIICTBO rPAHUYHBIX TOYEK TeJ KO3 puiimeHToB

Vreepxkaenue 5.1. IIycmo n € N, w € Qp. Touka w™ asiaemea eparusroti mouxot
n -20 meaa Koappuyuernmos xaacca g moeda u moavko moeda, kozda T, = 1.

JNokasaTeabctTso. Cormacuo Teopeme 4.1 Touka w™ sBJIsIeTCS TPAHITIHO TOTKOI
n-ro tena koadhduuueHToB Kiacca (g TOrJa U TOJIBKO TOTAa, Korjua jaubo |[{wh, — ¢,| = ry,
r, > 0, qu6o r, =0, HO Haifimercs HoMep k < n Takoii, uro [{w}y — ck| = rg, 1 > 0.
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ITo nemme 5.1 {w}, = ¢, + 1€, @ € R. Ecimm 7, > 0, Torga 1o onpejeneHuo 2,

— {wh —cn ot e’ — cn — e

Zn
T'n Tn

Ecau ke 1, = 0, T0o MBI HOMydaeMm HeompejeneHrocts Buga 0/0. Pacemorpum dyHKIuo
we(2):=ew(z). fcno, uro Touka wén) €CTh y2Ke BHYTPEHHAA TOUYKa N -T0 Tejia KOIMMUIMEeHTOB
kiacca 9. Cramo ObITh, A1t PYHKIUN w, UpU € — 17 OyIeT cupaBeinBO Cjemayrolee

W = W™ | =, e = 0 w17 O

6. IIpobaema ko3 PUIMEHTOB U OIleHKa KO3 PpunmeHToB

B stom nynkTe 06cy:K1aeTcsd BO3MOYKHOCTD BBIBOJIA OIEHOK MOJLyJIeil KOI(DPUITUEHTOB Ha

KJstacce {2y 0e3 UCIOIB30BaHUSI KaKUX ObI-TO HU OBLIO CBOMCTB Kilacca )y TaKux, HaIpuMep,
o

Kak BBITyKI0CTh W Y [{w}i|> < 1 (cm. [8]) u npoumx. MoxKHO TIO/IB30BaThCsT TOJILKO HEpa-
BEHCTBAMH. h=t

To ectb u3 nepasencTBa |m,| < 1, Hy:KHO HOJYIHTDH Hepasencrsa |{w}y| < 1, n mokasars,
YTO PABEHCTBO B 9THX HepaBeHCTBaX JOCTUraeTCs TOTJa W TOJILKO Torda, Korga w(z) = (p2F,
ICk] = 1, k = 1,...,n. Teoperudecku (cm. Teopemy 4.1) 370 BO3MOXKHO, HO Ha MPAKTHUKE
BOZHUKAIOT TPY/HOCTH.

BeposiTHO, 9TO ec/ii 9TO MOJIyIuTCs ¢Ie1aTh Ha )y, TO 9TOT yCIexX MOKHO OyJIeT TOBTOPUTH
u i KjaaccoB Mp, 1o Kpaiineir Mepe JIjisi HeKOTOpPbIX (pyHKIUi F.

B pabore [12]| kak pas IpuBeIeHbI OIEHKH, IOy YeHHbIE HA OCHOBE OJIHUX TOJIbKO HEDABEHCTB

\7"2\2

whi| €1, w <1—m2, w <1—m2——,
{ohl <1 Hokl <T—|ml% Hwlsl <1 —[m T+ ]

(6.1)
U3 KOTOPBIX cpasdy BUIHO, 9T0 [{w}i| < 1, u paBeHCTBO B 9THX HEPABEHCTBAX JOCTUTACTCS €CIIH
u Tosbko ecn w(z) = (2, |G| = 1, k = 1,2,3. Us nepasencrs (6.1) Tak:Ke BUJIHO, UTO
{max [{w}|}3_, He Bospacraer.

®uxcupyem {w}y, k=1,n— 1. lycrs n > 3. Cuencrsue 3.2 rosoput o ToMm, ato {7y},
He BospacraetT. CiemoBaresnbao n {max |my|}32, #He Bospactaer. Ckopee Bcero, {max |cx|}2,,
Takyke He Bospacraer. Eciam sro Tak, To {max |{w}g|}72, He Bo3pacraer, a 3HauuT |{w}|
HUKaK HE MOXKeT ObITh OoJibime 1.

6.1. Oumuenka |c,|

YrBepxkaenue 6.1. [lycmv n € N, w € Qy, moada |c,|+ 1, < 1. Pasencmeo docmuea-
EMCA ecau U moavko ecau ¢, =0, r, = 1.

HoxkasaTenabctso. lyers n € N. Uz gemmbt 5.1 cieayer, uto {w}, = ¢, +e%pr,.
Tak kak [{w},| <1 uw 0 < p <1, 107, + ey < 1. Hanee, {w},] = 1, kKak usBectHo,
paBHosHadHo w(z) =nz", |n| = 1. O

3amernM, 4TO 7, IPOUOPIHOHAJIEH 7p,, HO ¢, BBIPAYKAETCS UEPE3 ¢, CJIOXKHEe, 4TO 1
BJIeUeT, B 00IeM ciaydae, orcyrcrue npocroit onenku |{f},| < ||+ < |{F1}| B omimune
or yrepxaerns 6.1. OgHaKko Jerko mokasarb, 9To eciau F(A) — BBIITYKI0e MHOXKECTBO, TO
{3l < lenl 4+ < {F

N3 yrBepxkaenus 6.1 u ciepctug 3.1 npsamMo ciegyer
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YrBepxkaenue 6.2. [lycmv n € N, w € )y, moada

m
len| <1 =1, = Z| k’

Pasencmeo docmuzaemes ecau u moavko ecau Cp — 0, Tn = 1.

Ecan 651 Mbl mostyumin 9toT Gakt, He ucnosb3ys Toro, 4to |[{wh,| < 1, To Moruim Gb
nokazarh, 9to u3 [{w}, — ¢,| < r, caenyer, uro [{w},| <1

Y mac paxe ectb 6a3a npaykmuu. Ilpm n = 1,2 yrBepk/jenne 6.2 04eBHJIHO CIIPABE/IN-
BO, Tak Kak ¢; = ¢ = 0. [lasee, HepaBeHCTBO ¢3 < M + M 9KBUBAJIEHTHO HEPABEHCTBY
|m1||mg|2 ralmi|?* + |ma|?, Koropoe crpaseBo B CI/IJIy TOFO aro [my||mel? < [mef?. Ox
HAKO, KaK CJeJIaTh IIar NHYKIUE B HACTOSIIEE BPEMsl HE sICHO.

6.2. 3DkcTrpemabHOE CBOWCTBO PYHKIUN 2"

U3 dopmyi (2.2)—(2.7) oueBUHO, 9TO UMEET MECTO

Jlemma 6.1. Ilyemvo n € N u w € €y, moeda x, = 0, k = 1,...,n, pasHOCUILHO

{w}kzo, kzl,...,’)”b

DOynknug 2" 061aaeT CIeYIONUM SKCTPEMATbHBIM CBOMCTBOM (CpABHUTE CO CJIEJICTBY-
eM 3.2).

VrBepxkaenne 6.1. IIyemv n € N. Qynryuonasve |my| u r, docmuezarom ceoezo mak-
CuMaavho20 snaverus 1 na Qo ecau u moavko ecau w(z) = (2", |¢| = 1.

n—1
HoxkaszarenanbctTso. Mveem |m,| < 7, a r, = [[(1 —2}) no cnecrsmio 3.1.
k=1
Orciona sicno, uro 7, = 1 ’3kBuBaJsientno rp =0, k= 1,...,n — 1, gro coracuo jgemme 6.1
skBuBaseHTHo {w}r =0, k=1,...,n — 1, 9To paBHOCHIBHO ¢, = 0.
Ecm |my| =1, =1, 10 ¢, =0, spaunr {w},|=1n {w} =0, k=1,...,n—1. Ecim
{wh =0, k=1,....n—1, {w}ls] =1, To |m,| =1, tak kax ¢, = 0. O

Jlemma 6.2. ITyemv n € N u w € Qy, moeda [{w},| =1 moeda u moavko mozda, xozda
w(z) =¢z", |¢| =1

Ecim w(z) = (2", |¢| =1, To oueBnHO, 9TO N -€ HepaBeHCTBO IpeBpaiiaercst B [{wh,| = 1.
A BoT 06paTHOE YTBEPKIEHNE T0KA3ATh, MOIb3YSCh OJHUMI TOJHKO HEPABEHCTBAMM, [O-BUJII-
MOMY, HE IIPOCTO.

Teopema 6.1. ITycmo n € N u w € Qp, moeda |[{w},| <1, npuuem pasercmeso docmuea-
emcsa ecau u moavko ecau w(z) = (2", || = 1.

Hoxkaszarennbcrso. Illyctb n € N u w € Q. Cayuait |{w},| =1 onucan B jem-
Me 6.2. JlasibHeiiiee 10Ka3aTeIbCTBO IPOBEIEM OT [IPOTUBHOIO.

Ipennomoxum, aro [{wh,| > 1 n {w}r # 0 npu HeKoTOpPOM HaTypasbHOM k < M, TOrJA
9(z) == w(z)/{w}t, € Qo u |[{g}a] = 1, B0 {g}r # 0, ur0 MpOoTHBOPEUnT JNeMMme 6.2. Craso
6biThb [{w},| < 1.

[Mpeamonoxum, aro [{w},| >1 u {w} =0, k=1,...,n — 1, Torma noysydaem IPOTUBO-
peune ¢ yreepxiennem 6.1. eiicrBurensuo, m, = {w}, — ¢,, HO B HameM ciaydae ¢, = 0 u
suadut |my,| = [{w},| > 1, gero me moxker 6bTh. Cramo 661t [{w},| < 1. O
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Bamerum, uro HepaBercTsa (6.1) BrosHe MO ObI OCAYKUTH 6a30i MHIYKIUKN B JOKa3a-
TeJbCTBE TeopeMbl 6.1.

7. Or dysknuonasa Kk GyHKIIUN

B nyukre 4. 6p1710 ynomsinyTo, arto eciu f € Mg, TO
n
E : k
{f}n = {F}k{w }m n € N.
k=1
Obmacru snavenuit {w}ly u {whit1, k=1,...,n — 1 omam4aiorcs, 9To 3aTPyAHSIET PEIICHIE
sagaqan. Mcnpasum sro. Kosbdurment {w}; Moxkno BeIpasuts depes m; u rj, j=1,....k,
(em. dopmyansr (2.2)—(2.7)). Beemem obosnavenust zp = my/rr, k= 1,...,n. CormacHo myHK-
Ty 3. T = ‘Zk‘
Ucnosb3yst 511 0603HAUEHUST MBI MOYKEM TIPEICTaBUTEL byHKIMoHaT {f}, B BUJE KOMILIEKC-
HOBHAYHOI (DYHKIIUU KOMILIEKCHBIX IEPEMEHHBIX 21, . . ., 2. OBJ1acTh onpeiesieHnst 1ol dhyHK-
xn
mn ectb nosmauck A, U3 dopmyn (2.2)—(2.7) cremyer, uto paccemarpubaemasi byHKIHsT He
o ~n
SIBJISIETCS TOJIOMOPHOiIT Ha A .
OueBnHO, 9TO TOUKHN MakcuMmyMa yuknnonana |[{f},| u dysknmonama

n
3 k {£}x
{W}n—|— Oék{w }TL ) ak:W’ ]{522,...,71,

k=2 1
COBIAIAIOT. DTO COOOParKeHUE MOYKHO IPUMEHHUTD, €CJIA OHO IMPUBEJIET K HEKOTOPBIM YIIPOIIE-
HUSIM B pacdeTax.

Tak kaxk dynknnonan |{f},| mocruraer cBoero MakcuMyMa Ha IDAHUIIE Q(()n), TO COIJIACHO

nemme 5.1 {w}, = ¢, + rpe'.

Qukcupyem n € N u mokaxkem Tpu criocoba repexojia oT (pyHkinonassa K pyHkimn. Tak kak
Halla 3a/[a9a COCTOUT B TIOJIYYeHUH TOYHBIX OIIEHOK MOJTYJIEl Te/IOPOBCKUX KOI(PDUIIUEHTOB HA
kiacce Mp, TO B KadecTBe IeIeBbIX (DYHKITHOHAIOB OyIeM pacCMaTpPUBATEL TOJIBKO Te, KOTOPhIE
HEe HapyIIalT TOYHOCTH OIEHKH.

7.1. IlepsBsblii ciocob

PaccmoTpuM (byHKIMOHA
I,:=|r, +c,+ Z ak{wk}n
k=2

Bes ymenbienusi o6ImHOCTH MOXKHO cunTaTh, 9T0 {w}; > 0, Tak Kak kjacc )y, a cie-
JoBaTe/IbHO U Kjace Mp MHBapMaHTEH OTHOCHUTEILHO BPAIEHUI B INIOCKOCTH IIePEMEHHON Z.
Kpome Toro, MOyKHO CUNTATh, 9TO MHOKUTEIL € NIpH 7, paBeH 1. DTO JOCTUTACTCHA y¥Ke 3a
cueT BpallleHnil B IJIOCKOCTU IIEPEeMEHHOI w, OTHOCUTEJIHLHO KOTOPBIX Kjacc Mp BO3MOXKHO
yKe He MHBapUAHTEH, HO BPAIEHUA B IJIOCKOCTU IEPEMEHHON W He MEHSIIOT BEJIUIUH, CJIeI0-
BaTeJIbHO, HE MOI'YT ITOMEIIATh ITOUCKY MAKCHMYMA.

Kaxk u Bbie cuuraem, 94to 2z, = my/rr, Tx = |zk|, pri=argzy, k=1,...,n— 1. Uc-
I10JIb3yd 9TH 0003HAYEHUs] Mbl CBEJIM 3ajady 00 oleHke (yHKImoHad a [, K MCCJIeIOBAHUIO
JeiicTBuTeIbHO3HATHON (byHKIMN (0603HAUNM ee depe3 h, ) o 2n — 3 JelCTBUTEIbHBIX apry-
MEHTOB Tj U () Ha MAKCHUMyM Ipu orpanmvenusix xp € [0,1], k=1,....n—1, ¢, € [0,27),
k=2...,n—1.
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7.2. Bropoii criocob

CoriacHO yTBep:KIeHHIO 5.2 st 000it hyukmun f € Mp cupaBeinBa TOYHAST OIEHKA

—. n-

{f il <lepl+r = [l + ‘{F}lcn + > {Fh{o*}n

Bes ymenbiiennst o6MHOCTH MOXKHO CYUTaTh, 9T0 {w}; > 0, Tak Kak Kiacc Mp uHBa-
pUaHTEeH OTHOCHTEIBHO BpAIEeHMiI B ILIOCKOCTH IepeMeHHOil z. Kak um BbIme cumraem, 9TO
2k = mg/Te, Tp = |2k|, pr:= argzr, k= 1,...,n — 1. Vcuoab3ys 311 0603HAYEHHS] MbI
cBesIu 3aJ1ady 00 oreHke (byHKImoHa a [, K MCCJIeJOBAHUIO JIEHCTBUTEIbHO3HAYHONW (DYHKITII
(o6ozHauMM ee depes h, ) or 2n — 3 JefiCTBUTEIBHBIX aPIYMEHTOB Tj W () HA MAKCUMYM TIPH
orpanmuenusax i € [0,1], k=1,....,n—1, pr€[0,27), k=2,...,n— 1.

7.3. Tpernii criocod

Bes ymenbienns obmuoctn 3amennM dbyuakimonan |[{f},| #a dysxmonat

I,:= {F}r, + Re ({F}lcn v i{F}k{w’“}n),

BOCIIOJIL30BABIINCHL TeM, 9TO Kjacec Mp MHBapHMAaHTEH OTHOCHTEJILHO BPAINEHWIl B IIJIOCKOCTH
nepeMeHHOl z.

Kaxk u BbItie 0603HAUUM 2 = My [Tk, Tk = |2k|, wr = argzg, k=1,...,n—1. Ucnonb3ys
9TH 0603HAYEHU MBI CBEJIN 3aady 06 oleHKe pyHKIUoHaIa [, K MCCICJOBAHUIO ICHCTBATEIb-
HO3HAYHOI (pyHKIUU (0603HaUUM ee h, ) or 2(n — 1) JAefCTBUTETHHBIX APIYMEHTOB Tj U (O
Ha 9KCTpeMyMbl Ipu orpanudenusx xy € [0,1], ¢ € [0, 27).

7.4. 3ameuanuda

B myrkTe 7.3. MBI BBITOJTHUIN HEKOTOPBIE JEHCTBUSA IS TOTO, 9TOOBI N30aBUTHCSA OT MOTY-
JIsh B BBIPAsKEHUHU, OlpeIesdromnieM MyHKIU0O h,, Tak KaK BO3MOXKHOCTb HCIIOJIH30BATH METO/IbI
JubdepeHImaIbHOro UCYUCIECHUT OYeHb T0JIe3Ha IIPU UCCIEIOBAHUN (DYHKINN Ha SKCTPEMY-
MbI. Bostee Toro, h, ectb QpyHKIHS OECKOHEYHO TJIajKas 10 BCEM apryMeHTaM.

Teoperuveckn, it pelieHns OCTaBICHHON B IIYHKTE 7.3. 3aJla4i JJOCTATOYHO HANTH 3HA-
veHust h, BO BCEX CTAIMOHAPHBIX TOYKAX, Y/IOBJIETBOPSIONINX YKA3AHHBIM OTPDAHUYEHUSIM, a
Tak:Ke 3HaYeHus h, B IPAHUIHBIX TOUYKAX, M BHIOPATH CPEIU ITUX 3HAUYCHUI UNC/IO ¢ HAuOO/Ib-
et abCOJTFOTHON BEJIMIHHOIA.

Ha mpakruke 3ajada MoMCKa CTaIlMOHAPHBIX TOYEK B aHAJIUTHIECKON dopMe MOKeT OBITDH
HepaspemuMoit ipu n > 3. lemo B ToM, 4TO B 00IIEM ciiydae HEOOXOJIUMO peliaTh ypaBHEe-
HUsI, COflepsKalllie KOCHHYChI PA3HBIX apr'yMeHTOB, TaK KaK MbI HMeeM JIeJI0 C JIefCTBUTETbHOMN
yacTbio pyHKIMNI. OIHAKO, €CJIU OrPAHUINTHLCS CIydaeM (DYHKIINA ¢ IeCTBUTETbHBIMU KO-
(bI/IHI/IGHTaMI/I, TO KOCUHYCBI UCHESHYT U MO2KHO 6y;LeT IIOJIY9UThb peIIeHud IIpu 6éﬂbIHHX n.

HamoMHUM, 9TO yIIOMSHYTBIE BbIIe KOCHHYChI BOBHUKJIM U3-3a 00O3HAHUEHUil 2z, = Xe'P*.
Eciu B3ITh 21, = X1 + 1Yk, THe Tp = Rezg, a yr = Im 2, TO KOCHHYCHI UCUE3HYT U B CJIydae
KOMILIEKCHBIX KO3 PUIIIEHTOB.

C apyroit croponbl, B myHKTax 7.1. m 7.2. pa3MepHOCTb 3aja49u Ha 1 HIKe, 9eM B IIyHK-
Te 7.3., 9TO MOXKEeT OBITHb II0JIE3HO, €CJIM HUCIOIb30BAaTh UNC/IEHHBIE METOMIbI, HEe TPeOyIoIme

nuddepeHImpyeMocTn 11e1eBoil (PyHKIINN.
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3aMeTnM, 9TO BCe CKa3aHHOE 3/1eCh IMPUMEHUMO K JIIOOBIM KO3(MMUIMEHTHBIM (PYHKIINOHA-
gam Hag )y, HAIpUMED, K Cp, T, WIA KAKUM-TO €IIe.

8. 3akJroyeHue

[Iycte n € N. B nacrosieii craTbe MPUBOIUTCS 0030p pelleHns KJIaCCHYeCKON P00 IeMbI
K03 uImeHToB Ha Kjaacce )y, 3aTeM BBIBOJATCS IEPBbLIE MIECTh HEPABEHCTB, OINUCHIBAIOIIIX
COOTBETCTBEHHO II€pPBBIE IIECTh TeJI Ko duimenToB Ha Kiacce (). Haaee maercs meron 1mo-
JIy9eHUsT aHAJOTUIHBIX HEPABEHCTB JIJId CBA3AHHBIX C KJjlaccoM {2y KiaccoB Mp, 9TO 1O CyTH
pacIpocTpaHsieT pelreHne MmpodaeMbl KOd(MMUIIMEHTOB Ha 9TH KJIACChl. 3aTeM aHAJIU3UPYIOT-
csl CBOIICTBA YIOMSAHYTBIX HEPAaBEHCTB, & TaK2KE€ CBA3U MEXKJy HUMMU. KpOl\/Ie TOro IIOKa3aHO,
9TO JIJIsi OIMCAaHUsi M -TO Tesia KodpduineHnToB Ha kKjaacce )y, a ciaejgoBarenbHo, u Mg mo-
CTATOYHO TOJIBKO OJIHOTO N -TO HepaBeHcTBa. OOCYyK/1aeTcs 3a/iada BBIBOJIA OIEHOK MOJTyJIeit
TEHJIOPOBCKUX KOI(MDMUITUEHTOB U3 TOJTYIEHHBIX HEPABEHCTB.

B urore, 3aa4a mojydeHns TOYHBIX OIEHOK MOJLYJIsI T€HJIOPOBCKOrO KO3 DUImenTa ¢ HO-
MepoM n, To ectb dyukmuonana |{f},|, #Ha kimacce Mp cHadasa cBejieHa K 3ajade 00 OIEHKe
dyHKIMOHaIa HaJl KjaaccoM ()y, KOTopasi B CBOIO OYepejb CBeJIeHa K 3ajiade O IOUCKEe MaK-
CHMAJIBHOTO 110 MOJIYJIIO YCJIOBHOIO KCTpeMyMa, JieficTBUTeIbHO3HaTHON dyHKImn 2(n — 1)
JNefICTBUTENTHHBIX apryMeHTOB ¢ orpanmdeHnsamu Tuia HepaBeHCTB 0 < zp < 1, 0 < ¢ < 27,
YTO IO3BOJIET IMPUMEHSATh CTaHIapTHBIE MeTOIbl JAuddepeHInaIbHOI0 UCINCTICHUS JIJIsT HC-
CJIeAOBaHUAd Ha 9KCTPEMYMbI, TaK KaK IejieBad (byHKL[I/ISI 66CKOH€“IHO TJlIaJKad II0 BCEM CBOUM
aprymerTam. i 9TOro MCHo/b3yoTes pe3yabTaThl PENIeHNs KJIACCUIECKONH MTPodIeMbl KO-
durmenToB Ha Kiaacce 1.

SameTnM, 9T0 B IyHKTE 6. pedb naer 00 OleHKe MOIYJIS KazKI0ro HadaJIbHOr0 KO3 MUIneH-
Ta 110 OTJIeJIbHOCTHU, TOI/Ia KaK B IIYHKTE H. peub HIeT — 00 OIeHKe BCceX KO (DUIIMEHTOB Cpasy,
npudeM TpedyeTcs ¢Jie/IaTh 9TO, UCIOJIB3Ys TOJHBKO HEPABEHCTBA M HE UCIOJIb3Ysd KAKUX-JTU00
MU3BECTHBIX CBOMCTB MCCJIELYEMOTO KJIacCa, TAKUX KaK BBITYKJIOCTb.

Takum obpaszoM, IpuMeHeHre pa3pabOTaHHOIO 3/1eCh MAaTEMATUYIECKOT'O allliapaTa SBJITeTCs
[IEPCIIEKTUBHBIM IIPU PEIIEHUN SKCTPEMAJIbHBIX 3a/1a9 Ha, KJacce OIPAHUYEHHBIX He 0Opalato-
uUxcs B HYJIb (DYyHKIUI, a Tak»Ke Ha JIPyruxX Kjaccax rojoMopdubix ¢yuknuii. Bosee Toro,
3a/1a91 HA SKCTPEMYM (DYHKIIMOHAJA MTUPOKO PACIPOCTPAHEHbI B HAYKE W TEXHUKE W UMEIOT
pa3HOOOpa3HbIE TTPUIOZKEHNUS.
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PeI‘y.HﬂpI/IBaI_[I/IH KJIaCCUnIeCKMNX YCJIOBI/II./JI OIITNMaJIBHOCTHN
B 3aJa4aX OIITHMMHU3allnMn JMHENHBIX CHUCTEM BOJIbTEpPpPOBa THUIIA
C (_‘by'HKI_[I/IOHaJIbHLIMI/I OorpaHUM4YeHnAMN

Baaguvup Mocudosny CYMUH 1?2 | Muxaun Mocudosua CYMUH 12
L @Ir'BOY BO «TamboBcKuii rocyiapcTBeHHbIH yHuBepcuTeT uM. 1. P. Jlep:kaBuHas
392000, Poccuiickas Peneparust, T. Tambos, yia1. Uarepnarmonaibuast, 33
2 TAOY BO «Hmxeroponckuit rocynapcrsenusiii yausepenter uM. H. 1. JIo6atesckoros

603950, Poccuiickas Peneparnus, r. Huxxuauit Hosropos, np-t l'arapuna, 23

AnHoranus. PaccmarpuBaercs peryisipusanus Kiaaccuaeckux yeaosuii onrumansaoct (KYO)
— npunruna Jlarpamka (ILJI) u npuanuna makcumyma Ionrparuna (IIMIT) — B BbiyKII0i#i 32~
Jlade ONTUMAJILHOTO YIIPABJIEHUH € (DYHKITHOHAJTBHBIMI OTPAHUYEHUSMU TUTIA PABEHCTBA U HEPa-
BEHCTBa. YIpaBjseMasi CUCTEMa 33JIaeTCs JIMHEHHbIM (DYHKIIMOHAIBHO-OIIEPATOPHBIM YDaBHE-
nueM II posia obiero Bujia B npocrpancrse L5, OCHOBHOI OllepaTop IIPaBoil YacTH ypaBHEHUsI
MpeJIIoJIaraeTCsl KBA3UHUIBIOTEHTHBIM. MUHIMU3upyemblii (byHKITHOHAI 38]a9H ABJIAETCS BbI-
IyKJbIM (BO3MOXKHO He cuiibHO). Perynspusanung KYO B HenTepanuoHHOH M WTEpAIMOHHON
dopmax ocHOBaHA HA UCIIOJIH30BAHUN COOTBETCTBEHHO METOOB JIBOMCTBEHHOI DEryJisipU3aIlii
¥ UTEPATUBHON JBONCTBEHHON peryssipusarnuu. [Ipu moryyeHnn HenTepanoHHbIX PEryJIspr30-
BauHbIXx KYO ucnosib3yorcst nBa mapaMeTpa peryJsisipu3aliii, OJUH U3 KOTOPBIX «OTBEYAeT» 3a
PeryJisipu3aliiio JBOMCTBEHHON 3aJ1a4u, JIPYroil YKe COIEP:KUTCsI B CUJIBHO BBIMIYKJIOM PEryJisi-
PUBHUPYIONIEM THXOHOBCKOM JT00ABKE K IeJIeBOMY (DYHKIIMOHAJIY UCXOJIHOM 3a/1a49u, 00eCeanBast
TeM CaMbIM KOPPEKTHOCTH 33 1adn MuHuMu3anuu ¢yuknun Jlarpamka. OCHOBHOE TIpeIHAZHAYE-
uue perynsgpuzoBanabix [1JT u IIMII — ycroitamBoe reHepupoBaHre MUHUMUIUPYIONINAX TPUOJIN-
»kennbix pemennii (MIIP) B empicie Ix. Bapru. Perynspuzosannsie KYO: 1) dopmysnupyrores
Kak Teopembl cyriectBoBanus MITP B mcxommoit 3ajade ¢ OJJHOBPEMEHHBIM KOHCTDPYKTUBHBIM
npejcrasienneM KOHKpeTHbIX MIIP; 2) gBjisiorcs CeKBEHIUAIBHBIMEA OGOOIICHUSIMU KJIACCH-
YECKUX AHAJIOTOB — CBOUX IPEJIEIbHBIX BAPUAHTOB, COXPaHss ODIILYI0 CTPYKTYPY HOCJIE/IHUX;
3) «upeognosieBaioT» cBoiicTBa HekKoppekTHOCTH KYO 1 1aorT peryispusupyiomue ajaropuTMbl
JIJIsS PENIeHns] ONTUMU3AIMOHHBIX 33/1a9. PaccMaTrpuBatoTCs MILIIOCTPUPYIONINE TPUMEDPBI KOH-
KPETHBIX 33J1a9 ONTUMAJbHOI'O yIIPABJIEHNs, CBSI3aHHBIX C CUCTEMOIl ypaBHEHMI C 3ala3/(biBa-
HUeM U ¢ uHTerpoanddepeHInaIbHbBIM yPABHEHIEM TUIIA YPABHEHUsI TIEPEHOCA.

KuroueBbie cJyioBa: BBIIMYKJIOE ONTHMAJILHOE yIpaB/eHue, (pyHKIIMOHAJIbHBIE OMPAHUYIEHUS,
byHKIINOHAIBHO-0IIEPATOPHOE YPaBHEHNE BOJILTEPPOBA THIIA, HEKOPPEKTHOCTD, PEryJIsiPU3AIIN,
WTEePATUBHAS DPEryJIspU3aIys, ABONCTBEHHOCTh, MUHUMU3UPYIOIIee IMPUOJINKEHHOE peIleHue,
PEeryaspu3upyIONnii onepaTop, mpuHnui Jlarpam:xa, npuHIun MakcumyMa, [lonTpsirnna
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Abstract. We consider the regularization of classical optimality conditions (COCs) — the
Lagrange principle (LP) and the Pontryagin maximum principle (PMP) — in a convex optimal
control problem with functional constraints such as equalities and inequalities. The controlled
system is given by a linear functional-operator equation of the second kind of general form in the
space L3, the main operator on the right side of the equation is assumed to be quasi-nilpotent.
The problem functional to be minimized is convex (probably not strongly). The regularization
of the COCs in the non-iterative and iterative forms is based on the use of the methods of dual
regularization and iterative dual regularization, respectively. Obtaining non-iterative regularized
COCs uses two regularization parameters, one of which is “responsible” for the regularization
of the dual problem, the other is contained in a strongly convex regularizing Tikhonov addition
to the objective functional of the original problem, thereby ensuring the correctness of the
problem of minimizing the Lagrange function. The main purpose of regularized LP and PMP
is the stable generation of minimizing approximate solutions (MASs) in the sense of J. Warga.
Regularized COCs: 1) are formulated as existence theorems for MASs in the original problem
with simultaneous constructive representation of specific MASs; 2) are sequential generalizations
of classical analogues — their limiting variants and preserve the general structure of the latter;
3) “overcome” the ill-posedness properties of the COCs and give regularizing algorithms for
solving optimization problems. Illustrating examples are considered: the problem of optimal
control for the equation with delay, the problem of optimal control for the integrodifferential
equation of the type of transport equation.

Keywords: convex optimal control, functional constraints, Volterra-type functional-operator
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Bsenenue

Kaxk u3BectHo, Kiaaccuaeckue yeaosus ontumasibHocT (KYO), K KOTOPBIM MBI OTHOCHM, B
gacrHocru, npunnun Jlarpanxka (ILJT) u npuanun makcumyma [Tonrpsiruna (ITMIT), obstzambt
CBOMM IIOSIBJIGHUEM Ha CBET, IIPEKIE BCEr0, HEOOXOAUMOCTH PEINEHHs PA3JINIHBIX TPAKTUIECKIX
ONTHMHU3AIMOHHBIX (IKCTPEMAJIBbHBIX) 38184 (cM., Harnpumep, [1-4]). OnHako Ha yTH HEIOCPE/T-
crBernoro npuMenenns LT u IIMII gy npakTuyeckoro pemeHns MHOI'MX IPUKJIAIHBIX 38/
ONTHMU3AIIHN, TIOCTABJISIEMBIX COBDEMEHHBIMU €CTECTBEHHOHAY THBIMU [PUJIOKEHUSMHA (CM., Ha-
npumep, [5]), BosHUKaeT HeMao cepbe3HbiX npobieM. OiHa U3 9TUX MPOOJIEM CBA3aHA C TEM,
YTO [IPYU aHAJIM3E U PEINICHUHU TOM00HBIX ONTUMHU3AIMOHHBIX 38189 HeN30eKHO PUXOJAUTCS Y IH-
THIBATH BO3MOKHYIO TIOIPENTHOCTH COOTBETCTBYIOIINX UCXOAHBIX JAHHBIX. HO HETOYHOCTD B 3a-
JIAHUK MCXOJHBIX JAHHBIX ONTUMU3AIMOHHON 38849 (PaKTUIECKU IIPOTUBOPEUUT OAZOBBLIM I10-
CTPOEHUSIM KJIACCHYECKON TEOPUH SKCTPEMYMA, IIPEIIOIaralonuM TOYHOEe 3HAHIE STUX JAHHBIX
npu noaydennn KYO. Kpome Toro, Hy>KHO yUUTBIBATH CBOACTBEHHYIO CAaMUM 3aadaM yCJIOB-
HOIT ONITUMU3AINH HEKOPPEKTHOCTD [6, 11, 9], Hen36€KHO BJIEKYIILYTO 3a cOOOI HEKOPPEKTHOCTH
u coorercrytonmx KYO (cm., nanpumep, [7-11] u 6ubsnorpaduio B srux paborax).

Hannast crarbs npogoskaer juanio pabor (10, 11| no peryaspuzarun LT u IIMII B BBI-
IYKJIBIX 3a/a9aX ONTUMAJIBHOIO YIIPABIEHNUs PACIPeIeIeHHBIMUA CUCTEMAMU BOJILTEPPOBA THIIA,
¢ QpyHKIMOHAIBLHBIMU OrpanndeHusymu. CucreMaMu BOJILTEPPOBa THUIIA Mbl HA3bIBAEM YIIPaB-
JITeMble CHCTeMbl, KOTOPbIE MOTYT OBITh ONHCAHBI JIMHEHHBIMU (DYHKIMOHAIBHBIMU (UHAME,
dbyuknmonabHO-ONEepaTopHbIMuU) ypaBaeHusiMu 11 posa obImero Buja ¢ KBA3MHUIBIIOTEHTHBIM
OCHOBHBIM JIMHEHHBIM OIEPATOPOM IpaBoil yacTu. Takue ypaBHEHUsI MOXKHO Ha3BaTb (DyHK-
[IMOHAJIbHBIMU yPABHEHUSIME BOJIBTEPPOBa THUIIA, TaK KaK yKa3aHHBIM CBOHCTBOM 00J1a/1a10T,
IpesKJIe BCEro, Pas3/ImIHOro pojia BOJILTEPPOBHI OIIEPATOPHI.

3amMeTnM, UTO Ha3BaHWE <«BOJBTEPPOBBI OlEpaTOpbl» (omeparopsl Tuna Bosbreppa) mpu-
CBAMBAJIOCh PA3HBIMU aBTOPAMU PA3JIMYHBIM KJIACCAM OIIEPATOPOB CO CXOAHBIMU CBOHCTBaMM
(MCIIOIB3YIOTCST TaKKe HA3BAHUSL: MPUIMHHBIE ONEPATOPHI, HAC/IEICTBEHHBIE OIIePATOPbI 1 JIP. ),
HaunHast ¢ usBecTHbIX pabor L. Tonelli (1929) u A. H. Tuxonosa (1938); cm., nanpumep, Kpar-
KIit 0630p omnpe/iesieHuii BOJIBTEppOBBIX oneparopos [12, lonosnnenue|, a takxe [13|. B coy-
yae JIMHEHHBIX OIEPATOPOB TU OINpEJe/IeHUs] TaK WM MHade CBA3aHbI CO CBOMCTBOM KBa3M-
HUJIBIIOTEHTHOCTH: JINOO 3TO CBONCTBO BKJIIOYEHO B CAMO OIIPEJIe/IEHIEe BOJIBTEPPOBa OllepaTopa
(cMm., Hampumep, [14, c. 10]), 6o mpu eCTECTBEHHBIX YCJIOBUAX CIEyeT U3 ITOrO OIpeIeIeHUsT
(cM., Hanpumep, onpejeserne [15] GyHKINOHAIBLHOTO OlEpaTopa, «BOJLTEPPOBA Ha CHUCTEME
MHOKECTBY, ABJIsTIOIIeecs MHOrOMepHbIM 00001eHneM onpeenerus A. H. Tuxonosa, n omupa-
formuiics Ha onpejesenne [15] menodednslii TpU3HAK KBa3HHIJIBIIOTEHTHOCTH |13, Teopema 2|).

K ypaBHeHHsIM BOJIBTEPpPOBA THIIA €CTECTBEHHBIM 00pa30oM (OOpallleHneM IVIABHON YacTn)
CBOJISITCS caMble Pa3HOOOpa3Hble HaYaJIbHO-KpaeBble 3a/1a4n JJIs Pa3/INIHbIX YPABHEHUI ¢ acT-
HBIMU TIPOU3BOIHBIME (TUIIEPOOTMIECKIX, TTAPADOINIECKUX, HHTErPO-TiuhdepeHITaIbHbIX, Ch-
CTeM TaKHMX ypaBHEHHUil, ypaBHEHUIl ¢ 3ala3IblBaHUsSMK PA3HOrO POJa M JIp., CM., HAIPHUMEP,
pasHoobpa3Hble KOHKPeTHBIE puMephbl B [12, riasa 2|, 0630psl B [12, 16]). D10 nossosmsio B Ha-
CTOMAIINEN cTaThe MoJyYuTh peryisgpusoBannble [LJT u ITMII equnoodpasHo it mupoKoro Kiac-
ca pacIpejie/IeHHbIX ONTUMU3AIMOHHBIX 3a4ad. [Ipu 3ToM CymecTBeHHBIM 06PAa30M HMCIIOJIb3Y-
eTCsl TIPEeJJIOZKEHHOe HAMU paHee MOHSITHE PABHOCTEIEHHON KBa3MHUJIBIIOTEHTHOCTH ceMeiicTBa
oreparopos (ucTopuio Bopoca cM. B [16]).

Kak uszBecTHO, U3ydeHue pa3imdubix cBst3aHHbIX ¢ KYO BOIIPOCOB JIEXKUT B OCHOBE TEOPHUN
ONTUMU3AIMN PACIIPEIEJICHHBIX cucTeM. MHoroobpasue, CJI0KHOCTh M aKTyaJabHOCTh 9TUX BO-
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IIPOCOB BOT y2Ke DoJIee MIeCTH JeCITKOB JIeT MMOCTOSTHHO IIPUBJIEKAIOT BHUMAHKE UCC/IeI0BaTe e,
Ormanrenbrast depra pabor [10,11] u nanHON paboThl — H3ydeHHe BOIPOCOB PErYJISPU3AIIN
KVYO ma ocHOBe B3amMOBBITOHOIO 00beuHeHns MeToioB Teopun KYO, Teopun peryispusa-
MM HEKOPPEKTHBIX 3a/1a49 U TEOPUHU YIIPABJIAEMbBIX PACIPE/IEIEHHBIX CUCTEM BOJILTEPPOBA THIIA.
JlocraToano mompobHoe 0bcyzKenne cBoitcTB HekoppekTHOcTH KYO B 3aa9ax onTrMaIbHOTO
YIPaBJIEHUS JIJIA TAKUX PACIIPEIEIeHHBIX CUCTEM, KOMMEHTAPUU 10 3TOMY TOBOJY U COOTBET-
crByforyto oubianorpaduio Mmoxkao Haiitu B [10, 11].

C obmmeit TouKM 3peHust paccMaTpuBaeMasi B JJaHHON paboTe 3a/1atda ONTHMAIBLHOTO YIIPaB-
JIeHUsI MO2KeT ObITh OTHECEHa K KJIACCY 3a/lad BBIITYKJIOTO IPOIPAMMUPOBAHUS B THIHLOEPTOBOM
[IPOCTPAHCTBE C KOHEYHBIM YUCIOM (DYHKITHOHAJBHBIX OFPAHUYEHUI THUIA PABEHCTBA U HEPa-
BEeHCTBA. TaK Kak B MOJIOOHBIX 3a/la1uaX, BBy KOHETHOMEDPHOCTH 0Opa3a olepaTopa, 3a/1arolre-
ro OrpaHUYeHns, MpobJieMa HEBBIIIOJTHIMOCTH YCJIOBUIl OIITUMAIBHOCTH B Pa3pelmMoit 3ajade,
[0 CYTH Jiejia, CHUMaeTCs, TO TJIABHOe BHUMAHWE B CTaThe yJIeIseTcs IpodseMe TPeoIoeHus
uweycroitanoctu [LJT u TIMIT mia takux 3amad. Heycroitamsocrs KYO B 3ajadyax ¢ orpanu-
YEHUAMU TIPOABJIAET cebsd y2Ke U B CAMBIX HMPOCTEHINNX KOHEYHOMEPHBIX 3a/1a9daX BBIITYKJIOTO
[IPOrPaMMUPOBAHNSA KaK C O'PAHUYEHHBIMU, TAK ¥ HEOTDAHUYEHHLIMI MHOXKECTBAMHU JIOITYCTU-
MBIX 9JIEMEHTOB (CM., B YacTHOCTH, |17, mpumep 3|, [18, npumep 0.1]). IIpumepsr HeycToitanBocTn
KVO B 3aa9ax ¢ 6eCKOHETHOMEPHBIME OIPAHIYCHUSIMI MOYKHO Hafitn B [7-9).

[naBHoe HazHAYMEHUE MOJTyYaeMbIX B JAaHHON paboTe U BhIPAXKAEMbIX B TEPMUHAX PEryJisip-
HBIX KjIaccudeckux ¢dpyuknumii Jlarpanxka n lamunbrona—IloraTpsaruna peryisapusosarabix KYO
— YCTOMYINBOE KOHCTPYKTHUBHOE T€HEPUPOBAHIE B 33/lade ONTUMAJILHOTO YIIPaBJIeHUsT 0000IIeH-
HBIX MUHUMUBUPYIONINX ITOCIEI0BATETHLHOCTENl — MUHUMU3UPYIONINUX TPUOJINZKEHHBIX PEIeHni
(MIIP) B cmbiciie /Ix. Bapru [19]. 3mech yMecTHO HATIOMHUTD, 9TO MIUPOKO UCIIOTB3YEMOE B OIl-
TUMaJIbHOM yrpasyenun nousgtue MIIP opranuano coueraer B cebe ydueT Kak 3alpocoB CTPOTOit
MaTeMaTHIecKoi onrumusaronsoit Teopun |19, ror. IV-VIII|, Tak u norpebHOCTE HHKEHED-
HOI1 MPAKTUKH, [TPEJIIIoIaralonieil Hen30eKHoe HaJIuIue y MPUOTNKEHHBIX PellleHnil HeHYIEBBIX
3a30POB U IIPU BBIIOJIHEHUU OIPAHUYEHU 38/1a11 U IPY NPUOJ/IMKEHNN 3HAYCHIH (DYHKITMOHAJIA
nean K ee (06o6menHoit) Huzkueit rpanu [19, . 11|, Perynspusosanasie KYO Huxke dopmy-
JINPYIOTCS KaK TeopeMbl CyliecTBoBaHus B ucxoHoi 3aade MIIP, cocrosmux u3z Munumaseit
dyukiun Jlarpan:xka, JTBOWCTBEHHbIE TIEPEMEHHBIE JIJIg KOTOPOW T€HEPUPYIOTCS B COOTBETCTBUU
¢ BBIOpAHHOI TIPOIIE/IyPOil PEry/IsipU3aIuN JIBOMCTBEHHON 3a/1a9u. B obieM cirydae BBITYKJIOTO
dbyHKIOHATA KauecTBa Mbl IIPUMEHsIEM TIPOIE/YPY JABORCTBEHHOMN perysapusanuu [17,20,21] n
nostygaem peryssipu3oBanabie KYO, koTopbie HazbiBaeM peryisipu3opanubiMu KYO B HemTepa-
uonuoi dopme [7-9]. B ciryuae ke CUIbHO BBIMYKJIOrO (hyHKIIMOHAIA KAIECTBA Mbl OIUPAEMC
Ha TIPOIE/IyPY UTEPATUBHON JBOficTBeHHOI perymsipusanun 20, 21] 1 mpuxo M K pery/ispu3o-
BanabiM KYO, KoTopbie HazbiBaeMm peryisgpuzoBanabiMu KYO B urepanunonnoii dhopme [7,9].
LenTpaspHyio posib B Hammx (GOpPMYIMPOBKAX UIpaeT BBEJCHHOE B [22] u opmeHTHpOBAaHHOE
Ha 3aj1a49u ycJIoBHON ontumusanuu nousitie MITP-o6pasyroriero aaropurma (M. HUXKe ompe-
nesienne 1.1; o B3anmocssasu nougtust MITP-o6pasyiorero anropurma n «6ojiee NpUBBIMHOTO»
JUTsT 387189 YCJIOBHOM ONTUMU3AIINN TIOHSATHST PEryJISPU3UPYoIiero ajroputma |6, rir. 9] M. Bo
BBOJIHBIX vacTax pabor [10,11]). Kak u B [10,11], yupasisiemas cucrema HUXKe 3a/1aeTCs JINHEH-
HBIM (DYHKIIMOHAJIBHBIM ypasHeHueM II poma obmero Buia B mpocrpancTse Lij', a OCHOBHOU
oIlepaTop MPaBOl YaCTH ypaBHEHUS IPeIoJaraeTcss KBa3WHUILIIOTEHTHBIM. [Ipm sToMm, Kak
u B [10,11], dyHKmoHan KavecTBa ONTUMUBAIMOHHON 3a/1a91, a TaKyKe (DYHKIMOHAJBI OrpPa-
HUYCHUI CUATAIOTCA 3a/]AHHBIMU B I'MJIBOEPTOBOM ITPOCTPAHCTBE CYMMUPYEMBIX C KBaJIpaTOM
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dyukuit. s ynporennst n3/i0kKeHus U B COOTBETCTBUY C TPAUITUSIMU TEOPUU OIITUMATIHLHOTO
ylpaByieHnst cauraeM, Kak u B [10, 11], MHOXKeCTBO JOIyCTUMBIX yIpaBIeHUN OrPAHIICHHBIM.

Kak ckazano, JanHas pabora Hammcana B npojosnkerne pabor [10, 11]. Murnmusupyembrit
dyuKIIMOHAT B HEll Ipy oIy deHnn peryiaapu3oBaHabix KYO B HenTeparmonnoit gpopme mpe;-
[I0JIAraeTCs JINIMIb BBIMYKJIBIM U HE 00dA3aTeJIbHO CUJIBHO BBIMTYKJILIM. OTMETHUM, YUTO pPery.is-
puzanmsgs KYO B BBIIYKJIBIX 3a/la9aX ONTUMAJIBHOTO YIIPABJIEHUs] C HE CHJIBHO BBITYKJIBIMI
neieBbIMU (hDYHKIIMOHAJIAME PacCMaTpUBajach B Haieil pabore [18]. YkazkeMm, B ueMm cXojicTBO
HOJTy9aeMbIX HUKE PE3yIbTaToB U pe3yabraros [10,11,18] u B 4eM UX CyIeCTBEHHOE DA3JIAINE.

O cxozicTBe pesynbraToB. B paceMarpuBaemoii Huxke 3ajade, kKak u B [10,11,18], MITP kon-
CTPYUPYIOTCS U3 9KcTpeMadieil (MurnMaseii) ee dbynkimn Jlarpanka, B3sSTBIX [IPU 3HAUCHUSIX
JIBOWCTBEHHBIX ITEPEMEHHBIX U3 HEKOTOPOI TOCIeI0BATEHLHOCTH, BBIPAOATHIBAEMOI COOTBET-
CTBYIOIIEl MTPOIIEy POl peryJispusalin JABoiicTBeHHo 3ajaqn. [Ipu sTom, kak u B (11, 18], B
KavdecTBe MPOIe/LyPhl PEry/IspU3aIi IBORCTBEHHON 3a/a4u (9Ta 3a/a4a siBJIsieTCs BOIHYTOM )
UCHOJIb3YeTCsl TUXOHOBCKag crabusmsanus (cM., Harnpumep, [6, ti. 9]). B [10] ¢ sroii menbio
HCIOJIB30BAJIACH MPOTIEyPa TaK HA3BIBAEMON NTEPATUBHON perynsipusaiun [23].

[oBopst 0 pazjmyum, MO TMEpKHEM, YTO B JIAHHON paboTe IpH MOJyYEHUU PErY/IsipU30BaH-
Hbix KVO B HemTepanmonHoit (hopme 11e1eBoil (byHKIIMOHAT ITPEJIITOIaraeTcs JIIIb BhITYKJIbIM,
u He 00s13aTeJIbHO CHJIBHO BBIMYKJIBIM, Torda Kak B |10, 11| MuanMusupyembie byHKIHOHAIIBI
CYUTAJIUCh CUJIBHO BBIMYK/IbIMU. Jlajiee, 9T0OBI OXapaKTepu30BaTh OTJIMIUE PE3Y/ILTATOB JIAH-
HOII cTaTbu OT pe3ysabraToB [18], 1e1ecoobpasHo OTMETUTH CHaYaa pasjndue noiaxoaos [11]
u [18] nmpu momydennn perynspuzoBanabix KYO B Henmteparmonuoii dopme. B ciydae, kax
B [11], cuIbHO BBIMYKJIOTO IeJIeBOr0 (DYHKIMOHAJA CUIBHO BBILYKJION 110 MCXOJHON TepeMeH-
HOIT siBJIsteTcsd u yuknus Jlarpanxka u, Kak CJaeJCTBHUE, OJIHO3HAYHO U KOPPEKTHO OIPEIEISTIOT-
ca aneMentbl MIIP, coorBeTcTByIONIME BHIOPAHHONM MPOIEyPe PEryIapU3alliy JIBOWCTBEHHOM
sajiaun. B orcyrerBue ke, kKak B [18], cusbHON BbIyKI0CTH (DYHKIMOHAIA KAYeCTBA U, KaK
CJICJICTBUE, B OTCYTCTBHUE CUJILHOW BBITYKJIOCTH (PYHKINHU Jlarpanzka mo ncxoHoi nepeMennoit
[IPU OI'PAHUYEHHOM MHOYKECTBE JIOIYCTHMBIX 3JIEMEHTOB, TapaHTUPYETCS JIUIIL CYIIeCTBOBA-
Hre (HO, BOOOIIE TOBOPsI, HE €IMHCTBEHHOCTH) ssieMeHToB MIIP (Kak 9/1eMeHTOB 13 MHOXKECTBA
MmuHUMAa e dyHKImn Jlarpanxka, B34TBIX MPU COOTBETCTBYIONINX 3HAYEHUAX JIBOMCTBEHHBIX
nepeMeHHbIX ). B Takoit curyaruu reaepupoBane MIIP B cuty perynsipusosanubsix KYO B cy-
IIIECTBEHHOM CTENeHN TePAET CBOIO KOHCTPYKTUBHOCTD. 110 9TOi npuyunie nuKe, B Ipeoio/ienne
yKa3aHHOro HejioctaTka perynsipuzoBanibix KYO B Henrepanmonuoit dbopme [18], mbl, cite-
JIyst METOJTy HaIeit paboThl [22], BMECTO OHOTO HCHOJIB3YeM JBa MapaMeTpa Perysisipu3aliii.
Onun w3 Hux, Kak u B [11, 18|, «orBewaer» 3a peryisipusanuio JBOWCTBEHHON 3a1a9u, IPyTOit
JK€ COJIEP2KUTCH B CUJIBHO BBIITYKJIOM PErYISPU3UPYIONIEM THXOHOBCKOM J00aBKE K II€JIEBOMY
dyHKIIMOHATY MCXOJIHON 3ajiaun, obecrevnBas TeM CaMbIM KOPPEKTHOCTDL 3aJa9i MUHHUMU3a-
mun dyukiwn Jlarparka. Tak, 0TKa3bIBasich OT CyIIECTBEHHBIM 06pPa30M UCIOJIb3yeMoro B [11]
YCJIOBUS CUJIBHOM BBITYKJIOCTH (DYHKIIMOHAA KadecTBa, Mbl T€M HE MeHee <«IIPe0JI0JIeBaeM»
Joryckaemyto B [18] HekoppekTHOCTE 3aaun MuHIMu3aun GyHKIwn Jlarpanxka (sra 3a1ada
siBJIsieTcst 6a30BOi BO Beex (hOpPMyJIMPYEeMbIX HUKe perysisipu3oBaHabix KYO).

Boimesium Barkuble Ha HAIT B3IV OCOOEHHOCTH MOJIyYaeMbIX B paboTe perysispu30BaH-
Heix KYO, noguepkuBaroime akTyaabHOCTh (hOPMYIMPYEMBIX HEZKE PE3YJIbTATOB (CBI3aHHBIE
C 9TUM HOIPOOHOCTH U MOSICHSIOIIIE KOMMEHTAPHH MOIYT ObITh Haiiyienbt B [7—11]). Perynsipuso-
Banuble KYO: 1) He CBA3aHBI ¢ «TPYIHOIPOBEPSEMBIMIY YCJIOBUSIMU, UCIIOIB3YEMBIMU OOBITHO
JIJTsT TAPDAHTHUH BBITOJHUMOCTH U YCTONUMBOCTH WX KJIACCHYECKHUX AHAJIOTOB; 2) BBIPAYKAIOTCS B
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TEPMUHAX PEryJsipHBbIX Kiaccudeckux (yukiwmii Jlarpamxka u Famuibrona—Tloarpsaruna; 3) si-
JIAIOTCS CEKBEHIIMAILHBIMU 0000IEHNSAME KJIACCHIECKIX aHaJI0TOB — CBOUX ITPEICTbHBIX Baph-
AHTOB, COXPAHHAIOT UX ODOIILYIO0 CTPYKTYPY U MOT'YT TPAKTOBATHCH KaK yCJIOBUS ONTUMAILHOCTH,
BbIPpaKEHHBIE B CEKBEHIMAJIbHOI hopme.

B kadecTBe KOHKPETHBIX ULTIOCTPUPYIONINX TPUMEDPOB HAME PACCMATPUBAIOTCS 3a/1a9H OII-
TUMAaJILHOI'O yIIpaBJICHUs, CBA3aHHbIE C CUCTEMOIl ypaBHEHHUIl ¢ 3alla3/IbIBAaHUEM U C MHTEIPO-
nudepeHImabHbIM YPaBHEHHEM THUIIA YPABHEHUS IIEPEHOCA.

[Ipumem citesryrornue obo3HavdeHUs W corJianienus: R, — MHOXKeCTBO HeOTpUIIATETbHBIX

neficTBuTeIbHBIX Ynces; R” — IPOCTPAaHCTBO 1 -BEKTOPOB-CTOJIONOB; (-,-), u |||, — eBKiu-

n
JIOBBI CKaJIAPHOE TIpou3Be/ienne n HopMa B R™; BEKTOPBI, €cin HEe OrOBOPEHO IMPOTUBHOE, CUU-

* — 3HaKk conpsikeHus u TpaHcronupopanus; 1[I C R"™ — orpanundennoe

TAIOTCSA CTOJIOIAMU;
u u3mepumoe 1o Jlebery MHOXKECTBO, UI'parolee poJib OCHOBHOIO MHOXKECTBA M3MEHEHUsT He3a-
BHCHMBIX TI€PEMEHHBIX, €r0 3J1eMeHThl 0b0o3HadaeMm uepes t = {t,...,t"}; L,(II) — sneGeroso
IPOCTPAHCTBO O cTanIapTHOM HopMmoit (1 < p < oo ); L3t = LM (1) = (Ly(I1))™ (1 <p < o0);

— CTaHJapTHasg HOPMa IPSIMOTO NPOU3Beienud B L' () — CTaHJaPTHOE CKaJIsip-

||||pm 2m
HOoe npousBejieHue B L1 L;”Xl = L;”XI(H) — mpoctpaHcTBO (m X 1) -marpui-byHKIui ¢

mxl
ssrementamu u3 Ly, (II) — CTaHJapTHas HOPMa NPAMOro npousseneHns B L.

) “'Hp,mxl

1. IlocranoBka 3aJa4y ONITUMAJBHOTO YIPAaBJIEHUS

1.1. Ba3oBast onTuMu3anuoHHas 3aaada. [lycTs 3ajanbl: HATYpaJIbHBIE YUCTA M, N, S;
IT C R" — orpanundennoe u u3mepumoe 1o Jlebery muoxkectso; c(t),t € I, — dynkrms Kiacca
Ly = Ly(Il); A : LY — LY — sjuneitnbiii orpanmdenusiii oneparop (JIOO) ¢ HysmeBbiM
criekTpaibHbiM pajgunycoM; JIOO B : L§ — LI'. PaccmorpuMm JimHelinoe (yHKINOHAIBLHOE
ypasuenue II poma

2(t) = Alz](t) + Blu](t) +c(t), tell, zely, wuels, (1.1)

cantas u(-) yupasisiomeit dyuximeit (yupasiennem). Beuiy KBasmHHIBIOTEHTHOCTH A,
ypasaenwue (1.1) umeer st kaxaoro u(-) € L§ enuncrsennoe B LY pemenne z(t), t € II, u
crpaseinBa GhopMyIIa

z(t) = S[Blu] + (|(t), tell, we L, (1.2)

B koropoit S : LY — Li* — JIOO — cymma psama Heiimana: S[y] = > A'ly], vy € Ly
i=0

Orseuatoriee yupasienuto u(-) € L u 3amaBaemoe dhopmyiioii (1.2) peI_UeHI;e z(+) ypaBHeHus
(1.1) obozHagaeM z,(-).

Yrobbl TIOCTABUTH I yIpasisemoii cucreMmbl (1.1) 3a7a4y ONTHMAIBHOIO YIPABJIEHUS,
Oy/ieM cUUTaTh, YTO HA IPAMOM IIpoU3BeieHnn Ly X L5 onpesesieHbl HEKOTOPbIE (DYHKIINOHAJIB
Jo, Ty Ty Iiy..., L. co ceoiicrBamu: Jolz,u| = K[z| + M[u], =z € LY, u € L§, tae
K : Ly - R, M: Ly - R — Bomykiasle dynknuonansr; J;[z,u] : LY x Lj - R —
BoITYKJIbI byukimonan (i = 1,...,k); Z;[z,u] : LY x L§ — R — juHeiiublii orpaHnIeHHbII
dbyuxnuonas, sagasaembiit bopmymoit Z;[z, u] = (a;, 2),,, + (bi,u),,, tae a; € LY, b € L3
(i=1,...,7).

Ucnonbsysa (1.2) xkak dopMmysty HOACTAHOBKH, 3ajaaauM Ha L5 dynkunonamsr: Jo[u] =
Jolzu, u] = Klzy] + Mu], Jiju] = Tilzu,u] (0 = 1,...0k), Lu] = Lilz,u] =1,...,r
u(-) € Ls. Oyuxrmmonanst J;[-| (i = 0,1,...,k) Beimykisle, a dyakimuonansr L[] (i =1,...,r

2m

~— =
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addunnable Ha Lj. [Iycrs D — BBIIYKI0€ OrpaHMYEHHOE W 3aMKHYTOE MHOXKECTBO IIPOCTPAH-
ctBa L3, di,...,d, — Hekoropsle uncia. PaccMoTpuM 3asady ONTHMAJIBHOIO yIIPABJIECHUS
cucremoii (1.1) ¢ MurnME3HpyeMbiM dyHKIMOHAIOM Jolu| npu dyHKIMOHAIBHBIX OrpaHUYe-
HUSIX

Jiu] <0,..., Jku] <0, Lul=dy,..., I [u] =d, (1.3)

U MHOXKECTBE JIONYCTUMBIX yIpasiaeHuil D. DTy 3aady CHMBOJMUCCKHU 3AIUIIEM B BH/IE
Jo[u] = min, (1.3), we€D. (1.4)

1.2. Tounasi u TpuGIM>KEHHAs ONTUMUA3AIMOHHBIE 3a4a49u. 3aja4a (1.4) moJHOCTEIO
ompeesngerca HabOPOM CBOMX MCXOJHBIX JAHHBIX

f= {A,B,C,K,M,\%(Z' = 1,,]€),{Cbz,b“dz}(2 = 1,...,7”)}.
[TpearomoKumM, 9T0 TOUHBIE UCXOTHBIE TaHHbIE

0={A% B KO\ M, J2i=1,... k), {ad,00,d} (i = 1,...,7)}

I B R

HaM H€ U3BECTHBLI, HO MbI MO2KEM OIIEpHUPOBAThb C HpI/I6JII/I}KeHHbIMI/I NCXOOHBIMU JaHHBIMI

S — [ A5 RE S 78 ApS 76 5 26

P={A B KM, J(i=1,....k),{ad, b0, d} (i=1,...,r)},
rje 0 — MeHsionuiicss B HekotopoM nostyuaTepsase (0,dg] wucaosoit mapamerp (g — dukcu-
POBAHHOE YMCJIO0), XaPaKTePU3YION it 6,1M30CTh TPUOIMAKEHHBIX TAHHBIX 0 K TOYHBIM JaHHbIM

B yKazaHHOM HIKe ycaoBuamu B u B cvbicsie. Takum 06pa3oM, MBI CIUTAEM, UTO TIPU KazK-

OBy y BuB T Gpason, : p
noM § € [0,8g] cymecTByoT cieytone oobeKThl: KBasuHmabnoTenTHbil JIOO A% : LT — LT
JIOO B? : Ly — L3 dbynxmus (-) € LY sburykasle dbynkmmonansr K°[z] : L' — R,

Mou): Ly — R, Jl[zu]: LT x Ly — R (i =1,...,k); muneiinbie orpannyuennbie GyHKIH-
onanel I?[z,u] : L} x Ly — R, sanasaemsie dopmymnoit Z0[z,u] = (al, z), + (b, u), , rae
aely, vely (i=1,....r);uucna & (i=1,...,r).

[Ipu sr060oM 6 € [0, 50] YIIPaBJIAEMOE cbyHKLu/IOHaJIbHoe ypaBHeHHe
2(t) = A°[2](t) + B°lu](t) + &(t), te€ll, ze Ly wucls, (1.5)

BBUJLy KBa3WHIIBIOTEHTHOCTH onepatopa A%, mveer maa xazkgaoro u(-) € L eauncTBennoe B
kiacce L' pemenue z(t),t € II, u cupasegmsa dopmyiia

2(t) = S[BOu] + &)(t), tell, ul-)e L, (1.6)

rie S°: L — L — JIOO — cymma psija Heitvana: S[y] = Z(A5) [y] y € L. Orevaroree
=0
yupasjennto u(-) € L u 3amaBaemoe dbopmyiioit (1.6) pemeHI/Ie 2(+) ypasuenus (1.5) Gymzem

oboznadath 20(+), § € [0,8]. Ipnu mobom & € 0,5, umeem HaGOP OrpaHTICHHIT

S <0,...,J0u <0, Du=d,... °u=d, (1.7)

»or

e Jo[u] = J2[8,u] (i =1,...,k), I’u] = Z%[2%,u] (i=1,...,r), u(-) € L3, u 3anaay
OITUMAJILHOTO YIIPABJIEHHUSI

Jou] — min, (1.7), u(-) € D, (0C?)
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e Jou] = J2[22,u] = K2[28] + M°[u], u(-) € L§. Bamaay (OC?) naswisaem mounoti 3a1a-
eit, a sagaun (OC?), § € (0,080], — npubaudicertvimu 3aTa9aMu ONMTUMATLHOTO YIIPABICHNS.
Muozxkectio Beex pemmennii (OC?) obosznauaem yepes U (oHO MOXKeT GBITH U IIYCTBIM), & €ro
sj1eMenThl — uepes u’.

IIpennosaraeM, ITO BBIIOJIHAECTCS

Venosue A. @ymxknmonansr KO M° u xaxapii us dynkuuonanos JP2 (i = 1,...,k),
d € [0,0p], cyTh JUMIIAIEBBI HA KaXKJOM OIDAHMYEHHOM MHOXKeCTBe mpocrpaHcTts LY L5 u
L% x L§ coOTBETCTBEHHO, IIPHYEM JIMIIIHUIIEBOCTh PABHOMEpHa 110 napamerpy o € [0, dg], T. e.
COOTBETCTBYIOIIUE TocTostHible JInnmuna ne 3asucar or 6 € [0, o).

CumTaeMm TakzKe, 9TO BXOJHBIC JaHHbe 3amad cemeiictsa (OC?), & € (0,8], cBasamb ¢
BXOJIHBIMU JIaHHbIME TouHol 3ajaun ( OCY ) npusenennbivu nmzke yeaosuamu B, B, T.

Yeaosue B. Cymecrsyer nocrostunas C' > 0 takast, 9o mpu Jjooom 6 € (0, dp] umeem

|45 A% < Co, B -B| < 6, |~ < C3, lad—al],, <C (i=1,...,7), (18)

il
2m

07 =8, < Co(i=1,....7),

& —d)|<Cs(i=1,...,r), |M°[u] — M°[u]| < C§(u € D).

Ycaosue B. Cymecryer neyowBaromas dyukmus Np(-) : Ry — R, rmakag, aro mis
kazkgoro | > 0 u moboro § € (0,8) mpu ||2(-)|l,,, <!, u(-) € D BBIIOIHAIOTCH HEPABEHCTBA

|K°[2] — K°2]| < Mi(D)o, | T [z, u] — TPz, u]| < Ni(D) (i =1,...,k). (1.9)

Yro6b!l chOpMYIUPOBATH YCJIOBHE I, BOCIOIL3YeMCs CJICAYIONMM BBEJICHHBIM HAMU paHee
(ncropmio Bompoca cM., Haupumep, B [16]) moHATHEM pPaBHOCTENEHHON KBA3HHUJIBIIOTEHTHO-
cru. ITycrb B — GanaxoBo mpoctpaHcTBO, = — Hekoropoe muoxkectBo, {G(§)[:] : B —
Bl}ecz — cemeiicTBo 3aBHCAnmX OoT mapamerpa ¢ € = kpasuHuiabnoreHTHbIX JIOO (HamOM-

HuM: KBasuHuIbnorentHocTh JIOO G(&)[] : B — B osnauaer, uro {/ {G(f)}k) — 0 mpu

k— 00). HazoseMm cemeiicTBo oneparopos {G(&)}eez pasrocmenerio K6a3UHUADTOMEHMHBLM,

ecm sup {1 ‘{G(f)}k‘ — 0 mpu k — o0.
£e=

Veaoene T. Cemeiicreo {A°: Ly — L5} sel0.5,] PABHOCTEIICHIO KBASHHHIILIOTEHTHO.

1.3. MIIP u MIIP-o6pasyoriuii orteparop. /s KOMIAKTHOCTH 3alllCU BBeIeM 000-
spavenns: JO[u] = {J{(u), ..., ]}, P[] = {L),...,2u]}, & ={d,...,d}. Tono-

KM

D‘S’ez{u(-)ED:||I‘s[u]—d5||rge, Ru) <e(i=1,....k)},
§€10,6], e>0; D’=D".

Onpeesmum 06061enHy1o HuzKHIO rpaib 3 3agaun (OCY) kak npegen = B9 = lim S,
e—+0
rie B = inf Ju], ecm D% # 0, u B, = +o0, ecyiu D% = (). Boobmie rosops, umeer
ueDO:e
< = ] f JO I
MEeCTO O4YeBHIHOE HepaBeHCTBO [ < [y, 1ye [y = in L Jolu KJIaCCHIecKasi HUKHsSISI TPaHb
u€D!

sagaun (OC?). Oanako BBuiy BBITyKJOCTH 3ajaun ( OCY), HenpepbIBHOCTH 3aJ1al0luX ee
GYHKIIMOHATIOB M OIPAHUIEHHOCTH D MMeeT MeCTO paBeHCTBO [ = [.
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Kak yzke ObLIO CKa3aHO BbIIIE, HEHTPAJbHBIM I Hac aBiserca nongrue MIIP B zamgaue
(OC"). Hanomnuwm, uro nocienosatebiocts ut(-) € D, k =1,2,..., nasssaerca MIIP za-
naau (OC°), ecmn JO[u¥] — B npu k — oo, npuuem u*(-) € D s nexoTopOit cxonsmIeiics
K HYJIIO TI0C/Ie0BATEeIbHOCTH TIOIOKUTEIbHLIX uncen €, k=1,2,....

Bresiem mapyroe nentpasibnoe nougTue paborsl — nousatue MITP-obpasyiomero oreparopa
(amropurma) [22] B 3amaue (OCY).

Ounpegenenune 1.1 Iyers 6F € (0,8), k=1,2,..., — cXomammascs K HYJIO MOC/e-
JI0BaTEILHOCTD TI0JIOXKHUTEbHBIX Urcel. Japucamuii or 6F, k = 1,2,..., oneparop R(:,d%),
CTaBHH_H/H';I B COOTBETCTBHUEC KazKIOMY Ha60py NCXOOHBIX JaHHBIX fak, YAOBJIETBOPAIOINX OIICH-
kam (1.8), (1.9) upu & = 6%, snement R(f",6%) = u*" € D, naswisaercs MIIP-06pasyiommm B
zagade (OCY), ecam nocye10BaTeILHOCTD W, k=1,2,..., ectb MIIP B 3T0il 331a4e€.

2. DxkBuUBaJIEeHTHas 33/1a4a BBILYKJIOTO IIPOrPaMMUPOBAHUS
" peryjspusanusa npuHnuna Jlarpamxka

2.1. Bamaua BbeIIYKJIOro mporpamMmupoBanusi. [Ipu jgobom 6 € [0, 0] 3amaua onru-
MassHoro yrpasienna (OC?) umeer dhopMy 3a4a4i BBIIYKIOTO HPOIPAMMIPOBAHHUS B IPO-
crpancTBe Lj. Mbl nepenmieM ee B BHJle, HO3BOJISIONIEM HAIPSIMYIO BOCIOJIB30BATHCS DPe-
syJbTatamu paborsl 22|, riae pacemarpuBasachk peryispusaius KYO B 3ajauax BBIITYKJIOTO
IIPOrPAMMUPOBAHUs U BBIITYKJIOIO ONTUMAJILHOTO YIIPABJIEHUsI B I'HJIBOEPTOBOM IIPOCTPAHCTBE.
st sToro BhIE MM B abPUHHBIX DyHKIIMOHATAX [ J‘-S [[], 7=1,...,r, JuHEHHYIO YaCTh:

I?[ ]—]5 <aJ755 >7m—fsz ul <aj,55 1)y s W€ Ly 6€(0,0] (j=1,...,7).

a

Jlnst epmHoo6pasust sammcu BejieM obosnadenns: J[u] = Jiu], Jo[u] = Jo[u] (i=1,... k),
u(-) € L. CDyHKLLI/IOHaJIbI J2(i=0,1,...,k) — somykmste, a I (j =1,...,r) — muneiinse na
L. Tonoxum € <a‘5 Sl > (7 =1,...,7r). OueBugno, uro npu KaxkjgaoM 0 € [0, |

38,1894 BBIILYKJIOTO HpOI‘paMMI/IpOBaHI/IH B L§
Jou] — min, J[u] <0 (i=1,...,k), I?[u] =el(j=1,...,r), ueD, (P°)

9KBUBaJICHTHA 3ajade onTHMaabHoro ympasienna (OC?): coBmagaloT MHOYKECTBa DeIleHHuil
W 3HaueHWs THX 3ajad. 3agaan (P°), § € [0,68], npumamexar Kiaccy 3a/ad BBITYKJIOTO
IPOrPaMMUPOBaHUsl B THILOEPTOBOM IIPOCTPAHCTBE, U3yJaBIIeMycs B [22].
Yeqoue A Bieder 3a coboit cireyroree paBHoMepHoe 110 0 € [0, dg] CBOICTBO JIUMITIUIIEBO-
et bynkmmonanos J¢ (i = 0,1,...,k) Ha 1060M OrpaHImYeHHOM MHOYKECTBE TTPOCTPAHCTBA
5 : cymectByer HeyObiBatoras dyukiusg No(+) : Ry — Ry makas, uro npu kaxgom § € [0, o
g oooro [ > 0 mmeem

|I2fun] = F[ua]| < No(0) lur = wally, s wiyus € Ly, uallyy s [luslly, < (0 =0,1,... k).
. . . 5
Yenosusg B u I' BiaekyT 3a coboit Takoe CBOHCTBO ceMelicTBa OIEpaToOPOB { A } 0<5<5y "

Jlemma 2.1. Cywecmeyem wucao K maroe, wmo ||S° — S°|| < K||A% — A°||, 0 <8 < dp.

HJokaszaTenscTso. U3 ycnosusa b caenyer cymecrBoBanme nocroganoit C Takoit,
9T0 ||A5H < (1, 0 <0 < 6§ Durcupyem soboe € € (0,1). B cuny yenosust ' maiiercst

nHarypasbioe N(€) Takoe, 9TO H (A‘S)iH <¢€ mpu i > N(e), 0<d <. To ecrs npu o6oM
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§ € (0, 8] umeenm ||S°|| < Z?L(g)*l(C’l)i—i—ZfiN(g) €'. BaBucdlnee oT € IUCIIO0, CTOAIIEE B IPABOi
YacTHU IOCJIEJHEr0 HepaBeHcTBa, obo3HaunM 4epe3 (. IIpomssosbHo BeIGEpeMm z € L. Tax
kak S[z] = A° [S°[z]]+2, 0 € (0,680), To S°[z]—S°[z] = A° [S[z] — S°[2]] +(A® — A4%) [S°[7]]
u nosromy S°[z] — S°[z] = SO [(A° — A%) [S°[z]]] . To ects npu mobom & € (0,dy] mmeem
5% = SO < Co[1S°) || A% — A°||, u moxno B3aTE K = Cs [|S°]] - O

N3 ycnosuit B, B u I mpocTbiMu BBIKIIKAMU, UCIIOIB3YS JIeMMY 2.1, TIOJIydaeM CJIe Ty oIy 0
CBA3DL BXOAHBIX JaHHBIX 3a1a4n ( P) ¢ sxogmbivm mananivu 3aga4 (PP mpu 6 € (0, 5).

JIemMma 2.2. Cywecmeyem nocmosnnas L', sasucawas suws om onepamopos A°, BY.
pyrryuonaros K° J(i = 1,...,k), ¢pymryut ,al(i = 1,...,7), @G = 1,...,7r), Ny,
wucen dy(i = 1,...,7), C,K,80 u mmnoocecmsea D, maxas, wmo das xascdozo & € (0,0
BUINOAHAIOMCA HEPABEHCTNEG

|J[u) — I[u]| <TS, weD(i=0,1,...,k); (2.1)

‘If[u] — )| < Lo ully,, wels(@=1,...,7); ‘ef—e?} <Ty(i=1,...,7).

2.2. MIIP n MIIP-ob6pa3yomiuii oneparop B 33jiave BBIMYKJIOTO ITPOrpaMMUPO-
Banust. onoxny: J°[u] = {I{[u), ..., B[]}, Plu] = {LBu],..., L]}, ¢ = {e,...,e

»er

Nmeem
D*={ueD: |l - e‘SHT <e, Ju<e(i=1,...,k)}, 6€][0,6], e>0.

Tak Kak 0bo0IIenHast HuKHsAs rpanb 3agaan ( P0) onpejensiercs paxThuuecku Toii ke caMoit
dbopmyioit, uTo u obobienHas HuKHAS Tpanb 3ajgaun ( OCY), u 3Tu rpanu coBmagaT, TO

MBI COXpaHUM 3a Heil To ke obozHauenme (3. Mmeem [ = [i9 = hr-?o Bey, Be = in% J0[u],
€~ ueDY€

eciu D% # 0; . = +oo, ecin D% = (). Kak yxKe oTMeuaIoCh, IMEET MECTO OUEBUIHOE
nepaseHcTso 3 < By, tme [y = inf0 JO[u] — knaccuueckas mmkustst rpanb sagadan (P0).
ueD

Opnako BBUAY BbinykjaocTu 3ajaqn ( PY), menpepbiBHOCTH 3ajaiomuX ee (DyHKIHOHAJIOB 1
orpaHmdeHHOCTH D mMeeT MecTO paBeHCTBO [ = (.

i) o0
Onpepgenenne 2.1 Iocnenosaremsnoers {u’};—, snementos muoxecrsa D, jyis
KOTOPOI# CYIIECTBYET TaKast CTPEMSIIAsAcs K HYJIO OCIIe/0BATEIBHOCTD IIOJIOXKHUTEIBHBIX THCEII
{e/}2,, aro v € D> (j =1,2,...) nu JJ[v/] = B = inf JS[u] npu j — oo, maswBaerca
j=1> ) Sy 0 weDO 0 9

MUHUMU3UPYIOIAM TTpub/zkenHbiM perternem (MIIP) zsagaun ( PO).

Jlemma 2.3. B cuay ozpanunenrocmu D cywecmeosanue MIIP 6 sadaue (P°) pasnocunn-
1o nepasercmey [ < +oo. Feau B < 400, mo kascdan caabas npedesvras mowka a100020
MIIP seasemca ee pewenuem. Ecau oice 6 amom cayuae dynxyuonan J saeasemea cunvmo
sunyKALLM U cybdupdepenyupyemoim (6 cmoicae uNYKA020 anaauda) 6 mowkaxr D, mo das
06020 MIIP u*, k=1,2,..., 6 paspewumoti edurncmeernvim 06pasom 6 3mom caydae 3a0aye

(PY) cnpasedauso npedeavroe coommowenue u* — u®, k — oo.

JJoxkasaTeabcTBO. Bo-lepBbiX, MOKHO 3aMeTUThb, YTO, TaK KaK MHOXKECTBO D
orpanmyeno, To Grarojaps ciaboii mosyHenpepbiBHOCTH cHuzy dyukuuonanos Jo[ul, JV[u]
(i=1,...,k), u € D, cnaboii nenpepbieHocTu dynxuuonanos I0u] (i =1,...,r), u € D,
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Kazkjasd ciabas npenenbias Touka joboro MIIP (orpanndennoro Bumy orpanndeHtocta D )
B 3TOM cJlydae aBjstercs pentenueM sagaqan ( PP). Ecim xke dbynxunonan J) sBiasgercs u cuibHo
BBIIYKJIBIM, TO MOCJeI0BaTebHOCT ¥, k = 1,2,..., 0 KOTOpOil WJeT pedub B JieMMme, caabo
CXOJIUTCA K €€ eJIMHCTBEHHOMY B 3TOM ciiydae pemennto u’. V, HAKOHeIl, TaK KaK B OCJIE/HEM
ciyaae opaospemento J[uf] — J9[ul] mpu k — oo, To ¢ yderom cy6uuddepennupyemoctu

k

J) B Toukax D mosmyvaem cuibhyio cxogumocth u® Kk u’ mpm k — oo. O]

Bgenem nousitue MITP-o6pasyromero oneparopa [22| B 3amaue ( P?).

Ounpegenenune 2.2 Ilycrs 0% € (0,00), k=1,2,..., — cxoudiascs K HYyJIO [10CJIe-
JOBATE/IBHOCTD. 3apucsmuit ot 6%, k= 1,2,..., oneparop R(-,-,-,-, ), crapamuii B cooTBeT-
CTBHUE KazKJOMy HabOPY MCXOHBIX JIAHHBIX {Jgk, I 10" €Y yI0BIETBOPSIONIEX YCIOBHSIM
(2.1) upu & = &%, snement RIS, I 1" & 6%) = u%* € D, naswssaerca MIIP-06pasyomm

K By
B 3agade ( P?), ecom mocnenosaremsiocts u® , k=1,2,..., ectb MIIP B aT0it 331816,

Hama samaua ( P°) apisercs wacTHBIM caydaem sagaanm ( P°) paborb [22]: mabop mc-
xonupix gannbix {J9, JO, 1%, €%} nammoit paboThl cOOTBETCTBYeT HAaGOPY HCXOIHBIX JAHHDBIX
{2, ¢°, A% h%} B [22|. B mameit 3amade ( P°) B ToM ciydae, Kor/ia ee 1esiesoil byHkimonan J)
SIBJISIETCSI JTUIIID BBIYKJIBIM (M MOZXKeT OBITh U He CHJIbHO BBIIIYKJIBIM ), BBITIOJHIIOTCS BCE YCIO-
BUs, TIPU KOTOPBIX K Hell MOTyT ObITh IPUMEHEHBI TEOPEMa CXOAUMOCTH METOJa JBONCTBEHHO
PeryJsipu3aIiu ¢ JIONOJTHUTEIHHBIM TAPAMETPOM PEryJIdpU3aIlii B (OYHKITMOHAJIE [IEJIU U PEry-
JIIPU30BAHHBINA NpUHIMIL JlarpanzKa Jijis 33/1a91 BBILYKJIOTO IIPOIPAMMUPOBAHKS C BBIITYKJIBIM
(BOODIIIE TOBOPSI HE CUJIBHO BBIITYKJIBIM) I€JIEBBIM (DYHKITHOHAIOM PaboThl 22| (31O Teopema 2
u Teopema 3 u3 [22] coorBeTcTBEHHO).

Taxkum 06pa3oM, Mbl MOXKEM TepedOPMYJINPOBAThH yKa3aHHbIE PE3y/abTarThl paborTsl [22] B
TepyuHax 3ajaan (P°), a ciefoBaTelbHO W B TepMEHAX SKBHBaTeHTHoil eit zamaan ( OC?)
JaHHOl paboThl. Tak Kak Hallle UCC/Ie0BAHNE HAIPABIEHO HA M3YUYeHUe 33J1a9 ONTUMAJbLHO-
ro ynpasyenns (OC®), a 3a1a9u BBITYK/IOro HporpaMMupoBanus ( P°) BEICTYIAIOT IIPH 3TOM
KaK BCIOMOTaTe/IbHbIE, IpUdeM ncxomnable mannbie 3amad (P2) u (OC?) ceasanbl MexIy Cco-
6010 npocreivu coornomennsvu ( J[u] = Jlu], Bu] = I2[u] — (a3, S°[]) o = I[85, u] —
(al, S‘S[c‘s]>27m, ed =d — (al, S‘S[c‘;]>27m (G=1,...,7), Y= (i=1,...,k), ue Ls,
d € [0,00] ), MBI B cireytorem pasjesie IpoBejieM epedopMyInpOBKY YKa3aHHBIX Pe3yJibTa-
T0B 22| cpasy B Tepmunax sagaun (OC?).

3. PeI‘yJIHpI/I3aI];I/IH KJIaCCUMYI€CKUX yCJ'[OBI/Iﬁ OIITUMAJIBHOCTH B 3aJla4aX
OIITUMAJIBHOI'O YyIIpaBJIEHUA pacCIiipedeJIEeHHbIMU CucCTeMaMun

Yr06b! IepedOpMYIHPOBATH YKa3aHHbBIE BhIIE Pe3yabTaThl paboThl [22] B TepMuHaX Hateit
sagaan (OC?), BBegeM HeOOXOMUMbIE KOHCTPYKIIUHI C JIOTOJHATEILHBIM TIapaMeTPOM DPeryiis-
pU3aliu € B TeaeBoM (GyHKIHOHaMe. 3ammimem perynapusosannbie sagaan (OC?) co crabu-
JIM3UPYIONIIM THXOHOBCKUM JI00aBKOM B IiesieBoM (dbyHKIoHase (31ech € > 0, 4§ € (0, 5] ):

Solul +ellul3, = min, I°lu]=d°, Ju]<0(@=1,...,k), u€eD. (0OC?)

Ouesnuo, 5 3asade (OC? ) ¢ nonoxureasun € bynxnuonan kauecrsa Ji[-|+-el|-||3,, asmser-
Cs1 HEIIPEPBIBHBIM U CHJIBHO BBIIYKJIBIM Ha D ¢ IOCTOSIHHON CH/IBHOM BbIIyKjocTH €. Perexne
sajiaan (OC?) ¢ € >0, 6 € (0,0p] MOXKeT U He CyMecTBOBATh, HO €CJIH CYIIECTBYeT, TO U3-3a
CUJIBHOM BBIMTYKJIOCTHU (DYHKITHOHAIA KATeCTBA €JIMHCTBEHHO. ByieM 0003Ha9aTh TaKOe pereHne
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g 1 II0JIOZKHUM U8 = UO, rJge, KakK IIPpUHATO BBIIIE, 9€PE3 U,O obo3HaAYAECTCA HeKOTOprfI

epes u
sement muoxkectsa UC pemennit sataun (OC?). onoxum (OCY) = (OC?). Beesem pery-

napuyio dynxuuio Jlarpanzxka sataun (OC?)
L&E(ua )‘7[’6) = Jg[u] +6”u||§,s+</\7]6[u] _d6>r+<ﬂ7 Jd[u}>k7 u < L;, AE RT: IS Rﬁ-a

nonoxus LOO(u, A\, p) = Lo(u,\,p), v € Ly, N € R, u € R%. TIpu mobbix & > 0,
AeR" pe R’i u kazxgaoMm 0 € (0,60] dymrxmms L (u, A\, it) CHILHO BBITYK/Ia C MOCTOSHHOI
CHJIHOM BBIIIYKJIOCTU € W HellpepbIBHA Kak (bYHKIIN [epeMeHHoil u B L3, a ciieoBaTesbHo,
JIOCTUTAET MUHUMYMa Ha OTPAHMYIEHHOM BBIITYKJIOM U 3aMKHYTOM B Lj MHOXKecTBe D, mputiem

B eJmHCTBeHHOM Touke u’ [\, u] = argmin L%(u, A\, i), A € R", p € RE (cm. [6, oo 8, § 2,
u€D
teopema 10]). JIpoiicTBennoit K 3a1aue ontumabioro yiupasienus ( OC? ) apngercd 3a1aua

VO ) = mig Lo(u,\,pu) = sup, A€ER’, peRE.
ue
Honoxkum: VOO, u) = VO(A\ u), Ae R", ne RE, §€ (0,d0]. O6osnaumm uepes (>, 11%<)
eIMHCTBEHHYIO TOUKy, paoutyto Ha R x RE maxcnmym cuibHO BorayToMy ¢yHKIMOHATY

R0 n) = VO i) —al A2 —allulf, AER, weRL, a0, e>0, §€(0.6)

3.1. O6muii coay4vaii 3a/1a4M ONTUMAJIBHOTO YIIPABJIEHUS C BBIMYKJIBIM (DYHKITNO-
HaJsioM nesin. Perynsapusanmnsa npuHnuna Jlarpan»ka, ocHOBaHHasi HA peryJjsapu3aluu
no TuxoHOBY ABOMCTBEHHOW 33JIa4M W MCHOJIb30BAHUMN CTAOUJIM3UPYIOIEro THUXO-
HOBCKOT'O /I00aBKA K OCHOBHOMY IlejieBOMY (PYHKIMOHAJY. Ternepb Mbl MOXKEM Tepe-
bopmyuposaTh Teopembl 2 1 3 u3 [22| B TepMunax nameit sagaau (OC? ).

3.1.1. Perynsapusupyromiuii ABOMCTBEHHbIII AJTOPUTM B 3a/ave ONTHUMAaJbHOTO
yrupasiaenusi. [lepedopmymnpyem Teopemy 2 u3 [22| o cxoaumocTn MeTo/a IBOHCTBEHHOI pe-
TYJISIPU3AIINAN C JIOTIOJTHATEIHHBIM TapaMeTPOM Peryadgpu3anun € B pyHkimonase nean. [lycrs

a(d), 6 € (0,0¢], — HEKOTOPAsI TTOJIOKUTEILHO3HAUHAS (DYHKIIUSA, VIOBJIETBOPAIONIAST YCIOBHIO
0 — 0 (0) =0 d—0 (3.1)
— [0 IIpn . .

Teopema 3.1. Peeyaapusupyrowuti 060tcmseertbill ai20pumm 6 3a0a4%e ONMuUMaNbHO20
ynpacaenua. Ilyemo evmoanaemca ycaosue coenacosanus (3.1), a & € (0,0), €, j =
1,2,..., — crodauyuecs K HYs0 NOcAeI0BAMEALHOCTNU NOAOAHCUMENLHUT Yucea. Toz2da onepa-
mop R(-,07), cmasawuii 6 coomeememeue a1060my HaOOPY UCTOOHBLT OUHHBIT £ ydos.aemeo-
paowuz ouenkam (1.8), (1.9) npu 6 = 67, ynpaeaenue R(FY 57) = u® < [\ e0)e ) 370(07).7]
asaaemcs MITP-o6pasyrowum 6 3adave onmumarvrozo ynpasaenus (OC®) 6 cmuicae onpede-
aenus 1.1.

3.1.2. PerynsapusoBaHHbIii nmpuHIiuil Jlarpan>ka B 3ajiaye ONTUMAJILHOTO yIIpaB-
aeHud. llepedopmynupyem peryiasgpuzoBaHubiil npuaIun Jlarpan:ka s 3a/1a49u BBITYKJIOTO
IPOrPAMMUIPOBAHUSI C BBITYKJIBIM (BOOOIIE TOBODSs, He CHJILHO BBITYKJIBIM) TIeJ€BbIM (DyHKIIHO-
HasioM [22, Teopema 3|. TlomuepkHeM, 4TO 3a CYET IPUMEHEHUsT CEKBEHIIUAIBHOIO MOJIXO0/a ero
dOpMyIUPOBKaA yUINTHIBACT OJIHOBPEMEHHO U PETYJISPHBINA, U HEPETY/IsAPHBIA CIydan 3a/1aquu.
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Teopema 3.2. Pezyaapusocanmviti npunyun Jlazpanoica onn sadavu (OC°). ITycmw {& }]Oil

— 210004 PUKCUPOBAMHAA CTOOAWAACA K HYA0 NOCACIOBAMEALHOCTIVD NONOAHCUMENLHOLL YUCEN.
MIIP 6 sadaue (OC°) cywecmeyem mozda u moavko mozda, x020a CYUECMEYIOM CMpems-
WUECA K HYAI0 NOCACOGATENDHOCTIU NOAOHCUMEALHILT Yucen {7 };il , { };’il u nocaedosa-
MeALHOCD Nap 6exmMopos dsoticmeennvir nepemenroir { N, pi }jil C R" x RY maxue, wmo

SN+, =0 npu j— oo (3.2)
U GHMONHAIOMEA GRAIOUEHUA

W IN ] e DY (G=1,2,..0), (3.3)
a maxoice npedeavroe CoOmHOWENUE

</\j,]6j [u‘sj’aj [)\j,;ﬂﬂ — d5j> + <,uj,J5j [u‘sj’aj [)\j,,uj]]>k —0 npu j — oo. (3.4)

T
Ecau yrasanmvie nocaedosamenvroemu {87} - {7 oo, uw {N, W/} o2, eywecmeyrom, mo
Y €0t j=1> V" rj=1 YW g i—1 CYW yrom,
nocaedosamenvrocmy u® = [N, ], j=1,2,..., asisemca MIIP sadawu (OC°), m. e. no-
mumo (3.3) evinoansemes u npedesvhoe coommoueHue

Jg [uaj’gj P\j,/ﬂ]] — Jg [uo] npu j — 00,

ede u° € U°.
Kax caedemeue coommnowenudi (3.2)—(3.4) svnoanaemes u npedeavroe coommowenue

VON ) — sup  VO\p)=J§ [°] npu j— oc.
{AureRxRE

pyeumu crosamu, 6HE 3a8UCUMOCTIU OM MO20, PA3PEWUMA UL HEM 080TUCMEEHHAA K
(0OCY) 3adaua, arzopumm R(-,67), szadasaemwiii pasencmeom R(FY67) = u¥ [N, 4] dan
Kaotcdo20 HabOPa UCTOOHIT OAHHHLT f‘sj, ydosaemeopsrouux oyenkam (1.8), (1.9) yeaosuii B, B
npu 6 = 87, asasemea MIIP-obpasyrowum 6 cmuicae onpedeaenus 1.1, npuvem xasicdas caabas

npedeavhan mowka nocaedosameavnocmu u’ N @], §=1,2,..., npunadaesicum mmodice-
cmey U°, m. e. asasemca pewenuem 3adauu (OCP).

B xauecmee xonxpemnoti nocaedosamenvrocmu N, 1y, j=1,2,..., nanpumep, modicHo
83AMb NOCALI0BAMEALHOCTND {)x‘sjvo‘(‘sj)’ej,u‘sj’a(‘sj)’aj}, j=1,2.... 0o xomopol udem peuv 6

meopeme 3.1.

Samemum, wmo 6 cuay oeparnuvennocmu D ycaosue (3.3) co cmpemAwumucs k Hya10
nOCACO0GAMENPHOCTLAMY, NOAOHCUMENLHYIT “ucen {07 };il, {~’ };’;1 umeem Mecmo mozda u
moavko mozda, xozda ud < PENTIRS DO (7 =1,2,...) 0as nexomopoti cxodswetics K Yy
nocaedosamenvrocmu noaoskcumenvror wucea {37}, .

Sameuganue 3.1. C yderom jeMMbl 2.3 MOXKHO yTBEPK/IaTh, 9YTO B CJIydae CUIbHOI
BBIITYKJIOCTH JS [u], w € D, remepupyemas Teopemoii 3.2 MOCIEIOBATETHHOCTE T N, 1],
j=1,2,..., CHIBHO CXOJUTCA K €JIMHCTBEHHOMY B 9TOM ciy4dae perenuio sajaun (OC?), npn
3TOM MOKHO cuutath &/ =0, j=1,2,... (cM., Hanpumep, Teopembr 4.1, 4.2 B [17]).
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ITosb3ysch CBOMCTBOM KOMIAKTHOCTH eIMHIYHOI cdeprl mpoctpancTBa R” x R¥ u nepexo-
JIsT OYEBUIHBIM 00Pa30M K IpeJiesty pH j — 00 B cooTHOMmeHusX (3.3), (3.4), moaydaem ciery-
1olIee KJlaccuiecKoe yciosre ontuMaibioctu B 3atade (OCY) B dopme nemuddepeniuaibHoro
npunnuna Jlarpan:ka, Kak CJ/IeJICTBUE Pery/aspu30BaHHOrO npuniumia Jlarpamxka TeopeMbr 3.2,

0

. . . S NG g1
NI KasKJ1oil craboil mpetenbHoil Toukn v’ mociemosaTensHocTH Ul M), 7=1,2,....

CnencrBue 3.1. ITycmov v’ € U — onmumanvroe ynpasaenue 6 sadane (OC®), acaa-
roweecs caaboti npedeavnot mowkot nocaedosamenvrocmu ud N W], j=1,2,..., o %o-
mopoti udem peunv 6 meopeme 3.2. Toeda cyuecmeyem HeswvipocdeHnvili Habop MHOHCUMEAET
Jlazpanorca (v, \,p), v>0, NeR", pe Ri, maxot, 4mo 6viNOAHAIOMCA COOMHOWEHUA

vJo[u’] + (N IPTu®) — d%) + (p, J°[l]), < wdglu] + (A I°[u] — d°) + (p, J°[u]),, weD,
il =0 (i=1,....k).

3.2. 3aJja4a ONTUMAJIBHOIO YIIPABJIEHHUs C CHJIBHO BBIIMYKJIBIM (DYyHKIMOHAJIOM
unesu. Perynspusanus npunnumna Jlarpanrka, ocHOBaHHasi HA UTEPATUBHON pery-
agpu3anuu JABoiicTBeHHOM 3amaum. [lycts Temepr MU[] : L — R, a Bmecte ¢ HuM n
MO[]: Ly = R, 6 € (0,8)], — cuibHO BbiyK/Ible (BYHKIMOHAJIBI ¢ OCTOSHHON CHJILHOf BbI-
nykyioctn k. Torma u Bee bynkmuonaner Jo[]: Ly — R, 0 € [0,0p], Taxske CHILHO BBITYK/IbI
C TIOCTOSIHHOM CUJIBHOM BBIYKJIOCTH . B 3TOM citydae: e Tosibko 3 = [y, HO MHOXKecTBO U°
pemenwuit 3a1aun ( OC?) (u sxBuBasenTnoii samaun ( PP )) cocronT He Gosiee 4eM U3 0JHOTO 3J16-
MenTa 1, Ha KOTOpOM M JiocTuraloTes obe rpanu (3 u [y B ciaydae memycrorsl U° [7,20,21];
Bee sagaun (P?), § € [0,8)], uTo mia Hac BaxKHO, MPUHAJJIEKAT KIACCY 3aJad BHITYKJIO-
IO TPOrPAMMUPOBAHUs B MMJIBOEPTOBOM MPOCTPAHCTBE C CHJIBHO BBIMYKJIBIMU (DYHKIHOHAA~
MU Tesd, u3ydasieMycs B paborax [7,20,21]; B 3a1aue BbimyK/I0oro nporpamMmvuposanus ( PO)
BBIIIOJTHSIOTCS BCE YCJIOBHsA, KOTOPBIE MO3BOJISIIOT PUMEHHUTh K Heil yTBepxK/IeHus [21, Teope-
ma 2|, [20, Teopema 3.5.2|, [10, Teopemsbr 1, 3, 4, 5| ayst o6ocHOBaHMSI MPOIIEAYDP UTEPATHBHON
JIBOTICTBEHHOI Peryssipusaluy 1 urepaTuBHoii peryaspusanuu 11T,

Oynxmusa Jlarpamxka LO(u, A\, p) = L*(u, A\, i) 3amaam (OC° )= (OCS) cunbHO BHITYKITA
C HOCTOSIHHOM CHJIBHOM BBINYKJIOCTH K U HElpepbIBHA Kak (QYHKIMs rnepeMeHHoil u B Lj, a
CJICJTIOBATEJILHO, JIOCTHTAeT MUHIMYMa Ha OIDAHHYEHHOM BBIITYKJIOM U 3aMKHYTOM B L§ MHO-
xecTBe D, NpEYeM B eMHCTBeHHOH Touke u’|[\, i) = arger;l)in Lo(u,\, i), X €R", peRE

u

(cMm., nanpumep, [6, 1. 8, § 2, Teopema 10]). JIBoiicTBeHHOI K 3a/1a4€e ONTUMAJIBHOTO YIIPABJICHUS
(OC?) aBngerca 3ama4a
VO p) = miir)l L(u, M\, ) = sup, AER", pc RIL
ue

O6osnaqmm gepes (A, u®Y) eauHCTBEHHYIO TOUKY, Aalollylo Ha R’ X R" makcuMym cuiibHO
BOIHYTOMY (DyHKITHOHAJTY

R*(\ ) =V ) —allM? —allpli, AeR’, peRY, a>0, de(0,d)

Bysem onmupartbes Ha peryaspusanuio apoiicrsentoii Kk ( OC? ) zagaun. g dbopmymposKu
COOTBETCTBYIONIUX PE3YJIbTATOB BBEJIEM HEOOXOIMMYIO MTEPAIMOHHY0 tpoueaypy [7, 20, 21].
O6osnaqmm gepes OV (A, 1) cynepmuddepennua (B cMbIC/Ie BHITYKIOTO aHAIN3a) BOIHYTOTO

dyrxmmonana VO @ R™ x RE — R. Bekrtop VoA, p) = {I° [W’[\ p]] — d°, J° [’[\, 1] }
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JIEZKUT B 8‘/5()\, p). Ilycrs mocsenoBarebHOCTD {Xj , ﬂj}, 73 =0,1,2,..., KOHCTpyupyeTcs
110 UTEPAITMOHHOMY TTPABUITY

(N ) = Pry <{/‘\j’ﬂj} 1 5J‘5W (W, i) — 267 {S\J',ﬁj}> , i=0,1,2,...; (3.5)

[0, e A= R x R,

rie nocaenosareabuoctn 8, of, B9 j=1,2,..., yIOBIETBOPAIOT YCIOBUSM COIVIACOBAHHUS
, , , , A . A al
>0, o >0, >0 1m0 +ao’+p)= — < Cy, (3.6)
j—o0 ot
ladtt — o) Jid . ‘ . > :
L < _ < B =
wrm <O p O Rt Lo

IpH HEKOTOPBIX mosoxkuTeabibx C, Cy. Takue 10C/Ie10BaTeIbHOCTH CYIIeCTBYIOT. MoxKHO
B34Th, HampumMep, of = V6 i = j=1/0GB) 51 = -1,

3.2.1. Perynsipusupyromiuii I/ITepaI_[I/IOHHbII/I JIBOMCTBEHHBIN aJITOPUTM B 3a/ade
onrTuMasbHOro yupasJienusi. [lepedopmymposka reopem |21, reopema 2|,[20, reopema 3.5.2],

[10, Teopema 1] mpumenurensro cpasy K 3agade (OCY ) IpUBOIUT K CIeIyIONEMY Pe3y/IbTaTy.

Teopema 3.3. Hmepamuenas deoticmeennas pe2ysipusayus 6 3a0aue onMmuMasbHO20 Yn-
pasaenus (OC°). IIyemv u® — pewenue zadavu (OCP), w ewnoansomes ycaosus (3.6).
Tozda, ene sasucumocmu om mozo, pazpewuma usu nem deoticmeennas x (OC®) sadaua,
anzopumm R(-,07), sadasaemwiii pacencmeom R(f‘sj,éj) = Y [S\j,ﬂj] oas Kastcdozo nabopa
uczodnux darnmnwz 2, ydosaemeopaowus oyenkam (1.8), (1.9) npu § = &, 20e nocaedosa-
meavrocmo {N, [} € R" x RE, j = 0,1,..., nopoocdaemca umepayuonnoim npoyeccom
(3.5) ¢ yeaosuamu coenacosarnus (3.6), asasemes MITP-o6pasytouum 6 cmvicae onpedeserus
1.1, npunem, 6 cayuae cybouddepenvyupyemocmu J§ 6 mouxar D, umeem Mmecmo u CusbHaA

cxodumocmo (cm. aemmy 2.3)

[, ) = )

—0 npu j — oo;
2,8
ecau maxot cy6dug6966penuupyemocmu nem, mo, 6006ule 2060PA, 2GPAHMUPOSAHA AU CAAOAA
czodumocmo u” [N, @] x u® npu 67 — 0, j — oco.

3.2.2. Perynsipu3oBaHHbIll UTEepalMOHHbIN NpuHIUN Jlarpan>ka B 3aja4e ONTH-
MaJibHOrO ynpasienus. [lepedopmynupoka Teopembr [10, Teopema 3| IpuMEHUTENBLHO CPA3y
K zajade (OC?) NpUBOIUT K CJIe/IyIOIeMy pesy/IbTary.

Teopema 3.4. Pezyasapuszosannoi npunyun Jlaepanoica 6 umepayuonmot gopme orsn 3ada-

u (0C°). Jaa cywecmeosanus MIIP 6 zadave (OCP) neobzodumo u docmamoyuno, wmobol

das nocaedosamenvrocmu { N, 7} € R” x RE, ¢ yeaosuamu coenacosanua (3.6), svinoans-
A0CH NPEJENLHOE COOMHOWEHUE

<5\j,15j [u‘sj D\j,ﬂjﬂ —d§j>r+ <[Lj,J6j [u‘sj [/_\j,ﬂjﬂ>k —0 npu j— o0 (3.7)

1) OO
U HOWAACH CIMPEMAWAACA K HYAN0 NOCAEOOBAMENHOCTID NOAOHCUMENLHHT uces {€} j=1 Mma-
KA, 4O

u” [N, @] e DY j=0,1,.. .. (3.8)
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B amom cayuae nocaedosamenvrocms u®’ [Aj,ﬂj} , j=0,1,..., ecmv MIIP 3adawu (OCY)
u, 6He 3a6ucuUMOCmU 0m mo20, paspewuma dsoticmeennas x (OC®) sadauwa uau nem, npu
cybougppeperyupyemocmu J§ na D, umeem mecmo cxodumocmv (cm. aemmy 2.3) 6 L

u?’ M, ] =’ npu j — oo (3.9)
Odnospemero u VO(N | i) — sup VOO pu) = JOl] npu j — oo. To ecmv nesa-
(Ap)ERTXRE

GUCUMO OM M020, paspewuma uiu nem deoticmeennas x (OC®) sadaua, arzopumm R(-,87),
3a0dasaemulll paseHcmeom R(f‘sj7 &) = u’ [S\j, i ] 08 KaotcD020 HAbOPA UCTOOHVIT OAHHBLT f‘sj,
ydosaemeoparowuz ouenkam (1.8), (1.9) npu & = &7, asasemca MIIP-o6pasyrouum 6 cmwicae
onpedeaenua 1.1, npunem 6 cayuae cybouddepenyupyemocmu J3 6 mouxaxr D umeem mecmo
u cuavnas crodumocms (3.9). Ecau orce makol cybduddepenyupyemocmu Hem, mo MOHCHO
O npu 67 — 0, j— oo.

) P
2060pUMb AUWD 0 cAaboli crodumocmu ul [)\J, pﬂ} K U

B ciyqae cybmuddepenmmpyemocrn JJ wa D, m0IB3yach CBOMCTBOM KOMIAKTHOCTH €11~
HnyHoil cdepel R” x R¥ 1 nepexos oueBmanHbIM 06pa3oM K Ipeeay IpH j — 0O B COOTHO-
mennsx (3.7), (3.8), momyuaem st sagaan (OC°) (kax ciegcrsue TeopeMbl 3.4) cieyiomniee
KVYO B dopme neguddepennuaibuoro npunnuia Jlarpanxa.

CanenctBue 3.2. Ecau u® € D° onmumanvroe ynpasaernue das (OCY), mo cywecmeyem
Hesuipostcdernul nabop mroocumenet Jlaepanorca {v,\,u}, v >0, Xe R", p € R’i, maxot
Ymo

vJo[u] + (N IP®) = d%) + (p, SOy, < wiglu] + (A I°[u] — d°) + (p, J°[u]),, weD,
il =0 (i=1,....k).

3.3. O munnvmmsanuu yukiuu Jlarpamka. KiroueBoit 3ajaqeii mporieypbl J1BOM-
CTBEHHOII pery/jgpusaluu mpolecca npubimkentoro pemenns 3agaan ( OCY), a Takxke Bo3-
MOXKHOT'O TIPUMeHeHUsT pery/isipn3oBaHHbix KYO 719 MpakTUIecKoro perneHus 3aad ONTH-
MAJILHOTO YIIPABJICHUsI SIBJIsieTCs 3ajada MuHuMu3anun (yuknun (dyuknuonasa) Jlarpamnxa

Lo (u, \, p), {A\p} € R x RY, sanaun (OC?)
Lo (u, A\, 1) — min, u € D, (3.10)

pelmenne KOTopoit MbI obozHaumm depes uS[\, ). OT «kadecTBa» permeHns 3Toil «IrpocTeii-
ety 3a/a4KM HAIPSMYIO 3aBHCUT U «KadecTBO» perienus ucxojuoit zagaaun (OCY) na ocno-
Be peryiasgpusoBaHubix KYO. [list yuporienust u3I0KeHus IPEINoI0KIM, YTO TPU KazKJIOM
§ € (0,8)] dyaxmuonamsr K°[z] @ L — R, M°[u] : Ly — R, JP[zu] : LP x Lj — R
(i =1,...,k) nuddepernupyemsr o Ppere. Torma npu kaxaom 0 € (0,dq] auddepentu-
pyembr o @perte dbynxmuonanst J[u] : Ly — R (i = 0,1,...,k) u bynknuonan Jlarpamxka
L% (u, \, pt). B aTom cmydae permenne u®S [\, u] BBITyKI0# 3amaun #a MuamMyM (3.10) yaose-
TBOPSIET KPUTEPUIO MUHUMYMA

L (= ), A, ) [u— <[\, )] >0, weD, (3.11)

rje L‘s’ei (w, \, 1) [] — mpomssommas ®pemnte dbynxmmonana L (u, \, 1) 1o mepemMeHHoH u B
Touke U € L§ mpu dbuxcupoBanHbix A, . Ilyers Wo¢[u, A\ u](-) € Ly — dbynxmua Pucca
dbyuKIIOHATA L‘;’EZ (w, \, 1) [] € (L§)". Kpurepnii (3.11) mMoxknO 3anucarh B Bujie

(WL, ], A il w = (A, p]), (>0, weD. (3.12)
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Haitiem npescrapienue dbyukmun W[, A, u](t),t € 11, B Tepmunax sagaun (OC?), a Tou-
Hee — B TepMuHax ypasnenus (1.5) u dynxmumonanos K°[z], M°[u], J’[z,u] (i =1,... k),
Llzu] (j=1,...,r), 6 >0. Hycrs Y°la](-) € L3, EJ[u)(-) € L§ — dynxuun Pucca coorser-
creermo st dynxmuonanos M (@) € (L3)*, jf{L (S°Bou+ S°,u) € (L))" (i=1,...,k),
a ®°ul(-) € Ly u Q[u](-) € Ly — dbynkuun Pucca dbyHKIMOHATOB K‘sé (S°B’u+ 5°¢°) €
(L3 m jfﬁ (S°B°u+ S, u) € (L5)" coorsercreenno (i = 1,...,k). Ilo ananornu ¢ [10,
pazzen 4.2| noydaem:

WO [a, A, p)(t) = WOa, A, p](t) + 2<a(t), ¢TI, (3.13)
Wl A, pl(t) = = (BY)" [W[@, A, 1] (8) + 6, A, p](8), tETL, (3.14)
rie @Z)‘S [ﬂ, A, ,u] — eJINHCTBEHHOe B L' pellleHne ypaBHEHUS
U(t) = (A°)" [WI(t) = —@°[u me ()= Nal(t), tell, ¢pely, (3.15)
j=1

a ¢°[u, A\, ] 3amaerca dopmyoit

k r
¢, N pl = 0[]+ wENa + Y A, (3.16)
i=1 j=1

3.4. Ciy4aii orpaHMYeHHBIX ynpaBJjieHuii. Paccmorpum, HanpumMep, 3a/1ady OnTUMA b
noro ynpasienus (OC®) B cuTyanuu, Korja JONyCTHMbIE yIPaBjeHHs NPUHUMAIOT 3Have-
HUsI U3 HEKOTOPOTO OrPAHMYEHHOIO 3aMKHYTOrO W BhIMyKJoro muoxkectsa U C R (T e.
D = {u(:) € L5, :u(t) e U, t €11}). B srom ciaygae nomydaem u3 (3.12) Kpurepuii MUHAMY-
Ma dyHKIMoHA A Jlarpanka B BUJie CJEIYIONIEro JIMHEAPH30BAHHOIO [TOTOYEYHOTO TPUHITUIIA
MaKCHMyMa, KOTODBIii IOKA3bIBAETCS TOYHO TakK ke, Kak |11, semma 4.1].

Jlemma 3.1. Qyuxuyua u(-) € D asasemca pewenuem 3adavu (3.10) mozda u moavko
mozda, Koz2da

(%[, A, p](t) (), = = max (W[, A, ] ( ,w)_ npu nowmu ecex t € II, (3.17)
we
2de Wo¢[u, \, i) sadaemcs dopmyaamu (3.13), (3.14), 6 xomopwx °[u, \, ] — pewenue co-
npasicenrozo ypasrenus (3.15), a ¢°[u, \, u] onpedeasemes popmyaoti (3.16).

O6osnaqmm gepes U%E[\, u] MHOMXECTBO Beex ympapienuit u3 D, yI0BIeTBOPSIONMHIX (1Ipn
chOpPMYJIMPOBAHHBIX BBIIIE JIOMOJHUTEIbHBIX YCIOBUSX UMD DEPEHIUPYEMOCTH) [TPUHITUILY
MakcuMyMa, JeMMbl 3.1. OdeBnano, B HameM ciydae, 6Jarogaps CUIbLHON BBITYKJIOCTH IIeJIe-
Boro (pyHKIMOHAIA, MHOKECTBO U 5’5[/\ m COCTOI/IT U3 OJHOTO 3JIEMEHTa, 0DO3HAYMM €ro 4epes
u®e [\, ], m cipase o pasencTBo uSE[\, ] = u®S[\, u]. Torma HemocpeICTBEHHBIM CJTe/ICTRH-
eM TeopeMbl 3.2 u jiemMbl 3.1 gBjgercs peryspuzobannbiii [IMIT s zagaun (OCY).

Teopema 3.5. Pezyaspusosannwii IIMII 6 zadaue onmumanvrozo ynpasaernus (OCP).
Ipu chopmyaruposarHvixz AONOAHUMEALHBT YCAOBUAL OUPHEPEHUUPYEMOCTNU YMBEPIHCIEHUA
meopemv, 5.2 ocmanymea cnpasediusvimu, ecau 6 nux ud = [N, ] samenumv eezde ma

uB? [V, 0],
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4. Ilpumepsl peryjasspusanuu KJIaCCUYECKUX YCJIOBUU ONITUMAJIBHOCTU B
KOHKPETHBIX 33JlauyaX OINTUMU3AINUN pacnpegeeHHbIX CUCTEM

EcrecrBennsit mepexo; oT HaYaIbHO-KPAEBOil 38/1a71 K SKBUBAJTEHTHOMY el (DyHKITHOHA b
HoMmy ypasrenuio II poja BosbTeppoBa THIIA OCYIIECTBIISETCS C IIOMOIIBIO 0OpaIeHusT TJIaBHOM
yacTu 3aja49u. Pa3sHooOpasHble KOHKPETHbIe IPUMEPhl HauaJIbHO-KPAEBbIX 3aja4 (Jijis napa-
0OJIMIECKHX, TUITEPOOIMIECKUX, MHTErPO-/ I depeHITuaIbHBIX YPABHEHUN ¢ 9aCTHBIMU ITPOM3-
BOIHBIMH U CHCTEM TaKUX yPaBHEHUIA, Pa3/JINIHbIX YPaBHEHMI ¢ 3alIa3IbIBAIOIIAM apryMEHTOM
U JIp.), KOTOPbIE JOMYCKAIOT SKBUBAJIEHTHOE OIMCAHKE C MOMOIIBLI0 (DYHKIMOHAJILHBIX ypaBHE-
HUI BOJITEPPOBA TUIIA MOXKHO HalTH, HarnpuMep, B [12] (em. Takxke 0630p B [16]). I3 orpomuoro
MHOXKECTBA CAMBIX PA3JIUIHBIX TOJ00HBIX HAYAJIbHO-KPAEBBIX 38189 MbI JIJIsI MJLIIOCTPAIIUN 13-
JIOKEHHOMW BBINIE TEOPUHU BHIOpAJIN JIBe: HAYAbHYIO 3a/1a9y JJIsi CHCTEMBI C 3alla3/IbIBaHuEM
U HAYAJIHHO-KPAEBYIO 33J1ady Jiisi HHTerponddepeHnajibHOro ypaBHeHusl TUIIa YPaBHEHUs
mepeHoca. B KoHIe KaKI0ro mpuMepa BBITACHIBAIOTCS T€ OCHOBHBIE KOHCTPYKIIUN, KOTOPbIE U
y4acTBYOT B (hopMyIupoBke peryisipu3oBanibix KYO (dopmupyrorias Kpurepuii MUHIMYMa
bynxmuonasna Jlarpamxka dynkmusa U, conpsrkennoe ypasaenme, ... ). ChopMyIuposaTh ¢
UX TIOMOIIBIO COOTBETCTBYIOIIHE peryispu3oBanibie KY(O — KOHKpeTHBIE peasin3aliiil TeOPEM
3.1, 3.2, 3.5 unTaTe/ 1o y»xKe HE CJIOXKHO.

ITpumep 1. TepmuHasibHasi 3a/la4a ONTUMUIANUU JJisi CUCTEMBI C 3alla3/blBa-
aueM. [lycte n = 1, II = [0,1] u 3agansl gucio p € (0,1), Bekrop 7 € R™, dyukuuu
al),B(-) € L3™, ~() € L7*s, &(-) € LZ[—p,0]. Pacemorpum HavdaibHYIO 3a/ady s
JIMHEWHOW yIpaB/isieMoil cucTeMbl T depeHImaIbHbIX YPaBHEHUN ¢ 3aI1a3/bIBAIONUM apry-

MeHTOM (Z(+) — M -BeKTOp-(DyHKIINS)
&= a(t)z(t) + Bt)x(t —p) +()ult), < [0,1]; (4.1)
a(t) =¢&(t), te[-p0); z(0)=n, (4.2)

rae u(-) € Ly — yupasnenue. Permenne nagasnbnoit 3agaan (4.1), (4.2) nonmMaeM Kak perenne
B CMbIC/Ie «IOUTH Berogy» u3 npocrpancrsa (W10, 1])™ abeosmoTHo HenmpepbIBHBIX QyHKIMIA,
paccmarpuBas mepBoe u3 yeaosuii (4.2) kak Tpebyemoe B (4.1) yemosue goonpenesnenns x(t)
caeBa ot t = 0: z(t —p) = &(t — p) upu t — p < 0. Ilpusenem zamaay (4.1), (4.2) K 9KBU-
BaJIeHTHOMY ypasHeHuto Buja (1.1), mokaszas TeM caMbiM, 9TO Kaxkjaomy u(-) € L orseuaer
eauncTBenHoe B Kiaacce W dynknmit z(-) € (W[0,1])™, ynoBaeTBopsionmx BTOpoMy yC/I0-
Buio (4.2), pemenue 37oit 3aaun. s storo caenaem B (4.1), (4.2) 3amemny mo dbopmysie

x(t) =77+/0 2(¢)d¢, te[0,1], (4.3)

YCTAHABJIMBAIONIEH B3aMMHO OJHO3HAYHOE COOTBETCTBHE MEXKIy Kiaccom W dyukimit x(-)
u upocrpancrBoMm LI dbyukmumit z(-). «[logcraBum» (4.3) B (4.1) (¢ yuerom upu t € [0, p)
repsoro yciaosus (4.2)):

sza@n+mwllxmc+mwnamwét3@M<+wwmm el (44)

aw—a@n+mwl¥@wowmxu—m+vwmw,temm» (45)
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Ihmmme) (€t —p). 1€ Opkn 1 €kt € D1 B0 = Jy-

So[2](t) = {0m, t € [0,p]; [; " 2(Q)dC, t € (p,1]}, 2(-) € LY, tme 0,, — noms B R™. He-
HOHbByH BBEJICHHBIE O603H8H€HI/IH, zammireM cucremy (4.4), (4.5) B BUJIE
2(t) = a(®) {n + E[z](0)} + 6) {w(t) + Ra2]()} +~()u(t) (4.6)

= {a(®)Xa[2](t) + B(O)Xa[2](0)} + v (Hu(t) + {a(t)n + B(H)w(®)}, ¢ eIl
Ypasuenne (4.6) u ects ypasaenue Buga (1.1), sxkBuBasenTHOE HadasbHOI 3a1a4e (4.1), (4.2).
Baecs I =1[0,1]; Alz](t) = a(t)X1[2](t) + B(t)Xa[2](t), 2(-) € Ly, t €Il (KkBa3HHUIBIOTEHT-
HOCTB omeparopa A[] : LY — LI’ jierko npoBepsieTcsi, HAIPUMED, C HOMOIIBIO IIENOYETHOIO
npusnaka [13]); Blu|(t) = v(t)u(t), u(-) € L, t € II; ¢(t) = a(t)n + S(t)w(t), t € II. Ecau
xz(-) € W — pemenne 3amaan (4.1), (4.2) npu wekoropom u(-) € L, To cBssannas ¢ x(-)
dopmyioii (4.3) byskuus z() € LY ecrsb pernenune ypasuenus (4.6) mpu tom xe u(-). U
Haobopor, ecaun z(-) € LY — pemenne yparaenus (4.6) npu ganHom u(-) € L5, To dyHKINSA
x(-), casannas ¢ z(-) dopmymnoii (4.3), ects pemenne kiacca W samaunm (4.1), (4.2) mpu
stoM u(-). Orseuatornme ynpasiennio u(-) € L§ pemenns 3amaqan (4.1)-(4.2) u ypaBuenns
(4.6) obo3HauMM [Yepes T, U Z, COOTBETCTBEHHO.

Ilycre 3amambr: Boirykisle Gynkimu G;(-) : R™ =+ R, i =0,1,...,k; BekTopsr a; € R™
Jj=1,...,r; neficruresnbnnle unciaa d;, j = 1,...,7; BBIIYKJOe OrPaHIYEHHOE U 3aMKHYTOE
muoxkectBo D B L3. @opmynamu Fjlz] = Gi(x(1)), ¢ =0,1,....k, u Q;[z] = (a;, x(1)),,
j=1,...,r, mia z(-) € (W}0,1])" onpenenenst repmunaibubie GyHKIMOHATLL. PaceMoTpum

38149y ONTUMAJILHOTO yrpasienus cucremoii (4.1), (4.2) ¢ MurnME3EDYeMbIM (DYHKIIMOHATIOM
Fy|x] npu orpanuuenusx

Fiz] <0,...,F2] <0, Qiz]=di,...,Q[z] =d,, ze€ (Wj[0,1])", (4.7)
U MHOXKECTBE JIONYCTUMBIX ylpasiaeHuii D. DTy 3ajady CUMBOJMYECKU 3AIUIIEM B BH/IE
Folzy] = min, Fz,]|<0@=1,...,k), Qjz,)=d; (j=1,...,r), ueD. (4.8)

Caenas B 3asade (4.8) 3ameny (4.3), Oy IrM 9KBUBAJICHTHYIO 33149y ONTUMU3AIINE YIIPAB-
nstemoit cuctembl (4.6). Ilpu sToM orpanmdenus (4.7) mpeo6pa3yroTcst B OrpaHUIeHHsT

Wilz] <0,...,Wi[z] <0, Eil[z] =di,...,Ez]=d,, =ze€Ly,

a nesesoit gyukimonan npumer sug Wolz], roe Wilz] = G; (77 + fol z(g)d{) (1=0,1,...,k)
— BolnykJble dyukinuonanst na LY, Ejlz] = (a;, z>27m (j =1,...,r) — snuneiinpie HyHK-
nponasel Ha L3, d; = d;j —(a;,m), (j = 1,...,7) — umcia. D1y 33724y ONTHMHU3AIIT
yipasisieMoii cucremsl (4.6), sKBUBaIeHTHYTO 3a1a4e (4.8), 3aluiemM B Buje

Wolzu] = min, Wilz,] <0 (i=1,...,k), Ejlz)=4d; j=1,...,r), ueD.

D10 3amada Buga (1.4), 3aecn Jo[u] = Wolzu] (K[z] = Whlz], M[u] =0); Ji[u] = Tz, u] =
W] () = WD) = L b 4] = Bl = Bl (5ol = B
j=1...,7).

IMycrs f={n,a,8,7,§Gi(i =0,1,...,k);a;,d;(j=1,...,7)} — HaOOP BXOJHBIX JAHHBIX
sayiaun (4.8), KOTOpbIe MOI'YT MOJBEPraThCsl BOSMYIIEHHUIO, U TOYHBIA HAGOP

0= {n°a° 3°4°, €% G%i =0,1,... ,k),aj,do( 1,...,7)}
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HaM HE€ U3BECTEH, HO MO2KHO OIIEPHUPOBATDH C HpI/I6JII/I}K€HHbIMI/I Ha6opaM1/1

o ={n’,a, 3°,7°,6,G(i=0,1,....k);al,d’ (j=1,...,7)}, &€ (0,0

1o &
(6o > 0 dukcuposano), KoTopsle cstzanbl ¢ Habopom O ciemytomumu yenopusavu 4.1-4.3.

Yenosue 4.1 Oyaxmuu GO(-) : R™ — R (i = 0,1,...,k) BHIIYKIb IpH JI060M
d € [0, 0] m paBrOMepHO 10 § € [0, Jg| JUIIIUIEBBI HA JIOOOM OrpAHIIEHHOM MHOXKECTBE.

Bamernun, uTo ycosme 4.1 BeImosHseTcs, B gacTHocTH, ecim bynkman GO(-) : R™ — R
(t=0,1,...,k) Beiykssl upu jaobom 0 € [0,dp] u paBHOMepHO 110 0 € [0, dp] OrpaHUUEHBI Ha
T060M ONpaHUYEHHOM MHOXKecTBe mpoctpancTBa R™ (cm., Hampumep, |24, Teopema 8.2]).

Yenosue 4.2. Cymecrsyer nocrosunas C > 0 Takas, uro npu jmobom & € (0, 5] Be-
JITHHBI Hné_non’ HO&CS—OCOHZ’me, ||ﬁ§_60||2,m><m’ ||76_70H2,m><s’ Hgé_g()”ng[fp,O];
Ha — aOH |d§- — d?‘ (j=1,...,7) ne npepocxoaat sesuaunbr CO.

Ycanosue 4.3. Cymecrsyer neybuiBatomias dyuknus Ni(-) : Ry — R, rmakas, aro
s mobex | > 0, 6 € (0,00] Bemmamna |G (y) — GY(y)| npn ||y, < | ne npesocxozut
esimanusl Nyi(1)o (i =0,1,...,k).

[Tpu sr060oM & € [0, dp] MBI HMeeM yIpaBIsgeMyo HAYaJIbHYIO 3818y
&= a’(t)a(t) + B2(t)x (t — p) +°(Dult), te(0,1]; (4.9)
z(t) =€), tel-p0); wx(0)=1’ (4.10)
muHnME3Hpyemblit bynxmuonan F¢[z], z € (WH0,1])™, nabop orpannuenuii
Fla) <0,... 2] <0, Q] =di,...,Q]=d, xe (Wi0,1])", (4.11)

Flz] = Go(x(1)) (i=0,1,...,k), Qz]=(a, :1:(1)>m (j=1,...,r), u3ajady onTuMu3a-
uu

K] = min, F[2)]<0(i=1,...,k), Ql]=d}(i=1,....,r), veD, (4.12)

rie 22(-) — orpewatomee ynpasiennio u(-) pememnne sagaun (4.9), (4.10). Cruenas B 3a1a4e
(4.12) sameny z(t) = n° + fot z(¢)d¢, t € [0, 1], momyunm S5KBUBAJICHTHYIO 38125y ONTHMI3AIII
YIPaBIISEMOIl CHCTEMBI

= {’(t () + B8 ()% [Kﬂ}+7%t () +{’ (0’ + B (O (1)}, tell, (4.13)
IJe npuHATO obo3HadeHnme wW(t) = {55 —p), t€[0,p); n°, t € [p, 1]}, t € II. Ilpm sToMm
1eJIeBoi (PYHKIMOHAT HpI/IHI/IMaeT sy WE [z ], a orpannvenus (4.11) npeobpasyiorcs K BuLy

Wil <0, WA <0, Elle] =di,....Ells]=d;, z€Ly,

e WPzl = G° (775 + folz(C)cK) (¢ = 0,1,...,k) — Boimykjble byHKImoHa sl Ha L3,
Eg[z] = <a;5, z>2m (j =1,...,r) — nunHeituble QyHKIMOHATBI Ha L', d? = d? — <a§, n5>m
(7 =1,...,7r). Dry 3agady onrumusanuu cucreMbr (4.13) 3amuiem B Buje

W] — min, W] <0 (i=1,...,k), Ef[zi] = d? (j=1,...,r), weD, (4.14)
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rie 23(-) — oreeuarormee ynpasienuio u(-) pemenue ypasnenus (4.13).

Homoxus A°[2](t) = o (1)1 [2](t) + B2 (1) Xa[2] (1), t €11, 2(-) € Ly, B°lul(t) = 2 (t)u(t),

tell, u(-) € Ly; At) =)’ + B°(t)wl(t), t €1, HepeHI/ICbIBaeM (4. 13) B dopme (1.5).
Basaua (4.14) mmeer sug (OC?), B nannoM ciaydae Jo[u] = WO[ °] ( ] =W, [ |, M°[u] =
0); Jlu] = T2y, u] = WPlz] (Flzou] = WPlel) (i =1,... k) Du] = D[z, u] = Eflz)

(Bzul = BJl2]) (G=1,...,7).

CewmeiicTo 3aja4 (4.14), & € [0,dp], ymosrersopsier ycaosusim A-I" Bomosaenne A, B so-
Ka3bIBACTCS 9JIEMEHTAPHBIMU BBIKJIAJIKAME, MCX0/d U3 ycsoBuil 4.1-4.3 u 4.2 cOOTBETCTBEHHO;
BBINIOJIHEHNE B 1poBepsiercsi Tak Ke, KAK 1 BbINOJHEHUE aHaJOrnIHOro ycjosud B |10, npu-
Mep 1]; Bomosmenue I' jierko JoKa3aTh ¢ MOMOIIBIO [EMOYETHOTO MPU3HAKA PABHOCTEIICHHOM
KBa3MHWILIIOTeHTHOCTH |16, Teopema 2.

IIpeoIoKuB JOTOMHATEIBHO TIagkocTh dyrkmmit GO, i = 0,1,...,k, d € (0,8)], mo-
JKeM BbIucaTh Kpurepun (3.12) u (3.17) pemenust 3amaqau (3.10). Ilpsamble BbaucieHns Jaror:
@%mwz@%@ym),wmxmwzaten;mmmz(@W@mn,tenuz
Lo k) ) =al, tell <j L) (Al = 5 [(00) 6] () + 53 [(8) o] (0,
teTl, e Ly, me T3y {ﬁ+p Qd¢, 0<t<T—p5 0, 1= p<t<1}, B[y (1) =

ft y(Q)d¢, tell, ye Lg”. To ecth conpsizkerHOe ypaBHerue (3.15) MOKHO 3aIiCaTh B BHJIE

vt = [ (@(0) v = Wl 1-p<e<l, (415)

() — / (@ Q) (O — [ (B°(Q) (Q)de = Wla A ], 0<t<1—p,

t+p

rie B[, A, p] = <Gg/ (m%(l))) 30 (Gf/ (x%(l))) +30_ Aja). @ynkmms U0, hopmu-
pytomasa kputepun (3.12), (3.17), KoTopsiM ynoBieTsopger pemenne u|\, ] samaqn (3.10),

() Yl A\, p(t), t €11, tae ¥°[a, A, pu] — pememnne ypas-
HeHus BoJbTeppoBa THia (4.15). Exuncreennoe B LY pemenue 1°[u, \, ] ypasnenus (4.15)

nMeeT BUI \If‘s[ﬂ, A, 1) (%)

npunaiexut kaaccy (Wy(I1))™. Ypasuenue (4.15) sKBUBaJEHTHO cuCTEMe

b (@) e =0, 1—p<t<l $(1) =kl (4.16)
b+ (@) (1) + (Bt +p) Yt +p) =0, 0<t<1—p, (4.17)
$(1—p) = / (0(Q)) SO+ W A, (4.18)

cocroseit u3 3amaun Komm (4.16) n navganpHoit 3amaum (4.17), (4.18) misa ypaBHeHus ¢ orre-
pexenneMm (4.17), B koropoii yciosue (4.18) urpaer posb yeaosust Ko B Touke ¢ = 1 — p;
tpebyemoe B (4.17) u (4.18) noonpenenenne (-) cupasa or Touku ¢ = 1 — p obecrnednBaeTcs
zajaqeit Komn (4.16).

IIpumep 2. OnTumusanuoHHas 3a7a4a JJjisd nHTerpoauddepeHnnaIbHOro ypas-
HeHUsl TUIa ypaBHeHus neperoca. [lycrs n =3, I =|0,1] x [0, 1] x [-1,1]. Pacemorpmm
Ha Il ciemyrontyio KpaeByto 3ajady st JIHHEHHOrO nHTErpoanddepeHnuaIbHor0 ypaBHEHUS
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(kpaesag 3asa4a (4.19) mojobHA CMEIIAHHON 3aJade JIJIs IPOCTEHIIEro JUHEHHOTO HeCTaInoO-
HApHOTo MHTErponddepeHnaIbHOrO ypaBHeHnsl epeHoca (cM., Harpumep, [25-27]))

Oz /ot + 3 - 9z /ot* = a(t)z(t) + B(t) fl Y (¢ t)z(th t2,0)d¢ +y(H)u(t), teTl;

z(0,8%,83) = p(t*, %), 0<t* <1, —-1<¢<1; (4.19)
z(th,0,83) = (1 t3), 0<tt <1, 0<3<1;
o(th, 1,83) = (%), 0<tt <1, —-1<3<0,

e a, 8,7, p, 01,1, Y — bukcupoBaHHBIE H3MEPUMbBIE TI0 COBOKYITHOCTH MTEPEMEHHBIX U OT'Da-
HUYeHHble CKajspHble dyukiwu, u(-) € Ly — ynpasienue. JleByio gactb ypasuenus (4.19)
[OHUMAEM KaK TOJIHYI0 Mpou3BoaHyio dbyHknun x(-) 10 nepeMeHHoi t' Brojab xapaxTepu-
cruku JuddEpPeHIIaIbLHOIO BEIPAsKEHUs, CTOAIIEro B JIEBOH YacT. Takyio MPOU3BOIHYIO OT
x(+) Bmosb xapakrepuctuku [ Oymem obosnadars Ox(-)/dl. Ilycts W — kiacc Bcex (dyHK-
it x(-) 3 Ly, abCOJIOTHO HENPEpBIBHBIX BJOJIb MOYTH JIEO0OH XapaKTepPUCTUKH M TaKuX,
gro 0x(-)/0l € Ly. @yukumio x(-) u3 W nasosem perrennem 3ajgaun (4.19), orBevarormmm
yIpaBjIeHnio u(-), ecju oHa MOYTH Be3je (1o JuHeiHoi Mepe) Ha nourn Kaxkoit [ B II ymo-
BJIeTBOpsieT ypasHenuto (4.19) u mouru BCIOLy yaoBiaeTBopsieT KpaeBbiM yeiaoBusm (4.19). Xa-
pakrepuctuka | = [(f), mpoxojdimas 4epe3 TOUKy f = {fl,fz,fg}, 3a/1aeTCa ypaBHEHUSIMU
(=62 =F+0E—1), =1}, e & — napamerp. OHa 065I3aTeIIBHO [IEPECEKAET MPAHUILY
II B onHoil U3 Tex ee wacteit, rjae wmm ¢t = 0, wm t2 =0, 3 >0, wm t? =1, £ < 0;
sHadenue t' B cooTBercTByMWOIIEil TouKe ¢ mepecedenns obozHauum uepes v(t). 13 kpaeBbix
yeqouii (4.19) caemyer:

o 11,7, ecin v(t) = 0;
- (y(z),fz F P W) — zl),%?’) —0F) ={ un@ —78P), e v() >0, £ >0
b + (1 =)/ 0), eccmu() >0, T <0,
(4.20)
t € II. ®opmyia
x(t) = 0(t) + X1 [2](t) = 0(t) + / (612 + 136 — 1), t¥)de, teTl, (4.21)
v(t)

YCTAHABJIMBAET B3aAUMHO OJJHO3HAYHOE COOTBETCTBUE MEXKJLy KiaccoM Lo dbyHkumii z(+) u Kiac-
COM YJIOBJIETBODSAIONNX KpaeBbiM yciaoBusM (4.19) dynknmit z(-) uz W. 3Bamaua (4.19) 3a-
MeHoit (4.21) cBomuTCa K 9KBHBAJICHTHOMY (DYHKIMOHAIBHOMY ypasrenuio (1.1), rme n = 3,

m=s=1, II=[0,1] x [0,1] x [-1,1]; ¢(t) = a(t)8(t) + B(t) f Y (¢ 6)0(t, 2, 0)d¢, t el

Blul(t) = v@)u(t), ul() € Ly, tell;  A[(t) = a(t)Xa[2](t) + B()X:[2](1),

Sl = [{v@n [ sefece-.0ddd el tel

-1 v(tht2,0)

JIOO A[-]: Ly — Ly KBasuHWIBIIOTEHTEH (3TO IIPOCTOE CJIJCTBHIE Npu3Haka |13, Teopema 2|),
u yKasaHHoe ypasHerue (1.1), a BMecTe ¢ HUM 1 KpaeBas 3adada (4.19), umeer eInHCTBEHHOE
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perierne ist 1060ro u(-) € Ly. OrBevarornee yupasienuio u(-) € Ly pemenue x,(-) 3amatdn
(4.19) cBsI3aHO ¢ COOTBETCTBYIOIIUM DeIlleHneM z,(-) ypasrenus (1.1) dopmymoit (4.21).

[Tycrs 3amanbn: Beinykibe ynknnn Go(y) : R = R, Gi(y,w) : RxR =R, i=1,... k;
dbyukuun a;(-) € Ly u b;(-) € Ly, neiicrBurensuste unciaa d;, j = 1,...,7. @opmyia-
v Folo] = Go ([pe(t)dt), File,u] = G ([yx)dt, [yut)dt), Qjlz,u] = (a;(-), (), +
(b;(-), u(-))y, mpu i =1,....k, j=1,....r qua z() € W, u(-) € Ly onpexestennt pyHk-
muoHasibl. [lycth D — BBINYKJIOE O'PAHUYEHHOE U 3aMKHYTOEe MHOXKECTBO MPOCTPAHCTBA L.
Paccmorpum 3aiady onTuMaibHOrO yipasienus cucremoii (4.19) ¢ MurnMusupyeMbiM yHK-
mroHasioM Fox] npm orpaHndeHusx

Filz,ul <0,..., Fylr,u] <0, @Qi|z,ul=dy,...,Q.Jz,ul=d,, z€W, wue€ Ly (4.22)
U MHOKECTBE JIONYCTUMBIX yupasjieHuil D. DTy 3ajady CUMBOJIMYCCKH 3allAIIeM B BHJIE
Folz,) = min, Fiz,,ul <0 @@=1,...,k), Qjlz,ul=d; (j=1,...,r), ueD. (4.23)

Cremaem B 3amade (4.23) zameny (4.21). IIpn sToM neseBoit (byHKIMOHAT IPUHIMAET BUJL
Wolz] = Fol@ + 21]2]], 2(-) € Lo, a orpanndenns (4.22) npeobpasyioTcs B OrpaHUICHUA

Wilz,u] <0,...,Wilz,u] <0, Ei[z,u]l=dy,...,E]z,ul=d., z€ Ly, u€ Ly,

rae Wilz,u] = Fi[0+%1[2),u] (1 =1,...,k) — Bemyxisie, a Ejlz,u] = (a;, X[2]), , +(bj,u),,
(j =1,...,7) — yuueitaple dyHKIMOHANB Ha Lo X Lo, dj = dj —(a;,0),, (j=1,...,7).
[Monyuaem 3amady onTuMusanuy yiupasisgemoii cucrembl (1.1), skBuBasienTHy0 3aa4e (4.23):

Wolzu] = min, Wiz, u] <0 (i=1,...,k), Ejfz,ul=d;(j=1,...,r), ueD.

dro sanada Buga (1.4), tae Jolu] = Jolzu,u] = Wolz), Klz] = Go ([ (0(1) + Z1[2](2)) d )
M = 0; Jiju] = Tilzwu] = Wilzw,u] (@ = 1,...k); Lju] = L[z, u] = Ejlzu,ul
(7=1,...,r).

IMycrs f = {a, 8,7, Y, ¢, Y1, ¢¥o; G; (i=0,1,...,k); a;, b;,d; (j=1,...,r)} — mabop

BXOJIHBIX JIAHHBIX 3aja4u (4.23), KOTOpble MOIYT HOJBEPraThCsl BO3MYIIEHUO, U TOYHBIN HAOOD

~

0= {ao, B A% YO0 Y GY (i=0,1,...,k); a2 bY,d% (j=1,... ,T)}
HaM He M3BECTeH, HO MOYKHO ONEPUPOBATH C NMPHUOJIMKEHHBIMI HAOOpaMu
6 ) ) ) ) ) ) ) o (: ) ) S (-
o ={a’, 8,7, Y, o, u), ¢5; G) (i=0,1,...,k); a}, b}, d} (j=1,...,r)}, 6€(0,0)]
(50 >0 (bHKCI/IpOBaHO), KOTODBIE CBSA3aHBI ¢ HAOOPOM f0 CJIEAYIOUIUMHU YCJIOBUAMM.

Yenosue 4.4 Oyuximuu Gi(-): R —Ru G(,) : RxR =R (i=1,...,k) Bbinyk-
bt pu sioboM 0 € [0, ] u paBHOMepHO 110 § € [0, §p] JMNIIHIEBBI Ha JTI060M OrPAHIIEHHOM
MHOZKECTBE.

Ycanosue 4.5. CyL[LeCTByeT TaKO€ IIOJIO2KHUTEJIbHOE C 9TO 3HaYCHUA HO&‘S — aOH

0,1’
18° = B v 117" = ler 1Y =Yl N2 = %1 ooy H% = ooeiony
Hl/’g_¢g||Loo([o,1]x[_1,o])7 a TaKkxKe Ha?—a?HQ,l, b} — bngl, ) —d}| (j=1,...,r), upn

mobom 6 € (0,dy] me npeBocxomgar CO.
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Ycanosue 4.6. Cymecryer neybbiBatomas dyuknus Ni(-) : Ry — R+ Takag, 4TO
st Kazkgoro 1> 0 1 mo6oro § € (0,d0] semmmner |Go(y) — GY(y)|, |Gy, w) — G2y, w)]
(t=1,...,k) mpu |y|,|w| <1 ue npesocxogar Ny(1)d.

[Ipu sr060oM 6 € [0, 0p] mMeem yIpaBiseMyo KPaeByIo 3a/1ady

Ox /Ot + 13- 9z /Ot? = O (t)x(t) + B(t f YO(¢; )z (th, 2, ¢)dC + v° (H)ul(t), t € 11;

20,1213 = L (12,¢%), 0 g <1, —-1<t3<1;
w(th,0,6%) = f(t',1%), 0<t' <1, 0<# <1,
o(th 1,83 = 3(th13), 0<tt <1, —-1<#3<0

(ee permenne, oTedatoniee yrpasiaenuto u(-) € Lo, obo3HATaeM 4depes T ), MUHEMUZUDYeMbIit
byukmmonan F{[z] = Gi( [ x(t)dt), nabop GyHKIMOHANBHBIX OrpaHIIeHNIT

Fllz,u] <0,..., Flz,u] <0, Qz,ul=dS,...,Qr,ul=d, x €W, uc Ly, (4.24)

Fllz,u) = G ([pat)dt, [ut)dt) (i=1,....k), Qz,u]l=(al(), z(-) ont (b3(-), u(-)>2’1

(7=1,...,r), u 3a1a1y OUTUMAJILHOIO YIIPABJICHHSI
Fo[28] — min, FP2d,u] <0 (i=1,...,k), Q?[mi,u] =d; (j=1,...,r), uweD. (4.25)

Cnenas B (4.25) nomjcranosky x(t) = 0°(t) + $1[2](t), t € II, tue 0°(-) omnpemenser-
ca bopmyitoit (4.20) ¢ samenoit o, 1, Yo Ha 0, . 15 COOTBETCTBEHHO, MOJYTHM 9K-
BHBAJICHTHYIO 3a/Ia4y OINTUMU3AINU CUCTEMBI (1.5), B kKoTopoit n = 3, m = 1, s = 1,

IT=[0,1]x [0, 1] x [~ 1,1]; ’(t) = a’()0°(t) +5°(t) fY‘S (GOt 12, Q)dC, t e I Blu)(t)
YV ()ult), u() € Ly, t €Il A[2](t) = ()X [2] (¢ )+55( )Z3[Z] (1),

1 t!

SR = (PG [ oaeesde-moda sen, ten

[Ipu srom orpannvenus (4.24) npeobpasyioTcs B OrpaHUUEHUs
Wolz,u] <0,...,Wolz,u] <0, E°lz,u]l=dS,...,E[z,ul =d’, 2¢€ Ly, € Ly,

Wolz,u] = FP[0°+51[z],u] (i=1,....k) n E}[z,u] = (af, 5[z > +<b >21 (j=1,...,r)
— COOTBETCTBEHHO BBINYKJIbIC U JIMHEHHbIC (DYHKIMOHAIBI HA Lo >< Lo, df- = d? — <a§, 95> -

(7 =1,...,7). Homyuennyo 3amady ontuMusaiun cucreMbl (1.5) 3amnumiem B Buje

W] — min, Wi[22,u] <0 (i=1,...,k), Ej[zg,u]:dg(jzl,...,r), ueD, (4.26)

rﬂe WO[ ] = FP[0° + 21[ ]]. Dro samaua suga (OC?), tne Jou] = JP[28,u] = WP,
Go (Ju (0°(0) + ule](®) dt), M =05 Jilu] = Tz, 0] = WPlehu] (= 1. k),
IJ‘S [u ] = If[ 2ou) = E‘S[z u] (j = 1,...,r). Ilpu cieJaHHBIX OTHOCHTEJILHO CeMeiicTBa 3a-

mada (4.25), 0 € [0,6], npeamonoxkenusx cemeiicrso 3amad (4.26), § € [0,dp], ymoBaeTBopsieT
yeaosusim A-T' Beinosinerne A u B jiokasbiBaeTcs 37€eMEHTAPHBIMEU BBIKJIAIKAMEI, MCXOJs U3
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yeaosuit 4.4-4.6 m 4.5 cOOTBETCTBEHHO; BBINIOJTHEHNE B mpoBepsgeTcda Tak Ke, KaK U BBIIOJ-

HeHMe aHaJOrHIHOro yciaousi B [10, mpumep 2|; BoimosHenue [' jerko JgoKasaTh ¢ HOMOIIBIO

[PU3HAKA PABHOCTEIIEHHON KBA3UHUILIIOTEHTHOCTH |16, Teopema 2.

[peonoxus gonoauTe bHo, 9to dbyrknmn G, i = 0,1,...,k, & € (0,8)], rraxue,

MOXKEM BBINUCATH Jisi JJaHHOrO mpuMepa kpurepuu (3.12) u (3.17) pemenns 3amaun (3.10).
p(t)

Conpsizkennpie K JIOO X : Ly — Lo, X5 : Ly — Lo oneparopsr: Xi[2](t) = [ 2(&,8% +
¢l

1 . p(t)
t3(€ - tl),t?’)df, Eg*[z](t) = f { f Y&(t3;£’t2 + tB(g - t1)7C) Z(gatZ + t3(€ - t1)7C) dg}d67

—1 ¢1
t € II, tme p(f) — smauenme t' B TOouKe ¢ mnepecevenus xapakrepuctukoil [(f) Toit wa-
ctu rpanunsl I, rae JH/I60 t! = 1, mbo t2 = 0,2 < 0, muoo t*> = 1,3 > 0. Ilpm-

MeM obosHadYeHUs: 1)5(U) = fH 5(¢) d§ 77 fH ¢)d(. IlpsiMbIMU BBIYHCTIEHUSIMUA Ha-
xomnv: %[i](t) = ¥ [G/ <u>>} , <t> = 0, Dal) = =1 |G (@), n(w)| (1)
(i =1,....k), Z)t) = Gy, (s(a), (7)) (i=1,....k), tell b =Db) (j=1,...,7)
=X [aﬂ (j=1,...,7). To ectb conpsizkerHOe ypaBrenue (3.15) umeer Bu
() = 37 [o'y] (1) = 557 [B0] (1)

=% [Gg/ (776(@))] (t) — 33 [Zuiny/ (ms (@), n(w)) + Z Ajaﬂ (t)
tell, ()€ Ly, (4.27)

u aABagercs GyHKIMOHATLHLIM ypaBHeHueM BoabTepposa Thia. Oynxmua Vo, dopmupyiomas
kpurepnn (3.12) u (3.17), KoTopbiM yoBIeTBOPseT permenne u’S [\, u] zamaqn (3.10), 3amaercs
dpopmyoit

k

WO, A, () = 7 (00 [, A, 1)(1) + Y Gl (ns(), (@) + Z Abi(t), el

=1

rae 0[u, A\, u] — pemrenme ypasuenus (4.27). Exuncrsennoe B Ly pelmeHne 3TOro ypaBHEHHU
npuHaexkuT Kiaaccy W. Ypasuenne (4.27) 95KBUBAJIEHTHO KpaeBoil 3ajate

DO 1 1 9012 = —a(E0b(t) — [ Y11, 12,C) B, £2,C) (2, C) d
-1
+Gy/ (ns(@) + S8 wGY (ns(@), (@) + X7, Aad(t), telr;

YL ) =0, 0<#*<1, —-1<t3<1;
Pt 1,3) =0, 0<t1 <1, 0<#3<1;
(1 0,83) =0, 0<t'!<1, —-1<#3<0,

OCHOBHOE ypaBHEHUe KOTopoii noydaercs u3 (4.27) nuddepeHnupoBanneM BI0JIb XapaKTepu-
CTUK, a KpPaeBble YCJIOBUS — COOTBETCTBYIONIUMU IT0JICTAHOBKAMHU HE3aBUCUMBIX ITEPEMEHHDIX.
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Annoranus. PaccmarpuBaercs yupasisiemasi cucteMa, uist udhepeHIuaabHOr0 ypaBHEHNsT

x(t) = f(t,x(t),u(t),f), te [aab]’ .I‘(a) =X,

rae mmapamMeTrp f ABJIACTCA JIEMEHTOM HEKOTOPOI'0 3aJaHHOT'O METPHUYECKOI'0 IIPOCTPAaHCTBa,
YiipaBJjieHue U YJOBJIETBOPAET OI'PAHUYEHUIO

u(t) € Ult, (t),€), € [a,bl.

[Ipeuosaraercs, 910 B KaxK/blii U3 3aJ]aHHBIX MOMEHTOB Bpemenu t € (a,b) pemenue x :
[a,b] = R™ (daszosasi TpaeKTOpHsi) TEPIUT PA3PHIB, BEJIMUNHA KOTOPOrO NPUHAJJIEKUT HEIly-
cromy kommakty I(x(tg)) C R", a ma npomexxyrkax (tg_1,t;] sABiIsIeTCa abCOIOTHO HElpe-
peiBHOI dyuKImeit. OyHKINS yIpaBIeHns IpeanoaaraeTcs n3Mepumoit. Jlokazana reopema 06
OIIEHKE PACCTOSIHUS OT 3a/IaHHON KYCOYHO abCOJIIOTHO HeNpephiBHON dbyHKIuu ¥ : [a,b] — R™
JI0 MHOKECTBa (ha30BbIX TPAEKTOPHII IPU BCEX HAYAIHHBIX 3HAYEHUSX U3 OKPECTHOCTU BEKTO-
pa xp ¥ BCeX IapaMerpax W3 OKpecTHOCTH Toukm &y. Ilpemamosiaraercsi, 9To mpu 3a@aHHBIX
Ha4YaJIbHOM 3HAYE€HUU X = X peIlleHusl u 3HadeHnn & = &y mapaMeTpa MHOYKECTBO (Pa30BBIX
TPaeKTOPHil allPUOPHO orpannyeHo. JlokazanHnas Teopema HO3BOJISIET ITyTeM HoA00pa (DYHKIINN
Yy TOJIYIUTH TPHUOJIMZKEHHOE PENIeHNe YIIPABISIEMON CHCTEMbI, 8 TaKXKe OIEHKY IOIPEITHOCTH
TAKOro MPUOINKEHHOIO PEIIeHNs.
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Abstract. We consider a controlled system for the differential equation

x(t) = f(t,x(t),u(t),f), te [ava x(a) =X,

where the parameter £ is an element of some given metric space, the control w satisfies the
constraint
u(t) € U(t,x(t),§), t€lab].

Tt is assumed that at each given moment of time ¢ € (a,b) a solution x : [a,b] — R™ (a phase
trajectory) suffers discontinuity, the magnitude of which belongs to a non-empty compact set
I(z(ty)) C R™, and is an absolutely continuous function on intervals (t;_1,tx]. The control
function is assumed to be measurable. A theorem on estimating the distance from a given piece-
wise absolutely continuous function y : [a,b] — R™ to the set of phase trajectories for all initial
values from a neighborhood of a vector xy and for all parameters from a neighborhood of a
point &g is proven. It is assumed that for the given initial value x = xy of the solution and
for the value & = &; of the parameter, the set of phase trajectories is a priori limited. The
proven theorem allows, by selecting the function y, to obtain an approximate solution of the
controlled system, as well as an estimate of the error of such solution.
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Bsenenue

Jlist onmcaHus TUHAMUKE PA3IUIHBIX [TPOIECCOB MUPOKO MCIOJIb3YIOTCA M depeHIinaib-
Hble ypaBHEHUsI W WX MHOTOYHCIeHHBbIe 0000Imenns. Ecim nMeercss BO3MOXKHOCTH BJIUSTL Ha
COCTOSTHUE TIPOTIECCA, MEHssl 3HAUEHUs] HEKOTOPBIX €ro MapaMeTpoB, TO COOTBETCTBYIONIAST MO-
JieJTb TPUHUMAET BUJL A depeHnna bHOr0 YpaBHEeHNsI ¢ yIpaBaeHueM. /[jist HaxoxK IeHnsT Bcex
BO3MOXKHBIX TPAEKTOPUIT TAKON YIIPABJISIEMOil CHCTEMBI B Hee YI0OHO BMECTO YIIPABJIEHUSI «II0/I-
CTaBUTh» BCE MHOYKECTBO JIOIYCTUMBIX YIIPABJIEHWIA U TEM CAMBIM CBECTH 9Ty CHCTEMY K JUh-
depeHIaIbHOMY BKIIOUYEHUIO. JKBUBAJIEHTHOCTD HOJIYIEHHOIO TaKUM 00pa3oM auddepeniim-
AJIbHOTO BKJIIOUEHMs] W MCXOJIHOW yIpaBiisieMoil jinddepeHInaabHOi CUCTeMbI YCTAHABINBAET
n3BecTHas JieMMa QuaumnmoBa. DTOT pe3yabTraT U JPYyrue KIaCCHIecKne Pe3yIbTaThl TeOPUn
MHOTO3HAYHBIX OTOOpaykeHuit u iuddepeHInalbHbIX BKIIOYEHU, OCHOBBI KOTOPBIX OBLIH 3aJ10-
kenbl B 60-x ronax 20 Beka B paborax A. @. @usmmmosa (cm. [1]) u T. Baxesckoro (cm. [2,3]) u
JIp. aBTOPOB, B HACTOsIIIIEE BPeMs NMEOT MHOTOYUC/IEHHbIE aKTyaIbHbIE TEOPETUIECKIE U ITPaK-
TUYECKHEe TPUIOKEHNs. PacpocTpaHeHI0 KJIACCHIeCKUX Pe3yJIbTATOB MOCBSIIEHBI MHOTOYIC-
JIeHHbIe paboThI. BOJIBINIOI MHTEpeC COBPEMEHHBIX aBTOPOB K IpoOJIeMaM yIpaBjIeHns BbI3BaH,
B TOM YHCJIe, HEOOXOUMOCTBIO UX PEIIEeHUs] JIJIsi PA3BUTHsI HOBBIX TEXHOJIOTUIl B SHEPIETHKE,
BOEHHOI1 TIPOMBIIIJIEHHOCTH, aBUallii, KOCMOHABTHKe u jip. (cM. [4, c. 5-6]).

B upencrasiennoit pabore nccienyercs auddepeniyanbias yIpasigeMas CUCTeMa, KOTO-
pasi MOYKET TIOJIBEPIaThCsi MIHOBEHHBIM CKAYKOOOPA3HBIM (T. €. MMIIYJIbCHBIM) BO3IEHCTBUSIM.
BHavyeHns TaKMX UMIIYJIbCHBIX BO3IEICTBHI MOI'YT BADLUPOBATHLCA B HEKOTOPOI 3aMKHYTOi 00-
JIACTH, KOTOpAasl OIIPeIeIAeTCs COCTOSTHUEM TeKyIero mporecca. CucremMa TakzKe COICPKUT Ia-
paMeTp — 3JIEMEHT HEeKOTOPOI'0 METPUYECKOro IPOCTpaHcTBa. IIpeanonaraeTes HAJIMIRe Orpa-
HUYEHUIl Ha yIpaB/IleHUe: 3HAYCHUE YIPABJICHHU: B KAXKJbIi MOMEHT BPEMEHH BLIOMPACTCS W3
KOMITAKTHOT'O MHOYKECTBA, JIOIyCTUMBIX YIIPABICHUIT, 3aBUCAINETO OT BPEMEHHU, COCTOAHH 00
€KTa B 9TOT MOMEHT BPEMEHH U 3HAa4YeHUs [apaMerpa. PaccMarpuBaeMas ypas/iseMas CHCTeMa,
OIMCHIBAET 331291 YIIPABJICHUS JIBUKEHUEM, B YACTHOCTH, JIJI1 KOCMUYECKUX AllapaToB (UM-
IYJIbCHBIE BO3JEHCTBUS MOJEJUPYIOT KPATKOBPEMEHHOE BKJIIOYCHME JBUTrATENeH I KOpPeK-
TUPOBKH TpaekTopun). Mcenempyemoe aud depeniuanbioe ypaBHeHne «CTaHIapPHO» CBOJUTCS K
nuddepenmaabHOMy BKIIOYCHUIO, MOABEPKEHHOMY HMILYILCHBIM BO3ICHCTBUSAM, U COICPIKA-
meMy napamerp. Ha ocHOBe pesy/IbTaToB 0 TAKOM BKJIIOUEHHH IIOJIYYEeHDBI OICHKH TPACKTOPUil
UCXOJTHON YIIPABJIAEMON CUCTEMBI.

Hanuoe uccieoBanue mpojozKaer paborel [5—7| u onupaercs Ha Pe3yabTAThI ITUX Pa-
601. CucreMaTU4IecKH UCIIOJIb3YIOTCHA METO/Ibl MHOTO3HAYHOIO aHAJIN3a, TEOPHH yIIPABIAEMBIX
cucrem u juddepennuanbabx BKIoUeHnit (em. [8, ¢. 115-141]). Binskue moaxoasr ¢ npume-
HEHUEeM AlPUOPHBIX HEPABEHCTB JIJIsl HAXOXKJICHWsI OIEHOK DeIleHuii UCIoIb30BaIuch B [9] npu
uzydennu GyHKInOoHAILHO- I dEPEeHINAIBHBIX BKIIOYEHNN ¢ UMITYJILCHBIMA BO3ICHCTBUSAMA.

1. OcHoBHBIE TOHATUA

[Iycrs R™ — n-MepHOE MPOCTPAHCTBO ¢ HOPMO# | - |, comp[R"™ — MHOXKECTBO HEIyCTHIX
kKoMakToB npocrpancrea R, mis U,V € comp[R"| obosuaunm |U| = sup{|u| : u € U},
h[U; V] — paccrosinue o Xaycuopdy mexk iy maozkecramu U u V' B npocrparctse comp|[R"].
Hng samansoro nsmepumoro no Jlebery muoxecrsa U C [a,b], ¢ mepoit pu(U) > 0, obosna-
qum L"(U) — 6aHaxoBO MPOCTPAHCTBO cymMMuUpyeMbix 10 Jlebery dyukmmii = : U — R™,
|2/l r@y = [ |2(s)|ds. Oosnaunm wepes C'la,b] n L'[a,b] npocTpancTsa cKalspHbIX, Bele-

u
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CTBEHHBIX, OIPEJIEJIEHHBIX HA [a, b] HEIPEPBIBHBIX U, COOTBETCTBEHHO, CYMMUPYEMbBIX (DYHKIIHIA,
a wepes Cl[a,b] u L. [a,b] xomycwl neorpunatennubix GyHKIHMil B 3TUX IpocTpancTsax. Pac-
CMOTPUM METPUYECKOE MPOCTPAHCTBO = 1 0603HaunM uepe3 Bz (£, ) OTKPBITHII map B 3TOM
= pajamyca ¢ > 0.

IIycte 3a1an KoHewHBIH HAGOP TOUYeK ty € [a,b], k =1,2,....p, a <t < ... <t, <.

[IPOCTPAHCTBE C IIEHTPOM B TOUKe & €

O6o3HaIMM Uepes (N]n[a, b| nmHeltHOE POCTPAHCTBO BCEX HENPEPBIBHBIX HA KAXKJIOM U3 UHTED-
BaJIOB [a,t1], (t1,ta], ..., (t,,b] orpammuenneix dyuxuuit = : [a,b] — R", umeromux mpeesist
cupaBa B TouKax tp, k=1,2,...,p. Hu=a JIIO6OFO 7 € (a,b] ompenennm JjmHeitHOE TPOCTPAH-
CTBO én[a,T] cyxKenuit Ha [a, 7] byHKIMI 13 c" [a,b]. 3amaguM HOPMY B 9TOM IPOCTPAHCTBE

Jopuyrnoit [|z]|gn, 4 = sup{[z(t)] : t € [a, 7]}. Ionyuennoe rakim 06pazoM MPOCTPAHCTEO 5B~

~1 ~1
nsterTcs 6anaxosbiM. B mpocrpamctse C [a, 7| ckamapubix dynkimii onpegesmm xkonye C, [a, 7]

HEOTPUIATEILHBIX (DYHKITHIA.

OupeiesleHns NCIOIB3YEMbIX JIaJlee TIOHATHH MHOIO3HAYHOIO aHAJIN3a U CBEJICHHS O MHO-
PO3HAYHBIX 0TOOpazkenusx cM. [8, c. 15-76], [10, c. 65], [11, c. 117-127]).

[Iycrb 3amanbl BekTop X € R™, dynkuusa [ : [a,b] x R” x R™ x = — R™ u MHOro3Ha41HbIe
orobpaxkenus U : [a,b] x R" x E — comp[R™], I : R" Xx £ — comp[R"], k =1,2,...,p
VJIOBJIETBOPSIONIHE CJIEYIONINM YCJIOBUSM:

(£f1) mpu kaxxaoMm (z,u,§) € R" x R™ x = dyskmus f(-, z,u,§) : [a,b] - R" uzmepuma mo
Jlebery;

(£2) npu mourn Beex t € [a,b] dyukmusa f(t,-) : R x R™ x = — R™ nenpepbiBHa,

(£3) st Kaxkjioro orpanmdeHHoro muoxkectBa W C R™ x R™ X = cymectByeT (QyHKINs
mw € Ll [a,b] Takas, 4o upu nourn Beex t € [a, b u mobbix (z,u, &) € W BbIOImsteTcs
HepaeHcTBO | f(t, 2, u,&)| < my (t);

(U1) mpu kaxgom (x,€) € R" x = orobpaxkenue U(:,z,£) nsmepumo;

(U2) npu mourn Beex t € [a,b] orobpazkenue U(t,-,-) HEmpepbiBHO 1m0 Xaycaopdy:;

(U3) msa Kazkjioro orpannderHroro muoxkectsa V' C R" x = cymecrByer my > 0 Takoe, 4TO
9TO IpH 1m0YTH BeexX t € [a,b] u Becex (x,€) € V' Bomosneno |U(t, z, )| < my;

(I1) npu mobom k = 1,2,...,p orobpaxkenue [ JIOKaJIbHO OrpaHuydeHo (T. €. 06pa3 KazKJIoro
OrPAHMYEHHOTO MHOYXKECTBA OIPAHUYEH) U HeNpepbIBHO 10 Xaycaopdy.

Pacemorpum 3amaay Komu g gudpdepennuaabHOro ypaBHeHUS ¢ apaMeTpoMm & € =,
yIpaBIeHUEM U, WCIIBITBIBAIONIErO UMITYIHCHBIE BO3AEHCTBHS B 3a/aHHble MOMEHTHI BPEMEHN
a<t;<..<t,<b:

a(t) = f(t,2(t), u(?), §), (1.1)

u(t) € U(t, =(t),§), (1.2)

z(ty +0) — a(ty) € I(x(te), &), k=1,2,...,p, (1.3)

z(a) = x. (1.4)

Ounpenmenenne 1.1. [5 Onpenenenne 1.1] Ilox momycrumbiv ynpaBieHHeM Ha OT-
peske [a,7] (T € (a,b]) cucremspr (1.1)—(1.4) Gyaem noHEMATH TaKyto U3MepuMmyo 1o Jlebery
dyurmmo u : [a, 7] - R™, mia KOTOPOI{ TIPH MOUTH BCex t € [a, 7] BbIIOHSIETCS BKIIOUEHUE

(1.2) u cymecrsyer dbynkuus = € C [a, 7], yaosierTBopsiomas upy Beex t € [a, 7] coornoe-
HHUIO

t)zx—l—/f(s,a:(s £)ds + Z A (@)X (10 (1),

kela,T]
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riae Ag(x) = (x(ty, +0) — z(t;)) upnm aobom k= 1,2,...,p yuosiaersopsier BKiodernio (1.3),
X(tp,p] — XapakTepucTudeckas MyHKIms unTepsaa (tg,b]. B srom ciydae napy (u,x) Gynem

~n
HA3bIBaTh JOIYCTUMOI Ha oTpe3ke [a,T|, a dyuknuio x € C [a, 7| — daszosoil TpaekTopueii.

Cucremy (1.1)-(1.4) Gyzem Ha3bIBATD YIIPABISIEMO CHCTEMO ¢ MHOIO3HATHBIME UMILYJIbC-
HBIMH BO3JIEHCTBUAMU ¥ (PA30BBIMU OI'PDAHMYCHUSMU 110 YIIPABJIEHHUIO, TOCKOJIBKY OTOOPaXKeHUs
I}, SIBJIAIOTCA MHOTO3HAYHBIMU, & MHO?KECTBO U 3aBHCHT OT COCTOSHUS YIPABJIAEMOro O0bEKTA.

Ompenennm Muoroznadnoe orobpaxkenne F : [a,b] X R™ x = — comp|[R"| pasemcTBOM

F(t,x,&) = f(t,z,U(t,z,£),§). (1.5)

B cuiy reopembr 06 mamepumom BeiGope (em. |11, c. 132]), yupasisiemast cucrema (1.1)—(1.4)
skBUBaJieHTHA 3aja4e Kommm ¢ Hauasbubiv yeaosueM (1.4) s nuddepeHnuaibHOro BKoue-
HUs

x(t) € F(t,z(t),§), (1.6)

HCIBITHIBAIOIIErO MMILY/IbCHBIe Bosiedcrsus (1.3). D10 o3mavaer, uro npu jobom 7 € (a,b],
BO-TIEPBBIX, JJIs JIF00OM JomycTuMoil Ha [a, 7| maper (z,u) cucrembr (1.1)—(1.4) ee mepBasi KOM-
noHeHTa — (DYHKIUS & sABJIseTcs pernenneM Ha [a, 7| 3agaqn Komm (1.6), (1.3), (1.4), u BoO-
BTODBIX, Jis JII0OOr0 x — periennus Ha |a, 7] 3amauan Komm (1.6), (1.3), (1.4) cymecrByer
Takasi u3MepuMas Ha [a, 7| dbyHKIMs u, 9T0 napa (x,u) sBJsIeTCs PEIleHneM Ha [a, T] cucte-
mer (1.1)—(1.4).

O6ozHaunm uvepes H(7,x,{) MHOKecTBO Beex da3oBbix Tpaekrtopuii cucremsbr (1.1)—(1.4)
Ha oTpeske |a, 7], a depes H(x,§) MHOKECTBO BCCX Henpodoasicaemvis (hasoBBIX TPACKTOpHil
510T cucreMbl (cM. |9, Onpesenenue 2.3|).

Onpenenenne 1.2 [12, Onpenencrne 1.2] Muomectso H(x,€) GyaeM Ha3BIBATH
anpuopno ozpanuvennvim 6 mouke (zo,&) € R™ X E, ecam maiimerca takoe wmesao r > 0,
qTo Jyist Besikoro T € (a,b] me cymecrByer x € H(T,xo,&), /I KOTOPOro ObI BBINOJIHSIOCH
HepaBeHCTBO ||x{[gn, 1 > T.

Oupenmenenune 13. [12, Oupenenenne 1.3] Ilycrb 3aaHbl HEIYCTbIE MHOXKECTBA
SCR" u K C=. Muowecrso H (x,&) Oymem HA3BIBATD ANPUOPHO 02ZPAHUYEHHBIM 6 COBOKYN-~
Hocmu ma mrootcecmee S X K, ecim OHO allpHOPHO ONPAHUYIEHO B KaKJION TOYKE MHOXKECTBA
S x K, a xoucraara r > 0 B onpemenennn 1.2 siBjasieTcst obIeit st Bcex Todek u3 S X K.

s pacemarpusaemoii 371ech cucrembl (1.1)—(1.4) B pabote [5| paccMoTpeHbl BOIIPOCH CyIiie-
CTBOBAHMS W ITPOJIOIZKAEMOCTH JIOMYCTUMBIX Iap, JOKA3aHO, YTO €CJIU JJIst 9TON yIpaBsisieMoit
cHCTeMbI MHOMKeCTBO H (x,€) B Kakoii-To Touke (zg,&y) € R™ X = alpuopHO OrpaHUYeHO, TO
oHO OyJeT alpuOpHO OrPAHUYECHHBIM M B HEKOTOPOH OKPECTHOCTH JAHHOI TOYKU.

2. OcHoOBHBIE Pe3yJIbTAThI
Ompenennm Kiace £1 BCEBO3MOXKHBIX 0TOOpazkeHuit [y : [a, b] x [0, 00) X [0, 00) X = — [0, 00),
VJOBJIETBOPSIONINX YCIIOBHSM:
1) mpu Kaxapix v1,vz € [0,00) u & € E BbInonHEHO (-, v1,09,&) € Li[a,b];
2) npu noutu Beex t € [a,b] umobom & € = dyukus (¢, -, -, &) He yObIBaET M0 KaXKJIOMY
apryMeHTy ¥ HEIPEPBIBHA 110 UX COBOKYITHOCTH.
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Hasee, onpenenm kiaacec Lo BCEBOBMOXKHBIX oTOOpaxkenuii Iy : [a,b] x [0,00) x Z — [0, 00),
00J1JAI0IIX AHAJOIMYHLIMU CBOMCTBAMM, 8 UMEHHO:

1) upu mobbix v € [0,00) u & € = puimosneno (-, vy, &) € Ll [a,b];

2) npu nouru Beex t € [a,b] miobom £ € = dbyukius [i(t, -, £) He yObIBaeT 1 HEIPEPHIBHA.
U onpesenn eme kiace I otobpazenuit 1 : [0,00) X = — [0,00), Takux, 9TO MPH JEOOOM
¢ € = dyukims f(,f') HeIpepbIBHA, HEe yObIBACT U _7(0,5) =0.

Onpenenenune 2.1. Byiem roBoputh, 9ro HaOOP PACCMOTPEHHBIX BBIIIE OTOOparKe-
it f:]a, b X R" xR™ xZ = R", U:[a,b] x R" x = — comp[R™|, [} : R" x = — comp[R"],
k=1,2,...,p, obaadaem ceolicmeom J B rTouKe (x,§) € R" x Z, ecqm

1) maitayrest takue orobpaxkenust Iy € Ly, lo € Lo u [, € Z, k=1,2,...,p, 9T0 IpH MOYTH
Beex t € [a,b] n mobbix z,y € R", u € R™ BbINOJHAIOTCA HEPABEHCTBA

|f(t>$au7 6)’ g l1<t7 ’x|> |U‘,§), |U(t7$a€)| g l2(t7 |$|75)7
WlL(z, €): 1u(y, )] < (|l — y),€), k=12.....p:

2) st orobpazkenust [ : [a,b] X [0,00) X E — [0,00), OIpeIEIEHHOIO PABEHCTBOM

l(t,Z,f) :ll(tv Z>l2<tvza€)>€)a (21)

upu o6bIx 2 € [0,00) u € € = pouonneno (-, z,£) € Ll [a,b];

3) MHOYKECTBO BCEX JIOKAJbHBIX perenuii 3aaaan Korrm

§(t) = 1L, y(1), ),
y(a) =[x/,
AIPUOPHO OIPAHUTIEHO.

[Tokazkem, 9T0 B crIy HPUHATHIX mpeanotoxkernii (£1)—(£3), (U1)—(U3) u (I1) st oTob-
paxenuit f,U, I, k=1,2,...,p, BupousBosibHOil ToUKe (X,&) € R"XZ BBINOJIHIIOTCS YCIOBUS
1) u 2) cBoiictBa J. Buauase nmocrpoum tpedbyembie orobpaxkenust [y € L1 u Iy € Lo.

Us (£1), (£2) caemyer, uro mis otobpazxkenus: f : [a, b)) x R"XR™x= — R" naiinercsa Takas
u3MepuMas 10 IEPBOMY apryMeHTY, HeyObIBaIoIas W HelpepbIBHAS 10 BTOPOMY M TPEThEMY
aprymentam dyukiws [ : [a,b] x [0,00) X [0,00) X & — [0,00), uro npu mouTH Beex t € |a, b
nBcex £ €2, x1,12 € R", uy,us € R™ crpaBejiiBO HEPaABEHCTBO

|f(t,:c1,u1,£) - f(t,l'g,lbg,&-)‘ < il/(u ‘513'1 - .1'2|7 |U1 - u2‘7€)' (23)

A u3 (£3) citeyer, uto cymectsyer dyukiust m € L [a, b] Taxast, uro npn noutn scex ¢ € [a, b]
BBITIOJTHEHO

£(£,0,0,8)] < m(t). (2.4)
Cormacno mepasencrsam (2.3), (2.4), aia nouru Beex t € [a,b], mobeix z € R", u € R™
MMeeM

Nrak, monoxkum N
ll(tv |x|7|u|7€) :ll(t7|x|7’u|7£)+m(t>7 (25>

U 3aMETHM, ITO J|JIsI OLPEJIEJIEHHOIO TAKIM 00pa30oM 0TobpazkeHus BeoiHeHO: [; € £ (110 110-
CTPOCHHIO).
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Amnagsiornano, B cuiy (U1)—(U2) jyist orobpakenus U : [a, b] X R" x = — comp[R™] cyue-
CTBYeT TaKasl M3MepHMasl 110 TIePBOMY apryMeHTY, HeyObIBaOIas M HEPEPhIBHAS 110 BTOPOMY
aprymenty bynkuus o : [a,b] X [0,00) x Z — [0,00), 40 1py nouty Beex ¢ € [a,b] u m06BIX
£ €=, 11,29 € R", BBIIOJIHEHO

h[U(t,I17£), U(ta L2, 5)] < i;(t? |ZE1 - ~T2‘,§>. (26>
A B cuy (£3) cymecrsyer dynknua m € Ll [a,b] Takas, aro upm nourn Beex t € [a, b]
BBITIOJIHEHO
U(t,0,9)] <m. (2.7)
Omnpenennm orobpazkerue Iy : [a,b] X [0,00) X E — [0,00) paBeHCTBOM
l2<t7$75) = i;(ta x7€> +m> (28)

u 3aMeTuM, 910 ly € Lo. Torga cormacuo mepasenctsam (2.6), (2.7) miasa orobpaxkenuss U npu
outu Beex t € [a,b] u mobeix x € R™ OyeT BBIIOIHIEHO COOTHONICHHE

|U(t,$,§)| < l2(t7 |[E|,§)

B cuny npeanonioxkenns (I1) jyra kaxkiaoro k = 1,2, ..., p Haiijerca pyHKIUA I, ko [0, 00) X
== [0 00), HelpepbiBHast, HeyObIBAIOIIAs 110 IIEPBOMY apryMeHTY, YIOBJICTBOPHIONAs PABEH-
CTBY (0 ) =0, e I, € T, u 151 970if (PYHKIHY BBILIOJIHEHO HEPABEHCTBO

hIu(2,€); In(y, €)] < In(jz — y], &)

Taxum obpaszom, misa Habopa orobpaxkennit f,U, I, k = 1,2,...,p, BBIIOJHEHO YCJIOBUE
1) B onpenenennn 2.1 ceoiicrea J B Touke (x,&) € R™ x =.

Ompegennm orobpazkenne [ : [a,b] x [0,00) X = — [0,00), dopmymoit (2.1), rue [; 3amano
coorrorerneM (2.5), a ly — coorromenuem (2.8). Ipu sro0bix dbukcupoBanubix z € [0,00) u
¢ € Z orobpaxenue (-, 2,€) : [a,b] — [0,00) aBiagercs cymmupyemoii dyuximeit. Yeaosue 2)
B onpesiesieHnn 2.1 TakKe BBITIOJTHEHO.

Ormerum, uto Br/ouenue (-, 2,&) € Ll [a,b] ne rapanTupyer Toro, 4To MHOKECTBO BCeX
JIOKAJIBHBIX perenuii 3ajaun (2.2) anpuopHo orpanndenno. Hampumep, jijig HAYaIBHOTO 3HA-
gennd x = 0, oroOparkeHuit l,f , ompejensemMbix nipu Beex t € [0,2], z € R, £ € = co-
ornomennsvu U(t,2,6) = 22+ 1 n I(2,€) = 0, pemenuem sagawn (2.2) spasiercs dyHKIMs
z(t) = tgt, umeronas BePTUKAIBbHYIO ACUMITOTY & = 7/2. DTO pelleHne He MpoI0IKaeMo Ha
Bech orpe3ok [0, 2]. CiieroBaTesibHO, MHOYKECTBO JIOKAJIbHBIX PEIeHNUii He SIBJISIeTCs] AIPUOPHO
OIPaHUICHHBIM.

Nrak, nokazano, aro mabop orobpaxkenunit f, U, I, k= 1,2,...,p, yjoBierBopsieT Tpedo-
BanusM 1) u 2) cBoiictBa J B Ji00oit Touke (X, &) € R"™ X =, HO JijIsd BBIOJIHEHUST TPeGOBaHUST
3) HeoOXOMMMbI JIONOJNHUTEIbHbIe orpanndenusi. CBoicTBO J CyIIECTBEHHO HCIOJIB3YeTCsl B
CJICYIONIEH TeopeMe, COCTABIAIONICH OCHOBHOI Pe3y/bTaT JAHHOIO MCCIICIOBAHNIS.

Pacemorpum npoussosibay o (DyHKIUIO 4 € én[a, b]. ITo onpe/ieIeHIIO TPOCTPAHCTBA én[a, b]
JUTst 910 DYHKIMU cyriecTByeT takoe ¢y € L"[a,b], 4aro mMeer MecTo paBeHCTBO

y<t>=y<>+/qo ds+ZAk Yoen(®), 1€ [a.b], (2.9)

rae Ap(y) = (y(te +0) —y(te)) € L(y(te), &) k=1,2,....0, X(tpp] — XapaKTepUCTHUCCKALA
dbyuxiws narepBana (ty, b|.
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Teopema 2.1. ITycmw das npousdsoavrozo £ € =, das onpedeaennoti popmyroti (2.9) dyrx-
yuu y € Ep[a, bl u daa ecex usmepumvir ynpasaenut u(-) € U(-,y(+), &) cywecmsyem maxas
Pyrxyus 3 : [a,b] x = — [0,00), umo (-, &) € L [a,b] npu & € Z, u dan Kaswcdozo usmepu-
mo20 mroocecmea U C [a,b] cnpasedauso

H%—ﬂwwwwfmmm</%@ﬁw

u

Iycmow, kpome mozo, Habop omobpascenutd f,U I, k=1,2,...,p, obaradaem ceoticmseom J
6 mouke (xg,&) npu nexkomopuxr & € = u xg € R™. Toeda cywecmeyem makoe § > 0, wmo
das mobozo € > 0 u 060t napve (x,u) € H(x,&) npu & € Bz(&y,0) u x € Bgn(z9,9), ecau
y(a) € Brn(z9,0), mo gasosan mpaekmopus T ydoGACMEOPAEM OUEHKAM

jz(t) —y(@)| < n(t), 1€ a,0]

[F(t2(8),u(t),§) — qo(t)] < 5(t, &) + 1(t,n(t),§) + ¢, t € [ab],

ede [ : [a,b]x]0,00)xE — [0,00) onpedeaeno 6 ceoticmee J coomnowenuem (2.1), n € AC/]l[a, b]
— BepTHEE PEWEHUE MANCOPAHMHOT 300a4U

2(t) = 2(t, &) + e+ U(t, 2(t), &),
2(te 4+ 0) — 2(te) = Le(2(te)), k=1,2,...,p,
z(a) = 0.

JloKa3aTeILCTBO 3TOr0 YTBEPXKICH UCIOIb3YeT PeLyKIMIO YIIPABIAEMOI UMITYILCHOM ch-
crembl (1.1)—(1.4) x coorBercrBytomieit 3agade Komu s muddepeHnuaabHoro BKIIOYEHHUs
(1.6), (1.3), (1.4). Barem mpumeHsIOTCH pe3ysabrarbl pador |9 u [12], B KOTOPBIX MOJTyUeHbI
OIEHKH OTKJIOHEHUs 3HAYEHU{I MHOIO3HAYHOro orobpaxkenust F : [a,b] x R™ x = — comp[R"],
omnpejieseHHoro pasencTeoM (1.5), or Hamepes 3ajganHoil cymmymupyemoii dyukimm (cm. |9, Teo-
pema 1.2]). DToT 1MOAX0/ IO3BOJIAET HOJYUYUTh B IBHOM BHUJIE OIEHKH OTKJIOHEHWs] MHOXKECTBA
azoBbIx TpaekTopuii yrpasisemoit cucremsl (1.1)—(1.4) or KycodHO abCOTIOTHO HETPEPBIBHOM

dyHKIIT Y.

SBameuganune 2.1. Teopema 2.1 maer HECKOJBKO OOJIbINE, YeM OIEHKN (a30BBIX Tpa-
exropuit 3a1aun (1.1)—(1.4). Dra TeopeMa MO3BOJISET TAKXKe ONPEJIEIUTh PUOJINKEeHHY 0 (a-
30BYIO0 TPAEKTOPHIO ITyTeM Toi0opa (PYHKIUU Y € (~3"[a, b]. Ilpu srom dbyukmus 7(-) gaer
OTIEHKY ITOT'PEITHOCTU TAKON MPUOIMKEHHOH (Hha30BOil TPACKTOPHUN.

B zakstouenue orMeruM, 9TO MOJy9YCHHBIE B JIAHHON CTATHE ONEHKU (ha30BBIX TPACKTOPUIL
UMITYJIbCHBIX JTH(DdEpPeHITnaIbHBIX CUCTEM YIIPABJICHUsT aHAJOTUYIHBI OIIEHKAM, TTOJIYYeHHBIM B

paborax [6], [7], [12].
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O TomoJiormYecKmx CBOMCTBAX MHOXKECTBA IIPUTI>KEHUS
B IIPOCTPAHCTBE YJIbTPadUILTPOB

Anekcanap I'eopruesuy YEHITIOB
OI'BYH «UncturyT Mmaremarnkn n mMexannkn nM. H. H. Kpacosckoro»
Ypasibckoro otaenenusi Poccuiickoit akajeMun HayK
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OI'AOY BO «¥Ypanbckuii denepaibHbiii yauBepcureT uM. riepsoro [Ipesusenta Poccun b. H. Enbnunas
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Awnnoranus. Paccmarpusaercs upencrasienue muoxkecrsa npurskenus (MII) B kiacce na-
MPABJIEHHOCTEN B MPOCTPAHCTBE YJILTPAMUILTPOB HA MIMPOKO MOHUMAEMOM U3MEPUMOM IPO-
crparcTe (UII) ¢ TOnONOrusiMu CTOYHOBCKOIO M BOJIMIHOBCKOrO THIOB. [lostyueHo mnpejcras-
JIeHHe BHYTPEHHOCTH U HEKOTODPbIE ero CJeACTBUsL. [Ipu 3TOM BO3MOYKHOCTH BBIOOpA OOBITHBIX
peIleHuil OmpeIesIAIOTCST TOCPEACTBOM 3aJaHusl ONPAHUYEHUN ACHMIITOTHYECKOrO XapakTepa
(OAX). Yuomsnuyreie OAX MOryT GbITH CBSI3aHBI € OCJIA0JIEHHEM CTAHJAPTHBIX OIPAHMYEHUI
(B 3a/1auax yIpaBJIEHAs] — KpaeBble W TPOMEXKYTOUHbIe YCJIOBHsl, (ha30Bble OTPAHUIEHUS, B
3a7la4aX MaTeMaTHYeCKOro [IPOrPAMMUPOBAHMs — OUPAHUYEHUs] TUIIA HEPABEHCTB), HO MOLYT
BO3HMKATH ¥ U3HAYAJLHO B BUJIE HEILYCTHIX HAIIPABJIEHHBIX (KAK MPABUJIO) CEMENHCTB MHOXKECTB.
B pabore tpakryorcs kak OAX u HEKOTOpbIe ceMeiicTBa MHOXKECTB, CBSI3aHHbBIE C IOCTPOE-
HueM yiabrpaduiabrpoB (MakcuMasbHbX dbuiabrpos) UII, MaxKopupyomux 3aaHHbli alpuopu
duibrp. [Tokazano, 9To B 9TOM Ciiydae IpH YCJIOBUU, UTO MEPECEIEHUE BCEX MHOYKECTB JIAHHOTO
duibTpa 1mycro, mosydarommumiics BapuanT MII siBjisieTcst 3aMKHYTBIM, HO HE KAHOHWUYECKU 3a-
MKHYTBIM MHOXKECTBOM, B KarKJOH U3 TOIOJIOTUN BOJIMIHOBCKOTO M CTOYHOBCKOTO THIOB. DTO
CBs3BIBAETCs ¢ TeM (haKTOM, YCTAHOBJICHHBIM B pabOTe, YTO B YIOMSHYTOM CJIy4Yae UCXOIHOTO
duIbTpa CO CBOMCTBOM ILyCTOTO IIepecevYeHs BCEX CBOUX MHOYKECTB Y ITOPOXKIAEMOTO JTAHHBIM
dmisrpom MIT BHYTpeHHOCTH IycTa (B TO K€ BpeMs U3BECTHBI LIPUMeEPHI 3a/a4d ylIpaBJIeHHs,
rJie peajn3yercs MPOTUBOIOJIOKHOE CBOWCTBO: MIPHU IIyCTOM [IEPECeUEHNN MHOXKECTB CeMeCTBa,
onpegessiomero OAX, sayrpennocts Bozuukaromero MIT memycra).
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Bsenenue

B c¢Bsi3u ¢ mocTpoennem pacimmpennii aOCTPAKTHBIX 3a/1a9 O JOCTHXKIMOCTH ¢ OI'PAHNYIEHU-
smMu acumirorraeckoro xapakrepa (OAX) ecTecTBEHHO BO3SHUKAIOT MHOYKECTBA MPUTSIXKEHUST
(MII), samensitore 0ObIMHBIE MHOXKECTBA JOCTHKUMOCTH B CJIydae CTAHIAPTHBIX OrpaHUIe-
uuit. [locmeaauii caydait BazkeH JIjIsi TEOPUH YIIPABJIEHUs, TJIe BOIPOCHI TOCTPOEHUS U UCCIIE0-
Banus obsacreit jpocrmkumoctu (OJ1) mpecTaBisiioT Cepbe3HbIil TEOPETUIECKUIT U TPAKTHYIe-
ckuit marepec (M. [1-3| u ap.). Ilpu ocabiernn cranIapTHBIX OrpaHWYEeHNiT Ha BBIOOD YIIpaB-
JieHns (KpaeBble U IIPOMEXKYTOYHbIE YCIIOBHs, (DA30BBIE OIPAHMYECHNUST) BOSMOKHO CKAIKO0OPa3-
noe pacrmmpenne O/, IIpegen O/l mrs ocrabieHHBIX OrpaHUYEHHI IPU UX TOCJIeI0BATETHLHOM
YKECTOUEHUN JIOCTABJISAET MHOXKECTBO, KOTOPOE COJIEP:KUT 3aMbiKaHue ucxojanoit O/, Ho mo-
JKeT ¢ HUM He coBIaJaTh. JlaHHOe MHOXKeCcTBO Kak pas3 u nmeeT cMmbica MII; mo cyTu mema 3To
pakTuIecKu nHTepecHblil anamor O/l xapakTepusyromnmii BO3MOKHOCTH yIIPABJISIONIENH CTO-
POHBI IIPH COOJIIOIEHNH UCXOMHBIX CTAHIAPTHBIX OIPAHUYIEHUN ¢ BBICOKOI, HO BCE YK€ KOHETHOM
crerrenpio TogHOCTH. CaMa »Ke crcreMa OCIab/IeHHBIX OTPAHUYEHMI MOXKET PacCMaTPUBATHCS
pu 3ToMm Kak OAX.

JlaHHast KOHCTPYKIHS JOIyCKaeT riaybokoe obobmienue, Korga OAX 3a/1a10TCst H3HAYAIBHO U
MOTYT y2Ke He ObITh CBSI3aHHBIMU C OCJIabJIeHIeM KaKUX-TO CTAHJIAPTHBIX OrpaHIIeHuii (M. Ba~
puant OAX rakoro pozga B [4,5]). B obmem ciaydae OAX 3a1a10TCs IOCPEJICTBOM HEILyCTOTO
ceMeiicTBa MHOZKECTB B IIPOCTPAHCTBE OOBIYHBIX (II0 CMBICITY, JIOCTYIHBIX JIJIsl HAIIETO BBIOOPA)
periennii. [lepecevuenne Bcex MHOKECTB JIAHHOTO CeMeCTBa MOYKHO PACCMaTPUBATH KaK MHOYKe-
CTBO TOYHBIX pernenuii (37ech — anasorus ¢ |3, ri. I1I]), To ects pemtenuit, cobmomanonmx Bee
TpeboBanus, onpeseasempie mocpegactTBom OAX, «ommnoBpeMento». Takoe TOJKOBAHUE BIOJIHE
coryiacyercs ¢ |3, v 11|, Pesysbrarsl, gocTaBisieMble TOYHBIMU PelieHusiMu, cojepzkarcs B MIT;
UMEIOTCsT B BUJIy 3HAYEHHMs HEKOTOPOTO IEJIEBOI0 OIEPATOpa, 3aaHHOTO 10 YCJIOBUSIM 331891
(B ciiyuae 3ajaun yupasJienus, csizanuoii ¢ usydenuem OJI, peub ujer o6 oneparope, como-
CTABJISIONIEM YIIPABJICHUIO TEPMUHATLHYIO TOUKY TPAEKTOPHUH; 3/1€Ch OOBIUHbBIE PEIeHUs] nMe-
eT CMBICJI TOJKOBATh Kak ynpasjeHus ). [IpejcraBisiercss ”HTEPECHBIM BOIIPOC O COOTHOIIEHUH
BayTpennoctu MII u MHOXKecTBa pe3y/bTaToB, 0OECIeINBAEMbIX TOUHBIMU pereHusiMu. Kak
[TOKA3bIBAIOT MIPOCTHIE TIPUMEPHI, y2Ke B 3a1ade 00 ucciepopannu O/] Bo3amMoxkHaA cuTyarms, Ko-
rJ1a IIPU OTCYTCTBUM TOYHBIX perrenuii coorBercTByiomiee MII nmeer HermycTyio BHYTPEHHOCTD.
B nacrogmieit pabore Oyjiet, 0JiHako, yKasaH CIydaii, KOTjia YIIOMAHYTOE CBOUCTBO HEBO3MOZKHO;
JIAHHBIN cay4vaii cesazan ¢ nocrpoennem MII B npocrpancTse yibrpaduabrpos (y/d¢) mmpoko
nornMaemMoro usmepumoro npocrparcrsa (MII). B ykazannom ciyuae, koneuno, MII umeer
JIPYTO€e CMBICTIOBOE COJIEpKAHNe; HAIPUMED, OHO MOYKET PACCMATPUBATHCS KaK MHOMKECTBO J10-
nycTuMbIx 06001meHHbIx 3jeMenToB (O) B aberpakTHOil 3a1aue o gocruxkumoctu ipu OAX
(3mecy OO BBICTYIIAIOT B KadeCcTBE aHAJIOrOB 0600IeHHbIX yipasienuii |3, ri. I11]).

Bosmoxna emie omna mnrepnperanuss MII B mpocrpancTtse y/d, npeacrasisiomnias Teope-
TUYEeCKUN MHTepec. A MMEeHHO, B TeOpuu (PUILTPOB IIPEJCTaBJISIET MHTEPEC BOIPOC O MHOXKE-
cTBe Beex y/d, MaskOpUPYOIMNX 3aJaHHbI anpuopu dbuabrp. [locteanuii Hepeako JomyckaeT
JIOCTATOYHO [TPOCTOE OMUCAHUE, YeT0 HEeJIb3s CKa3aTh O MHOYKECTBE Mazkopupyomux y/d. Oxa-
3BIBAETCsI, OJHAKO, UTO JaHHoe MHOXKecTBO ecTh MII B curyaruu, korma OAX omnpeensiorcs
UCXOTHBIM (prIbTpoM. B 3TOM citydae oTCyTCTBUE TOYHBIX PEIIEHU rapaHTUPYET MIyCTOTY BHYT-
peranoctu MII npu ocHarennn MuOXKecTBa y /b TomoIOrHeil croyHOBCKOro Tumna; ganuoe MIT
OKa3bIBaeTCd IIPU 3TOM 3aMKHYTBIM, HO HE KAHOHUYECKH 3aMKHYTBIM, MHOXKECTBOM.
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Takum obpasoM, KoHCTpyKImK Ha ocHoBe MII foryckatoT pasjimdaHble HHTEPIIPETAIy, Ka-
caroluecss Kak INPUJIOXKEHHUI, TaK M caMoil MaremMaTudeckoit Teopuu. B Hacrosieir pabore,
npojioszKaoreii [6-8|, paccmarpusatorcs mekoropsie coiictea MIT B poctpatncrse y /.

1. OcHOBHBIC TTOHSITUS
I/ICHOJII)SYGTCH CTaHJapTHasd TEeOPETUKO-MHOXKeCTBeHHad CUMBOJIMKA (KB&HTOpr, CBA3KU 1

Ip.); & — IMyCTOe MHOYKECTBO, 2 _ pasencrso o onpezenenmio, def 3aenser dbpazy «1mo
onpe/ejieHnioy. [Ipuanmaem akcnomy BbIOOpa M HA3bIBAEM CEMEHCTBOM MHOXKECTBO, BCE 3Jie-
MEHTBI KOTOPOro — MHOxKecTBa. Fem © u y — obbekrol, To {x;y} ects def MmHOXKecTBO,
cojiepIKalee T, y ¥ He CojeprKalliee HIKAKNX JAPYIHUX 3jieMenToB ({z;y} — Heymopsiodennast
napa x, y). MuoxkectBa — 00beKTH 1, cieayd |9, c. 67|, momaraem st 06bEKTOB @ U b, 91O
(a,b) = {{a};{a;b}}, monyuas ynopsnouennyio mapy (YII) ¢ mepBbIM 9/1eMEHTOM G U BTODPBIM
semerToM b. s xaxkmoit YII h wepes pry(h) u pry(h) obosnavgaem HepBBIil 1 BTOPOi 1€~
mentTsl YII h, ognosnauno onpesensemsre yeaosueM h = (prq(h), pry(h)). Kaxmomy obbexTy
& COIOCTABJISIEM CUHIVIETOH {x} 2 {z;x}, conepxammit x (to ectb x € {x}).

Eciu H — muo)kecTBO, TO yepe3 P(H) obo3HauaeM ceMeilcTBO BCeX MOIMHOKECTB (11/M)
H, P'(H) 2 P(H) \ {2} (cemeiicTBo Beex memyctoix /M H ) u Fin(H) — cemeiicTBo Beex
KOHeuHBIX MHOXKecTB 13 P’(H) (urak, Fin(H) ectb ceMeiicTBO BCeX HEIYCTHIX KOHEYHBIX 11/ M
H). B kagectBe H MOXKeT, KOHETHO, UCIIOJIB30BaThCA cemeiictBo. Ecim X — Hemycroe cemeii-
CTBO, TO

{UHE) = { | X - X e PON&N}(%) = {[) X : K € Fin(X)})

Xex Xek
(samernm, uro & € {U}(X)). Ecoim M — muO)ecTBO 1 M € P'(P(M)), TO
CulM] £ {M\ M : M e M} € P'(P(M))
ecTb cemedicTBo 11/M M, nBoitcreennoe k M. [list Hemycroro cemeiictBa A u MHOXKecTBa B
Alp2{ANB: Aec A} € P(P(B))

ectb cinen A ma B (o6brano pacemarpusaercs ciydait A € P/(P(A)) u B € P(A), rme A
— MHokecTBo). Ecm P u Q — muoxectsa, To QF ectn def mmozkecTBo Beex oToGparkeHmit

(bynkmuit) uz P 8 Q; upu f € Q¥ u C € P(P) B Buge f'(C) 2 {f(x): 2z € C} € P(B)
umeeM obpaz C npu pgeitcteun f; f1(C) # @ npu C # @. Ecoim A u B — nemycroie
muoxkectBa, [ € B u A€ P'(P(A)), To cemeiicTBo

FUAL 2 {f1(A) - A€ A} € P/(P(B))

paccMmaTpuBaeM Kak f -obpa3 cemeiictBa A. Eciim ‘H — HemycToe cemeiictBo n S — MHOMKe-
CTBO, TO

(HI(S) S {HeH|SCHy e PH)&(H[(S) = {H e H|HCS}ePH);
HaKOHeIl, HerrycToMy MHOXKecTBY X u cemeiictBy X € P/(P(X)) comocrasisem cemeiicTBo

(COV)[X | X] 2 {x € P'(¥) | X = | X} € P(P'(X))

Xex

BCEX MOKPBHITHIT X MHOXKecTBaMu u3 X.
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CreluajibHbIE ceEMeNCTBAa, 3JiIeMeHThl Tomojioruu. Pukcupyem 10 KOHIA HACTOAIIErO
paszjiesia HelrycToe MHOXKecTBO [. B Bue

(1] 2 {ZeP(PI)|(@eD&(leD)&(ANBeZ YAeZ VBeI)} (1.1)
nMeeM cemeiicTBo Beex m-cucreM |10, ¢.14] n/m I ¢ «Hy7IeM» U «eIuHUINE», a T -CHCTEMBI U3
cemeiicrsa

AU E{TenrI)|VLeIVzeI\LINET: (z€ N&ANL=2)} (1.2)

Ha3bIBAEM OTIeIUMBIME. [IpuMepaMu 7 -cucTeM sIBJISIOTCS aredphbl U HoJIyaareGpbl MHOKECTB
(oHM K TOMY 2Ke OTJEJMMBbI), TOIIOJOTUH, CeMEHCTBA 3aMKHYTHIX MHOYKECTB B TOIIOJOTUYECKUX
upocrpanctsax (TII). Ecom Z € n[I], To YII (I,7) paccmarpusaeM Kak (IIMPOKO HOHUMAEMOe)
msmepumoe npocrpanctso (UII). Econ £ € 7[I], To

(Cen)[£] 2{Z € P'(L)| (| Z# @ VK € Fin(2)}
A
€CTh CeMeiicTBO BcexX HEIyCTBhIX IEeHTPUPOBAHHBIX mojacemeiictB L. B Bue
(top)lI] £ { T exll]] |J G ervGeP(r)}eP (xll)
Geg

nmMeeM cemeiictBo Beex tonostornit na I. Ilpu 7 € (top)[I] B Buge (I, 7T) peanmsyercs TOHOJIO-
rudeckoe npoctpancTBo (TII); eciw H € P(I), 1o cl(H,7) € Cy[r] ecrb def zampikanme H
B (I,7), a

(r-It)H = |J CGer (1.3)
Ge]r[(H)

ectb BHyTperHocTb H B (I, 7) (HamboJibIiee OTKPBITOE MHOXKECTBO, cojepxkartieecs B H ). Ham
HOHAIOOUTCS TIOHATHE KAHOHUIECKH 3aMKHYTOr0 MHOXKecTBa: npu 7 € (top)[I] B Buge

(can — clos)[7] 2 {FeP)|F=c((r—Int)[F|,7)} ={cl(G,7) : G €1} e P (Cr]) (1.4)
nMeeM ceMeiicTBO Beex KanoHmdeckn 3aMKHYThIX B TII (I,7) n/m I. B cBasu co coiicTBamu

(1.3) m (1.4) em. [11, ot 1].
Ecm z € 1, 1o N°(z) 2{Ger|2€G} n

N.(z) 2 {H e P(I) | 3G € N°(z) : G C H}

ectb dhuabtp |12, r. I| okpecrrocreit x B TIT (I, 7). Bysem ucnosib3oBaTh HAPaBIEHHOCTH
u cxoumoctb 10 Mopy—Cwumuty (em. [13, 1. 2]). Ilpu sT0M mOTpEebyroTCS HEKOTOPBIE HOBBIE
obosnavenusi. Tak, ycmoBumes, uro JxS[X # O] samensier dpasy «cyliecTByeT Hemycroe
muOKecTBO X ». Ecoim M — muokectBO, T € P(M X M), * € M u y € M, 10, Kak 0OBIYHO,

def

(z Cy) = ((x,y) €0).

Hanee, conoctaBisieM MHOKecTBY M cemeiicTBO

(Ord)[M ]_{EEP(MXM)Hx x VYo e M)
&(Vry € M Yag € M Vag € M ((z1 C 29)&(22 C 23)) = (21 E 23))}
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BCEX IIPEIIOPAIKOB Ha M, CpeJr KOTOPLIX BbIJEC/IAEM HallpaBJICHWA:
(DIR)[M] 2 {C e (Ord)[M] |[Ve € M Yy e M 3z€ M: (v C 2)&(y C 2)}

ecth cemeiictBo Beex Hampasienuit Ha M; npun <€ (DIR)[M] VII (M, =) HasbiBaeM Ha-
npassernbiM MuokecTBoM (HM). Ecim ke A mw B — nemycroie muoxkectBa, = € (DIR)[A] u
f € B4, to tpunier (A, =<, f) HasbiBaeM HAIPABIEHHOCTBIO B B; B 9TOM Cllyuae B BHJIE

(B—ass)[A; = /]2 {C eP(B)|Jac AVae A (a=a)= (fa) € O)}

mveem buastp [12, ror. 1], acconumposanubiii ¢ (A, <, f).
Ecau 7 € (top)[I], (D,C,g) ectb HampasieHuocts B [ u = € I, TO

(D,C,9) = 2) <L (VHe N,(z) 3deD Vs eD (dC6) = (g(6) € H));  (L5)
TeM caMbIM BBesiena (eM. (1.5)) cxommmocts o Mopy—Cuury. ZlcHo, 9TO BhIpazkeHne
IpS[D # 2] 3 Ce (DIR)[D] 3f € B®,

e B — HEITYyCTOE MHO2KECTBO, 3aMeHACT BbICKa3blBaAHUEC «CYIIIECTBYET HallPpaBJIEHHOCTDb
(D,C, f) B MHOXKecTBe B». Ecrm A m X — memycTble MEOMKecTBa, T € (top)[X], h € X4 u

A€ P(P(A), 10 (e (1.5))

(as)[A; X:7;h; A| £ {z € X | 3pS[D # @] 3 Ce (DIR)[D] (1.6)
3fe AP (A C (A —ass)[D;C; f)&((D,C, ho f) — z)}

pacemarpusaem kak MIT 8 TTI (X, 7) npu OAX, onpegensembix mocpejicrsom A (cumBos o
UCIIOJIB3YeTCs TIPU 0003HAUEHUN CYTIEPIIO3UIINE OTOOPAYKEHMIA ).

2. ®uabTpsl U YIbTPAPUIBTPHI IMUPOKO MMOHUMAEMbIX U3MEPHUMbBIX MPOCTPAHCTB

Berony B jasbaeiitiem (bukcupyeMm HerycToe MHOXKecTBO F (B Bompocax, CB3aHHBIX C
nocrpoenneM MII, Toukn FE paccmaTpuBaroTcs KaK OOBIYHBIE DEIIeHHs; 3/1eCh — AHAJOTUs
¢ |3, ror. III]). Kpome Toro, dbukcupyem gamee 7-cucremy L € 7[E] (momosHuTe bHBIE YCIO-
Bug Ha L OylyT HAKJIAJBIBATHCS MO Mepe HaJO0OHOCTH), MoJydasi MUpoKo moHuMaemoe MIT

(E,L),E # . B sue
F* (L) 2 {FeP(L)| (2 ¢ F)&(ANB e FYAe FVB e F&(L)(F) C FYF € F)} (2.1)

nmeeM cemeiicTBo Beex duibrpos UL (F, L); scHo, uro npu = € E
(L—triv)[z] 2{LeL|xeL}eF (L) (2.2)

(TpuBHabHLIA GUIbTP, oTBevaromuil Touke x ). B ey (2.2) F*(L) # @; {E} € F*(L£). Ilpu
sroM (cM. [14, c. 260])

F: (L) 2 {U e F*(L) | VF eF (L) UC F) = U =F)} (2.3)
={UeF(L)|VLeL (LNU#A@ VYU elU)= (Lel)}
={U € (Cen)[L] |VV € (Cen)[L] UCV)=U=V)}
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ecTb ceMefcTBO Beex yibrpaduiabrpos (y/¢) mim makcumaiabubix duibrpo U (E, L); u3
(2.3) BusHO, 9TO Takue y/d — cyTh MaKCHMAaJbHbIE HEIYCThIE IIEHTPUPOBAHHBIE TO[CeMecTBa
L u Tosbko onu. IIpu stom (cm. [8, (1.7)])

(L € 7[B)]) <= ((L — triv)[z] € F}(L) Vx € E). (2.4)

U3 (2.4) caenyer, aro npu L € 7°[E] muoxectBo E norpyxkaerca B Fi(L) (2.3) mocpeacTsom
orobpazkenus, onpejensgemoro B (2.2). B obmewm ciyuae w-cucrembl £ umeeMm npu L € L

d,(L) 2 {UeTFHL) | LeU={UE<FHL)|LNU#a VYU eU} € P(FS(L)). (2.5)
B repmunax MHO)KeCTB (2.5) omnpesessiercs: 6a3a TOMOIOTHH
T4E] £ {G e P(FL(L)) |VU € G 3U €U : d.(U) C G} € (top)[Fi(L)] (2.6)
croyroBckoro tuma (cM. 8, c. 94]). B camom mese, cemeiictBo
(UF)[E: £] = { @c(L) : L€ L} € P(P(FS(L))) (27)
ecthb 6asa Tomnosornu (2.6); urax,
T:E] = {UH(UF)[E; £]). (2.8)
[Ipu sTom |14, c. 260] Tonosorus (2.6) npespamaer F§(L) B HynmbMepHOe T5-IIpoCTpaHCTBO
(Fo(£), Tz [E]) (2.9)

(ecu L — anrebpa /M E, 10 (2.9) — HyJbMepHbI KOMIIAKT, TO €CTh HYJIbMEPHOE KOMITAKTHOE
T -IPOCTPAHCTBO), IPUYEM

(UF)[E; £] C TLIE] N Cry (o) [TLE] (2.10)

(urak, B cmiy (2.10) mmeem, uto (2.7) ecrb 6aza oTKpbITOo-3aMKHYTHIX B TII (2.9) mHO-
xkecTB; ecaim L — anrebpa /M E, To (2.10) mpesparmaercs B paBeHCTBO; cM. |14, c. 260]).
Ilpu H € P(E) nonaraem, 9To

FLlL|H 2 {U eFy L) |3UeU U C H} (2.11)

(3ameTiM, uTO CemeiicTBo Beex Muoects Fi[L | O], C € CglL], obpasyer [14, c. 261] 3a-
MrHyTYyIO 6azy TII (2.9)).

IIpennoxenune 21. Ecau H € P(E), mo mmnoocecmso (2.11) omxpwmo ¢ TII
(2.9):

FL[L | H] € T%[E). (2.12)

Hokasareabcrtso. Ouxcupyem H € P(E). Hycrs V € FL[L | H]. Torma B cury

(2.11) V € F§(L) u pas mekoroporo V € V umeer mecto V' C H. Pacemorpum MHOXKECTBO
O, (V) e P(FE(L)); em. (2.5). Ipu srom, B wactrocTH, V € L.
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Bribepem npoussosibio W € ®,.(V). Torma W € F§(L) u upu stom V € W. [lomyunm,
910

AV eW:UCH. (2.13)

B urore W € FL[L | H] (em. (2.11), (2.13)). TTockombky W BBIGHPAIOCH HPOM3BOILHO,
YCTAHOBJIEHO, 1TO

d,(V) Cc FL[L | H].
Urak, V € Fi(L) obmamaer cremyionmM CBORCTBOM
3U eV:d.(U) CF5[L| H].
[TockosibKy 1 BEIOOp V' ObLI IIPOU3BOJILHBIM, U3 (2.6) BbITeKaeT Tpedyemoe coiicTro (2.12). [

U3 npepnokenns 2.1 BoITekaeT, B 9acTHOCTH, uTO Iipu £ € P'(L)

FG(L | () 2] € TL[E). (2.14)
Xeg
C apyroit cropossr, pu € € P'(L) onpeneseHo MHOXKECTBO
Fy(L|E) 2 {UeFL) | €U} =()2c(). (2.15)
sef
Mpeanoxenune 2.2. Ecau €€ P'(L), mo
Fo(L | (Sl CF(L]€). (2.16)
see

Hoxkasarenanbctso. Pukcupyem £ € P'(L), 1o ectb € — HelycToe MOACEMEHCTBO
L. Ilycrs

VeFLL| ()3
3e€

Torna cormacuo (2.6) V € F§(L) u musa mekoroporo MHOXKecTBa, V € V

ve (= (2.17)

e

Buibepem npoussosibno M € £. Torma, B wactHoctu, M € L u oOlpejieieHO MHOXKECTBO
O (M); em. (2.5). Mockombky (em. (2.17)) V. € M, to M € [L](V) u cormacuo (2.1) M € V.
Kaxk crencrsue

Ve CI)E(M) (218)

[Tockosbky BBIGOP M O6bLT TPOM3BOIBHBIM, mosayuamin (cm. (2.15), (2.18)) Bkiodenme V €
Fs(L | E), gem u 3aBepimaercs mpoBepka Tpedyemoro cpoiictsa (2.16). O

Us (1.3), (2.14) u npeayoxkennst 2.2 BBITEKAET OYEBUTHOE CBOCTBO

FG(L | () E] € (TLE] — Int)[F5(L | £)] VE € P'(L). (2.19)

Yef
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Mpeanoxenue 2.3. Ecau L € 7°E], mo VL, € L VL, € L
(@2(L1) C ®p(Ls)) = (L C Ly). (2.20)

Hoxasareancrtso. lyers £ € 7°F]. Torga cornacuo (2.4)
(L — triv)[z] € F{(L) Vx € E. (2.21)

[Iycts Ly € L u Ly € £ TaKOBBI, YTO MCTHHHA MOCHLUIKA JOKa3biBaeMoil nMiuinkarmn (2.20),
TO €CTh

@ﬁ(_[/l) C q)g(Lg)

[Mokazxkem, uro Ly C L. Jlomyctum nporusHoe: nyctb Ly \ Lo # &. Boibepem x, € Ly \ Ly u
paccMOTpUM TpUBHAJIBHEIN y /b (eMm. (2.21))

V2 (L — triv)[z,] € F4(L). (2.22)
[TockonbKy @, € Ly, To cormacuo (2.2) Ly € (L£L—triv)[z,]. Kax ciaencreue Ly € V u Mbl uMeem
B cuy (2.5) u (2.22) Brimouenune V € $p(Ly) u, o Beibopy Ly u Lo, V € ®p(Ly). Torma
Ly € V (em. (2.5)), a noromy (em. (2.21), (2.22)) . € Ly, 9TO IPOTHBOPEUUT BHIGOPY .
[Tosy4uennoe nporuBopedne JOKa3bIBaeT, 9To Ha caMoM jieste Ly C Lo, Tak, HCTHHHOCTD MM-
wmkarwn (2.20) ycranosiena. [lockonbky Ly u Lo. BEIOUPaJNCh TPOU3BOJIBHO, MIPEJJIOKEHNE
JTOKa3aHo. O

Teopema 2.1. Ecau L € 7°[E] u € € P'(L), mo

(TZIE] - nt)[Fo(L | €)] = F&IL | () =). (2.23)

Hoxkasareanbcrso. lyers £ € 7°[E] u € € P'(L). Torna, B wacrnoctu, L €
7[E] (em. (1.2)), a moromy mmeer mecto (2.19).
)

Bribepem tpoussosibio V € (T3[E] — Int)[F§(L | £)]. Torma, B wactHOCTH,
VeFi(L]|E).
[Tockonbky (Th[E] — Int)[F§(L | £)] — oTKpbITOE MHOXKECTBO, UMEEM 110 BBIGOPY V B CHILY

(2.6) st HEKOTOPOrO MHOXKecTBa V' € V' BIIOXKEHHE
B(V) C (T3[E] — Tnt) [F(£ | €)]. (2.21)
B wacraoct, O, (V) CFH(L | E). C yuerom (2.15) u (2.24) moaygaem, 9to
O (V) CPp(X) VE€E.

Ucnonbays npemioxkenne 2.3 u cBoiictso (2.5), umeem, uro V C 3 V¥ € £. B urore

ve()s

Xef
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Takum 06pazoM, MmoJydaeM CJeIyIoliee MoJI0KeHue:
VEF(L): BUEV:UC[)5)
ef
B cuy (2.11) mmeeM, Kak cjecTBUE, BKITIOUCHIE
VeFL| ()3
I
TeM caMbIM yCTAHOBJIEHO BJIOXKEHUE
(TZE] - Int)[F5(£ | €)] € FglL | () 3,
Ye€

a otomy (cm. (2.19)) crpasejyinBo paBeHCcTBO (2.23). O

CnencrBue 2.1. Ecau L € 7[E] u € € P'(L), mo ucmunna umnaiukayus
([ ==2) = (TLE] - mt)[F5(L | £)] = 2).
Yef

JlokazarebeTBO TOJIyIaeTcst HelocpeIcTBeHHoN KombuHanueit (2.1), (2.11) u Teopembr 2.1.
B cBsi3u ¢ Teopemoii 2.1 ormernm |8, Teopema 6.1], T7e, 0OIHAKO, TPE/IIOIATATIOCH BBITOTHEHHBIM
BechbMa orpanudnTesbHoe yeosue |8, (6.1)]. 3mech MBI OT HErO OTKA3AJINCH.

Bameuganue 2.1. Ormernm, 9410 yIoMsIHYTOE MOJIOKEHUE [8] O MpejicTaBIeHIN BHYT-
PEHHOCTH $BJIIETCS YACTHBIM CJIydaeM yTBepKJeHusi TeopeMmbl 2.1. B 310i1 cBa3m oT™MeTnM,
IIpe¥KJie BCETro, UTO

FLIL| L] = ®p(L) VL € L. (2.25)
B camom gzieste, mycrs L € £. Torga uz (2.5), (2.11) HemocpecTBEHHO CJiejlyeT, 4To
O (L) C FL[L | L. (2.26)

Iycrs U, € FL[L | L]. Torma U, € Fi(L) u ps mexoroporo muoxkecrsa U, € U, umeer
mecro U, C L. Ilockonbky, B wacroctu, U, € F*(L) u L € [L](U,), To cormacuo (2.1)
L € U,. Tlosromy cormacuo (2.5) U, € P(IL), uem 3aBeprraeTcst mpoBepKa BIIOXKECHHS

F4[L | L) € ®p(L).

C yuerom (2.26) umeem pasencrso Fo[L | L] = @ (L). Tlockombky L € £ BEIGHPAIOCH IpOn3-
BOJIbHO, (2.25) ycranosneno. Bepuemes k [8, Teopema 6.1], e npeanonaranocs npu £ € 7°[E],
aro (M. [8, (6.1)]) € € P/(L) obramaer cBoiicTBOM

(1SecL. (2.27)
e
B srom ciryuae coracuo (2.25) crpaBeinBo PaBeHCTBO
Fol | () 2] =2c([) D), (2.28)
e Xe€

rJie MHOXKeCTBO B mpaBoil dactu (2.28) ompegesneno cormacuo (2.5), (2.27). B cuiny Teopembl
2.1 mmeem paBeHCTBO (2.23), M3 KOTOPOro coryacHo (2.28) BeITEKAeT yTBEPKIeHNUE [8, TeopeMa
6.1]. Tpebyemoe cBoiicTBO ycraHOBIEHO, a (2.27) eCcTh Kak pa3 TO OrPDAHUIUTEIHHOE YCJIOBHE
paborsl [8], or KoToporo B Teopeme 2.1 yIaI0Ch OTKA3aThC.
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3. DJieMeHTHI IPUTSIKEHUsI B MMPOCTPAHCTBE yJIbTPAMUIBTPOB IINPOKO
IOHMMAEMOI'o IIPOCTPAHCTBA

B macrogem pasJiese, el He OrOBOPEHO poTuBHOE, monaraem, uto L € 7°[E]. Torna B
cuiy (2.2) u (2.4) moydaem, ITo

(L — triv)[]

2

(£ — triv)[2])aer € F5(L)E. (3.1)
C yueronm (1.6), (2.6) u (3.1) momysaen, wro mpn € € P'(L) ompenenero MII
(as) [E5 By (L£); T4 [EL; (£ — triv)[1]; €] € PEH(L)); (3.2)
MII (3.2) onpezensiercst mocpectson (1.6) mpi cieymormeii KOHKPETH3AIIA TAPAMETPOB
A=E,X =FL), 7 =THE],h = (£ — triv)[ ], A = €.

B [15, mpe/ytoxkenue 2| ycTaHOBIIEHO, 9TO

(as)[E; Fo(L); TLIE]; (£ — triv)[; €] = F§(L | £) VE € P'(L). (3.3)
Torna moywaeMm B cuity caenctus 2.1 u (3.3), aro npu € € P'(L)
()£ = 2) = ((T3[E) - n)[(as) [ F(L); THEL: (£ — i) €]l = @), (3.4)
Ye&

B cBsi3u ¢ (3.4) ormerum Bazkuyt0 ocobennocts MIT B mpocrpancTse y /¢ ¢ Tonosorueii croyHOB-
CKOT'O THWITA: €CJIN HEeIyCTOe TOJceMeicTBO oTaeuMoit 7 -cucrembl L, dopmupyromnee OAX,
UMeeT IIyCToe Iepecedenne Bcex cBoux MHOxKecTB, To MII, cooTBeTcTBYyIOIEE JTAHHOMY IOJICE-
MeHCTBY, IMEET IIyCTYI0 BHYTPEHHOCTh. B To ke Bpems B |16, pasmesn 1| ykazan npumep 3a1a9m
o joctmkumocTu ¢ OAX, B KOTOPOIi IIPH IIyCTOM IE€PECeUeHIN BCEX MHOYKECTB, (DOPMUPYIOMINX
OAX, coorsercrytomiee MII umeer yxke Hermycryio BHYTPEHHOCTH (B JaHHOM mpumepe [ —
MHO)KecTBO byHKIHiA, a m-cucreMy L MOXKHO mosiaraTh copnajatoreii ¢ P(FE)). B cessu ¢
YIOMSHYTBIM [IPUMEPOM OTMETUM TakkKe |17, npeioxkenne 3.3.1|, oTkyua cieyer, 9T0 B Ipu-
mepe [16, pazmen 1| aeiicrBurensro pacemarpusaercss MIT mHy:kHOrO Ham THIA (yHIOMSIHYTOE
MIT joryckaer mpu 9TOM CEKBEHIMATBHYIO pean3alliio mpu noctpoernn B ayxe (1.6)).

Bosspamasicb k obmum koucrpykuusm jist UL (E, L), E # &, ormerum 0cobo cirydai,
kKorma cemeiicto &, mopoxkgatomee OAX, apiaserca duabrpom yromsiaytoro UIL. B stom
ciyaae MII, omnpenesnsiemoe momobuo (3.3), coBmagaer ¢ MHOXKECTBOM y/d, MayKOPUPYIOIINX
ucxonubtit duwierp: ecm F € F*(L), To cormacuo (1.6), (2.15) u (3.3)

Fo(L|F)={UeFy (L) | FcU}t={UecF,L)|InSD # 2](3.5)
T} [E]

3 Ce (DIR)D] 3f € EP: (FC (E—ass)D;C; f))&(D, C, (£ — triv)[] o f) £ U)}.

B cBasu ¢ (3.5) 3amernmM, aro cortacto (3.1) /st BCSIKOro HelrycToro Muoxecrsa D u oTobpa-
xemnsa f € EP

(£ —triv)[]o f = (£ — triv)[f(9)])oep € F5(L)".

B (3.5) cymecrsenno npumenerne HM u mampasiennocreii. 3amernm Takke B cBs3u ¢ (3.5),
qro B obiieM ciydae L € w|E] nua F € F*(L) peanusyercs cBOWCTBO

Fo(L [ F) € Cryio)[TL[EN\ {2} (3.6)

Bosepamasce k ciayuao £ € 7°[E] (oTmeaumoil 7 -CHCTeMBI), OTMETHM CJIEIYIONIEe MOJI0MKe-
Hue.
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Ipeagnoxenne 3.1. Ecau F € F* (L), mo ucmunna umnaiukayus

([ F=2)= (F5(L | F) € Cry(e) [TZ[E]] \ (can — clos)[T7[E]). (3.7)
FeF

Jokaszareuanctsno. Ilycre F € F*(L) ynoBiersopser ycjaoBUIO IOCHIIKH JOKa3bl-
BaeMoil ummmkain (3.7): mepecedenne Bcex MHOXKeCTB u3 JF 1ycro. Torma coracHo cirej-
crBuio 2.1

(TZE] = Int)[F5(£ | F)] = 2,

a moromy cl((T}[E] — Int)[F5(L | F)], T:[E]) = @. C mpyroit cropoust, B cuny (3.6) Fi(L |
F) # @, a noromy cl((T3[E] — Int)[F5(L | F)], T:[E]) # FS(L | F). B cuny (1.4) mmveem,

cJIe10BaTeIbHO, CBOHCTBO
Fo(L | F) ¢ (can — clos)[T%[E]],

OTKy/ia ¢ ydaeroM (3.6) BbITEKAeT CJIe/ICTBHE MMILIAKAIUK (3.7), HCTHHHOCTH KOTOPOii, TaKuM
00pa30M, yCTaHOBJIEHA. O

Bamernm, uro u3 (1.4) u npeoxkennst 3.1 cienyer, Koneuno, aro V.F € F*(L)

([ F =2) = (Fy(L | F) # (G, TL[E]) VG € T}[E]). (3.8)

Bamerum, aro duibrpel F € F*(L) co cpoiicTBoM, onpejienseMbiM B mocbuike (3.8), mpe-
CTaBJISIFOT MHTEPEC B CBSI3U C ONUCAHUEM CBOOOIHBIX y/( (TAKOBBIME B JJAHHOM CJIydae aBTO-

matmdecku OynyT y/d w3 Fy(L | F)). B sroit cBasn ormernm Gosiee mOIPOOHBIE MOCTPOCHMUS
B [8, §§5,6].

4. HexkoTopsbie qobaBjeHUS

MsI Bo3Bpamaemcs K obmiemy ciaydaio £ € w[E]. OrmeruM HEKOTOpBIE POCTBIE CBOHCTBA
muozxkects (2.15). IIpexe Becero 3amernm, aro nipu & € P'(L) u & € P'(L)

={UcR(L) & cUrn{U e Fo(L) [ & CUp =Fo(L | &) NEF(L ] E);

HO3TOMY U3 OOIIMX CBOHCTB OllEpaTopa BHYTPEHHOCTH ToydaeM, 9to (eMm. [11, Teopema 1.1.6])
(TZ[E] = Int)[FG(L | £1U &)] = (TL[E] — Int)[Fo (£ | £1)] N (TZ[E] — Int)[F5(L | £2)].

JlaHHOE CBOWCTBO 1O MH/IYKITUU PACIIPOCTPAHSIETCH Ha CJIydail POU3BOJIbHBIX KOHEYHBIX 00b-
eJIMHEHUI HEIyCThIX mojcemMeiicts L.

MMpennoxeunune 4.1. FEecauw Hy € P(E) u Hy € P(E), mo

FLIL | Hy N Hy) = FL[L | Hy NFL[L | Hyl. (4.1)
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Hoxkaszareunbcrso. Pukcupyem H; u Hy B COOTBETCTBUE C YCJIOBHSIMU IIPEJIJIO-
wemns. Ilycrs V€ FL[L | Hy N Hy]. Torma B cuny (2.11) V € F5(£) u aist HeKoToporo
MHOXKecTBa V € V

V C HiN Hs.
Torma (em. (2.11)) V € FLIL | Hy] u V € FL[L | Hy), 10 ectb
V eFLIL | Hi|NFLL | Hy).
[TockoJibKy BBIOODP ) OBLT IPOU3BOJILHBIM, TO YCTAHOBJIEHO, YTO
FLL | Hy N Hy) C FL[L | Hy NFL[L | Hoy). (4.2)

Ilycrs W € FLIL | H| NFLIL | Hy). Torma W € Fi(L). TIpu srom (en. (2.11)) st zeko-
toporo MuHOKecTBa, Wi € W mmeer mecto W17 C Hy. Ananorununo, juiss nekoroporo Wy € W
Boimostaeno (em. (2.11)) Wy C Hy. Torma

Wy NWy C Hi N Ho. (4.3)
Haiee, uz (2.1) u (2.3) umeem Brirouenue Wi N Wy € W. Tlosromy (cm. (4.3))
JU eW:U C HiN H,.
C yuerom (2.11) moyuaem, aro W € ]FEj [L | Hy N Hy), 1uem 3aBepiaercsi IpoBepKa CBOCTBA
FLIL | HiNFL[L | Hy) € FL[L | Hy N Hy).
Ucnonb3ys (4.2), nosydaem rerepb Tpebyemoe pasencTso (4.1). O
Eciu € € P'(P(F)), To BBejieM B PACCMOTPEHHE CeMECTBO
FolE | £] = {FLL| Y] S € £} € P(P(F(L)); (4.4)
B KadecTBe £ MOXKET HCIIOJIB30BATHCS T -CHCTEMA.
Mpeagnoxenune 4.2. Ecau € € n[E], mo
Fol€ | £] € n[Fy(L)). (4.5)

HJokaszareuabctso. Oukcupyem w-cucremy &€ € 7[E] u paccMoTpuM ceMmeiicTBO
(4.4). B cuy (1.1) u (4.4)

(FelC | 2] € FEE | LD&(FLIL | E] € FLIE | £): (4.6)

I3 (2.11) mmeem, ommako, pasencrso Fo[L | @] = @. Hanee, upn U € Fi(L) umeem, B
qacrrocrn, uro U € F*(L), a torma cornacuo (2.1) E € U; scuo, uro U € FL[L | E]. Torma
Fi(L) C F4[L | E] u, kax crencrsue (em. (2.11)), FL[L | E] = F5(£). C yuerom (4.6) mveem
Tenepb, ITo

(@ € FEIE | LN&(FH(L) € FEIE | £])- (4.7)
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BriGepenm npoussoimsio A € Fo[€ | L] u B € FLE | £]. C yuerom (4.4) nonGepem A € € u
B € &, misa KoTophix

(A = FLIL | A))&(B = FLIL | B). (4.8)
Torna, mockonbky &€ ectb m-cuctema, AN B € £ n cornacno (4.4)
FLIL| AN B eFLE | £). (4.9)
Hasee, ¢ yaerom npejjioxkenus 4.1 nveeMm paBeHCTBO
F4IC | A|NFS[L | B] = F4[C | A B)
a moromy (cm. (4.8), (4.9)) mosryuaem BKJFOUEHUE
ANB e FL[E| L] (4.10)
[Tockosbky A u B BoiGupasuch npousBosbHO, uMeeM u3 (4.10), aro
EyNE, € F5IE | L] VE, € §5[E | £] VE, € FL[E | £]. (4.11)
Nz (1.1), (4.4), (4.7) u (4.11) momyuaaem tpebyemoe cBoiicTso (4.5). O

Ormernm, uro (em. (1.1)) kaxgasa m-cucrema va Fy(L) asusiercs |18, reopema 1.9] 6a30ii
HekoTopoit Torostorun: eciim & € w[F§(L)], To

{U}(6) ={{Js:UeP(®)} € (top)[F5(L)) (4.12)

Sey

(HATIOMHWM, YTO OObEINHEHNE MHOXKECTB IIyCTOrO ceMefcTBa mycTo). B 910l ¢BA3M HAIOMHIM,
910 10 BeIOOpY L umeeM (cm. (2.7), [14, pasmen 3|) Britouenune

(UF)[E; £] € w[Fo(L)]

u upu 3ToM crpasemBo (2.8). U3 (4.12) u upemioxenus: 4.2 mosydaeM crejyomniee obiiee
CBOMCTBO:

{UNBEIE | £]) € (top)[F5(L)] VE € x[E]. (4.13)

BaMeTI/H\l, B 9aCTHOCTH, 9TO TOIIOJIOT'HsA CTOYHOBCKOI'O THUIIA (26) ABJIAETCA OJJHUM U3 BapUaHTOB
tonosiornii (4.13). B 9T0ii ¢BA3M OTMETHM OYEBHHOE MOJIOKEHUE.

[Ipennoxenune 4.3. Cnhpasedruso pasencmeo
(UF)[E; £] = FL[L | £]. (4.14)

Hoxkaszatreunnbcrso. llycre F € (UF)[E; L]. C yuerom (2.7) mogbepem L € L co
csoiicrsom F = ®.(L). Torma B cuny (2.25) F = FL[£ | L], a noromy cornacuo (4.4) F €
FLIL | £]. Vrax,

(UF)[E; £] € 5L ] L). (4.15)
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Ilycrs reneps M € F4[L | £]. Torma cormacso (4.4)
M = FL[L | M], (4.16)
rae M € L. C yderom (2.25) mosydaem cieyroriee paBeHCTBO
FGIL | M] = &c(M),

a torga (cm. (4.16)) M = ®.(M), rue (M) € (UF)[E; L] cormacuo (2.7). ITosromy M €
(UF)[E; L], 1em u 3aBepInaeTcs MPOBEPKA BIOKEHUST

SelL | £] ¢ (UP)[E; 2],
a caesoBarenabao (eM. (4.15)), u pasencrsa (4.14). O
U3 (2.8) u npegoxkenus 4.3 nony4daem, uro T} [E] ectsb oxma u3 ronosoruit (4.13):
T;E] = {U}BEIL | £)-
[Tostesno ormeTuTh ecrecTBeHHOE 0600MIIEeHNE (2.5): ecm A € P(FE), 1o
FiL| A2 {UETFL) |ANL 42 YL eU} € PFLL)); (4.17)

sicHo (em. (2.5)), uro FE[L | L] = ®,(L) mpu L € L. B cBsasu ¢ (4.17) ormeTnM jiBa B3anMo-
CBsI3aHHBIX CBOMCTBA, UMEIOIIe CMbICJI JBoiicTBernHocTH: ipu A € P(E)

1) F(L | A) = F3(£) \F3[L | B\ A]

2) Fi[L | Al =F5(L) \FL[L | B\ Al

Ceiigac MBI PACCMOTPHUM BOIPOC 00 MUCHOJIB30BaHNM MHOXKeCTB (2.11) 1mpu nocrpoenuu To-
HOJIOTMH BOJIMPHOBCKOrO Tuma. HamomunMm, ato w-cucrema L € 7[E] y nac dukcupoBaHa;
OonpeaesIeHO CEMENCTBO

CplL]={E\L:LeL}ecP(PE)
(em. paszgen 1). Torga onpegeneno Takxke ceMeicTBO
FolL] 2 {FEIL | A]: A € CulL]} = FE[CrlL] | £] € P/(P(FG(L)). (4.18)

Jlerko BuzeTs, U0 FolL] = Cr:(o)[(UF)[E; L]], otkyna BhiTekaet, uto (4.18) ectb saMKHyTast
6aza TII (2.9). Mbr 3ameTnM, OJHAKO, ceifdac Jpyroe OUeBHIHOE CBOICTBO: cemeiicTBo (4.18)
ecTh (OTKpBITast) Hpeadas3a HEKOTOPOoit Tomostorun Ha MHOXKectBe Fh(L). B sroit cBasmu nosy-
qaeM, 4To

T(E) £ {UH{N}(F5L(L)) € (top)[F5(L)), (4.19)

nosryast Tonosormio va F(L), moposxenmyio mpeiGasoi (4.18); cemeiictBo {N}4(F5[L]) sb-
sigercs pu srom 6azoit T1I

(Fo(£), T(E)). (4.20)

B (4.20) nmeem TII Bosmvanosekoro tuma (cm. (4.19)). Harmeit nesbio 6ymeT mosyuenue HEKOTO-
PBIX MpeJicTaBIeHnit, cBsi3anubix ¢ (4.20). B 910t ¢Bs3M oTMeTHM, 9TO U3 mpeyiokenns 4.1 1o
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WHJIyKIIUH CJIeIyeT aHAJOTUIHOE CBOMCTBO JIJIs IPOU3BOJIBLHBIX KOHEUHBIX mojicemeiicts P(F).

A
[Momaras, aro N = {1;2;...} u smementst N — HaTypasbHbIe 9uCIa — He SBJISIOTCS MHOMKE-
crBaMu, MbI 11 Beakux cemeiicra H u unciaa n € N gepes H™ obosHadgaen MHOXKECTBO BCex
orobpazkenuii (Koprezkeit)

— A
e I,n={keN|k<n}. Tormas cury npemioxenus 4.1 uMeeMm 0 UHYKIUH, 9TO

FME”%HJzﬁM%M\HJVnGNVGMmEPGW? (4.21)

1In
=1 i=1

C ucnosb30BaHueM OIpe/iesieHuit pasjiesia 1 BBejeM npu L € £ B pacCMOTPEHHE CeMeicTBO
{n}([CelL]I(L))
BCEX KOHEUHBIX IIePeceveHnii MHOKECTB U3
[CelLI(L) ={C e CplL] | L C C} € P'(CplL]);
B KadecTBe L MOKeT, KOHEYHO, HCIOIb30BAThC MHOXKECTBO n3 Bestkoro y/d U € F(L).

[Ipeagnoxenue 4.4. Chpasedruso pasencmeo
TUE) ={G e PFyL) |VU € G ILeU IC € {n}([Ce[L](L)) : ]ic[ﬁ | C] € G}.(4.22)

Hoxkaszatrensctso. Ob6osnaunm depes T cemeiicTBo B mpasoii actu (4.22). Tpe-
Gyerca ycranosuth pasenctso T (E) = T.

[ycrs G, € TY(E). Torma, B wactnoctu, G, € P(F;(L)). Kpome toro, nycts U, € G,.
C yuerom (4.19) momyuaem st mekoroporo H € {N}4(F5[L]) croiicrra

U, € H)&(H C G,). (4.23)

[Ipu sTom aas nexkoropuix n € N u koprexka (Hj);c1,; € Shc [/J]n CIIPaBeJINBO PABEHCTBO

H =) H.. (4.24)

C yaerom (4.18) monbepem xoprex (A;);ery; € Cp[L]" co croiicrBom
H, = F5IL | A VjeTn

s (4.21) n (4.24) mosy1uaeM, Kak CJI€JCTBUE, [EMOYKY PABEHCTB

n

H = (\FS(C | A = Fo[e | ()AL (4.25)

=1

C yuerom (2.11), (4.23) u (4.25) umeeM Jyist HEKOTOPOro MHOXKecTBa L € U, 9r0

L C ﬁ A;,
=1
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rae, Kak JIErKO BUJAETDH, CIIpaBeI/IMBO BKJIIOYEHUE
(A € Nk (CalLI](L)).
i=1

13 Broporo csoiicrsa B (4.23) u (4.25) mosydaem, KCTaTH, 9TO
FolL | (Al € G.. (4.26)
i=1

Teneps nveem u3 (4.23) — (4.26), aro 3L € U, 3C € {Nh([Cr[L](L)):
Fuc L] C]C@G..

[TockoJibKy BbIOOD U, OBLI IPOU3BOJILHBIM, YCTAHOBJIEHO, YTO

VUeG, 3L el 3C e {nK([Ce[L](L)) : FHC[E | C] C G..
B urore, G, € T, 1em 3aBepiraeTcs IpoBepKa CBOICTBA

TY%(E) C T. (4.27)

IIycre G* € T. Torna G* € P(Fi(£)) u upu sTom

VUeG" AL eU IC € {nk([Ce[L](L)) : FHC[E | C] C G". (4.28)

Beibepem npoussosibio U* € G*. Torma cormacuo (4.28) s mekoropbix L* € U* u CF €
{n}([CelL](L7))
FLIL | C*] C G (4.29)

[To BeiOOpy C* mmeeMm paBeHCTBO
p
O* — ﬂ Cy, (4.30)
i=1

re p € N u (Cf);c15 € [Cp[L]](L*)P. Torma (cm. (4.21), (4.30)) nomydaewm, 4o

FLlC | O = (VFSIC | 7). (4.31)

i=1

IIpu stom L* € C5 Vj € 1,p. Hostomy (cm. (2.11))

U e ﬁF“C[,c | ). (4.32)

i=1
Buech (em. (4.18)) FL[L | Ci] € FL[L] Vi e, p. Torma

p

MF&IL | C;) € {n}(FelL). (4.33)

=1
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Bumecre ¢ Tem, cormacuo (4.29) u (4.31)

ﬁ]FEJ L] Cr]ca (4.34)

=1
U3 (4.32) — (4.34) Berrekaer, uro IH € {N}4(F5[L)) :
(U* € M&(H C G¥).
[Tockouibky BbIOOP U™ OBLIT MPOU3BOJILHBIM, YCTAHOBJIEHO, YTO
YU e G IB e {N}(F5L]) : U e B)&(B C G*).

B cuty (4.19) umeem mo o6muM cBoiicTBaM OTKPBITHIX 6a3 Bkmodenne G* € TO(E). Uraxk,
YCTAHOBJICHO BJIOKEHHUE

T C Ty(E),
a, crasio ObITh (eM. (4.27)), u TpeGyemoe pasencrso T (FE) = T, orkyzna Bbirekaer (4.22). [

Ipennoxenne 4.5 Ecwu U € F5(L), mo

U2 (JIFEIL | €] : C e {nh((CalLl(U))} (4.35)

veu

ecmo A0kaavHas basa (Pyndamenmanvran cucmema okpecmuocmet;) TIT (4.20) 6 mouxe U.

HJoxkaszareunnbcrso. Besasuc (4.35) seegem npu U € U cemeiicTBo
A
€y = {FG[L | C]: C e {n}(CrlL])(U))}: (4.36)
sacno, aro €y € P'(P(F§(L)); upu sTom

Jeiicturensro, duxcnpyem (npu U € U) muoxectso C° € {N}4([Cr[L](U)). Torma s
nexoTopeix n € N u (CF);c15 € [Ce[L]J(U)"

c’=cr. (4.38)
=1

Torma Cf € Cp[L] u U C C) npu j € 1,n. D10 o3nadaer, uto (cm. (2.11))
UeTFLL|CY VjeTn

Torga, Kak ciaeacTsue, moaydaem, 9ro (eu. (4.18))

(FLIL | O € (h(@le) U € (VELlE | CO) (1.39)
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N3 (4.19) u (4.39) coemyer, B 9aCTHOCTH, BKJIIOUCHHE
(FLIE | O] € Vit 1), (4.40)
i=1
[Tpu sToMm, onHako, B cuity (4.21) u (4.38) numeeMm paBeHCTBO
Rl | ) = (VFle | )
i=1

u, cregoparensio (oM. (4.40)), FH[L | €% € N, 1 (U). Hockombky BpiGop C° 6pin mpons-
L

BOJIbHBIM, ycranoB/eHo (cM. (4.36)) Tpebyemoe Bioxkenue (4.37). Kosb ckopo u muoxkecrso U

BBIOMPAJIOCH [IPOU3BOJIBHO, YCTAHOBJIEHO, 1TO

Cs C Nopo i (U) VE € U.
Torga, KakK CcJjieJIcTBue, 1oJjiydaeM, 9To

4= e C Npoy ). (4.41)
Ued

Ilyers H* € Noo gy (U). Torna (em. pasgen 1) amsa nexoroporo muoxectsa G* € N%% iy (U)
MMeeM BJIOZKEHHe

G* C H*. (4.42)

[pu stom G* € TYE) u U € G*. Cornacno npeioxkennio 4.4 nys nekotopbix L € U u
C e {nh((CrlL]I(L))

FL[L | C] C G*. (4.43)
Ucnonbayem (4.36) mpu U = L. Urak, nmeem
L = {FE[L | O : C € {n}((CxlL])(L))}. (4.44)

Torma cornacuo (4.44) FL[L | C] € €. Us (4.35) u (4.44) crenyer, uto € C 4, a moromy
(em. (4.42), (4.43))

FLIL | C] e i :FL[L | C) c H* (4.45)
[Mockosbky BeiGOp H* GBI TpOM3BOILHBIM, U3 (4.45) BBITEKAET, UTO
VHENT%<E>(Z/{) JUed:UcCH. (4.46)

N3 (4.41) u (4.46) caemyer Tpebyemoe yTBepxaeHue: cemeiicrBo U ecthb sokambaas 6asa TII
(4.20) B TouRe U. O

HamomunmM, 1to cormacuo |19, (2.10)]

TY(E) C T:[E], (4.47)
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a TII (4.20) ectb kommakTHOEe T} -mipocTpancTso (em. [19, (2.9)]). Hamomunm, nakower, 4to
(20, Teopema 7.1]) B ciyuae, korna L € 70 [E]

Fo(L | &) = (as)[E; Fo(L); TL[E; (£ — triv)[]; €] (4.48)
= (as)[E; F(L); T2(E); (£ — triv)[]; €] VE € P'(L).
C yuerom Teopembl 2.1 u (4.48) nosmyuaem npu £ € 7°(E] u £ € P'(L), uro

(TZIE] — Int)[F5(L | €)] = (TL[E] — Int)[(as)[E; Fo(L); TL[E]; (£ — triv)[]; €]]
= (TZ[E] — Int)[(as)[E; F5(£); T2(E); (£ — teiv)[; €]) = FE[L | () £

3e€

C y9IeToM JIAHHOTO CBO¥iCTBa U (3.4) MOTy9IaeM UMILTAKAIIIIO

([ £ =2) = (TL[E] - Int)[(as)[E; F3(£); T2(E); (£ — triv)[]; €]] = @). (4.49)

Bamernm, aro cormacuo (1.3) u (4.47) B obmem ciydae L € w[E]
(TO%E) — Int)[H] C (T%:[E] — Int)[H] VH € P(F;(L)).
U3 (4.49) umeem teneps B cayuae £ € 7°[E] u € € P'(L), 1ro

([ £ =2) = (T:(E) — Int)[(as)[E; F5(£); TL(E); (£ — triv)[]; €] = @);
Ye€

pasymeercsi, B cuity (4.48) mocsie/iHee CBOMCTBO MOXKET OBITh MEPENICAHO B BUJIE

() £=92)= (TLE) - t)[F3(L | €)] = 2). (4.50)
Ye&

Mpennoxenue 4.6. Ecau L € 7°E] u F € Fi(L), mo ucmunna umniukayus

([ F=2)= (F(L | F) € Crye)[TL(E)] \ (can — clos)[T3(E))). (4.51)

Hoxkasartenbctso. lyers £ € 7°E] u F € Fj(L), npudeM HCTUHHA TOCBLIKA
nmiurkanun (4.18): mepecedenue Bcex MHOXKeCTB n3 (GuiabTpa JF €CTh IIyCTOE MHOXKECTBO.
Torma cornacuo (4.50)

(TZ(E) — Int)[F5(L | F)] = 2.
Kak cyieicTBre mostyaeM CIeyiomee paBeHcTBO
cl((TZ(E) — Int)[F(L | F)), T(E)) = 2. (4.52)
C apyroit cropossr, u3 (3.6) crenyer, uro Fi(L | F)] # @. C yuerom (4.52) nosydaem, 9ro
cl((T2(E) — Int)[F5(L | F)], TR(E)) # F(L | F)).

B urore (cm. (1.4)) F5(L | F) ¢ (can — clos)[T2(FE)]. 3amerum, uto F — HalpaBJIeHHOE
ceMeficTBO, a moromy (cM. (4.48), [15, (4.3)])
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Fo(L | F) = (as)[ B F5(L); TR(E); (£ — triv)[]; F]

= () A{(£ ~ triv)[z] : 2 € F}, TE)) € Cryi0) [ THE))

MT&K, IIOJIyd9a€eM CJIEJYIOIee CBOIICTBO:

Fo(L | F) € Crye)[T2(E)] \ (can — clos)[T(E)].

Tem caMbIM yCTaHOBJIEHA UCTHHHOCTH uMILTHKarmu (4.51). [l

B zak/ouenue ormerum, ucnonabsys (1.4) u upepioxenne 4.6, uro npu L € 7°[E] nu F €

*
F§(L) ncrunaa oveBHIHAS TelEPh UMILTHKAIINS

1]
2]

3]

4]

[5]

(6]

7]

18]

19]

() F=2) = (F(L| F) # (G, TLUE)) ¥G € T(E)).

FeF
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