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Spectral properties and the Efimov effect for bounded self-adjoint
partial integral operators

R.R. KUCHAROV!'?, T.M. TUXTAMURODOVA'!
! National University of Uzbekistan
4 University St., Tashkent 100174, Uzbekistan
2 Tashkent State Technical University named after Islam Karimov

2 University St., Tashkent 100095, Uzbekistan

Abstract. This paper investigates the Efimov effect for a class of bounded self-adjoint partial
integral operators with degenerate kernels arising in the Hubbard model. These Fredholm-type
operators act in the Hilbert space Lo(21 X 22) and are realized as non-compact perturbations
of a multiplication operator. Motivated by the spectral behavior of Schrodinger-type operators,
we study the emergence of infinitely many eigenvalues located below the essential spectrum.
A distinctive aspect of the model is the kernel structure, expressed as a convergent series,
which significantly influences the spectrum. We present a detailed description of the essential
spectrum and prove a theorem that gives sufficient conditions for the presence of an infinite
discrete spectrum beneath its lower bound. The approach relies on tools from spectral theory,
including the minimax principle and the properties of positive integral operators. To support
the theoretical findings, we also construct an explicit example that demonstrates the Efimov
effect in this framework.

Keywords: essential spectrum, discrete spectrum, lower bound of the essential spectrum,
partial integral operator, Efimov effect, negative eigenvalue, minimax principle

Mathematics Subject Classification: 45P05, 47A53, 47A55, 47TA75.
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CuekrpaJsabuble cBoiictBa 1 3 dexkT EdumoBa /119 orpaHnYeHHBIX
CaMOCONPSIXKEHHBIX YaCTUIHO MHTETPAJbHBIX ONIepPaTOpPOB

Pamzuaaus Pysumypamosuy KYUAPOB!?,
Tunnoxon Mancypzkon kuzu TYXTAMYPOJ/IOBA'

! Hanmonasmbabrit ynusepcnTer Y36eKucTana
100174, Y3bekucran, r. Tamkenr, ysi. YHuepcurerckas, 4
2 TamkeHTCKHil TOCYIAPCTBEHHBIN TeXHUYecKuii yanepenter nvenu Verama Kapuvosa

100095, Y3bekuctan, r. Tamkent, yja. Y HUBEPCUTETCKAs, 2

Awnnoranuga. B cratbe nzydaerca adpdext Edumona misg Kaacca OrpaHUIeHHBIX CAMOCOIPSI-
JKEHHBIX YACTUIHBIX MHTEIDAJBHBIX OMEPATOPOB C BBIPOXKIEHHBIMU SIPAMU, BO3HUKAIONIAX B
Mojiesin Xabbapa. Dtu oneparopb! Tuiia Opearojabma AefCTBYIOT B THJIBOEPTOBOM IIPOCTPaH-
crBe Lo(Q1 X Qo) u peanusyiorcs KaK HEKOMIIAKTHBIE BO3MYIIEHUsI OLEPATOPa yMHOXKEHUSI.
VuuTbiBas crieKTpajbHOE TOBeIeHne oneparopos Tumna [Ipeauarepa, Mbl n3ydaeM BOSHUKHOBE-
Hre GECKOHETHOIO JHCJ/Ia COOCTBEHHBIX 3HAYEHUMN, PACIOJIOXKEHHBIX HUYKE CYIIECTBEHHOI'O CITeK-
Tpa. OTIMInTeIbHON 0CODEHHOCTHIO MOJIENIN SIBJISIETCS CTPYKTYPA S/Ipa, IPEeJICTABICHHAS B BHJIE
CXO/ISAIIEr0Cs Psifia, KOTOPasi CYIEeCTBEHHO BinsieT Ha crekTp. [IpuBeneno mogpobuoe onmcamnme
CYNIECTBEHHOT'O CHEKTpa U JOKa3aHa TeopeMa, yCTAHABIMBAIONIAs JIOCTATOYHBIE YCJIOBUS IS
CyIIeCTBOBaHUsI OECKOHEYHOI'O JIUCKPETHOIO CIIEKTpa HUXKe ero HUXKHell rpanuiisbl. 11oaxo oc-
HOBAH HA MHCTPYMEHTaX CIIEKTPAJBLHOM TEOPUH, BKJIIOYAs TPUHIMIT MUHUMAKCA U CBOMCTBA 10~
JIOXKWUTETbHBIX UHTETIPAJIBHBIX OIepaTopoB. I MOATBEPKICHUS TEOPETUIECKUX DPE3YJIBTATOB
[IOCTPOEH SIBHBII IpUMep, JeMoHCTpupyoomuii a3pdert EdrumoBa B maHHO TOCTAHOBKE.

KirroueBbie cJioBa: CyIeCTBEHHbBIN CIEKTD, JUCKPETHBIA CIEKTD, HUXKHsIs TPAHUIA CYIIe-
CTBEHHOTI'O CIIEKTPA, OIIEpaTOp YACTUIHOIO MHTerpaJsa, adhdekt Edbumona, orpurareabHoe cod-
CTBEHHOE 3HAYCHUE, TIPUHIIAI MUHAMAKCA

Hdnsa murtupoBauusi: Kyvwapos P.P., Tyzmamypodosa T.M. CuexrpajbHble CBOWCTBA U -
dexr Edumosa 1151 OrpaHUYEHHBIX CAMOCOIPIKEHHBIX YACTUYHO MHTEPAJIbHBIX OIEPaTOPOB
// Becruuk poccuiickux yuusepcureroB. Maremaruka. 2026. T. 31. Ne 153. C. 5-21.
https://doi.org/10.20310/2686-9667-2026-31-153-5-21
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SPECTRAL PROPERTIES AND THE EFIMOV EFFECT 7

Introduction

One of the most intriguing and non-intuitive phenomena in quantum mechanics is the Efimov
effect, which emerges in systems consisting of three quantum particles. Remarkably, this effect
implies the existence of an infinite sequence of three-body bound states, now known as Efimov
states, even in the case where none of the constituent two-body subsystems possess bound states
themselves. Such a counterintuitive result fundamentally challenges our classical understanding
of binding in few-body systems. The Efimov effect was first theoretically predicted by the
Russian physicist V. Efimov in 1970 [1], who showed that for certain conditions involving large
two-body scattering lengths, an infinite tower of three-particle bound states can arise, with a
geometric energy spectrum accumulating at zero energy.

Since its theoretical discovery, the Efimov effect has garnered substantial attention in
both theoretical and experimental physics. It has proven to be of great significance in the
study of ultracold atomic gases, where external magnetic fields near a Feshbach resonance
allow experimentalists to finely tune the two-body scattering length. This tunability enables
the realization of the conditions necessary for the Efimov effect to manifest, thereby making
ultracold atomic systems a prime candidate for its observation. Indeed, the first experimental
confirmation of Efimov states was achieved in 2006 in a system of ultracold cesium atoms,
providing direct evidence for this profound quantum phenomenon.

In [2], the article investigates linear operators and equations with partial integrals in Banach
ideal spaces, spaces of vector-valued functions, and spaces of continuous functions. Their prin-
cipal properties are examined, including regularity, invertibility, and spectral characteristics,
and a concise description of the corresponding linear equations is also provided.

From a mathematical standpoint, the Efimov effect is intimately related to the spectral
theory of Schrodinger-type operators. In particular, it is associated with the occurrence of
infinitely many discrete eigenvalues located strictly below the lower edge of the essential spec-
trum of the corresponding Hamiltonian operator. Understanding and rigorously proving the
conditions under which such an accumulation of eigenvalues occurs remains a central challenge
in the spectral analysis of quantum mechanical systems.

Traditionally, the mathematical analysis of three-particle quantum systems is carried out
using the Faddeev equations, which provide a powerful framework for reducing the three-
body Schrodinger equation to a system of coupled integral equations. These integral equations
typically contain interaction kernels that encode the physics of the underlying potentials. For
analytical tractability and computational efficiency, degenerate kernels — those expressible as
finite or convergent series of separable functions — are often employed. These kernels retain
essential physical features of the interaction while significantly simplifying the mathematical
complexity of the problem.

The earliest rigorous mathematical investigations into the Efimov effect focused on three-
particle continuous Schrodinger operators, where Efimov himself and subsequent researchers
developed conditions under which the discrete spectrum contains an infinite number of eigen-
values below the essential spectrum [1,3,4|. More recent studies have extended this analysis to
discrete models, which are of interest both mathematically and in applications such as solid-
state physics and lattice quantum systems.

In this direction, the pioneering works of Lakaev [5,6] represent some of the first rigorous
mathematical proofs of the Efimov effect for three-particle discrete Schrodinger operators. His
approach was based on a detailed analysis of the analytical properties of Fredholm determinants
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associated with the resolvent of the system. Subsequently, alternative techniques were developed,
including the Sobolev method — also known as the asymptotic method |7]. This which has
been successfully applied to study the spectral properties of multi-particle discrete Schrodinger
operators [8-10].

Additional lines of research have investigated the spectral behavior of operator matrices
and integral operators with degenerate kernels, which often arise in the effective description of
three-body interactions. In particular, matrix operator models have been used to examine the
distribution and accumulation of eigenvalues, while techniques such as unitary dilation have
been employed to transform complex decay operators into simpler diagonal forms for spectral
analysis [11-13].

In the present study, we build upon this body of work by investigating a particular class of
partial integral operators with degenerate kernels that naturally emerge from a discrete three-
particle Schrodinger framework, notably within the context of the Hubbard model. The kernel
under consideration is defined via a convergent series, which allows us to capture key spectral
properties while preserving computational manageability. Our principal aim is to establish
rigorous sufficient conditions for the occurrence of the Efimov effect in this setting — specifically,
to prove the existence of an infinite number of eigenvalues lying strictly below the lower bound
of the essential spectrum of the operator H.

The methods employed in our analysis combine elements of spectral theory, operator theory,
and functional analysis. We make essential use of the minimax principle for bounded self-adjoint
operators, as well as the theory of positive compact integral operators. As a concrete application
of our theoretical results, we construct an explicit example of a partial integral operator with
a degenerate kernel and demonstrate the manifestation of the Efimov effect within this model.
This example not only illustrates the practical relevance of the theoretical framework developed
here but also underscores the broader applicability of integral operator methods in quantum
few-body problems.

1. Basic definitions and notation

Let us begin by formulating the foundational mathematical framework necessary for the
spectral analysis of the class of partial integral operators considered in this study.

Let H be a bounded self-adjoint operator in a separable Hilbert space. Our focus lies on the
spectral properties of the operator H, for which we adopt the standard notations [14, p. 188,
p. 236]: the resolvent set is denoted by p(H), the spectrum by o(H), the essential spectrum by
0ess(H), and the discrete spectrum by ogisc(H). These spectral components form the backbone
of our analysis, particularly in the context of identifying spectral phenomena such as the Efimov
effect.

Definition 1.1. We define
Fuin(H) = inf 0ess(H), Emax(H) = sup oess(H).

The numbers Fni,(H) and FEn.c(H) are called the lower edge and the upper edge of the
essential spectrum of the operator H, respectively.

Definition 1.2. A point A € ges(H) is called a boundary point of the essential
spectrum if

A= Fnn(H) or A= FEy.(H).
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Definition 1.3. Let A be a boundary point of ce(H). We say that A is isolated
from the left (respectively, from the right) in the essential spectrum if there exists § > 0 such
that

(A= 0, A\ Noes(H) = {A} (respectively, [\, \ 4+ 0) Noess(H) = {\}).

Definition 1.4. Let A be a boundary point of o.(H) isolated from the left (res-
pectively, from the right). If there exists a sequence

{)\n} C UdjSC(H)

such that
An < A (respectively, A\, > \) for alln € N,
and
lim A, = A,
n—oo

then we say that the Efimov effect occurs at the point A\ of the essential spectrum from the
left (respectively, from the right).

Throughout the paper, we examine how the structure of the kernel, the geometry of the
underlying space, and the integral perturbations influence the distribution of eigenvalues relative
to Fum, thereby facilitating a precise characterization of the conditions under which such
spectral accumulation may occur.

To analyze the spectral structure and identify conditions under which the Efimov effect
occurs, we begin by establishing the necessary mathematical setting.

Let O € R® and Q, € R® be compact domains, where di,d, € N. We consider the
complex Hilbert space Lo(£2; X €s) endowed with the standard inner product. On this space,
we define two families of integral operators associated with complex-valued continuous kernels:

kl(xasmy) € C(Q% X QQ): k?1<5(7,87y) = kl(s,x,y),

k2(x7t7y) € C(Ql X Qg)v kg(l',t, y) = k2<x7y7t)'

These kernels define the partial integral operators A; and A, as follows:

Ay = |

1971

Bi(e5,9)f(s,9)ds, (Aaf)(z,y) = / ol ) f (. 1) dt.

Qo

Let ho(z,y) be a real-valued continuous function on €2y x Q5. The multiplication operator
Vo is then defined by

We define the self-adjoint operator V' as

V=V—-A, where A=A +A,. (1.1)

For X\ € p(Vy) we introduce the auxiliary operators By(A) and Ba(A) in La(€24 x €y) given
by

BV = [ D yas B = [ T

(951 hO(Say) - Qs ho(l’,t) — A
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Let Ay(y; A) and Ay(x; ) denote the Fredholm determinants [15, Chapter 1, § 3, p. 27-37]
of the compact operators F — Bj(A) and E — Bs()), respectively, where FE is the identity
operator. We define the following spectral sets:

o ={N€ p(Vo) | A1(yo; A\) =0 for some yo € Qo}, (1.2)
gy ={N € p(V) | Ag(zo; A\) =0 for some x5 € 2} (1.3)

Let g == (V) = Ran(hg) be the spectrum of the multiplication operator Vj. Then the
following decomposition results (see [16, Theorem 6]) hold:

O(%—A1)200U0’1, G(%—AQ)ZO'()UO'Q.

Furthermore, the essential spectrum of the operator V' can be explicitly characterized as
(see [17, Theorem 3.3|):
Oess(V) = (Vo — A1) Ua (Vo — Ay).

This construction lays the foundation for analyzing the discrete spectrum of the operator V'
and the presence of the Efimov effect in this context. The key idea is that the degeneracy of the
kernel allows for a rich eigenvalue structure, including the possibility of infinite accumulation of
eigenvalues below the essential spectrum. The next section presents a concrete operator model
derived from the above general structure.

2. Formulation of the problem

Now let us consider a concrete model that serves as a foundation for our spectral analysis.
Suppose that
Q1 = [a,b]" CR™,  Q, = [¢,d]2 C R®

for some dy,dy; € N, that is the sets ; and (2, are compact rectangular domains. In the
Hilbert space Lo(£2; x €25), we define a bounded self-adjoint partial integral operator (P10) H
as follows:

H=Hy— () + Ty, (2.1)

where each component is specified below.
The operator Hy is a multiplication operator by a real-valued continuous function hg(z,y)
defined on €y X s

The operator T acts as a degenerate partial integral operator over the first variable:

T f(z,y) = Zak%(x)@k(s)f(say) ds, (2.3)

2 gen

and Ty is its counterpart acting over the second variable:

Tof (@) = |3 Btnlo) B0 (1) . (2.4)

Q2 keN

Here, the sequences {ax} and {f} consist of nonnegative real coefficients that satisfy the

square-summability conditions:
Z az < oo, Z BE < <.
k k
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The functions {py} and {4} form orthonormal systems in Ly(€);) and Ly(Q5), respectively,
where,

(piv0s) = | oueVort@dE = {O’ o7

1, if 1 =7,
(Wety) = | 0il&)05(E)de = {O’ L
Qs 1, if i =7.

This operator model H is central to our investigation. Its structure, with degenerate kernels
acting separately on {2; and (25, makes it particularly suitable for analyzing phenomena like
the Efimov effect. The spectral properties of H are determined not only by the multiplication
function ho(z,y) but also by the sequences {ax} and {fx}, which influence the interaction
terms T and T5. In subsequent sections, we establish conditions under which H admits an
infinite discrete spectrum below the essential spectrum.

This construction leads to a class of degenerate kernel operators that naturally arise
in various quantum mechanical models, including lattice approximations of three-particle
Schrodinger operators. The spectral analysis of such operators, particularly with respect to
the accumulation of discrete eigenvalues and the manifestation of the Efimov effect, will be the
main focus of our study in the subsequent sections.

The discrete Schrodinger operators of the form (1.1), which describe a system of three
quantum particles situated on a three-dimensional lattice and are represented by a partially
integral operator H, have been the subject of extensive study in the literature (see [1,18,19]).
In particular, the spectral properties of such operators have attracted significant interest due to
their connection with the Efimov effect and accumulation phenomena in the discrete spectrum.

In [20], sufficient conditions were established for the finiteness and infiniteness of the discrete
spectrum of the operator H in two specific cases: first, when the integral kernel has rank 1;
and second, when the essential spectrum of H coincides with that of the unperturbed operator
Hy, i. e., 0ess(H) = 0(Hyp).

A more concrete manifestation of the Efimov effect in this framework was demonstrated
in [18], where the existence of an infinite sequence of eigenvalues was proven for the model (1.1)
under a specific choice of the function hg(x,y). In that case, the lower bound of the essential
spectrum of the operator H was shown to be zero.

Let the function hg is defined as

ho(z,y) = u(x)v(y), (2.5)

where u(z) and v(y) are non-negative continuous functions defined on the domains €; and
Qs, respectively. Moreover, we assume that =1 ({0}) N Qy # @ and v~ ({0}) N Qy # 0.

The subsequent work [19] focused on the case of formula (2.5) under the assumption that
v(y) = u(y), where u(x) is a non-negative continuous function defined on the domain Q =
Q1 = s, and the integrability condition

|5 <

is satisfied. In this setting, an exact characterization of the essential spectrum of the partially
integral operator H was obtained under the assumption that the integral kernels of 7T} and
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T, are of rank one. Moreover, the finiteness of the number of eigenvalues below the lower edge
of the essential spectrum was rigorously established.

In a later study [21]|, the operator (2.1) was investigated from the spectral perspective
under the assumption that the integral operators 77 and T, have separable integral kernels
of rank two. The analysis assumed that ag, 8 > 0 for k = 1,2, with constant test functions
v1(x) = ¢¥1(z) = 1. Under these conditions, an explicit formula for the lower boundary of the
essential spectrum of the associated partially integral operator H was obtained.

A separate investigation reported in [22] focused on the essential spectrum of the model
operator (2.1) in the symmetric setting defined by a; = ay > 0 and f; = 3 > 0, where both
integral components 77 and 75 possess integral kernels of rank two. The authors established
a precise characterization of the essential spectrum and identified its lower spectral boundary,
thereby extending earlier results on the spectral behavior of this class of operators.

In this paper, we investigate the Efimov effect for the model operator H defined in (2.1),
where H, denotes the multiplication operator by the function hy given in (2.5). Unlike
previously studied models, this operator features a kernel represented via infinite orthonormal
systems and is defined on a more general underlying function space. A complete characterization
of the lower edge of the essential spectrum, combined with the identification of sufficient
conditions for the emergence of the Efimov effect, constitutes the primary novelty of this work.

In particular, our approach employs the minimax principle for bounded self-adjoint operators
and leverages the spectral properties of degenerate kernel operators, enabling a rigorous
derivation of conditions under which infinitely many eigenvalues accumulate below the lower
edge of the essential spectrum.

3. Characterization of the essential spectrum of the operator

In order to investigate the spectral properties of the partial integral operator introduced in
(2.1), we now construct auxiliary operators acting in the subspaces Ly(€2;) and Ls(€23). These
operators are closely related to the well-known Friedrichs model [23, p. 163-185; p. 213-240]
and serve as building blocks for analyzing the emergence of discrete spectrum in our problem.

Let us define the bounded self-adjoint operators K; and K, in the Hilbert spaces Ls(£24)
and Ly(€2y), respectively, by the following formulas:

Each of the operators K; and K, is compact, self-adjoint, and positive in the corresponding
Hilbert space. Their integral representations exhibit degenerate kernels, reflecting separability
and the rank-one expansion characteristic of Friedrichs-type models: each term of the kernels
represents a rank-one operator, and their sums define K; and Ks.

These operators play an essential role in the diagonalization process of the full operator H,
and their spectral properties will be used to characterize the discrete spectrum and to establish
conditions under which the Efimov effect arises in our setting. In the next section, we explore
how the spectral data of K; and K, influence the location and accumulation of eigenvalues
of the full operator.
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Let T = T7 + T, be the sum of two self-adjoint operators acting in the Hilbert space
Lo(£21 x Q). Without loss of generality, we assume that the Lebesgue measures p; and ps on
1 and (), respectively, are normalized:

p1(S) = p2(§22) = 1.
Theorem 3.1. The spectrum of the operator T satisfies the following relations:

(1) The essential spectrum of T' is given by the union of the spectra of the operators K, and
K2 N
ess(T') = 0(K1) Uo(K2) = {0} U{aitien U {B;}jen

(2) The discrete spectrum of T consists of all points of the form w = «a +  that do not
belong to o(K1) Uo(Ky), where o € 0gisc(K1) and f € dqisc(Ka) :

Udisc(T) = {Oé + ﬁ NS UdiSC(K1>7 ﬁ € Udisc(K2>7 o+ ﬁ ¢ Udisc(Kl) U Udisc<K2)} .

P roof We begin by observing that the spectra of the operators K; and K, are given
by
o(K1) ={0} U{aitien, o(K2) ={0} U{B;}jen,
where each «; and f; is a simple eigenvalue of K; and Kj, respectively. It is clear that 0 is

an eigenvalue of infinite multiplicity for both K; and K.
Define the direct sum operator

K=K @® Ky: Lo(1) © La(2) = La() © La(), K(f1 © f2) = Kifi © Ky fo.
Define the tensor sum operators
T =K,®I, Th=IKy, T:=1T +T50n Ly x Q).
The natural embedding
i Lo(1) @ La(2) = Lo( x Qg), i(fi® fo) = Li®1+1® fo

yields the commutative diagram:

H o H, 29 mom,
L Li
H Th+T> H

so that io K =T oi.
Since

o(Th) = o(K1) ={0} U{ai}, o(Tz) =0o(Kz) = {0} U{B;},
the spectrum of the tensor sum operator 1" satisfies
o(T) =o(Th) + o(Tz) = {0} U{eu} U{B;} U {ci + Bj}ijen
According to Proposition 2.1 in [24], we have the inclusion

ker(K;) @ ker(Ky) C Ly,
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where Ly C Lo(€; x ) is the eigenspace corresponding to the eigenvalue w = 0 of the
operator 17+ T5. Therefore, dim(Ly) = oo, i. e., w =0 is an eigenvalue of infinite multiplicity
of the operator T.

Next, consider the values w; = o and ©; = ;. Since 0 € o(13), we have w; = a; +0 €
o(Ty + T3), and hence w; is an eigenvalue of T. Given that dim(ker(K3)) = co and that the
subspace M, ® ker(K3y) C L, (where M,, is the eigenspace of K; corresponding to «; ), we
conclude that dim(L,,) = co. Thus, each «; is an eigenvalue of infinite multiplicity for the
operator T A similar argument shows that each j3; is also an eigenvalue of infinite multiplicity
of the operator T.

Let ¢; € Lo(€2y) and ; € Ly(€)y) be eigenfunctions of K; and K, corresponding to
eigenvalues «; and (;, respectively:

Ki19; = i, Kypy = Bj1;.

Consider the tensor product ¢; ® ¥; € La(£21) ® L2(€22). Then

T(¢i @ ¢j) = (T + 12) (¢ @ Yy) = (K1 @ I) (i @ ) + (I ® Ka)(¢s @ ¢;)
= K19 @ Y; 4+ ¢ @ Kot = ai(d5 @ ¥;) + Bi(di @ ;) = (i + B;)(ds @ 15).

Hence, o; + B8; € o(T), and if oy + B # o, and «; + 3; # B, for all n,m, this eigenvalue
belongs to the discrete spectrum ogis. (7).

Combining these facts, the spectrum and the essential spectrum of the operator T'=T1+ T
can be written as

o(T) = {0} U{a:} U{B;} U{as + Bj}ijen, and oes(T) = {0} U{as}ien U {B;}jen-
Hence, the discrete spectrum is given by
odise(T) = {ai+B; : (i,§) € I}, where I ={(i,7) € N°:Vn € N, a;+8; # o, and ;+08; # .}
O

Let ho(x,y) be defined by (2.5). In the space Ly(§2;) we consider the family {H;(®)}acq,
self-adjoint operators in the Friedrichs model

Similarly, we define in Ly(§22) the family of operators {H»(8)}seq, :
Hy(B)¢(y) = w(B)o(y)v(y) — g > Bow(y) i (£ (8)dt.
2 keN

Lemma 3.1. Let o € Qy (respectively, f € ) be a fived point. Then a number \ €
(—00,0) is an eigenvalue of the operator Hi(a) (respectively, of Ho(f)) if and only if the
corresponding Fredholm determinant vanishes; that is,

Ai(a; N) =0 (respectively, Aq(B;A) =0).
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The proof follows directly from the classical Fredholm alternative (see [25, Theorem 4,
p. 34|), which states that a non-zero solution exists to the homogeneous equation associated
with a compact integral operator if and only if the corresponding Fredholm determinant is zero.
In our setting, K; and K, are compact self-adjoint operators with degenerate kernels, and the
existence of a negative eigenvalue A corresponds precisely to the condition that A;(a;\) =0
or Ay(B;A) =0, respectively.

Let us introduce several notations that will be useful in the subsequent analysis. For j = 1,2,
define the function 7;(¢) as the infimum of the quadratic form associated with the operator
H;(t) over all unit vectors in the corresponding Hilbert space:

m(t) = inf (Hi(t)p,p), t €, ma(s) = inf (Ha(s),v), s€ .

lell=t I[|=1
Finally, denote by

max .__ max .__ PR -
= max m(t), my ™ = max To(8), Umax = gré%)fu(x), Umax = gé%zw(y),

the maximum values of the functions m(t), m2(s), wu(z) and wv(y) over their respective
domains.

Theorem 3.2. The essential spectrum of the operator H is given by the following equality:
[—a, TP U [= B, 1] U [0, Umax * Umax] C Cess(H).
Proof Let x =2y and y =y be fixed points such that
u(zo) =0, v(yo) =0.

We consider the auxiliary operators Hi(y) and Hs(x) previously defined, evaluated at the
points y = yo and x = xg, respectively. In particular, for h € L*(Q;) and g € L*(Qy) we
have

(Hq(yo)h)(x) = —/Q Zak () er(s) h(s)ds,
(Ha(zo)g) () = — [ D Brbuly) i) g(t) dt.

Q2 peN

It is straightforward to verify that each number —a; and —f; is an eigenvalue of the
operators Hi(yo) and Hs(xg), respectively. Therefore, by Theorem 3.1 and the definitions of
the sets o1 (1.2) and o9 (1.3), we obtain:

{_ak} C o1, {—ﬁk} C 09.

Since Hy (2.2) and T (2.3) are positive operators, for any unit vector f € Ly(€ x ),
it follows that

(Ho—T)f, f) = (L f, ) > —max oy = —o.

Hence, Enn(Ho—T1) > —ay. On the other hand, as —a; € 01, we conclude:

Emin(HO - Tl) = —qq.
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Now consider the function

m(t) = inf (Hi(t)h,h) = — sup (T1h,h) > —ay,
[[h]l=1 [|h]|=1

n

and it attains its minimum at some ¢ = y™" such that m(y™") = —ay. Therefore,

T =minm (t) = —on € Oess(Ho — T).
teQo

Suppose that for some ty € 2y, we have 71 (tg) < 0. Then, by the minimax principle (see |26,
Theorem 2.1, Section 2|), m(ty) is an eigenvalue of H(ty). Since oess(H1(to)) = [0, M(to)] with
M (to) = Umax - v(to), it follows that

Al(to;ﬂ'l(to)) =0 = 7T1(t()) € oy,

which implies 71 (tg) € Tess(Ho — T1) as oqisc(Ho — T1) = 0.
A1807 since 0o = U(HO) = [07 Umax - Umax] - Uess(HO - Tl) and Uess(-HO - TI) =01 Ua0og, we
obtain:

[_ah Winax] U [07 Umax * Umax] C Uess(HO - TI)

In a similar manner, one can show:
[_517 Wgnax] U [07 Umax * Umax] C UBSS(HO - TQ)

Finally, using the equality
H=Hy— (Th+ 1)

and applying properties of the essential spectrum under additive self-adjoint perturbations, we
conclude that

[_Oéb ,ﬂ_{nax] ) [_517 ﬂénax] U [07 Umax * Umax] C Uess(HO - Tl) U UeSS(HO - T2) = Uess<H)~
]

Corollary 3.1. From Theorem 3.2, it follows that the lower edge of the essential spectrum
of the operator H 1is given by

Fwin(H) = min{—ay, -5 }.

4. On the Existence of the Efimov Effect in the Model Operator

From the positivity of the operators Hy (2.2), 71 (2.3), and Ty (2.4), and by Theorem 3.1,
it follows that the discrete spectrum of the operator H given by (2.1) is located entirely within
the negative half-line.

Let us now define a matrix A = (§; ;) with strictly positive entries, where

6= ([ u@le@Pas)- ([ vwivwPay)
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Theorem 4.1.
a) Let ay > By1. If the following condition is satisfied for each number j € N and some
number i € N
&ij <o+ B — o, (4.1)

then there is an Efimov effect below the lower edge of the essential spectrum of the operator;
b) Let 1 > «ay. If the following condition is satisfied for each number i € N and some
number 7 € N

&ij < a;+ B — b, (4.2)

then there is an Efimov effect below the lower edge of the essential spectrum of the operator.

Proof. Let us prove statement a). The proof of statement b) is analogous. From the
inequality Enin(Ho — Th1) = —a1 > Enin(Ho — T3) and Corollary 5.1 we obtain that inf
E.in(H) = —a;. Let’s put orthonormal system f; ; = ¢;(x) - ¥;(y). Then, we have ||f; ;|| =1
and the following inequality holds for a fixed ¢ € N and for each j € N :

(H fij, fig) = (Hofij, fig) — (Tafigs fig) — (Tafiy, fig) = &g — ai — B; < —ay = Enin(H).

Therefore, we have
Jim (Hfiy. fig) = —on, (Hfio fig) < —au.

Hence, from the family {f;;}jen one can extract an orthonormal system

{Vintnen C {fij}jen

in the Hilbert space Lo(£2; X Q3). Renumbering this system as {1, },en, we may assume that
it is ordered in the sense that

(Hﬁnaﬁn) S (Hﬁn—i-laﬁn-i—l)a n € N.

We have
Smin<H) = )\1<H) S (Hﬁl,l%) < —0oq.

Let Lo{¥,...,Y,,} be m-dimensional subspace in Lo(£2; X €25) spanned by functions
W, ...,9,. Let us show that

M(H) < (HOy,0p) < —ay.
We have

inf (Hﬁ,ﬁ) S (Hﬁg,ﬁz) < —0q.
[9]=1, 9LLo{d1}

From here we get that

(Hﬁ,ﬁ) < (Hﬁg,ﬁg) < —Qq

inf
[9=1, 9LL, dimL=1
for arbitrary L C Ly(€2; x Q9) with dim L = 1. Hence,

Xo(H) = sup inf  (HO,9) < (HYy,79).

LCLy(Q1 %), dimL=1I1?I=1, 9LL
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For every m € N we have

(H’&,ﬁ) < (Hﬁn—i—lyﬁn—l—l) < —Qq.

Therefore, we have

M(H) = sup inf  (H9,9) < (HVY,,V,) < —aq, neN.

LCLy(Q1 %), dimL=(n—1) I¥II=1, #LL

Thus {A\,(H)}nen C (=00, —ay) N og(H), i. e. the operator H has infinitely many
eigenvalues below the lower boundary of the essential spectrum. On the other hand, {\,(H)}
is a bounded subsequence. This means that the limit lim, . A\ (H) exists and a =
limy, oo An(H) < Enin(H) = —ay. Due to the closedness of the spectrum of self-adjoint
operators we have a € o(H), and hence from the definition of the essential spectrum we
find that a € 0.5(H), and therefore we have a = Ep,;n(H) = —ay. This means that below the
lower edge of the essential spectrum of the operator H (2.1) there is an Efimov effect. n

Corollary 4.1. If some element &; ; of the matriz A satisfies the conditions (4.1) or (4.2),
then the operator H has a negative eigenvalue below the lower edge of the essential spectrum.
i. e. we have ogs.(H) # 0.

5. An Illustrative Example Related to the Main Result

. 1
0, if e [0, 5],
Consider the function: u(z) = 1
uole), it ¢ |0,5].
( 2 _
(pw x)’ e [pk, Pk +pk+1]7
Pr — Pk+1 2
where ug(z) =) . Onrn(z), T(x) = 2(prr1 — $)7 if e [pk +pk+1, pk+1i|7 k e N.
Dk+1 — Pk 2
\07 if z ¢ [pk7pk+1}7
Sequences p, and ¢, are given as:
0 L + ! eN
- =3 n — Pn— a0 n )
Do ) b1 2a p Pn—1 on

Si=1, 6,< (?)” neN\{1}.

In the space L5|0,1], consider a sequence of orthonormal function

n+1

on(x) =272 sin&,(y), neN,

ok (y —pe—1), ify € [pr_1,prl,
0, if y & [pe—1, k).

In the space Ls[0,1]%, consider the following model operator

H=Hy—(Ty +Tp), (5.1)



SPECTRAL PROPERTIES AND THE EFIMOV EFFECT 19

where

Hof(x,y) = u(z)u(y) f(z,y),

T f(z,y) = /Z (?)k%(m)s@k@)f(s,y)ds,
o keN

1
2\ k
Lf () = [ 3 (3) e oo
o keN
Let us show that in model (5.1) below the lower edge of the essential spectrum o.ss(H)
there is an Efimov effect.
Let us consider the sequence of orthonormal functions f;; in L»[0,1]?:

fij = wi(®)p;(y), i,j€N.

Let’s put a, = (%5)71 and b, = (%)n Then, by Theorem 3.1, each number w;; = a; + b,

1,7 € N is an eigenvalue of operator T =T} + T5.
((HO_Tl)f7f) - (Hofaf) - (Tlfaf) > (_T1f7f> > —a; > _b17

(Ho=T2)f, ) = (Hof, f) = (TS, [) =2 =(T2f, f) = =by,

where f € L»[0,1)%, || f||=1. From these inequalities and Theorem 3.2 we obtain Ey;,(H)=—b;.

For each element §; ;: . )

s = (Hofur. fis) = [ u(e)e)ds [ult)gio < 53
0 0
If we take j =1 and from 6; =1, ¢; < a; we have

&1 < 0; < a; =a;+b; — by

Then the condition of Theorem 4.1 is satisfied for each i € N. This means that in model (5.1)
below lower edge of the essential spectrum there is an Efimov effect.
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Amnnoramnusi. B jgannoit pabore TOIy4YeHbI HOBBIE TOYHBIE HEPABEHCTBA, KOTOPbHIE CBA3BIBA-
0T HauIydllee ITpUOJIMKEeHIT TPUTOHOMETPUICCKUME ITOJMHOMAMU U PepeHIupyeMbIX 27T -
HEPUOJINIECKUX CYMMUPYEMBIX ¢ KBaJIpaToM (DYyHKIMH ¢ MHTErpajaMu, COAEPKAIIMU 0000-
MEHHBIE MOJLY/IM HEIPEPBIBHOCTU BBICIINX MOPSJIKOB T -ii MpOM3BOMHONW (hYHKIMIT B MeTpuKe
npocrpascTsa L0, 27].

IIycrs N — mHOM)KecTBO HarypasbHbiX uncen, Z; = NU{0}. dus npoussoabHbix m € N,
r € Z4, t> 0, oupeneseHbl KJIACCHl 27 -IEPHOANIECKUX (DyHKITNN: ,Sf )(t7 P) C Lg), Yy KOTO-
PBIX yCpe/IHEHHOe 3HaueHre 0O00IIEHHOIO MOJLYJIsl HEIIPEPBIBHOCTH T -l IPOM3BOIHOM (DyHKITIN
OIPAHUYIEHO CBEPXY MaKopaHToit P, u Wg ) (t) C Lg), Yy KOTOPBIX YCPEHEHHOE 3HAUEHNE Xa-
paxTepucrukn ragkoctn ,,(f(),t) orpanmueno cBepxy emmmauneii. PaccmaTpusaercs sxcTpe-
MaJIbHas 33/1a49a BEIIUC/IEHNs] TOYHBIX 3HAYEHNI BEpXHUX I'PAHEN HAMJTY UIITNX [TOJTMHOMUAATBHBIX
npub/IMKeHuil Kiracca Wy(,f ) (t,®). Ilonyuenunie B pabore TOUHbIE PE3YJILTATHI TAKXKE IIPHME-
HSIOTCS JIJIsl BBIUUCJICHUS 3HAYEHNUs] HEKOTOPBIX MU3BECTHBIX 7 -TIONEPEYHUKOB KJIacca W,(nr ) (1),
KOIJIa pedb WJIET O MOJIyUIeHUU ONeHKH cBepxy. ONEHKN CHU3Y JJIs 9TUX YKe TOMEePEYHUKOB yIa-
€TCsl TIOJIyYUTh [IPU TOMOIIY TEOPEMBI O MOIEPEYHHKE IIIapa.
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Abstract. In the paper, we obtain new exact inequalities that relate the best approximations by
trigonometric polynomials of differentiable 27 -periodic square summable functions to integrals
containing generalized moduli of continuity of higher orders of the r-th derivative of the
functions in the metric of the space L[0, 27].

Let N be the set of natural numbers, Z, = NU{0}. For arbitrary m € N, r € Z,, t >0,
the classes of 27 -periodic functions are defined: W,(,f ) (t,®) C L(Qr), for which the average value
of the generalized modulus of continuity of the r-th derivative of a function is bounded from
above by the majorant ®, and Wiy (t) C Lér), for which the average value of the smoothness
characteristic Q,,(f(,t) is bounded from above by unity. We consider the extremal problem of
calculating the exact upper bounds of best polynomial approximations of the class W},f) (t, D).
The exact results obtained in the paper are also applied to calculating the value of some known
n-widths of the class W’ (t), when obtaining upper bounds. Lower bounds for these same
widths can be obtained using the theorem on the width of a ball.

Keywords: the best polynomial approximation, generalized modulus of continuity of the m -th
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BBenenue

Pabora mocBalieHa SKCTpeMaJbHBIM 3aJadaM TeOPHH HAMIyYIINX IIPUOIMKeHUd 27 -11e-
pUOIMIECKUX (DYHKIMIT TPUTOHOMETPHYECKUMU IIOJIMHOMAMU B I'MJILOEPTOBOM IPOCTPAHCTBE
Ly = Ls[0; 27].

Oanoit n3 nanbosee BaxKHBIX 3aa9 TCOPUHU NPUOIMZKeHNs (DYHKIUI ABIACTCA 381498 OThIC-
KaHud TOYHbBIX KOHCTaHT B HEpaBEHCTBaX TUIIQ ZL}KQKCOH&*CTGLIKHH&. HO,ZL HEpaBEeHCTBaMU THUIIa
Jxxekcona—CTedknHa B MIMPOKOM CMBIC/IE MOHUMAIOT HEPABEHCTBA, Y KOTOPLIX BEJIMYUHA HAU-
JIyHIIero TpUOJIMKEeHUsT KOHeYHOMEPHBIM II0IIPOCTPAHCTBOM OLEHUBAETCS Yepes3 HEKOTOPYIO ee
XapaKTEepUCTUKy IJIaJKOCTH. B KadeCTBe XapaKTEePUCTUKU I'VIaJKOCTHU beHKH‘I/H/I, KaK IIpaBHJIO,
paccMaTpHUBaIOT JINOO MOJYJIb HEIIPEPBIBHOCTH, JINOO €ro pasIMdHble MOAN(pUKALMH.

B nacrosieit pabore ycTraHOB/IEHBI TOYHBIE HEPABEHCTBA MEK/Iy HAMJIYUIIUM TPUOJINZKEHU-
eM 27 -IepuoaIndecKnX (DYHKIUI TPUIOHOMETPUYICCKAME TIOJIMHOMAME M OOOGIIECHHBIM MOJLY-
JIeM HelIpepbIBHOCTHU BBICIIEro MOpsiiKa. JlaHpl MX NPUIOXKEHHs K 3a/a49e HAXOXKJICHHUs TOYHOI
BerHeﬁ I'paHn HaI/Iﬂqu_H/IX ITOJIMHOMUAJIBHBIX HpI/I6JII/I}KeHI/II71, a TaKzKe K 3a/la9e€ HaXOXKJICHUA
TOYHBIX 3HAYCHHI 71 -IOIEePEeYHUKOB KJIacCOB HepuojndeckKux auddepeHnupyeMbrx (QyHKIMii,
3a/1aBaeMbIX 0OOOIIIEHHBIM MOJLYJIEM HEITPEPBLIBHOCTHU 1M -I'0 TIopsjiKa. [IpeacraBiennubie pe3yib-
TaThl B HEKOTOPOM CMBIC/IE SIBJIAIOTCS PACIPOCTPAHEHUEeM U 0000IIeHIeM U3BECTHOTO Pe3y/IbTa-
ta C.B. Bakapuyka u A. H. Illurosa [1], jokazanHoro Jjis KJIacCHIECKOrO MOJLY/Is HEIPEePhIB-
HOCTH M -TO TopsaKa wy,(f"),t) Ha cydait o6obmenHoro Moays menpepbBHOCTH 2, (f7), 1)

dyukuit f € Lg).

1. OcHoBHBIE ITOHATUS

O6o3HaunM uepes Ly = Ls[0, 2] — mpocTpaHCcTBO CyMMHUPYEMBIX ¢ KBaJIpaToM 1o JleGery
27 -1IepUOInIeCKUX JIEHCTBUTEIbHBIX (DYHKIUI ¢ KOHETHOI HOPMOIt

1 27 1/2
I = lianan = (3 [ 1)) < o0
0

COBOKYITHOCTB BCEX 27 MEPHOIUIECKUX (DYHKIHUIA, Y KOTOPBIX Ipou3BoiHbe (17— 1) -ro mopsijaka

abCOJIIOTHO HEIPEPBIBHEL, a mpoussoanbie f) C Ly obo3nadnM wepes Lér). MHoxkecTBO BCex

TPUTOHOMETPHUYICCKHUX ITOJIMHOMOB

Th1(z) = col/) + Z (o (f) cos kx + Bi(f) sin kz)

2
k=1
nopsizika n — 1 obosnaunm vepes J,_1. Ilycrs S, _1(f;x) — gactHas cymma nopsigka n — 1
psa Oypee dyuknun f(x), T e.

f(z) ~ aoéf) + Z (ar(f) cos kz + b(f) sinkz),
Sp—1(f,x) = aoéf> + _ (ar(f) cos kz + by(f) sinkz).

XO0poIIo U3BECTHO, YTO HaWIydlnee IpuOankeHne pyHkiuu [ B METpUKe IPOCTpaHCTBa Lo
TPUTOHOMETPUIECKUMHE MToJIMHOMaMu 1, 1 € J;, 1 pean3yercs JYacTUIHON cyMMoii psia Py-
poe S,—1(f,z) (em. 2, c. 125]):
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Byr(Da =i {f = Tl Tuala) € Zur) = 17— Saa (Dl = { A0} ()

Pasencrsom

1 t t 1/p
Qm(f,t)2:{t—m/0 /O ||AZ“f(-)||’L’2dh1...dhm} Lt (1.2)

rne h = (hi,ha, ..., "), A%” = A}Ll 0...0 A}Lm, OymeM onpenesaTh 000DIIEHHBIA MOJLYJIb
HeIpepbIBHOCTH M -T0 nopsiika dbyskmmn f € Ly (em. [3], [4]). [Tonpo6Hbie croiicTBa Xapak-
tepucTrkE raaroctu (1.2) usydenst B padore [5).

[lycrs S — eaunugHbli map B Lo, 99T — BBIIYKJIOE IEHTPAJIbHO-CAMMETPUIHOE TTOJIMHO-
kecTBO 3 Lo, A, C Ly — n-Mmepnoe nogupocrpanctso, A" C Ly — HOAIPOCTPAHCTBO KOPa3-
mepuoct n, L : Lo — A, — HempepbuIBHBIA JmHelHbIH oneparop, L1 : Ly — A, — mempe-
PBIBHBII OIepaTOp JIMHEHHOIO MPOEKTUPOBAHUS MPOCTPAHCTBA Lo Ha MOANPOCTPAHCTBO A,,.
Benmnmunnbr

by (M, Lo) :=sup{sup{e > 0; eSN A1 CTM}: A1 C Lo},
d" (O, Ly) = inf {sup {||fll2: f€MNA"} : A" C Ly},
dn (M, Ly) = inf {sup {inf {|[f —gll2: g € An} : f €M} : Ay C Lo},
0, (O, Lo) = inf {inf {sup {||f — Lf|l2: feM}: LLy C A} A, C Lo},

To(OM, Lo) = inf {inf {sup {||f — L flla: f €M} : L Ly C A} A, C Lo}

HA3BIBAIOT COOTBETCTBEHHO OEPHIITEHOBCKIM, TeIb(aHI0OBCKIM, KOJIMOTOPOBCKUM, JIMHEHHBIM
U IIPOEKIMOHHBIM 71 -IIONEPEeIHUKAMU. YKa3aHHbIE IOIEPEIHUKI CBA3aHbI CJICLYIOMNUMEI Hepa-
BeHCTBaMHU (CM., Hampumep, |6, c. 239]):

bn(m7 L2> S dn(ma LQ) S dTZ(mv LQ) - 6n(mt7 L2) = 7Tn<mt) L2)

Tlomaraem Takzxke

En 1 (M) :=sup{E,_1(f): fem}. (1.3)

[Iycrs 3amana npousBosibHAs Bo3pacraomias HenpepbiBHasd dyukimusa P(t) (0 <t < c0)
Taxas, uto ®(0) = 0. Byjem HasbiBaTh ee Mazkopantoil. Yepes Wi (t, ®) u W (), m € N,
r € Z,, 0bo3HaunM Kjiaccel pyHknuit f € Lg), JIJIs1 KOTOPBIX 1Ipu JII060M t > () BBIIOJTHSIOTCH,

COOTBETCTBEHHO, HEpaBEHCTBaA

t

t h
/Qg{m (f(r),h)thJrn/ %/u b= )" (), u), du|dh < @2/ (1),
0 0
t

t h
QY™ (£ h)_ dh + n? 1 u(h —u)Q¥™ (£ ), du|dh < 1.
2 h 2
0

0 0
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Crenyst pabore 7], BBeieM ciieryioniee 0603HAIEHIE

sint <
1_Sint _ 1—T, eC.HI/IO<t_t*,
n ) sin ¢,
* — , ecom t, <1 < 00,

*

sint
rae t, — BeJIMYInHa apryMeHTa, P KOTOPOM (DYHKITH — na R, mpunmmaer cBoe HaMMeHb-

mree 3uadenne. O9eBUIHO, ITO t, HABJILAETCH MUHUMAJBLHBIM MOJOXKUTEIBHBIM KOPHEM ypaBHe-
Hus t=tgt (4,49 < t, < 4,51).

2. OcHOBHBIE PE3YJIBTATHI

Teopema 2.1. Ecau m,n € N, r € Z,, mo das npoussosvrozo 0 < t < 3rw/(4n) umeem
MECTMO MOYHOE HEPAGEHCNEO

t

/QQ/’” (7, h),dh

t 1 h m/2
— [ w(h —w) Q2™ (0 , du dh] : (2.1)
ot [ [5 ] =093l (700,00

3nax pasencmea 6 (2.1) docmasasem dynrkyus fo(xr) = cosnz.

3m
En1(f)2 < Py

e 9]

Nokasareanbcrso Eom feLy u f(x)N%—FZ(akcoskzv—l—kainkI) — pan

Oypbe byakmuu f, TO

Q2 (1), 2’“21&’“ ( S”;tkt) . (2.2)

st mpowsBosibHON DyHKIMH [ € Lg)

Ioniee HepaBEHCTBO

npu 066X m,n € N umMeer mecto (em. [8]) coemy-

sin kt 1=1/m 1 S
Zpi o T BT A (1), (2.3)

Ymuoxkast obe qacTu HepaBeHCTBa (2.3) Ha ¢ W MHTErpupys ux B npefenax or 0 70 u, MOJIy-
JaeM:

u
o0

1 —cosku k:u —o/m 1 m { elr
_E2 Z + E? 2/ (f) - a7 /tQi{ (f( ),t)th. (2.4)
k= 0

Tenepb uHTErpupyeM HepaBeHCTBO (2.4) mo nepemenHoit u B npejgesnax ot 0 jgo h u jenum
obe ero yactu Ha h, B Pe3yJIbTATE MMEEM:

h u
h? 9 = Slnkh 2—2/m 2m (r
B Z -~ E; n2r/mh// Q™ (f01), dtdu.  (2.5)
0
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[Ipeobpasyem mepBoe caaraeMoe B IIPaBOil 9acTU COOTHOIIEHUs (2.5) ¢ TOMOIIBI0 HEpaBEH-
crBa enbjiepa, u ¢ yaerom dopmysibt (2.2) morydnm

oo

kh —sinkh = 1 o sin kh
2 o 2—2/m 2/m
Zk:f"’T_Zk:nW’“ i (1— kh)

o 1-1/m © AN 1/m
5 9 sin
< (ZPk) : (Z Tam P (1— h ) )

k=n

= B ) s O (£ ).

Ip2+2r/m="m
Tenepb mpeobpazyeM Bropoe ciaraemoe B HepaBeHcTBe (2.5), npumensst opmyry dupuxie,

u

h h
//tﬂi{m (f(’"),t)2 dtdu = /u(h — w)Q2/m (f(’”),u)2 du.
00 0
Takum 06pa3oM, HepaBeHCTBa (2.5) 3aluineM B CJIeLYIONeM BH/Ie

h? 2/m 1 2/m (r) n’ h 2/m ( £(r)
FE) S g | Q" (F7h)y 4 o [ uh =) (f7,u)y du ).
0

Uurerpupyst mocjie/iHee COOTHOIIEHUE TI0 TlepeMeHHON h Ha orpeske [0, t], Gyaem nmersb

t

t3 2/m 1 m T
3B € / Q2/m (£, 1), dh
0
t h
1
+n? / [ﬁ / u(h — )" (f“’),u)Qdu} dh]. (2.6)
0 0

Paznenus obe wactu nepasencrsa (2.6) ma ¢3/9, a 3aTem BO3Bejd Pe3y/IbTAT B CTENEHL M/2,
nostydaem coorHorenne (2.1).
[Tposepsiem TounoCTh HepasercTBa (2.1). B cuny pasencts (1.1) u (1.2) numeem

sinnh

nh

Eoa(fo) =1, 92 (A7, h>2 = 2" (1 ) . O<nh<3m/d. (27

[Tosp3ysich pasencrBamu (2.7), 3alImeM

t t h m/2
gm ol 1 e

0 0 0
m/2

B 3m or/m Si(nt) o /m n*t3 Si(nt) B
_W[m (t— ) i (S -t —1,

¢
rae Si(t) = / o' sinzdr — uATerpaIbHLIT cHHYC. O
0
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CaexncrBue 2.1. Jlas mobozo 0 <t < 3m/(4n) umerom mecmo caedyrousue HEPABEHCMEA

3m/2 annfl(f) 1 1 m/2
< sup Sl <87 =) 28
(nt)™ — fsei% Qn(f), 1), — ((mt)2 + 18) (2:8)

2

2
Hoxaszaresnbctso. OyHKIUA Qn{m(f(”, h) wa orpeske [0,t] MOHOTOHHO BO3pacTa-
eT, TI09TOMY 13 HepaBeHCTBa (2.1) mosydaem

t m/2
3m m r m r h2
Eni(f)2 < pEryE thr{ (f( ),t)2 _._n2937{ (f( ),t)Q/Edh]
0
m/2
1 1
= 3m r _— JE— QTI’L (T‘), t .
" ((nt)2 * 18) (77 1)
3 3TOr0 COOTHOIIEHUSA CJIyeT HEPAaBEHCTBO
n"Ey1(f)2 ( 1 1 )m/2

SUp A < 3" + — : (2.9)
rery Sl 0 1): (nt)? " 18

Hnst mosyaenns onenkn cHusy paceMorpuM dbyHkmio fo(x) = cosnz. Venoan3yst Bropoe
paBeHCTBO B (2.7), 6y1eM UMeTh
n'k,_ n'k,_ n"
sup & (Tl)(f)z > (1)(]00)2 _ —
T (e e
n

t3
Tax kak sint >t — 5 opH 0 <t <3m/(4n), TO OTCIOJA CJIEIYET, UTO

1 —m/2 m/2
(1 _sin nt) > 6 .
nt (nt)?

[TosTomy
r . r o 3m/2
U G 2 i = 210)
poitroe HepaserncTBo (2.8) ciemyer u3 comocrasienus (2.9) u (2.10). O

[Ipucrynaem Tenepb K HAXOMXKJIEHUIO BEJTUYUHDI (1.3), rme B KadectBe 9 OepeM Kiacc
(r) (t (I))
m ] .

Teopema 2.2. Jlas mobwx wucen m,n € N, r € Z, u moboeo u € (0,37/(4n)] umeem
MECTMO PABEHCNEO
3m
Gt (WL, @), = ———0(1). (2.11)

5 t3m/2nm+r

JlokaszaTenabcTBso. OUEHKY CBEPXY BEJIMIUHBI &, 1 <W7$f ) (, @)) IIOJTyYMM COTJIAC-

HO OIIpeiesIeHIo Kiacca Wi )(t, ®), mcnosnp3ys HepasercTso (2.1). Takum obpaszom,

b (WO(E,8)), < —5 (1), (2.12)

2 — 3m/2pym+r
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JL1st ToTyaeHusT ONEHKN CHU3Y TOM YK€ BeJTMIHHbI &), 1 <W7$f ) (¢, @)) BBEJIEM B pPACCMOTPEHNE

dyHKIIIO
3m

fl (l’) = W(I)(t) cosSnx.

st 9T0#t (DYHKIIUK BBITIOJTHEHO

3m
E,1(fi) = Wé(t%
- 18 m sinnh
B h) = 5 @2 (1) (1— nh )

OyHKIWUS f; TPUHAJIEKUT KJIACCY Wg)(t, ®). leiicTBuTesbHO,

t t

/an/m (ff”,h)thJrn?/ [%/hu(h—u)ﬁ,%{m (f{’“’,u)Qdu}dh
0

t
1 innh 1 /h3 h 1
0 0

Takum obpaszom,

" 3™
Ena (W(E, @), > En1(fr)2 = W‘I’@)- (2.13)
U3 conocrasienus: Hepasencts (2.12) u (2.13) nosywaem paseHncrso (2.11). O

o T
Jlajiee paccMOTpUM 3aja4dy HAXOXK/IEHUSA 3HAYEHUIl TTOIEPETHIKOB KJIACCOB W,%)(t).

Teopema 2.3. I[Iycmv m,n € N, r € Z, 0 <t <3r/(4n) u v,(-) — w0600 u3 eviwe
onpedeaennoi n -nonepeunuros. Toeda umerom mecmo caedyroujue pasencmea

3m
2 $3m/2pymtr’

Von (W};Nt), Lz) = Vop—1 (W,S:) (t), Lg) = (o(dn_l (W}r:)(t))

.
Hoxkazatennctso. ConiacHO OMPEIETCHIIO KITACCa W&)(t), u3 HepaseHcTBa (2.1)
3alMIIEeM OIEHKY CBEpXY /Il BCEX PACCMATPUBAEMBIX N -TIOHEPEUHUKOB

Van (W, D(t), Lo) < vopy (an)(t), Ly) < &1 (W, g a

b wn (8)y < Frmrr (2.14)

C 1e/IbI0 TIOJIyYeHUsI ONEHKM CHU3Y PacCMaTPUBAEMBIX 7 -TIOMEPETHUKOB, PaBHOI MpaBoii
gacTu HepaBeHcTBa (2.14), B MHOXKecTBe .7, BBeseM B paccMmorpenue (2n + 1)-mepHblil map
HOJIMHOMOB

3m
Sont1 = {Tn € T T < W}

U JIOKazKeM, 9T0 So, i1 € Wi (t).
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B pabore 9] jyist mpon3BoIbHOrO TpUroHOMeTpUdeckoro noiuunoMa 1, (z) € 7, nokazaHo
HEPABCHCTBO

h
Q. (T h) < 2m/2 "(1 sinn ) T,
(0, 1) < 22 (1 Yy

Orcrona nmeeM

t t h m/2

/Q,%{m (T, h), dh +n? / %/u W)™ (T, ), du dh

0

t
innh
< [/2n2r/m(1 B smn ) HTnHQ/mdh
nh *
0

t h

m/2
1 :
n2/ /u —u 2n2r/m(1 - smnu) ||Tn||2/mdu} dh]
nu *
0

0

Si(nt n?t? Si(nt
— 2n2r/m||Tn||2/m (Zf . l(n )) +2n 2r/m||T ||2/m< T —t 4+ 1(77‘ )) - 1.
n n

T o
DTO COOTHOIIEHNE O3HAYAET, YTO So, 11 € W,%)(t). [To onpesieniennio GEPHINITEHHOBCKOTO N, -TI10-
[EPEYHUKA TTOJIyIaeM OIEHKU CHU3Y

T 3m
Von (Wm)(t)a Lz) > by, <W( (1), L2> > bay, (S2n+1, LQ) Z /i (2.15)
YTBepzKIeHIe TeopeMbl 2.3 BBITEKAaeT U3 COMocTaBIeHnst HepaBeHCTB (2.14) u (2.15). O
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Abstract. We study the asymptotic behavior of the maximum degree in the spatial preferential
attachment graph model with a preferential attachment edge step. In spatial models, each vertex
is assigned a coordinate (in our case, in [0, 1]). The model is built recursively, with the recursion
step consisting of two parts. First, we introduce a new vertex and draw k edges from it to close
vertices, chosen by a slightly modified spatial preferential attachment rule. Then, we draw m
edges between vertices by the preferential attachment rule. We prove that, dependent on model
parameters, the maximum degree could exhibit sublinear (similar to the standard preferential
attachment) and linear behavior of 2 types: random distribution similar to the classical urn
model and concentration over a fixed value (such an effect was observed in models with the
addition of choice).
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DddeKT KoHJIeHCATuN B MO/IEJIIX ITPOCTPAHCTBEHHOT'O
MTPEANOYTUTEIHLHOTO IPUCOEIMHEHNS C IaroM ¢ godaBjeHueM pebdbpa

FOpuit Auapeesuuy MAJIBIIIIKNMH, Henuc Anekcanaposuyd 'PY3/1KOB

OI'BOY BO «TBepckoil rocyapCTBEeHHbBIH yHUBEPCUTET >

170100, Poccuiickas @enepanus, r. TBeps, yi. 2Kensboosa, 33

Annoranuga. Mol nccmeayeM aCHMITOTHYIECKOE MMOBeIeHNe MaKCUMAJIbHON CTeleHn B rpadax
MIPOCTPAHCTBEHHOTO TPEIIIOYTUTETLHOTO IPUCOEINHEHNsI, C JIOTIOJHATEBHBIM IIIATOM C BBIOO-
poM pebep. B mpocrpaHCTBEHHBIX MOJIEJISAX MPEIIIOYTUTE/THBHOIO ITPUCOEIMHEHNsT KaxK 10l Bep-
IIMHE TPUCBAMBAETCS KOOPAWHATA (B HAIEM CIydae, caydaiinoe aucsio B [0, 1]). Momens cTpo-
WUTCsI PEKYPCUBHO, IIPUYEM IIIar PEKypPCUU COCTOUT u3 AByX dacTteil. CHaYaa Mbl BBOIUM HOBYIO
BepINUHY U IPOoBOAuM k pebep OoT Hee K OJIM3JIEXKAINMM BEPIIHHAM, BBIOPAHHBIM C IIOMOIIBIO
cjerka MOauGUIMPOBAHHOIO PABIJIA TPOCTPAHCTBEHHOTO IMPEIIOYTATEIBHOTO TPUCOE INHE-
HUs. 3aTeM MBI IPOBOAUM 1M pebep MeXKy BEPIIMHAMU IO MPABUJIY OOBIYHOIO IIPEITOYTH-
TEeJILHOIO IPHUCOEJINHEHNs. B craThbe JOKAa3bIBAETCsI, UTO B 3aBUCUMOCTHU OT HAapaMETPOB MOJIE-
JI MAKCUMAJIbHAS CTEIIeHb MOYKET JIEMOHCTPUPOBATH CybimHeiiHOe (aHAJOTUIHO CTAHIAPTHOMY
[IPEIIOYTUTE/ILHOMY [IPUCOEINHEHHIO) U JIMHEHHOe [I0BeJeHNe IBYX BUJIOB: CJIydailHoe pacipe-
JeJIeHne, TI0J00H0e KIACCHIECKO YPHOBOI MOJIE/IN, ¥ KOHIIEHTPAINIO Y (DPUKCHUPOBAHHOTO 3HAUE-
Hust (Takoil 3bderT HABIIONAICS B MOJEISIX IPEIIOUTUTEIHHOTO IIPUCOEMHEHNS! C BBIGOPOM ).

KuroueBbie cioBa: ciydaiinbie rpadbl, IPOCTPAHCTBEHHOE IIPEIIOYTUTEFHOE TPUCOEIUHE-
une, 3pdeKT KOHIEHCAITUN

BuaaromapuocTu: MccnenoBanne BBITOJIHEHO 3a cUYeT rpaHTa Poccmitckoro nayvHoro (houaa

(upoekT Ne 24-21-00247, https://rscf.ru/project /24-21-00247/).
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Introduction

In the present paper, we consider a combination of two preferential attachment models:
standard preferential attachment and spatial preferential attachment. The preferential attach-
ment model was introduced in [1] to model complex networks. The preferential attachment
models are examples of dynamic graph models, i. e., they are build recursively, graph G,,,1 is
built from graph G, by adding a vertex and drawing a few edges. The general idea behind
preferential attachment is that the higher the degree of a vertex, the more likely an edge is to
be drawn to it. In the standard model (see, e. g., [2,3]), edges are drawn from a new vertex to
old ones with probabilities proportional to their degrees. Such a procedure results in a power
law degree distribution, which is a common distribution for complex networks (see [4,5]). One
of the issue of this model is that subgraphs on old vertices do not change over time. One of the
way to deal with it was proposed in [6] with the introduction of an edge step, at which no new
vertices are introduced and an edge is drawn between already existing vertices in accordance
with the preferential attachment rule. While this model well describes the degree distributions
of complex networks, it often fails to properly describe their local structure, which manifests
itself through high clustering. To satisfy that property spatial preferential attachment model
has been introduced in [7]. In that model each vertex v is represented as a point in |0, 1],
surrounded by the neighborhood of radius proportional to its degree, and a new vertex send
an edge to v, if the new vertex belongs to the neighborhood of v. Another effect that appears
in some real networks is the effect of condensation, in which certain vertices have linear degree
(see, e. g., [8-10]). This represents the property that a certain percentage of all nodes “know”
about a given node. In previous models, that percentage is a non-random function of the model’s
parameters, and was achieved by the addition of choice to the model (see, e. g., [8,11]). In the
present paper we introduce a model, at which, based on the parameters of the model, that
percentage could be a constant or a non-degenerate random variable.

Let us describe our model. Fix m,k € N, a,b >0, [ > —k, which are parameters of the
model. We consider a recursively built sequence of graphs G,,, n € Z,, where Gy is an initial
graph on at least max{k,m} vertices (we denote them v_,,,...,v9) and ko edges (this graph
is a parameter of the model as well) and a graph G,.; obtained from G, by adding a vertex
vpe1 and drawing k+m edges in two steps: vertex and edge steps described in what follows. To
each vertex v;, © > —nyg, @ € Z, we attach a random variable X;, such that X;, ¢ > —ng, are
independent uniform random variables with values in [0, 1] (the uniform distribution chosen
for simplification of the model, so there are no special areas of vertex concentration). Also,
X,11 is independent from F,,, where F, is sigma-algebra that form from variables used to
construct G, (which could be formally constructed using the set of uniforms random variable,
that is basic construction, so we omit it here, this way JF, would be rich enough to construct
the supplementary processes used below). We also define the neighborhood of v; as

adegg, v; + b}
2n ’

where degg v; is the degree of v; in G, and |-| is torus distance on [0,1).
Vertex step: We draw edges from v,,1; to k vertices with highest degrees out of v_,,, ..., vy,

Ui(n) = {x e0,1]: ]z —X;| <

whose neighborhoods contain v, ;. If there are fewer than k of such vertices, draw the rest
(up to the k total edges) to the different randomly (with equal probabilities) chosen vertices
(that insures connectivity of the graph and that its minimal degree would be equal to &, so
degree of any vertex would exceed —f).
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Edge step: We choose a vertex w uniformly among v_,,,...,v,. Then, we choose m vertices
with probabilities proportional to their degrees plus f and draw edges between them and w.

I. e., the probability for a vertex v to be chosen as the i-th vertex to draw an edge into is
degg,, utp
2 im—ng(degg,, vith)
Note that on each step, we draw k +m edges, so the total degree of the graph increases by

2k 4+ 2m at each step.

1. Results

Let M(n) be the maximal degree of the graph G,,. The sum of the degrees of all the vertices
of G,, is equal to (2k+2m)n+2ky. Let K(n) be the total number of vertices of degree M (n)
in G,.

If K(n) =1, the probability to increase M (n) during the vertex step (conditional on F,,)
equals min{1, (aM(n)+b+c,)/n}, where ¢, corresponds to the possibility of drawing random
edged, and at the edge step the probability to draw each of the m edges to the vertex with
degree M(n) is M(n)/((2k + 2m)n + 2ko + (n + ko + 1)3) + <. Hence,

{K(n) = 1}E<M(n 1) — M(n)|.7-"n> = 1{K(n) = 1}
_ aM(n) + b+ E(c,|Fn) mM (n) m
. (mm{l’ : n+ } (2k+2m)n+2k0+(n+k50+1)6>
—1{K(n) =1} = <min{1,aM<n)}+ = M(”))+o(%).

n 2k+2m+p3 n

n

Note that min {1, am} =1 only if M(n) grows linearly with n. Hence, the type of behavior

n

of M(n) would be defined by the value of a + Let us formulate our main result.

_m
2k+2m+B°

Theorem 1.1. In the described model:

1. If a+ < 1, then for any € >0

_m
2k+2m+ 8

Pr (‘v’n > N :p®Toens ¢ < M(n) < na+2k+QM+5+e> —1 as N — 0.

2. If a+ 5575 = 1, then M(n)/n converges almost surely to a random variable with
values in [0,1/a] with a non-degenerate distribution.

m

3. If a+ iromis > L then M(n)/n converges almost surely to 1+ Gyt

To prove the above theorem, we would first prove the lemma below, and then show that
instances of K(n) # 1 do not affect the asymptotic that much.

Lemma 1.1. Let F, -measurable process X(n), n > ng with values in N and bounded
non-negative increments satisfy

E(X(n+1) - X()|%,) = (min {1,aXfl”)} o X<”)) + 0(%).

2k+2m+ L3 n

1. ]fa—l—m<l, then for any € > 0

Pr (‘v’n > N :p* s < X(n) < n®t e +6> —1 as N — 0.
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2. If a+ 59005 = 1, then X(n)/n converges almost surely to a random variable with
values in [0,1/a] with a non-degenerate distribution.

3. If a+ > 1, then X(n)/n converges almost surely to 1+

_m _m
2k+2m+6 2k+m+6 .

2. Proof of Lemma 1.1

The first part of this lemma is somewhat similar to the first part of Lemma 3.1 from [12],
which could be reformulated as follows (we simplify conditions that are not used in proof of the
first part, we also added a variation of the third statement of this lemma, which in our case is
just a simple fact from stochastic approximation theory as in Corollary 2.7 of [13])

Lemma 2.1. Let an F, -measurable process Y (n) with values in N and non-negative
bounded increments (i. e. 0 <Y (n+1) =Y (n) < C) for some 6 >0 satisfy

B (n+1) Yl F) = o () 1o (L),

n

where g(x) differentiable function on R that satisfies g(0) =0, ¢'(0) > 0.

1. If ¢'(0) < 1, then for any € >0
Pr (‘v’n > ng:nd 0 < Y(n) < ng’(0)+s> 1
as ng — oo.

2. If ¢'(0) > 1, and there is a unique positive root x* of the equation g(x) =z in [0,+00)

then, almost surely,
Y
lim ﬂ =x
n—oo n

*

Let us separately consider two processes that satisfy (for large enough n)

E(A(n+1) — A(n)|F,) = aAfln) by ;"m . BAS” + o(%),

B
2k+?m—|—5 7(:) +O<%>‘

Note that F,, is rich enough that such processes exist.

E(B(n+1)— B(n)|F,) =1+

First, let us consider the case a+ m < 1. We start by showing that lim sup a@ <1
n—oo
almost surely. To do so, note that if both A(n) and B(n) satisfy lim sup a# < 1 and
n—oo
lim sup a@ < 1, then so does the process X (n). For the process A(n) we get that

n—oo

E(A(n+1) = A@n)|F) = (a+ 2“;;%)%12”) vo(3).

so, since a + < 1 due to Lemma 2.1 we have lim sup a?™ — 0. For B(n) we get

_m 2\
2k+2m+p s oo n

E (B0 +1) - Bm)|F) = /(2 1 o(3)

n
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so almost surely lim Bln) _ T L < 1/a. Hence, almost
n—oo T 2kt2m+3

with f(z) = 1+

surely,

m
Wer2miB L

E(X(n+1) - X(n)|F,) = <aX7(,Ln) + 2]€_._;nm+ﬁX7(zn)> +O<%>'

The first statement of Lemma 1.1 now follows from Lemma 2.1.
2k+£nm+,3

Now consider the case a+ > 1. In this case, we first prove that both A(n) and B(n)
B(n)

satisfy lim a2 > 1 and lim 2% > 1. For the process B(n), as in the previous argument,

n—00 n n—o0 n
B(n) 1 —1. We get

lim == = =—— > 1/a almost surely. For A(n), let fix 0 < e <a+

n—o00 1- 2k+2m~+3

_m
2k+2m+8

E(A(n—l— 1)/(n+ 1)1+€]]-"n) _ (1 —e%+0<1>><1+ E(A(n+1) —A(n)]}"n))

A(n)/n n A(n)
1 1 a+ 55> 1 a+ grg—p —1—¢ 1
(1) (s T )
n n n n n n
for large enough n. Hence, A(n) would grow faster than n'™¢ and so a# — oo almost

surely. As a result, we get

(s 0)-X07) - (145 52) o)

almost surely for large enough n. The third statement of Lemma 1.1 now follows from Lemma 2.1.

Finally, consider the case a + %Jr;”—mw @
——— = +. Hence, lim sup a@ < 1 almost surely. At the same time, if the process A(n)
2k+2m+3 n—00

with a starting point Ay, at time n = Ny (for some Ny) for n > N, satisfies

E(A(n+1) — A(n)|F,) = # n 0(%),

= 1. The process converges almost surely to

it could be considered as a representation for an urn model (see [14] for more details), which
converges almost surely to a continuous distribution (whose parameters depend on both Ny and
Ay, ). Hence, if the limit is below %, it will not exceed % after some moment (and, therefore,
would provide the asymptotic of @ ). Hence, % would almost surely converge to a random

variable with a non-degenerate distribution with values in [0, 1/a].

3. Proof of the main result

Note that if K(n) > 1, it increases probability to increase M(n), ad if K(n) = 1,
the increment of M(n) is of the form of the process X(n) from Lemma 1.1. Hence, M (n)
stochastically dominates the process of such form, and, therefore, there exists (JF, 1is rich
enough) process X (n) that satisfies conditions of Lemma 1.1 that M(n) > X (n).

First, we show that the maximal degree can only be achieved almost surely on a finite set
of vertices.

We would show that M (n) would dominate the process to which we could apply Corollary 2.1
from [15]. Corollary 2.1 from [15] states that if we consider a random walk that moves only
right or up with probabilities proportional to a convex function W (x) of coordinates (linear
functions in our case), then if we start from point (A, 1), the probability to cross the diagonal
(for second coordinate to be equal to the first) decays exponentially with A (as Q(A)/24 for



38 Y. Malyshkin, D. Gruzdkov

some polinom Q(A)). Its proof is pretty standard and based on counting of the number of
paths between points (A4, 1) and a point (N, N) that are below the diagonal and the notion
that probability of each of such path is lower (here convexity of a function is used) then of the
path that first going to the diagonal (to the point (A, A)) and then moves consequently one
point right and then one point up. We would apply this result to the pair (X(n),degg, vn,),
ng > n. In our case, we have a two-step process, and, therefore, two functions, Wi(x) and
Ws(x). Note that the probabilities of drawing edges during these steps are dependent on the
graph configuration prior to them, so during some consecutive steps (1 step for the vertex
step and m steps for an edge step), these probabilities would not change. Due to the way
path probabilities are estimated in the proof of Corollary 2.1 from [15], it would decrease
corresponding probabilities. Therefore, we could separately consider these steps. The edge step
is a preferential attachment step (with additional probability to increase a vertex degree by m
if it is chosen as the vertex from which we draw edges) and, hence, the corresponding function
Wi(x) ==z + 84+ m(2k + 2m + () is linear. The vertex step depends on whether the X (n)
exceeds n/a or not. If it does not, we got Wy(z) = ax + b+ ¢. The problem with directly
applying Corollary 2.1 from [15] to the pair (X (n),degg, vn,), no > n is that if X(n) exceeds
n/a, probability of its increase is represented by different function then the probability to
increase degg vy, (this probability could actually be lower then (adegg v, +b+c)/n, since
we draw edges to k vertices with highest degrees). Note that decreasing the first coordinate of
the initial starting point would increase the probability to hit the diagonal. Also, if increasing
the coordinate increases the probability to increase it on further steps (which is true in our
case), the path with the highest probability would be the one that connects (A4, 1) and (A, A).
As such, we could assume that we start from a point with first coordinate A below n/a, and
use the path to (A, A) with function Ws(x), which would give us needed estimate. As a result,
we get that the probability for the vertex v,, to become highest degree vertex would not exceed

Q(min{X (no), [no/al})
Pr (Eln >np: dean Uny = M(n)) < 9omin{X (no),|no/al}

for some polynomial function Q(x). Since probabilities Pr (3n > ng : degg, vy, = M(n)) form
convergent series, and by the Borel-Cantelli lemma, the set of vertices that could become
maximal is finite almost surely. Let K be the size of that set, and nq,...,ng be the indices
of such vertices. For each of i =1,..., K, we got that

E (deanJrl Un; — dean Un, Fn)

) dege vy, m degqs vp, 1
< ({2 ) co(!). o
_(mln{ T +21{:—1—2771—1—/3 n +0 n (3.1)

Therefore, for each 7 = 1,..., K, there exists the process X;(n) that dominates degg, . v,, and

7

satisfy conditions of Lemma 1.1. That immediately provides us with statements of Theorem 1.1

in cases a + because if each of the degg ., vn,, @ =1,..., K, satisfies them,

siranip 7 L

then the maximum does as well). To prove the case a + = 1, note that the inequality

in (3.1) happens due to the vertex not being among the%;cr 27\7/1grﬂtices with the highest degrees,
whose neighborhoods contain the new vertex. For that to happen, its neighborhood should
contain an area that belongs to the neighborhoods of at least k different vertices with higher
degree. It is a standard fact (see, e. g., Proposition 2.3 in [15]) about random walks (A,, B,,) of

described type (that moves right and up with probabilities, proportional to their degrees, i. e.
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could be represented by the standard urn model) that the fraction A, /(A,+ B,) converges to a
continuous distribution, in particular, the number of times A, = B,, is finite almost surely. Note
that decreasing the probability to increase the lowest coordinate would decrease the probability
to hit a diagonal, which would decrease (or keep the same) the number of times the process
would hit a diagonal, which would be finite almost surely as well. Therefore, since the set of
vertices v, ,...,Uy,, is finite, their degrees would not be equal after some almost surely finite
moment 7. Hence, after n > T we get K(n) =1 and a maximum degree achieved on a single
vertex, which satisfies the conditions of Lemma 1.1. Hence, we got condition of Theorem 1.1

for the case a + 1.

m —
2k+2m+p8
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Compactness criteria for a linear integral operator
in spaces of continuous vector functions
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Abstract. This paper studies the compactness of a linear integral operator of the form
(Ku)(t) = [, k(t,s)u(s)ds with kernel (operator function) k : Q* — L(X,Y), where Q is
a connected compact set in R, X,Y are separable real Banach spaces such that Y 2 ¢,
L(X,Y) is the space of bounded linear operators from X to Y, and the integral is understood
in the Pettis sense.

Criteria are established for the action and compactness of the operator K from the space
C(X) of continuous functions u : @ — X to the space C(Y). It is also proved that the
compactness of the operator K : C(X) — C(Y) implies the action and compactness of K
from Lo (X) to C(Y). The results generalize a well-known criterion for the compactness of
the operator K in the space of continuous scalar functions.

We also generalize a well-known sufficient condition for the action and compactness of an
integral operator in Cfa,b] in the form of a condition for the boundedness of the kernel %k and
its continuity everywhere except for a finite number of continuous “discontinuity curves” of the
kernel in the square [a,b]?. This condition is of interest for application to integral operators
with variable limits of integration, in particular, to Volterra integral operators.

For two cases relevant for applications: when for some tg € Q k(tg,s) = 0 holds almost
everywhere on  (called the zero-condition in the paper), and when dimY < oo, the conditions
necessary and sufficient for the action and compactness of K are formulated exclusively in
terms of the kernel of the k operator, and are integral analogues of the conditions of uniform
boundedness and equidistant continuity from the Arzela—Ascoli theorem.
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Kpurepun koMOakTHOCTHU JMHEITHOTO MHTErpaJibHOTO OoIlepaTopa
B IIPOCTPAHCTBAaX HEIIPEPBLIBHBIX BEKTOP-(MYyHKIM

Enena Baagumuposaa MOJTYAHOBA AJIBEC!, Manysas 2Koakum AJIBEC?,
YKoao Cebacrban Ilaynsy MYHEMBE?, FOpuii Butansesny HEIIOMHAIIIX?

! Borcmmit ureTuTyT Hayk n Texnosornit MozaMOuka
1100, Pecrybsimka Mozambuk, r. MarmyTo, yiaura 1.194 No 332, nenrpasbhsbrii C.
2 Vrumsepcuter dayapmo Monmgtane

1100, Pecniyomiuka Mozambuk, r. MamyTo, I'nmaBubrit kamiyc, [1.4.257

Annoramusi. CTaThs MOCBSIIEHA UCCJIEOBAHIIO KOMIAKTHOCTH JIMHEHHOTO HHTErPAIbLHOIO
oneparopa suga (Ku)(t) = [, k(t,s)u(s)ds c sxpom (omeparopuoit dynkmueit) k : Q* —
L(X,Y), tne Q — ceasubii komnakT B RY, XY — pemecrsennbie cenapabesbhbie Gama-
XOBBI IIpOCTpaHcTBa, npudeM Y 2 ¢y, L(X,Y) — npocrpaHcTBO JIMHEHHBIX OrpaHUYEHHBIX
omepaTopoB 13 X B Y , a MHTerpaJ IMoHnMaeTcs B cMblcie [lerTuca.

VeTanapnuBaloTcs KPUTEPUX JEHCTBAS ¥ KOMIAKTHOCTH oreparopa K W3 MpoCTpaHCTBa
C(X) mnenpepbiBabix dyknmii v : @ — X B npocrpancreo C(Y). Takke 10Ka3aHO,9TO
u3 komraxkTHocTH oneparopa K : C(X) — C(Y) cueayer geiictBue m KOMIAKTHOCTL K u3
Loo(X) B C(Y). Pesynbrarsl 0606IIAI0T U3BECTHBINA U3 JIMTEPATY Dbl KPUTEPUil KOMIIAKTHOCTH
ormeparopa K B NPOCTpaHCTBE HENMPEPLIBHBIX CKAJSPHBIX (DYHKIMIA.

O6obrmaercst Tak»Ke W3BECTHBIN JIOCTATOYHBIN IPW3HAK JIEWCTBUS W KOMIIAKTHOCTU WHTE-
rpasibHOrO oneparopa B Cla, b] B BUJE YCJIOBUsI OTPAHUYEHHOCTH s1ipa Kk 1 €ro HeIPEPhIBHOCTH
BCIOJ1Y, 32 UCKJIIOYEHEeM KOHEYHOI'O YHC/Ia HEIPEPBIBHBIX «KPUBBIX Pa3pblBay d/ipa B KBaJipaTe
[a,b]?, KOTOpBII MHTEpeceH /I TPUMEHEHNs K WHTErPATLHBIM ONEpPaTOpaM C MepeMeHHBIME
npeJieJlaMi MHTETPUPOBAHUS, B YaCTHOCTH, K MHTErPAJbHBIM onepaTropam Bosbreppa.

Jist IBYX aKTyaJbHBIX JJIsl IPUJIOYKEHUH CIIyuaeB: KOrja IIPH HEKOTOPOM tg € ) BBIIOJIHE-
o k(to,s) =0 movru Bcrogy Ha () (B paboTe Ha3BaHO HyJb-yCJIOBHEM), H Korga dimY < oo,
— YCJIOBHsI, HEOOXOAMUMbIE M JIOCTATOYHBIEe i JeficTBus U KommakTHOocTH K, dopmymupy-
JOTCSI MCKJIIOYMTENILHO B TEPMUHAX siipa k OIlepaTopa, M sIBISIOTCS UHTErPAJbHBIMEA aHAJIO-
raMy yCJIOBHII PABHOMEPHOII OIDAHHYEHHOCTH M PABHOCTEIEHHOI HEIIPEPLIBHOCTU U3 TEOPEMBI
Apnena—Ackomn.

KiroueBbie cioBa: 0aHAXOBO MPOCTPAHCTBO, OTHOCHUTEIBHO KOMIIAKTHOE MHOXKECTBO, KOM-
NaKTHDBIA oleparop, JIMHEHHBIA HHTErpaIbHbId ollepaTop

BaarogapaocTu: Pabora soinosnena npu noggep:xkke SIDA B pamkax noguporpammybl «Hapa-
[UBaHUE TIOTEHIMAJA B 00JIACTH MATEMATUKH, CTATUCTUKY U ee pusioxkeruii» (Iloamporpamma

1.4.2).

Hns murupoBanusi: Moswanosa Aasec E.B., Aasec M.2K., Mynembe 2K.C.II., Henommns-
wux FO.B. Kpurepun KOMIIAKTHOCTH JIMHEHHOTO MHTEIPAJBHOIO OIEPATOPa B IMPOCTPAHCTBAX
HenpepbIBHLIX BekTOp-GyHKuii // Becrnuk poccuiickux yuusepcureros. Maremaruka. 2026.
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Introduction

An integral operator of the form

(Ku)(t) = /Q k(t, s)u(s) ds, teQ, (0.1)

(€ is compact in R?) with kernel k : Q% — R is an example of a linear operator that has been
most widely and thoroughly studied in functional analysis from various angles: representation
issues, properties in function spaces, spectral theory, and other properties, and which is of great
interest for applications (see, for example, [1-4|, where further references can be found).

It is well known that the continuity of the kernel £ ensures the action and compactness of
the operator K in the space C' of continuous functions on a compact set (see, for example,
[2, p. 245]). In [1, p. 241] for 2 = [a,b] it is proved that for K to be action and compact in C
it suffices to assume that the kernel is bounded and continuous everywhere on |[a,b]?, except
for the graphs of a finite number of continuous functions s = ¢;(t). A test for the compactness
of K in C| in which the continuity condition for the kernel is replaced by its integral analogue,
is given in [5, p. 24]. The papers [3, p. 101] and [4, p. 111] discuss how the conditions of this
criterion are in fact necessary and sufficient for the compactness of the operator K from L
to C, under the a priori assumption that the operator acts in these spaces.

In this paper, we consider an operator K of the form (0.1) in spaces of Banach-valued
functions, where the kernel & is an operator function with values in £(X,Y) (where X end
Y are separable Banach spaces and L£(X,Y) is the space of bounded linear operators from X
to Y ). Thus, under certain conditions on the kernel, the operator K can act from the space
C(X) of continuous functions or the space L. (X) of essentially bounded functions u : Q — X
to the space C(Y).

The main results of the paper are the criteria established in Section 5. for the action and
compactness of the operator K from C(X) to C(Y) (along with the fact that this property
is equivalent to the action and compactness of K from L. (X) to C(Y)), which generalize
the well-known criteria from |3, p. 101| and [4, p. 111].

Section 6. presents a special sufficient condition for the compactness of a linear integral
operator. A convenient sufficient condition is also established, directly generalizing the condition
from [1, p. 241]. This result is interesting because it can be used for integrals with a variable
set of integration, and in particular, for the linear Volterra game operator, which for Q = [a, b|
is defined similarly to the operator (0.1), with the integral [, replaced by an integral with a
variable limit fcf

The importance of studying the Volterra integral operator for applications is due to the
fact that the study of mathematical models in the form of the Cauchy problem for differential
and functional-differential equations typically reduces to an equation with a Volterra integral
operator. Without claiming to describe these ideas in detail or review the relevant bibliography,
we refer the reader to [6], where further references can be found. We only note that the case of
infinite-dimensional X and Y is also of practical interest for the study of evolution equations
in a Banach space (see, for example, [7]).

Due to their importance for applications, a large number of papers have been devoted to the
study of Volterra operators and the Volterra property of operators in their pure form. We will
not delve into this area, but note only that various generalizations of the concept of Volterra
operators have been defined and studied (see [8-10]).
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In two special cases, when k(tg,-) is the zero function for some ty € Q (called the zero-
condition in the paper) and when dimY < oo (see Section 6. and 7., respectively), the
compactness criteria for K in the above spaces are formulated exclusively in terms of the
kernel k£ of the operator.

The proof of the main results is based on a criterion for the relative compactness of a set in
C(Y) (the Arzela—Ascoli theorem, see Section 3.) and on the authors’ results in [11] and [12].

This paper is a logical continuation of the authors’ research on linear integral functionals on
C(X) [11] and on the boundedness of the operator K in spaces of continuous and essentially
bounded Banach-valued functions [12]. We also note that the uniform continuity property of
the nonlinear Urysohn integral operator in these spaces was studied in [13] and [14] (and some
generalizations to the case of noncompact 2 were announced in [15] and [16]).

1. Basic notations

We will use the following notations:

R’ the classical real (-dimensional space with the norm || - | (any equivalent norm is
considered). € is closed bounded connected set in R® with the classical Lebesgue measure
in o-algebra ¥ Lebesgue measurable subsets ).

For an arbitrary normed space Z, we will use the following notation: by 0, we will denote
the zero element of Z, by || - ||z the norm in Z, by B,[Z] the closed ball with center at zero
of radius 7 of the space Z, thatis B,[Z] ={z € Z: ||z||z <}, by Z* the Banach space dual
to Z, with the natural norm. The value of the functional f € Z* at a point z € Z will be
denoted by (z, f) or f|z].

For arbitrary normed spaces U and V, by L(U,V) we will denote the space of linear
bounded operators from U to V' with the natural norm, and by L.(U, V) its closed subspace
of compact operators. Note that L£.(U, V) = L(U,V) if and only if dim X < 0o or dimY < oc.

Throughout the paper, we assume that X and Y are non-zero real separable Banach spaces,
with the additional condition that Y does not contain a copy of ¢y (Y 2 ¢g), in particular,
Y is reflexive.

C(X) is the Banach space of continuous functions w:Q—X with norm ||u||o = max |lu(®)||x-

Definition 1.1 (see[17, p. 41]). A function u: Q — X is called simple if her image
u(§2) is finite. A simple function u : Q — X with image u(S?) = {z1,29,...,2,} is called
measurable if v~ *({z;}) € X for i =1,2,...,n.

An arbitrary function u : Q — X is called measurable if there exists sequence of simple
measurable functions (u,), which converges to u almost everywhere on €.

Remark 1.1. Due to the separability of X, for the function u : {2 — X the concepts
of measurability, weak measurability (in the sense of measurability of the functions (u(-), f) :
Q — R for each f € X*) and Borel measurability (in the sense of f~!(D) € ¥ for each Borel
set D C X) are equivalent (see, for example, [17, p. 42|).

Lo(X) is the set of all measurable functions u : Q — X.

L. (X) is the Banach space (of p-equivalence classes) of measurable essentially bounded
functions u : Q — X with norm ||u||. = ess sup ||u(t)||x-
teQ



COMPACTNESS CRITERIA FOR A LINEAR INTEGRAL OPERATOR IN C(X) 45

If the function v : Q — Y is such, that Vg € B;[Y*] the real function (v(-),g) is Lebesgue
integrable on €2, then there exists a unique element I € Y such that

@mzéwﬁmw<Wew>

(for this, condition Y 5 ¢y is essential, see [17, p. 54]). In this case, the function v is called
Pettis integrable on €2, and [ is called the Pettis integral of the function v on 2, denoted by

= /Q o(s) ds.

By virtue of the separability of Y, a Pettis integrable function is measurable [17, p. 42, 53|.

If the function v : Q2 — Y is measurable and the real-valued function |[v(-)||y is Lebesgue
integrable on (2, then the function v is called Bochner integrable on € [17, p. 44]. If the
function v : 2 — Y is Bochner integrable, then it is Pettis integrable and the values of the
integrals coincide. The reciprocal statement holds true if and only if Y is finite-dimensional [17].
Thus, in the case dimY < oo the concepts of the Bochner and Pettis integrals are equivalent
and coincide with the classical concept of the Lebesgue integral.

2. Criteria for the relative compactness in C(Y) (Arzela—Ascoli theorems)

Various forms of criteria for the relative compactness of sets in the space of continuous
functions, known as Arzela—Ascoli theorems, are well known (see, for example, [1,2,18]). We
present this criterion in a form most convenient for proving the main results of the article and
with “minimal” requirements for conditions that guarantee the relative compactness of a set
(closest in form to the criterion from [18, Chapter 7]).

Theorem 2.1 (Arzela—Ascoli). Let M be some set of functions from €2 to Y. The set M
is contained in C(Y') and is relatively compact in C(Y) if and only if the following conditions
(RC1) and (RC2) hold:

(RC1) 3Ftg € Q such that the set M|to] == {v(to): v € M} is relatively compact in Y

(RC2) Vty € Q we have lim sup |jv(t) — v(ty)|y = 0.

tt0 e

Remark 21. Theorem 2.1 will be valid for any Banach space Y (without the assump-

tions of its separability and Y 5 ¢ ).

Remark 22 InTheorem 2.1, condition (RC1) can be replaced by a stronger condition
(RC1), of relative compactness in Y of the sets M[t] for each ¢ € €2, or by an even stronger
condition (RC1), of relative compactness in Y of the set {v(t): t € Q, v € M}.

Note that in this paper, the set €2 is connected. Without this assumption, Theorem 2.1 is
false, but its analogue will hold if condition (RC1) is replaced by one of the stronger conditions
described in the previous paragraph, or, satisfying the minimal requirements, by the condition
of relative compactness of the sets M|[t] for at least one ¢ from each connected component of
). To avoid cumbersome formulations of the main results, in this paper we restrict ourselves
to the case of a connected (2, which is of most interest for applications.

Remark 23. Consider the case of a finite-dimensional Y.
Obviously, for a fixed ¢ € ), the relative compactness of the set M[t] is equivalent to its
boundedness (i. e., sup,c, ||v(t)||y < 0o), which is called the condition of uniform boundedness
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of the set M at the point t. Thus, condition (RC1) of Theorem 2.1 is equivalent to the condition
of uniform boundedness of M]ty| at at least one point £, € €.

Following Remark 2.2, this condition can be replaced by the stronger condition (RC1), of
uniform boundedness of M at every point ¢ € €2, or by the even stronger condition (RC1), :
SUDscq. venr ||V(t)||y < 00, called the uniform boundedness of the set M [1, p. 102].

Note that for any infinite-dimensional Banach space Y, the described reduction of conditions
(CR1), (RC1), and (RC1), is impossible.

Remark 2.4. The condition (RC2) is called local equicontinuity of the set M. Due to
the compactness of §2, this condition is equivalent to the so-called equicontinuity of M :

(Ve > 0) (30 > 0)(Vt1,t2 € Q) Vo€ M) : ||[t1 —taf| < I = |jv(t1) —v(ta)|y <&,

which we denote by (RC2),, which is most often used in the literature on functional analysis
(see, e. g., [1,2]).
Clearly, by defining the function w : [0, 00) — [0, 00] by the equality

w(d) = sup sup [[v(t1) — v(t2)||y,
t1,t2€Q, |[t1—t2]|<6 veEM
the condition of equicontinuity of M can be written as lims_ g+ w(d) = 0 (in this case, the
function w can naturally be called the modulus of continuity of M ).

In this paper, we use the local equicontinuity condition (RC2) as the main condition to
formulate the main criteria for the compactness of a linear integral operator in a form closest
to the classical criterion |3, p. 101], however, as consequences we also present the corresponding
results using equicontinuity.

Let us formulate a criterion for relative compactness in C'(Y’), which reflects the possibility
of varying the conditions described in the remarks.

Theorem 2.2 (Arzela—Ascoli). Let M be some set of functions from € to Y. The set M
is contained in C(Y') and is relatively compact in C(Y) if and only if the following conditions
(RC1) Vv (RC1),V (RC1), and (RC2)V (RC2), hold.

3. Some properties of the linear integral operator with values in Y

In this section we will study some properties of a linear integral operator with values in a
Banach space Y, which will be essentially used in the proof of compactness criteria for a linear
integral operator in spaces of continuous functions, and are also of independent interest.

Let a:Q — L(X,Y) be operator function. Let us consider a linear operator A, defined by

Au:/ﬂa(s)u(s) ds. (3.1)

Under certain conditions on the operator function a the operator A transforms functions
u: ) — X into elements of the space Y.

Definition 3.1 (seel[l9, p.74]|). An operator function a is called strongly measurable
if for any x € X the function a(-)z : 2 — Y is measurable in the sense of Definition 1.1.
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Remark 3.1. The measurability of a as a function from Q to £(X,Y) in the sense of
Definition 1.1 is called uniform measurability (see [19, p. 74]).

For finite-dimensional X and Y, the concepts of uniform and strong measurability are
equivalent. However, if they are infinite-dimensional, the requirement of uniform measurability
of an operator function is, as a rule, significantly more stringent than the requirement of its
strong measurability, even for separable X and Y. Note that by Pettis’s theorem [17, p. 42|,
[19, p. 72| a uniformly measurable operator function must be almost separably-valued, while
the space of operators is “rarely” separable (for example, L(¢5,¢5) is not separable). To obtain
the main results of the article, it is sufficient for us to assume strong measurability of a.

Next, we assume that the operator function a : Q — L£(X,Y), generating the operator A
of the form (3.1), is strongly measurable.

For fixed s € 2, let a.(s) denote the adjoint operator of a(s), so that a, : Q@ — L(Y™*, X*).

The following result follows directly from Assertion 3.1 of [12].

Lemma 3.1.

1) For any u € Lo(X), the function a(-)u(:) : Q@ =Y is measurable;

2) The function ||a(-)||zx,y) : @ — [0,400] is measurable;

3) For any u € Lo(X), and g € Y*, the function (a(-)u(-),g) : Q@ — R is measurable;
4) For any g € Y™, the function ||a.(-)g||x-: Q@ — [0,400] is measurable.

Let us define the quantities ||a||1, ||al|. € [0, 00] by the equalities

X* ds.

|MM—AW@Muw%7wa—SW(AW$M

geEB, [Y*]

(by Lemma 3.1, these definitions are correct).

Lemma 3.2. For any g € Y* s true / l|ax(s)gl|x+ds = / sup |{a(s)x, g)|ds. From
Q Q

z€B1[X]

this follows ||all, = sup / sup [{a(s)z, g)| ds.
Q

gEB1[Y*] z€B1[X]

Proof VgeY* we have

[ la-ts1g

Lemma 3.3. We have ||a|l, < ||all1. If Y is finite-dimensional, then

x+ds = /Q sup [{(z,a.(s)g)| ds = /Q sup |{a(s)z,g)|ds. ]

z€B1[X] z€B1[X]

lally < Rflall (3.2)

for some constant R < oo, which depends on the morm in Y, but does not depend on the
strongly measurable operator function a: ) — L(X,Y).

Proof Using Lemma 3.2, we have
o= sw [ sw fa@eglds< [ sw s fals)ng)lds
geEB1[Y*]) JQ zeB1[X] Q z€B1[X] geB1[Y*]

- mwwmmw:/wwmmmwzwu
Q 2€B1[X] Q
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In case dimY < oo, applying Assertion 7.3 of [12] to the special case where the kernel k(t, s)
of the linear integral operator does not depend on the variable ¢ and taking into account that
Y is linearly isometric to the subspace of constant functions of the Banach space of bounded
functions v : Q — Y with the sup-norm, we we get the estimate (3.2). O

Remark 3.2 For dimY < oo, as shown in [12, Assertion 7.3|, the best-possible
constant R in (3.2) (in the class of all strongly measurable operator functions a : Q@ — L(X,Y))
is exactly 1-absolutely summing constant 7(Y) (see [12, Definition 7.1]) of the space Y, which
depends on the dimension and || - ||y.

Note also that for any infinite-dimensional space Y the estimate (3.2) is not valid; moreover,
there exists a : Q@ — L(R,Y) such that [ja|l, < co and |lal]l; = oo (see the corresponding
example in [12, Remark 6.1].

Assertion 3.1. The following conditions (a), (b) and (c) are equivalent to each other:
(a) A€ L(C(X),Y) (the operator A acts from C(X) to Y and is bounded);
(b) K € L(Lu(X),Y);
(©) lafly < oo.
Moreover, if any of the conditions (a)—(c) is satisfied, then || Allzicx),y) = Al 2z x),v) =10 w-

The proof of Assertion 3.1 follows from Theorem 4.1 of [12], in which the kernel k(¢,s) of
the integral operator does not depend on t.

Assertion 3.2. If A€ L.(C(X),Y), then A€ L.(Lo(X),Y).

P r oo f. By definition, the set D := A(By[C]) is relatively compact in Y, and by Asser-
tion 3.1 A € L(Lo(X),Y).

Let us fix an arbitrary w € B;[Lo(X)]. By Lemma 2.1 of [11] (see also [12, Lemma 2.2]
or [13, Lemma 2|) there exists a sequence of functions u,, € B1[C(X)] that converges in measure
n to u.

Let us fix some g € Y*. For any s € 2 we define the functional a4(s) : X — R by the
equality a,(s)r = (a(s)z,g) (z € X). Obviously, the functional a4(s) is linear and continuous,
so that ay(s) € X*. Thus, the function a,(-) : @ — X* is defined, and we can also define on
some set of functions v : Q — X (formally for now) a linear integral functional H, generated
by the function a4, as the functional of the form (4.1) was defined in [11]:

ol = [ aole(s)ds (33)
From the equality a,(s)[z] = (a(s)z,g) and assertion 3) of Lemma 3.1 it follows that
Vo € X the function a,(-)[x] : 2 — R is measurable.
From Assertion 3.1 it follows that ||al/, < oo, therefore, taking into account Lemma 3.2,
we have

| lagts)

Then, by Theorem 4.1 of [11], H, € (Loo(X))*.
By Corollary 4.2 of [11], for the above-defined sequence of functions w, € B[C(X)],
converging in measure to u, we have Hgyu,] — Hyul.

o= [ s laalds = [ s ((a(s)e,9)ds < o < o0

z€B1[X] z€B1[X]
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Vv € Loo(X) we have according to the definition of the Pettis integral and taking into
account that by virtue of Assertion 3.1 A: L(X) = Y:

ol = [ a@lelds = [ (a(s)0).0)ds = ( [ ats)o)ds.g) = (Avg). ()

Thus, the proven property Hg[u,| — H,[u] means (Au,,g) — (Au, g). This convergence holds
for any g € Y*, so the sequence (Au,), weakly converges in Y to Au.

Now note that Awu, € D, and that D (the closure of D in the strong topology of Y)
is compact. As is known, the weak topology in Y is Hausdorff, therefore, being weaker than
the normed topology on the entire space Y, it will coincide with the normed topology on the
compact topological subspace D. Thus, Au, — Au in the norm, and therefore Au € D.

Since u € By[Ls(X)] is arbitrary, we conclude that A(B;[L.(X)]) C D, therefore, the set
A(Bi[Ls(X)]) is relatively compact in Y. By definition, A : L (X) — Y is compact. O

Assertion 3.3. Let dim X < oco. If A acts from C(X) to Y, then it is bounded.

Proof Let g €Y"* Asin the proof of Assertion 3.2, for any s € 2 we define q,(s) € X*
by a4(s)[z] = (a(s)x,g) (x € X), and consider the linear integral functional H, of the form
(3.3), generated by the function a4(-) : @ — X*.

From the condition A : C(Y) — Y and the definition of the Pettis integral it follows (using
the transformations (3.4)) that

Hylu]l = (Au,g) € R, wue C(X), (3.5)

so that H, : C(X) — R.

The condition dim X < oo implies, by Corollary 4.1 of [11], that the functional H, :
C(X) — R is bounded. Therefore, the set H,(B;[C(X)]) is bounded in R, or, taking into
account (3.5), we have that the set {(Au,g): u € B1[C(X)]} is bounded.

Note that the above arguments are valid for any g € Y*, so the set D = A(B,[C(X)]) is
weakly bounded in Y. As is known, in a normed space a weakly bounded set is bounded in
norm (see, for example, [1, p. 198]), therefore the set D is bounded in Y. This implies the
boundedness of the operator A : C(X) — Y. O

From Lemma 3.3 and Assertions 3.1 and 3.3, the following statement obviously follows.

Corollary 3.1. If X and Y are finite-dimensional, then
A:CX) =Y & A€ L(Lo(X),Y) & lali <00 = [Allzcw)y) = Allcewo.y) = llallw.

Assertion 3.4. Suppose that for some €' C Q such that pu(Q2\ Q') =0, the function alg
takes values in L.(X,Y) and is continuous and bounded on §Y'. Then A € L.(Lx(X),Y).

P r oo f. From the boundedness of alq it follows

R = Sugl? lla(s)]zex,y)y < oo. (3.6)
seqV

Let us fix an arbitrary ¢ > 0 and choose some closed set (). such that p(Q\ €.) < %.

The function alg, is continuous on the compact set 2., hence the set a(f2.) is compact in

L(X,Y).
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For an arbitrary fixed &; > 0, we choose some finite &;-net {a(s;): i =
the set a(.). Since a().) C L.(X,Y), the set D = UY {a(s;)x: v € By[X
compact in Y. From the obvious inequality

1,2,...,N} of
]} is relatlvely

la(s)z —a(si)zlly < lla(s) = alsi)llecxy), s € Qey x € Bi[X],

it follows that D is a e;-net for the set Dy = {a(s)z: s € Q., v € B;[X]}.

We have proved that for any €; > 0, there exists a relatively compact e;-net for D;.
Therefore, D; is relatively compact in Y.

We now fix some u € Bi[Loo(X)] (without loss of generality, we assume u(2) C B[X])
and consider the function v : Q2 — Y defined by the equality v(s) = a(s)u(s). By Lemma 3.1,
v is measurable, and it follows from (3.6) that

L s < [ oo lecelluts) i ds < R () < o0

By definition, v is Bochner integrable on (). Then from the obvious property of v(2.) C Dy,
it follows, by Corollary 8 of [17, p. 48], that fﬂ s)ds € Dy, where Dy = pu(2) -co(Dy).
By Mvzur’s theorem [17, p. 48|, the set D2 is compact in Y, and, as would be shown,

{fD s)ds: u € By[Le (X)]} C Dy. Thus, D3 is relatively compact in Y.
Flnally, Vu € 31 [Loo(X)] we have, taking into account (3.6), the estimate

/Q\an(s)u(s) ds

We have proved that for any ¢ > 0, there exists a relatively compact e-net for A(B;[Lw)).
Therefore, A(B1[Ls]) is relatively compact in Y, which implies the compactness of the operator
A:Lo(X) > Y. 0

HAu—i/Ea@ﬁdes

=\ < [ el ds < R (@) 20) <
Y Y O\Qe

Remark 3.3. The condition of relative compactness of the set D; from the proof
of Assertion 3.4 is called in the literature collective compactness of the family of operators
P ={a(s): s € Q.}. [20]. The fact that the relative compactness of the set P in L.(X,Y)
implies its collective compactness is well known (apparently first proved in [20]).

Corollary 3.2. If a € C(L(X,Y)) then A€ L.(Lo(X),Y).

4. Definition of a linear integral operator and some of its properties

Let k:Q* — L(X,Y). Let’s consider the linear Fredholm integral operator K with the
kernel k, defined by equality

(mmw_lf@@mg@,teg. (4.1)

Under certain conditions on the kernel k, the operator K transforms functions w : 2 — X
into functions Ku:Q —Y.

Next, we assume that V¢ € Q the operator function k(¢,-) : Q@ — L(X,Y) is strongly
measurable (see Definition 3.1), that is, V¢t € 2 and Vz € X the function k(t,-)z : Q2 =Y is
measurable (see Definition 1.1).
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For fixed (t,s) € 0%, let k,(¢,s) denote the adjoint operator of k(t,s), so that k, : Q* —
L(Y*, X*). It is important not to confuse the operator k., with the operator £*, which is called
the conjugate kernel and is defined as k*(¢,s) = k(s,t)!

We define the following four conditions:

(1C) Vielal Jim / (t, 5) — k(to, $)llccr) ds = 0,

IU)  Gim  sup / 1(tr, s) = k(ta, 8)llecr ds = O,
0—=0T 41 t€Q, |[t1—ta||<6
(IC),  Vto€la,b] lim sup / [k (t,s) — ku(to, 5)]g]|x+ ds = 0,
t—to geBl Y ]
(W) Jim s s 9 = (sl ds =0,
§=0F 1) t0€Q, |[t1—t2||<5 geB1[Y*]

which are naturally called, respectively, integral local equicontinuity, integral equicontinuity,
weakly integral local equicontinuity and weakly integral equicontinuity of the kernel &k of the
integral operator K. The conditions are well defined since, by Lemma 3.1, quantities (finite or
taking the value +oo) under the limit always exist.

Lemma 4.1. (IC) < (IU) = (IC),, < (IU),,, and in the case dimY < oo, conditions (IC),
(IU), (IC),, and (IU),, are equivalent.

Proof. Let us prove (IC), < (IU),. Obviously, (IU),, = (IC),.

Let condition (IC),, be satisfied. We will prove the condition by contradiction, similarly to
the proof the uniform continuity of continuous functions on a compact set |1, p. 109].

For convenience, we define the function w : Q* — [0,00) by

x+ds, t1,ty € €. (42)

Wit h) = sup / k(1. 5) — ki (t2, 8)]g

9631 Y*

Suppose that (IU),, does not hold. Then there exist gy > 0 and sequences of points t,,t/ €
such that |[t, — ¢t/ || — 0 if n — oo but

w(tn, t,) > e, n=12 ... (4.3)

Since  is compact, from the sequence (t,), we can extract a subsequence (t,, ), converging
to some element t, € Q. Obviously, ¢, — 0 if & — oo. Then condition (IC), implies
W(tn,,to) — 0 and w(t;, ,to) — 0. Thus, for all sufficiently large natural &, we have w(t,, ,t) <
g0/2 and w(t, ,to) < €0/2, and for these k, we obtain

Nng) "N Ng?

w(th, ) <wl(t,,  to) +w(to,t,, ) < €o,

which contradicts condition (4.3). Implication (IC),, = (IU),, is proved.

Property (IC) < (IU) is proved similarly.

For fixed t,ty € 2, applying Lemma 3.3 to the operator function a(-) = k(t,-) — k(to.-) :
2 — L(X,Y), we obtain the inequality

sup / kot 5) — ke (to, )]g]

geEB1[Y*] JQ

o ds < / |k(t, s) — k(to, s)llccxyy ds,
Q
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and also, in the case dimY < oo, the inequality

X* ds

/Hkts K(to, )| ecery ds < R sup /H (t,5) — ku(to, 5)]]

gEBl Y*

for some constant R < oo, which is independent of ¢, ¢y, € §2. This obviously implies (IC)=(IC),,,
and in the case dimY < oo also (IC),, = (IC). O

Remark 4.1. As follows from Remark 3.3, for any infinite-dimensional Y there exist
kernels k of the operator K satisfying condition (IU),,, such that conditions (IC) and (IU) do
not hold.

Lemma 4.2. If for some ty € Q and u € Loo(X) we have (Ku)(ty) € Y and condition
(IC),, is satisfied, then Vt € Q (Ku)(t) €Y.

P r o o f. Due to the linearity of K, it is sufficient to prove the statement of the lemma for
u € Bi[Ly] (and we will assume this below).
By Lemma 4.1, condition (IU),, is true. According to condition (IU),, we choose § > 0
such that
tt'eQ, t—t]<é = w(t) <1, (4.4)

where the function w is defined in (4.2).

Fix an arbitrary ¢ € . According to Theorem 18 of [21, p. 204], since € is connected,
there exists a finite sequence tq,ts,...,t, =t such that ||t; —t;,_1|| <0, i =1,2,..., N (these
points are said to form a ¢ -chain connecting the points ¢, and t¢). Condition (4.4) implies

wp/mmwm
geEBL[Y*] JQ

For any g € By[Y*], assuming the existence of the integral on the left-hand side, we obtain,

e =wltto) <Y w(titi) <N

using Lemma 3.2 for the operator function a(-) = k(t,-):

[t su.0)ds] < [ [kt s)uts) gl ds

gészW@%MwZLMﬂ@m

z€B; [X}

x+ <N < 0. (4.5)

By Lemma 3.1, the function k(t,-)u(-) is measurable, which, together with (4.5), implies the
Lebesgue integrability of the function (k(¢,-)u(:),g) for every g € Y*. By definition, the
function k(¢,-)u(-) is Pettis integrable, so there exists (Ku)(t) € Y. O

5. Criteria for compactness of a linear integral operator. General case

Theorem 5.1. The following statements (A), (B) and (C) are equivalent:

(A) K acts from C(X) to C(Y) and is compact;

(B) K acts from Loo(X) to C(Y) and is compact;

(C) The following condition (a) and (b) are satisfied:
(a) Jtg € Q such that the set {(Ku)(ty): u € B1[C(X)]} is relatively compact in 'Y,
(b) condition (IC),, is true.
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Proof. 1%tep. Let us prove (C)=-(B). Suppose that for some ¢, € Q the set D =
{(Ku)(to): u € B1[C(X)]} is relatively compact in Y and condition (IC),, is satisfied.

Consider an operator A of the form (3.1) generated by the operator function a(-) = k(to, -) :
Q — L(X,Y). Since the set A(B,[C(X)]) = D is relatively compact in Y, the operator A
acts from C'(X) to Y and is compact. By Assertion 3.2, K acts from L. (X) to Y and is
compact. Therefore, the set Dy = {(Ku)(ty): u € B1[Loo(X)]} is relatively compact in Y.

Further, from Lemma 4.2 and the linearity of K it follows that K : Lo (X) — Y.

Define the set M C Y% by the equality M = K(Bi[Ls(X)]). Note that Mty =
{v(to): v € M} = Dy, and as has already been shown, the set M][to] is relatively compact
in Y, so condition (RC1) of the Arzela—Ascoli theorem is satisfied (Theorem 2.1).

Let t,ty €  be such that the quantity under the limit sign in condition (IC),, is finite.
Again consider an operator A of the form (3.1), but this time the generated operator function
a(-) = k(t,-) — k(to,-). By Assertion 3.1,

sup [[v(t) —v(to)lly = sup  [[(Ku)(?) — (Ku)(o)ly = sup  [|Aully
veM wEB) [Loo (X)) wEB1 [Loo (X))

= [[Aull£(zox)y) = llallw = sup /Qll[k*(t,S)—k*(to,s)]g|x*d8' (5.1)

geBI[Y™]
From this and from condition (IC),, follows V¢, € Q the equality limy_,; sup,ea [|v(E)—v(to) ||y,
thus, the set M satisfies the condition (RC2) of the Arzela—Ascoli theorem.

According to the Arzela—Ascoli theorem, M is a relatively compact set in C'(Y'). Thus, the
operator K acts from C(X) to C(Y) and is compact.

20step. Let us prove (A) = (C). Suppose that K : C'(X) — C(Y) is compact. Then the set
M, = K(B[C(X)]) is relatively compact in C(Y), and by Arzela—Ascoli theorem satisfies
conditions (RC1) and (RC2) of this theorem.

Note that condition (RC1) for M; means condition (a) of the theorem being proved.

For fixed t,ty € Q0 we define the operator function a : @ — L(X,Y) by the equality
a(s) = k(t,s) — k(ty,s), and consider the operator A of the form (3.1) generated by this
function a. From the compactness of the operator K : C(X) — C(Y') it obviously follows that
Ae L(C(X),Y). In accordance with Assertion 3.1 we have similar (5.1):

sup [[o(t) —v(to)lly = [ Alleccxoy) = llallo = sup ]/ IR+ (t, 8) = kulto, 8)lgl|x- ds.
Q

veM gEB1[Y*
From this and from condition (RC2) for M; follow condition (IC),,.
From the proven properties of (C) = (B), (A) = (C) and the obvious property of (B) = (A)
the statement of the theorem follows. O

Remark 5.1. Theorem 5.1 contains criteria for the action and compactness of a linear
integral operator K from U to C(Y) for each of the spaces U = C(X) and U = Lo(X), as
well as a statement about the equivalence of these properties for the two specified spaces U as
the domain of definition of the operator.

In contrast, we note that for the action and boundedness of the operator K with values
in C(Y), we were able to obtain a criterion only for the domain U = L¢ (X) (the space of
measurable functions with relatively compact range).

Also, in contrast to the equivalence of the action and compactness properties of K from
C(X) to C(Y) and from L. (X) to C(Y), we note that there exist linear integral operators



54 E. V. Molchanova Alves, M. J. Alves, J.S. P. Munembe, Y. V. Nepomnyashchikh

that are bounded in each of the spaces L, (R) and C(R), and at the same time do not act from
Lo (R) to C(R) (see [12, Example 5.1]|). By Theorem 5.1, such operators cannot be compact.

Corollary 5.1. The assertion of Theorem 5.1 remains valid if condition (a) in its formu-
lation 1s replaced by any of the following conditions:
(a1) Tto € Q such that the set {(Ku)(ty): u € B1[Loo(X)]} is relatively compact in Y;
(ag) VteQ such that the set {(Ku)(t): u € B[C(X)]} is relatively compact in Y,
(a3) VteQ such that the set {(Ku)(t): u € B1[Lo(X)]} is relatively compact in Y
(ay) the set {(Ku)(t):t € Q, ue B[C(X)]} is relatively compact in Y
(a5) the set {(Ku)(t):t € Q, u € B1[Lo(X)]} is relatively compact in Y
or condition (IC),, is replaced by condition (IU),, .

The proof is completely analogous to the proof of the Theorem 5.1 (sometimes with simpli-
fications in part (C) = (B)), using, instead of Theorem 2.1, the corresponding variations of the
Arzela—Ascoli theorem contained in Theorem 2.2.

Remark 52 The use of conditions (a) and (b) in Theorem 5.1 among all their modifi-
cations given in Corollary 5.1 is explained by the desire to “weaken” these conditions (although
formally they are interchangeable), in other words, to “minimize” the conditions for checking
the action and complete continuity of the operator when using the criterion in the direction of
sufficiency of conditions (a) and (b).

The following statement follows directly from Theorem 5.1, Corollary 5.1 and Lemma 4.1.

Corollary 5.2. If condition (a) of Theorem 5.1 (or one of conditions (a; ) of Corollary 5.1)
and one of conditions (IC) or (IU) are satisfied, then K € L.(Loo(X),C(Y)).

Remark b5.3. As follows from Remark 4.1, for any infinite-dimensional Y condition
(IC) (as well as (IU)) is not necessary for the statement K € L.(L(X),C(Y)).

Remark 54. An obvious drawback of the criterion of Theorem 5.1 is that condition
(a) of the theorem (as well as the conditions (a;) of the Corollary 5.1) is formulated not in
terms of the kernel k& of the operator K, but in terms of all functions from the unit ball of the
space C'(X) or Lo (X), and are therefore difficult to verify when used for specific operators. In
the general case, we were unable to find replacements for these conditions by some conditions
in terms of the kernel, but we were able to do so in two independent situations: when some
additional condition is imposed on the kernel k, which we will call the zero-condition, and in
the case of finite-dimensional Y. The corresponding results are presented in Sections 7. and 8.,
respectively.

6. A special sufficient condition for compactness of a linear integral operator

Theorem 6.1. Let the function k : Q* — L(X,Y) is continuous and bounded on the set
ECQ?, where the set Ey == Q*\E is representable in the form Ey = Uicr{(t,s) € Q%: s=p;(t)}
for some at most countable set of indices I and some continuous functions ¢; : Q — Q (i € I),
and there exists ty € Q such that k(to,s) € L(X,Y) (Vs € Eltg]) where Eftg] = {s € Q :
(to,s) € E}. Then the operator K acts from Lo (X) to C(Y) and is compact.



COMPACTNESS CRITERIA FOR A LINEAR INTEGRAL OPERATOR IN C(X) 55

P r oo f. Note that the set Qo := Q\ Eltg] has the form Qy = {@;(to): i € I}, so Qq is
at most a countable set, and, accordingly, 1(€2y) = 0. Defining the operator function a : Q —
L(X,Y) by the equality a(s) = k(to,s), we have, by the hypothesis of the theorem, that the
function a|gq,) is continuous, bounded, and takes values in L.(X,Y’). By Assertion 3.4, for
an operator A of the form (3.1) generated by a, we have A € L.(L(X),Y), so that the set
A(B1[Loo(X)]) is relatively compact in Y. This implies the condition (a;) of Corollary 5.1.

In the same way as in the proof of Theorem 1 from [1, p. 241-242|, the validity of condition
(IU) is established. It remains to use Corollary 5.1. O

Remark 6.1. Theorem 6.1 directly generalizes the test from [1, Theorem 1, p. 241-242]
for the action and compactness of a linear integral operator in the space Cfa,b] of continuous
functions w : [a,b] — R. The conditions in Theorem 6.1 are convenient for establishing the
compactness of an integral operator with a variable integration set. Let us give two examples.

Example 6.1. Let Q = [a,b]. Consider a linear integral operator K; with a kernel
ki:D — L(X,Y) of the form

¥(t)

(Kyu)(t) = /(t) ki(t,s)u(s)ds, teQ, (6.1)

where the functions ¢, : [a,b] — [a,b] are continuous and satisfy the condition ¢(t) < (t)
(t € [a,b]), and D ={(¢t,s) € [a,b]*: p(t) < s < P(t)}.

It is clear that the operator K is a special case of the Fredholm integral operator K of
the form (4.1) with kernel % : [a,b]*> — L(X,Y) defined by k(t,s) = ky(t,s) if (t,s) € D, and
k(t,s) =Ogxy) if (¢, 8) € [a,b)*\ D.

If ki is a continuous function and for at least one t, € [a,b] the function k(to,-) takes
values in L£.(X,Y) and is continuous, then k satisfies the conditions of Theorem 6.1 with
Q2 =a,b] and Ey = gr(p)Ugr(y). Based on this theorem, we conclude that the operator K
acts from L. (X) to C(Y) and is compact.

Example 6.2. Of exceptional importance for applications is the class of Volterra
integral operators (see Introduction). A linear Volterra integral operator with a kernel ko :
D — L(X,Y) where D = {(t,s) € [a,b]*: a < s < t} is defined by the equality

(Kou)(t) :/ ko(t, s)u(s)ds, t € [a,b]. (6.2)

What is important for us is that the Volterra operator K, is an example of an operator K;
of the form (6.1), where ¢(t) =a and ¥(t) =t.

If the function ko is continuous, then the corresponding kernel k of the operator K
of the form (4.1) satisfies the conditions of Theorem 6.1, so that by this theorem K, €
L.(Loo(X),C(Y)). Note that the additional assumption about the values of k(to, ) in L.(X,Y)
is not necessary, since k(a,-) = Ozxy) € Lo(X,Y).

The following assertion, which follows directly from Theorem 6.1, generalizes the well-known
classical test for compactness of the operator K in the space Cla,b] (see |2, p. 245]).

Corollary 6.1. If k: Q% — L.(X,Y) s continuous, then K € L.(L(X),C(Y)).
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7. Compactness criteria for a linear integral operator under the zero-condition

Definition 7.1. We say that the function k : Q* — L(X,Y) satisfies the zero-
condition if there exists ¢y € © such that the function k(to,-) : Q@ — L(X,Y) is equal to zero
almost everywhere on ().

Example 7.1. Consider a linear integral operator K3 with a variable integration
domain @ : Q — 29 and a kernel k3 : D — L(X,Y) where D = {(t,s) € Q*: s € ®(¢)} :

(Ksu)(t) = /D(t) ks(t, s)u(s)ds, t e (7.1)

It is clear that the operator Kj is a special case of the operator K of the form (4.1), for which
k(t,s) = ks(t,s) if (t,s) € D, and k(t,s) = Ogxy) if (£, s) € Q*\ D.

If u(®(ty)) =0 for some t; € Q2 then the kernel k£ of the operator K, corresponding to
the operator K3, satisfies the zero-condition. Indeed, the function k(to, ) = Xa)(-)ks(to, )
can take nonzero values only on the set ®(¢y) of measure zero.

A concrete example of a function ® satisfying the condition u(®(ty)) =0 with Q = B,[R]
(for some r > 0) and ty = Oge is the function ®(¢) = By [RY].

Example 7.2. A special case of the operator K3 of the form (7.1) is the operator K
of the form (6.1), where Q = [a,b] and ®(t) = [p(t),1(t)]. Clearly, the corresponding function
k satisfies the null-condition if and only if ¢(tg) = ¥ (tg) for some ty € [a, b].

This equality holds for the Volterra operator of the form (6.2) (with ¢y = a), so the kernel
k of the operator (4.1), corresponding to the Volterra operator, satisfies the null-condition.

Let us present a criterion for the compactness of an integral operator in the case of a zero-
condition, which, in contrast to Theorem 5.1, is formulated exclusively in terms of the kernel
k of the operator.

Theorem 7.1. Let the kernel k of the operator K satisfies the zero-condition. The following
statements (A) to (D) are equivalent to each other:
(A) K acts from C(X) to C(Y) and is compact;
(B) K acts from Loo(X) to C(Y) and is compact;
(C) condition (I1C),, is true;
(D) condition (IU),, is true.

Proof. Let condition (C) be satisfied. Define the set M C Y% by the equality
M:=K(Bj[Ls(X)]). The zero condition implies the existence of a t; € € such that
MTto] = {(Ku)(to): u € B1[Loo(X)]} = {0y}, so the set M][to] is relatively compact in Y.
Thus, condition (a) of Theorem 5.1 is satisfied. From this theorem follows statement (B). We
have proven the implication (C)=-(B).

Theorem 5.1 also implies the implication (A)=-(C). Note that (B)=-(A) is obvious, and
(C) < (D) follows from Lemma 4.1.

Thus, the equivalence of conditions (A)—(D) is proven. O

The following statement follows directly from Theorem 7.1 and Lemma 4.1.

Corollary 7.1. If k satisfies the zero-condition and one of conditions (IC) or (IU) is
satisfied, then the operator K acts from Loo(X) to C(Y) and is compact.
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8. Compactness criteria for a linear integral operator in case dimY < oo
Theorem 8.1. Let dimY < oco. The following statements (A), (B) and (C) are equivalent:
(A) K acts from C(X) to C(Y) and is compact;
(B) K acts from Loo(X) to C(Y) and is compact;
(C) The following condition (a) and (b) are satisfied:
(a) Fto € Q such that the set / |\E(to, s)|lcex,yy ds < oo,
Q

(b) condition (IC) is true.

P roof. Let condition (C) be satisfied. From (a) it follows that for some tq € €2

sup (K)ol < [ sup bt s)ally ds = [ [t s)al e ds < .
u€B1[C(X)] Q zeB1[X] Q
so that the set M[to] = {(Ku)(ty): v € B1[C(X)]} is bounded in Y, and therefore, since
dimY < oo, it is relatively compact in Y. By Lemma 4.1, condition (IC), holds. Then
Theorem 5.1 implies the validity of assertion (B). We have proven the implication (C)=-(B).
Let condition (A) be satisfied. By Theorem 5.1, for some ¢y € 2, the set M][to] is relatively
compact in Y, and hence is bounded. Then the operator A of the form (3.1) generated by
the operator function a(-) = k(ty,-) acts from C(X) to Y and is bounded. By Assertion 3.1
llal|, < oo. Then, by Lemma 3.2, for some constant r < oo

L/M%@anwzwméRMM<w
Q

so that condition (a) of the theorem being proved is satisfied. Theorem 5.1 implies (IC),,, so,
by Lemma 4.1, condition (IC) is also satisfied. Thus, we have proved the implication (A) = (C).

From the proven properties of (C) = (B), (A) = (C) and the obvious property of (B) = (A)
the statement of the theorem follows. O

Corollary 8.1. The assertion of Theorem 8.1 remains valid if condition (a) in its formu-
lation 1s replaced by any of the following conditions:

(a1) Tto € Q such that the set  sup / ||k« (to, $)g]|
geB1[Y*] JQ

x* ds < o0;

(ag) YVt € Q such that the set / E(t, s)||cex,yy ds < oo;
Q

(ag) Vte€Q such that the set  sup ||k« (t, $)g]|
geEB1[Y*] JQ

(a) sup/ 1k(t, 9)l| ooy ds < oo,
teQY JQ

x+ds < o0;

(as) sup / |ki(t, 5)g]| x+ ds < 0o
teQ, geB1[Y*] JQ

or condition (IC) replace with any of the conditions (IU), (IC),, or (IU),, .

The proof of Corollary 8.1 is completely analogous to the proof of the Theorem 8.1 (sometimes
with simplifications), using Corollary 5.1 instead of Theorem 5.1.

Corollary 8.2. Let dimY < oo and the kernel k of the operator K satisfies the zero-
condition. Then the following statements (A), (B) and (C) are equivalent:
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(A) K acts from C(X) to C(Y) and is compact;
(B) K acts from Loo(X) to C(Y) and is compact;
(C) Any of the equivalent conditions (IC), (IU), (IC), or (IU),, is met.

The proof of Corollary 8.2 follows directly from Theorem 7.1 and Lemma 4.1.

Remark 8.1. Incontrast to the criteria for the action and compactness of the operator
K contained in Theorem 5.1 and Corollary 5.1, the corresponding criteria from Theorems 7.1,
8.1 and Corollaries 8.1, 8.2 are formulated exclusively in terms of the kernel k£ of the operator.

Corollary 8.3. Let dim X <oo, dimY <oo and there exists ty € Q such that Yu € C(X)
the function k(to,-)u(-) is integrable on 2. Then the statements (A), (B) and (C) of the
Corollary 8.2 are equivalent.

P r oo f. By hypothesis, the operator A of the form (3.1), generated by the operator
function a(-) = k(ty, ), acts from C(X) to Y. By Assertion 3.3, the operator A is bounded.
Then from Assertion 3.1 and Lemma 3.1 it follows that |lal|; < co. Thus, condition (a) of
Theorem 8.1 is satisfied. It remains to use Theorem 8.1 (taking into account Lemma 4.1). [

Remark 82 In |3, p.101] a criterion for the compactness of a linear integral operator
from L,(R) to C(R) is given under an a priori assumption of its action. Corollary 8.3 directly
generalizes a version of this criterion for p = oo.
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3ajjaun MaKCUMU3aIuN JI0X04a U cpejHeili BpeMeHHOI BBITOAbI
oT cbopa pecypca C y4eTOM PacXo/I0B Ha 00CJIy>KMBaHUE

JIionvuna Msanosaa POAMHA'?, Makcum Cepreesuu KY3HEIIOB!
L ®Ir'BOY BO «BiaguMupckuit rocy1apCTBEHHbIH YHIBEPCHTET
nmenu Ajtekcanjipa I'puropbeBuda u Hukosas ['puropbeBuda CTosrieTOBBIX»
600000, Poccuiickas Peneparnus, r. Bragumup, yia. lopskoro, 87
2 ®TAOY BO «HamoHaIbHEIH HCCITeI0BATEILCKIH TexHomornaeckuii yausepcurer « MUICHUC»

119049, Poccuiickas @enepanus, r. Mocksa, Jleannckuit mpocmekT, 4

Awnnoranuga. Uccnemyercss Mojiesib JUHAMUKN TOIYJSIINANA, PA3BUTHE KOTOPO TIPU OTCYTCTBUAN
IKCILIYATAMU 3aaH0 Jorucrudeckum quddepernuaibabpM ypasaenueM & = ax(l—x) ¢ Maib-
Ty3naHCKUM Kodddunmentom ¢ > 0. PaccmarpuBaem maHHOe ypaBHEHME Ha OTPE3KE BPEMEHU
[0,T], tne T > 0 — 3amanHoe umcio. [Ipemmonaraem, 9T0 B MOMEHTBI BDEMEHH () W3 IO-
[YJISIMU M3BJIEKAETCs HEKOTOpasl J10Jist buoJiorudeckoro pecypea ug € [0,1], k=1,...,n, u
KOJIMYECTBO PECYPCa, OCTABIIErOCs B MOMEHT BpeMeHu 1', paBHO HaYaJbHOMY KOJIUIECTBY (.
Ob6o3HaunM yepe3s Xj KOJUYECTBO pecypca J0 cbopa B MOMEHT tj, OOIIUil jj0X01 OT cbopa Ha
orpeske [0,7] ompemenum Kak

D(gnvﬂn) = ZXkuka
k=1

e tnp = (t1,.-ytn), Un = (U1,...,Uy), t, =T. Vccreayem 3amady HAXOXKIEHUS MOMEHTOB
BpeMeHUu t1,...,tp—1 U IMOCTPOEHUS YIPABICHUU Uq,..., Uy, JJIS JOCTUKEHUS HAUOOIBIIETrO
noxona Ha [0, T].

Takxke paccMmaTpuBaeTcs HOXOX OT cOOpa IPH JIOMOJHUTETLHOM YCJIOBUU, UTO B KAXKJIBIiA
MOMEHT BpEMEHH JI00BIYMa pecypca CBsI3aHa C PACXOJaMU Ha OOCIIyKUBaHUE 0DOPY/IOBAHUST NN
omwnary Tpyga. CanraeM, 9TO BEJUINHA ITUX PACXOIOB MTOCTOSTHHAS B KAXKJIBI MOMEHT BpEMEHU
u pasaa [ > 0, rorma obmuit m0xo1 ot c6opa pecypca Ha orpeske [0, 7] oupemenum Kax

n
R(tn,Un) = D(tn,Uy) —nB = ZXkuk — Bn.

k=1
Onmcan pexkKUM 9KCILIyaTallud HOIYJIAIUN, IPA KOTOPOM JIOCTUTaeTcs HauboJblllee 3HAYeHue
JaHHOM XapaKTepHCTHKH. Vccaeayercs cpeiHas BpeMeHHas BBIFO/Ia OT chopa pecypca B IIpell-
OJIO’KEHNH, 4TO KoaudecTBo uzssedenuil n(7T) ma orpeske [0,7] 3aBUCHT OT JJIMHBI 3TOTO
OTpe3Ka.

KimroueBbie cjioBa: MOE/Ib IOBEPYKEHHON ITPOMBICITY IOIYJISAINN, ONTUMAIbHAS IKCILIYaTa-
[y, JO0XOM OT cOOpa BO30OHOBJISIEMOIO PECYPCa, CPeIHsIs BpEMEHHAs BBITO/Ia

Hns nurupoBauust: Poduna JI.U., Kysueyos M.C. 3amadn MaKCUMU3AIMK JTOX0/1a U CPeTHEH
BPEMEHHOM BBITOJLI OT cO0pa pecypca ¢ y4eToM PacXoloB Ha obciayxkusanue // BecrHux poc-
cufickux yauBepcuteroB. Maremaruka. 2026. T. 31. Ne 153. C. 61-72.
https://doi.org/10.20310,/2686-9667-2026-31-153-61-72
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Problems of maximizing income and average time profit from
resource harvesting, taking into account maintenance costs
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87 Gorkogo St., Vladimir 600000, Russian Federation
2 National University of Science and Technology “MISIS”

4 Leninskii Pr., Moscow 119049, Russian Federation

Abstract. We consider a model of population dynamics which development in the absence of
exploitation is given by the logistic differential equation & = axz(l — x) with a Malthusian
coefficient a > 0. We consider this equation on the time interval [0,7], where T > 0 is
a given number. Assume that at the moments of time t¢;, a certain share of the biological
resource ug € [0,1], k=1,...,n, is extracted from the population and the amount of resource
remaining at time T is equal to the initial amount xy. Let Xj; be the amount of resource
before collection at the time t;, and define the total income from collection on the interval
[0,T] as

D(invﬂn) = ZXkuk’a
k=1

where &, = (t1,...,tn), Un = (U1,...,Upn), t, = T. We study the problem of finding the
time moments tq,...,t,—1 and constructing the controls uq,...,u, to achieve the maximum
income on [0, 7.

Also, the income from the collection is considered under the additional condition that at
each moment of time, the extraction of the resource is associated with the costs of equipment
maintenance or labor. We assume that the value of these costs is constant at each moment of
time and is equal to 8 > 0, then the total income from the collection of the resource on the
interval [0,7T] is defined as

R(tn,Un) = D(tn,uy) —nB = ZXkuk — Bn.
k=1

The mode of exploitation of the population in which the greatest value of this characteristic is
achieved is described. The average time profit from harvesting a resource is investigated under
the assumption that the number of extractions n(7T") on the interval [0,7] depends on the
length of this interval.

Keywords: model of a population subject to harvesting, optimal exploitation, income from
harvesting of a renewable resource, average time profit
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BBenenue

VipajeHue KCIITyaTamueil BO30OHOBIIEMbBIX OMOJIOTMYECKIX PECYPCOB ABJIACTCA BaXKHON
NPUKJJIAIHON 3ajia9eil, HaXOAAIENHCd Ha CTBIKE 3KOJIOTUU, SKOHOMUKHN U MATEMATUICCKOU TEO-
pun ylipaBJiIeHUA. OCHOBHaﬂ neJib I/ICCJIGILOB&HHI’I COCTOHUT B OlIpele/IEeHNN TaKUX PEKUMOB U3-
BJICUEHUS pecypca, KOTOpbIe 00eCIeunBaOT MAKCUMAJIHHBIN SKOHOMUYeCKUil 3pdekT 1npu co-
XpaHEeHWHU YCTONYINBOCTH SKCILTyaTUPyeMOii cucTeMbl. MaTemMaTndecKue MOJIEN, NCIIOIb3yeMbIe
JIJIsI pellieHus O/I00HBIX 3a/iad, YacTO OCHOBAHBI Ha cuUcTeMaX JuddepeHInaIbHbIX NI pa3-
HOCTHBIX YpaBHEHWi, ONMUCHIBAIOMNX JIUHAMUKY TOMYJIAUN, U JOMOJHAIOTCH YIPABISIONIIMA
BO3JIEHCTBUSIMU, KOTOPBIE 3aKJIIOYAIOTC B U3bATUIX HEKOTOPOi josin 6uomacchl. C 0630poM
JIUTEPATYPHI [0 JAHHON TeMaTHKe MOXKHO TO3HAKOMUTHCA B [1,2].

Hacrosimas pabora siBjisieTcst mpojioJzKeHneM Iyb/uKarmii [3—7|, B KOTOPBIX UCCIIeLy 0T s
pa3InvdHble XapaKTEPUCTHKU cOOpa BO30OHOB/IAEMOTO PECYpCa U PEKUMBI OIITUMAJIHLHOM JT0ObI-
qn. PaccmarpuBaem Mojieib JMHAMUKHU TOMYJISIAN, 33/ JaHHON JIorucTuIecKuM uddepeHim-
AJIbHBIM yPaBHEHHEM U MTOJIBEPKEHHON SKCILTyaTanu. AKTYa/JbHOCTh UCCIeI0BaHUSI CBsA3AHA, C
HEOOXOMMOCTDBIO yUueTa He TOJIBKO JIOXOJIOB OT JIOOBIYH, HO M TIOCTOSHHBIX 3aTPAaT, COITPOBOXK 1A~
IOIUX KaxKJI0e U3BJIeUeHne pecypca (Halpumep, 3aTparsl Ha 000pyIoBaHue, TOILINBO, PAbOIyIO
CUITY), a TakKe ¢ 3ajadeil J0Jr0CPOIHOIO YCTONYUBOIO UCIOIH30BAHIS PECyPCa, XapaKTepu-
3ylollelicd cpe/iHeil BpeMeHHOI BBII'OJION.

B nepBom naparpade craTbu paccMaTpUBaeTCs OOIIHI JIOXOJ TIPU N U3BJICUYEHUAX Pecypca
Ha 3a1arHOM oTpeske [0, T, ucciemyercs 3aja4a HAXOXKIEHUsI MOMEHTOB BDEMEHU t1, ... t, 1
1 IIOCTPOCHUA ynpaBJ’[eHI/Iﬁ JJId JOCTUZKCHM A HaI/I6OJ'[bH_[eFO SHa4YCHUA ,ZLaHHOfI XapaKTEePUCTUKHU.
[Tokazano, 9To ecju KOJMIECTBO PECypca, OCTABIIErocsd B MOMEHT BpeMeHu T, paBHO Hada/Ib-
HOMY KOJIMYECTBY Xg, TO JJIT MAKCUMHU3AIUU JI0XO0JIa HEOOXOIMMO IPOU3BOIUTH U3BJIEUCHUS
Jepe3 OJIMHAKOBBIE IMPOMEXKYTKU BpemeHu. /lasee paccMmarpuBaeTcsd J10X0j OT cOopa pecypca
IIpH JIOTIOJTHUTEILHOM YCJIOBHH, UTO B KaXKJbIIi MOMEHT BpPEeMEHU J00bIYa CBs3aHa C Pacxoia-
MM Ha O0OC/IyzKUBaHue 00OPYJIOBaHUS WM OILUIATY TPy/a. B Npemrno/iozKeHnnu, 4TO BeJIUINHa,
9TUX PacxoioB [ > (0 MOCTOSHHAS TPHU KaXKI0M U3BJIEUEHUN Pecypca, MOJTyIeHO 3HAYEHHe OTl-
TUMAJIBHOTO KOJIm4aecTBa u3BjiedeHuit ng = no(f,7) < n s orpeska [0,7] u maubosibiiee
3HadeHne J10Xo/a. B rociemaem naparpade nccirempyercs 3a1ada coopa pecypca Ha 0€CKOHETHOM
mpoMekyTKe BpeMeHu. [lo/rydennl BeIpakeHus I ONTUMAaJIbHBIX BETUINH ITPOMEZKYTKOB MEXK-
Jy MOMEHTaMU M3BJIEYCHUd pPecypca U MaKCUMaJIbHOE 3HaYCHUE CPeJHE BPEMEHHON BBINOJIbI
¢ y4eTOM pacxoJioB Ha obciy:KuBanue. /[y Bcex paccMaTpuBaeMbIX XapaKTEPUCTUK OIMUCAHBI
PEXKUMBI SKCILIYATAIINH TTOIYJIAIIE, IIPU KOTOPBIX JOCTUTIAIOTC UX HANOOJIBINNE 3HAUCHUSI.

1. 3agada o MakKCUMHU3AIHUM JI0XO0/Ia OT cOopa BO30OHOBJISIEMOI'O pecypca

Uccnenyercss Mosieib UHAMHUKHI TOIYJISIIMN, PA3BUTHE KOTOPOI ITPU OTCYTCTBUHU SKCILIya-
TalUN 3aJIaH0 JIOTUCTHICCKUM JuddepeHnuaibHbIM yPaBHEHUEM

t=azx(l—z), x>0. (1.1)

Kosdbdunmenr a > 0 B 3a/1a9ax MareMaTHIecKoil OMOJIOTHH HA3BIBAIOT MabTy3UAHCKUM KO-
sbdunmentom. Bynem paccmarpusars ypasuerue (1.1) ma mpomexyrke Bpemenn [0,7], rie
T > 0 — 3a7aHHOE YHUCJIO.

[Iycts B MomeHT Bpemenu ty, (0 < ¢ < ty < ... < t, = T) U3 NOMyJIAIUN U3BJICKALT-

csl HEKOTOpasi JI0J1s1 buosiorndeckoro pecypea uy € [0,1], k= 1,...,n, n > 1. C yuerom
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t=ax(l—x), t#t,

x(ty) = (1 —ug)z(ty — 0), (1.2)

rae z(ty —0) u x(tx) — KOJHMIeCTBO pecypca JI0 U mocse cbopa B MOMEHT f; COOTBETCTBEHHO.
[TpeamosiaraeM, 9TO PENICHUST STOM CUCTEMbI HEIIPEPLIBHLBI CIIPABA.

O6oznaunm uepes Xy = x(tr, — 0) KoamuecTBO pecypca jio c6opa B MOMeHT t, x(0) =
Ty — HavaJbHOE KOJMYECTBO pecypca, (] — arperupoBaHHYI0 CTOMMOCTH YCJIOBHON €IMHUIIbI
pecypca. Byaem nonarars, uro C; = 1, Torma cToMMOCTb COOPAHHOIO pecypca B MOMEHT iy
pasua Xpur, k = 1,...,n. IlpeanonaraeM TakzKe, 9TO KOJIMYECTBO PECypca, OCTABIICIOCHd B
MOMEHT BpemeHu 1', paBHO HaJYaJIbHOMY KOJHYECTBY pecypca Tg, To ectb (1 — u,)X, = .
Obwuti doxod om cbopa pecypca wa ompesxe [0,T] onpenennm Kax

n

D(Zn,ﬂn) = ZXkuk, (13)

k=1
vine t, = (t1,...,tn), Up = (U1,...,uy), t, =T. Uccremyem 3asady HAXOXKJICHUsI MOMEHTOR
BpeMeHu tq,...,1,_1 W HOCTPOCHUS YUPABICHUN Ug,...,U, I JOCTUKEHUA HauOOJIBIIEro
noxona (1.3) ma orpeske [0, 7.
st ynobersa Bbrauc/ieHuii BBeJieM BeroMoraresibble obo3Hauenus:: xy = x(ty) — KoJm-
YecTBO pecypca Iocje coopa B MOMEHT ty, T, = tp —txg1, K =1,....n, to =0, t, =T.
Torma
rp=01—-u)Xy, k=1,....n; n+...47=T, z,=ux. (1.4)

Berimmuiiem perennst loructudeckoro ypasaerus (1.1), yaoBiaeTBopsitolye Hada bHBIM YCIOBU-
aM (0, 25) = xp

xkeat
1+ .Ik(@at — 1)’

o(t, xy) = t>0, k=0,...,n—1.

OrmernM, 9TO

Th_1 4Tk

1+ :ck,l(emk — 1)7

Xk :Q0<Tk,l'k,1) = k= 1,...,n. (15)

B HOBBIX 0003HaueHNsX 331a4a MakcuMusanun dyakiun (1.3) cBoauTest K 3a1aue MaKCUMU3a-
. PyHKIAN

3
—

_ Tk
S(Tn7$n) = ( - xk)a
_ —aTk
— (1 — xp)e 97kt + ay,
e Tn = (T, Tn)y Tn = (T1,...,2n), 1+ ...+ 7 =T, x, = 9. g buxkcupoBantoro

n > 1 paccMOTPUM MHOXKECTBO
An(T) = {(771,5”) TR € (O,T), nt...+71, =T, 2 € [O,Xk], k = 1,...,71}.

Ecmn zo € [0,1], To 24 € [0, Xx] € [0,1], k=1,...,n, Torma muoxectBo A, (7T") orpanuueno
u sBgercs nogmuoxkecrsoM [0, 1) x (0,7)".
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Teopema 1.1. ITycmv n € N gurcuposaro u xy € [0,1]. Hauboavwee snauenue dynruuu

S(Fn,fn) na mmoocecmee N, (T) pasro

S(75,7) = n(es — 1) (e +1)7 (1.6)
u docmuzaemea 6 mouxe (75, T;), 2de
n==m=_ ai=..=m= (%417

(1.7)

I[OK&B&TGJII)CTBY TEOPEMBI 1.1 IpealnonrjIeM J0Ka3aTe/JIbCTBO CJAECAYIONIEIO YTBEP2KJICHNA.

=% %

Jlemma 1.1. Ilocaedosamenvrocmo {S(Tn,xn)}zo:l, sadannasn (1.6), so3pacmarowasn u

lim S(7,7;) = Jgrgon(e% —1)(e3n +1) 7 = %. (1.8)

JlokaszaTeasbcTBo. Paccmorpum dyHKIINIO

S(z) = x(e% —1) (e% + 1)71, x> 0.
Haitnem

§'(x) =

xz

(% —1 - Lest) (e + 1)

OrmernM, ato S’(x) > 0 mpu z > 0, Tak KaK 970 HEPABEHCTBO PABHOCUIBHO

Taxum obpasom, dyukims S(x) Bospacraer wa nuaTepsase (0, +00), MOITOMY ITOCTEI0BATE b
— — o0
HOCTD {S (T:; x*)}nZI BO3pacTaload.

ar .
PapercrBo (1.8) MOKHO TOJIYIUTh, €CJIN PA3JIOKUTH SKCIOHEHTY e2n B psijf Teiopa. [

JlokasaTeabcTBO TeopeMmbl 1.1. Boimmimem ypaBHeHNsT I HAXOXKICHUST KPUTUIECKIX
Touek pyHKIUU S (?n, En) :

- arp_1(1 — xp_1)e atn_1(1 — zp_q1)e o™
S (TnsTn) = - 7 — - S=0,  (L9)
(1 = zp_r)emam™ + x_q) (1= zpy)e™ 4+ 1)
e k=1,....n, 7, =T — (11 + ...+ Tu_1);
e 9Tk+1
St (Tn @) = s—1=0, k=0,...,n—1. (1.10)
(1= zp)emamst + )

3 (1.10) caemxyer

ar -1
m,’iz(e k?“—i—l) , k=0,...

[Moncrapiss nannable 3Hadenus B (1.9), moaydaem 74

... =T, ¥ OKOHYATEJIbHO

3
=%
I
I
*
315
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Tenepb u3 JByX IOC/IEIHUX PABEHCTB U g = X, CJIEJLyeT, 4TO
s _ox_ (.T -1
xl—...—:nn—(e%—l—l) .

Borauciisist 3nadenue gyukimn S (?n,fn) B JIAHHOM CTalMOHAPHOI TOUKe, mosxyvaeM (1.6).
JlokazKkeM, 9TO TOYKa (?;,@;), sajanias (1.7), sBisiercst TOUKOM MakcuMyMa (DYHKIHN
S (?n,fn) Ha MHOXKEeCTBe An(T). Ormernm, 910 (?Z,ffl) ABJIACTCA BHYTPEHHEN CTallMOHAPHON
TOYKO} orpanmdentoro Muoxkectsa A, (T") (310 cremyer u3 mepasencrsa z* < (7%, %), e
* al -1 * =k Tk
a* = (e + 1), 7 =T/n). llokaxewm, uro 3naucnne GpyHKIun B TouKe (Th,Th) Goube
MaKCHMAaJIbHOrO 3HadYeHus Ha rpanune A, (7).
Ilycte n =1, rorna Ay(T) = {(T,z1) : 31 € [0, X;]}. Dynkuns

15
(1 —xp)e T + a;

S(?l,fl) = S(T,Z’l) =

Ha uaTepBase (0,1) mMeeT CTAIMOHAPHYIO TOUKY T* = (e% + 1)71, B KOTOPOIi
S(T,z*) = (e —=1)(e7 +1)"' > 0.

Berancosas S(T,0) = S(T, Xy) = 0, genaem BoiBog, uto (7', %) — ToUKa MaKCHMyMaA.
[Ipu n = 2 paccMOTpPUM MHOYXKECTBO

Ao(T) = {(T2,T2) : 7 € (0,T), m + 2 =T, 1, € [0, Xy], k = 1,2}

U HaWJIeM
aT

S(75, ) =2(eT —1) (T +1)7"

(nece 77 =15 = T/2, 27 = x3 = (e'T + 1)_1). HokazkeMm, 4ro 510 3HauYeHHe GOJIbIIIE,
aem suavenust gyukuun S(To,T2) Ha rpanmme As(T). Paccmorpum wacTb 3TOf TpaHHIL,
Ha KOTODPOii BBINOJHACTCS paBeHCTBO 1 = X; = ¢(71,%0). OHO O3HAYaeT, 9TO0 B MOMEHT
BpEMEHH Ti M3BJIEYEHHUe PECYPca He IIPOU3BOJUTCS U BECH JIOXO/ IOy YaeTcs TOJbLKO npu t = T
HarbOJIbIIIee 3HAUEHUE 9TOr0 J0xXoda pasHo S(T',z*). U3 gemmsr 1.1 ciemyer, aro

S(75.@5) > S(71,77) = S(T, z%). (1.11)

asee paccMOTpUM 4YacTh MPAHUIIbL, JJist KOTOPOi o = Xy = ¢(Te,1); 3/1€Cb B MOMEHT Bpe-
Menn 1 100bIYa pecypca He NMPOU3BOINIACH, U BECh JIOXOJ ITOJIyUeH OT U3BJIEUEHUS B MOMEHT
71 <T. B aToMm cirydae roJrydaem

S(75. @) > S(T,z%) > S(r,2%).

Pacemorpum apyrue gactu rpanuiel MuoxkectBa As(T). Ecim xy = 0, To 1 = 0, 3mech
HOJIy9aeTcst HyJ1eBoii Joxos, u anajgornduo npu x1 = 0. Ecim 71 =0, 10 79 =T (ecim 15 = 0,
to 7y =1'), Torna Boimosmeno (1.11).

AHnanorndnbie paccyKjeHus BepHbl jyist MHO)ecTBa A, (T) 1pu jmobom n > 3. B cuny

1.1 S (7 7)1V 6
JIEMMBI 1. s II0CJICe JOBATE/JIbHOCTD { n(T ,33 )}n BOSpaCTaIOH_LaH, HOQTOMy HaHOOJIbIIIEE 3HA~

=1
YeHe JIOX0JIa B CTAIOHAPHON TouKe BHYTpH MHO)KecTBa A, (1) Gymer npeBocxouTh 3HAUEHUST

JIaHHOW (PYHKIIUU HA TPAHUIE 3TOIO0 MHOXKECTBA. U

Beprewmcst k pacemorpennio gyHKImu obuero goxoga or cbopa pecypca D (t,,u,), 3a1am-
Hoit paBercrsoM (1.3).
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Teopema 1.2. ITycmv n € N gurcuposaro u xy € [0,1]. Hauboavwee snauenue dynruuu
i — al aT —1 —%  __
D(tn, un) PABHO n(e m — 1) (e m 1) u docmuzaemcs 6 movke (tn,x:), 2de

kT a
p="0 =1, k=1,...,n (1.12)
n

Hoxkasareabctso. Haubonpmme snavenns dyukumit D (t,,u,) u S(Tn,Tn) cob-
[aJIAI0T, O3TOMY OCHOBHOE yTBEDPXKJEHHEe TeopeMbl cieiayer u3 teopembl 1.1. Haifnem Touxy
A . ——

(t,.7:), B KoTOpOIl MocTHraercs MakcumyMm D (&,,7,). W3 (1.4) u (1.5) crenyer, uto

1 _ aT _ 1
wp=1—k g Tk :1_mk( (e )), k=1,...,n.
X, @ (Th, Tp-1) L€k
Hamnee u3 (1.7) momyaaem (1.12). O

2. Baﬂaqa O MaKCUMMHU3allu1 J0X0oJa C ydeTOM pacxoJ0B Ha OGCJ’Iy}KI/IBaHI/Ie

PaccmarpuBaem yrnpaBiisieMyto CHCTEMY ¢ UMILYJILCHBIM Bo3zeiicTareM (1.2) u obuit 10xos
ot cbopa pecypca D(t,,U,) ua orpeske [0,T], samaunbiii pasencrsom (1.3). ITomaraem, ato
KOJIMIECTBO PECyPCa Ty, OCTABIIEroCsi B MOMEHT BpeMeHU 7', DAaBHO HAYATHHOMY KOJHYECTBY
pecypca .

Beeniem JionostHETEIBHOE TIPEJIIIOIOKEHIEe, KOTOPOE COCTOUT B TOM, UTO H3BJIEUECHHE PECYPCa
B KazKJIblil MOMEHT BPEMEHH CBSA3aHO C PACXO/IaMI Ha 00C/Ty KIBaHIEe 000PY/I0OBAHNUS NN OILIATY
tpyza. Ilycrs BesmanHa 9TUX pacxo10B Oy/IeT MOCTOSHHON B KazKblii MOMEHT BPEMEHH U DaBHA
B > 0. Torma obumit moxom or cbopa pecypca Ha orpeske [0,7] onpemennm Kak

R(ty,Un) = D(tn, W) —nB =Y Xpuy — fin, (2.1)
k=1
viae t, = (t1,. . tn), Uy = (U1,...,uy), t, = T. Uccremyem 3a1a1y MaKCUMUBAIUN JIOXOJA

(2.1) or mo6brum pecypca Ha orpeske [0,7] ¢ yaeroMm pacxoJoB Ha 0OCITyKUBAHUE.
PaccMoTpuM 110C/1€10BATEIHHOCTD

VniS(FZ,E;) —Bn:n(e% —1)(6% —1—1)_1 —fBn, n=1,2,....

Jlemma 2.1. Cnpasedausvl caedyrowgue ymeeporcoenus:
1) ecau 5(6% + 1)2 > el —1— aTe%, mo nocaedosamenvrocmsv {V,}o2 | yowearowan;

oT 2 aT
2) ecau ﬁ(e 2 + 1) < e —1—aTe=2, mo nocaedosamenvrocmo {Vo}22, eospacmaem
aTl

2y*

npu n < ng u yowsaem npu n > ng, 20e ng = [ }, y* >0 — xopenv ypasHerusa

e — 1 —2ye¥ = B(e¥ + 1) (2.2)
(k6adpammovimu ckobKaMu 30ect 0603HAMEHA UEAAA YACTND HUCAA ).
Jloka3zaTesbcTBo. PaccMorpum pyHKITHIO
v(z) = x(e% —1) (e% + 1)_1 — Bz, x>0,
HaligeM

a T a a —_
V'(x) = <67T —-1- a—e2%> (62% +1) 2_8.
T
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Ormernm, uto dbyuknus v'(x) ybbiBaroras, Tak kak v”(z) < 0 nmpu x > 0; Kpome TOro,

. /
xgrfoov () =—-p <0. (2.3)
Hepasencrtso [ (e% + 1)2 > eT —1—qTe*s paBHOCHIBLHO v/ (1) < 0. IMockoabky dyHKIMS
v'(z) ybwBalomast, To v'(z) < 0 upm Bcex x > 1. CiemoBaresnbno, v(x) TakKe ABIACTCS
yobiBaroreil dyukimeit (mpu x > 1), u nosromy mocsegoBareabHoctb {V;, 159, yObiBatomasi.
Jlasee, HepaBEHCTBO B(e% - 1)2 < e —1—qTe® oznavaer, 4ro v’ (1) > 0. Tlosromy u3
(2.3) caemyer cymecrBoBanue Touku x* > 1, mys koropoit v'(z*) = 0. IlockosbKy byHKIms
v'(z) ybbiBarormasi, To TOUYKa T* eJNHCTBEHHAs U sIBIAETCS TOIKON MakcuMmyMa GyHKInn v(x).
[Iycts y = aT'/2x, Torypa ypasaenue v'(x) = 0 paBHOCHIBHO ypaBHeHuto (2.2), u y* = ol /2z*
SIBJISIETCsT €IMHCTBEHHBIM OJIOZKUTEIbHBIM KOpHeM (2.2). O

Ncnonb3yst obo3HaveHus 11epBoro mnaparpada, mpupejieM 3a1ady 0 MaKCUMHU3AIUN J0X0/1a, C
ydaeroMm Ha obciayxusanue R(t,,T,) K 3agade Makcumusaiun QyHKIMT

n—1

V(T Ta) = S (7 70) = = > = ~ ) = pn,

(1 — ap)em o + 2y

e Tp, = (T1,.. -, Tn)y Tn=(T1,...,2p), I +...+ 7 =T, x, = x0.

[IpuBeieHHOE HUXKE YTBEPKJIEHUE SIBJISAETCS CJieJICTBUEM TeopeMbl 1.1 u jieMmbr 2.1.

Teopema 2.1. ITycmv n € N gurcuposaro u xy € [0,1]. Cnpasedausv caedyrousue ymeep-
oHCOEHUA:

T
1) Ecau n < ng = [a

2y*
3naverue GYHKUUL V(?n,fn) na muoorcecmee A, (T) pasro

], ede y* > 0 — xopenv ypasHenua (2.2), mo Hauborvwee

V(7. 7)) =n(ef —1)(e5 +1) " — fn (24)

u docmueaemcs 6 mouke (Th,Th), 2de
. - - * % aT —1
T =...=T,=—, xl—...—xn—(e2n+1) .

2) Ecau n > ng, mo naubosvuwiee 3naverue GyrkuuL V(?n,fn) na mnooicecmee A, (T)

PABHO maX(V(TZO,fZO), V(?Zoﬂyfq*mﬂ))-

HJoxasarenncrtso. I[lycrs n < ny. B ey memmet 2.1 nocienosarensnocts {V, }0
Bo3pacraer npu n < ng, nosromy suauenne ¢ynxuuu V(7,,T,) B CTalUoHApHOIl ToUKe
(75, T;) Gomblue, deM Ha rpanuie MHokecTBa A, (T).

Ecimm n > ng, TO HamboJibiliee 3HavUeHne (QyHKIIUN V(Fn, En) paBHO 10O V(on,fzo),
00 V(?;"m 415 Ty +1). OTrcrozia osy4yaeM BTOpoOe yTBEPKJEHNE T€OPEMBL. [l

CaenctBue 2.1. [Iycmo xy € [0,1]. Ecau n < ng, mo naubosvwiee 3navenue Gynkyun
R(fmﬂn) 3adaemes pasencmeom (2.4) u docmuzaemes 6 mowke (f;,f;), ede

kT o
t;:}:_’ uz:l—e_%7 k:17...,n.
n

Ipu n > ny nauborvwee 3naverue PYHKYUL R(fmﬂn) PABHO

ma’x(v(?:m? 520)7 V(?:Lo—l—l? E’Tlo-{-l)) .
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[Ipumep 2.1. PaccMorpuM Mojeb IMHAMUKYI TOIYJISINN, pa3BUTHE KOTOPOI IIpU OT-
CYTCTBUHU IKCILTyaTaIuu 3a/1aHo0 JIuddepeHImabubIM ypPaBHEeHIEM

t=2z(1—z), x>0. (2.5)

Haiiem Haubosibiee 3Hauenue goxoa (2.1) ot 1o6bau pecypea ¢ yIeToM pacxojioB Ha 00CTy-
kuBanue Ha orpeske [0,15] npu n =10, 8 =0,5.

OrmeTnM cHavasa, YTO eC/Iu Mpon3BouThL 10 n3B/Ievennii pecypca depe3 OJMHAKOBBIE ITPO-
MEXKYTKHU BPEMEHH, TO JIOXOJ OT J100bun OyjieT pasen npuOausureabno 1,351, [lokaxkem, drTo
6osiee panmoHaJbHO Tpou3BoAUThL 6 m3Bseuenuit. leiicrBuresbho, mpu [ = 0,5 ypaBHeHHe
(2.2) nmeer kopenb y* & 2,51 u ny = 5. 13 (2.4) naxonum

V (75, 75) ~ 2,026, V(75,75) ~ 2,090.

B cuny Teopembl 2.1 nauboJibitiee 3HadeHne GyHKINN V(ﬂo, Tm) Ha MHOXKecTBe Aqo(15) mpu-
6mmkerno pasuo 2,090. JlanHoe 3HauUeHHe OCTHTAETCS B TOUKe (T, Té), rJe

T =...=T; =25, x]=...=uz5~0,076.

Ormernym, uto uj ~ 0,918, k=1,...,6.

3. 3a,zxaqa O MaKCMMM3anum Cpe,I[Heﬁ BpeMeHHOﬁ BbBIT'OJIbI OT M3BJI€eYE€HU:A pecypca

PaccmarpuBaeM ynpapiiseMyio CHCTEMY € UMITYIbCHBIM Bo3jeiicTereM (1.2) u obrmmit 1oxo
or cbopa pecypca Ha orpeske Bpemenn [0,77] :

n
R(ty,0,) = D(To, 1) —nB =Y Xy — fn.

k=1
Ecimm 8 > 0, To obmuit J0X0/ YIUThIBAeT PacXobl Ha oOc/yKuBanue, npu 5 = 0 Takue pac-
XOJIbI HE TpeaycMoTpeHbl. KomiaecTBo pecypca, OCTaBIIErocss B MOMEHT BpeMeHu 1, MOKeT
ObITH TPOU3BOJILHBIM (HE 00sI3aTeIbHO PABHBIM HAYaJbHOMY KOJHYECTBY pecypca g ). Ilpes-
HoJiaraeM, 9To KOJIM9IecTBO u3BjedeHuit pecypca n = n(1') sasucut ot mymasl orpeska [0, 7]
1 MOXKET BBIOMpAThCst pasimaubiMu criocobamu. Obosuadnm t = (ty,t,...), U = (uy,us,...),
rje ug € [0, 1] — gosist u3BIEUEHHOTO pecypca B MOMEHT BpeMenu ty, k=1,2,....

Onpemenenne 3.1. Cpeduet spemertoti 6vi2000t OT W3BJIEUEHUsT PeCypca HA30BEM

dYHKIIIO
(T)

H, (xo,f,ﬂ) = lim Xy, — Bn(T))
1

n

1

T
T—o0 e
AHajiornvHo, ¢ 3aMeHOI HUZKHEro Ipejieia Ha BepXHuil, omnpeaennM ¢GyHkmmoo H* (:L’O,f, E) ,

€CJIN BBITIOJIHEHO paBeHCTBO H, (aco,f, ﬂ) =H* (xo, t, ﬂ), TO OIIPEJIETUM TIpeJiet

1 n(T)
H(wo,7,7) = 1i —( Xyt — T).
(IE07 ,U) Tglgo T Z KU B’I’L( )
k=1
OrmernM, uTo B paborax [5,6] paccMaTpuBaIoch JIpyroe omnpejiesieHne CpeIHeil BpeMeHHON
BBINOJIBI (IIPEIIIOIATAIOCH, YTO IPOMEXKYTKU MEXKJly U3BJICUCHUAMU pecypca (DUKCHPOBAHBI 1
pasabl d > 0).
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Teopema 3.1. Ilycmv > 0. Tozda nauborvwee 3navenue GyHryuL H(a:o,f, ﬂ) DPABHO

Yt Y
H(mé,f*,ﬂ*) = 22* (Z‘J* n 1 - 5) = ﬁ; (3.1)
ede y* — Kopenv ypasnenus (2.2). Snavernue (3.1) docmueaemes npu
zp = (eV + 1)’1, th = 2]‘2"*, up=1—ev, k=12.... (3.2)
Hoxkaszarennbctso. [okaxkem cuavana, aro eciu n(T) = [oT] misg HEKOTOPOro
a > 0, TO CyIeCcTByeT IIpeJies
lim. @ = a. (3.3)

HeitcrBurensro, qist moboro unciaa o1 somosnensl zepasencrsa (o] < o < [aT] + 1.

OTrcroma mosydaeM
ol —1  [oT] n(T)

= < .

T ST T =

n(T)

Takum obpaszomM, mpejien 7lim CYIIECTBYET, U BBINOJHEHO (3.3).
— 00

Hnga xaxmoro T > 0 Beibepem n(7T) = [aT/Zy*], Torja HambOJIbIIee 3HAYEHUE J0XO0J1a,
R(ty,W,) pasno max(V (75, Zh ),V (Th 11, Thyi1)), Tae ng = n(T). Us (3.3) momyuaem, aro
Un a

lim — = —. YuursBag (2.4), naiiieM npeaen
AT =5 (2.4), maitnem mpes

aT
V(T T g — 1 v -1 v
i VT To) o (e =1 :a(e* _5>:L2_
T—o0 T T—oo T e + 1 20 \ eV +1 (ey*_|_1)

[Mocieaee paBeHCTBO CJleyeT U3 YCJIOBHsI TOTO, UTO Y sABJISETCS KOpPHEM ypaBHeHus (2.2).

OrmernMm, ITO
= %
hm V(Tn0+17xn0+l) o hm
T—o0 T T—oo T ’

* ITF —x
nosromy cupasennso (3.1). B (3.2) ykasausl 3Hauenus zf,f ,U*, IpH KOTOPHIX BBIIOJIHEHO
(3.1) (3TO MOXKHO IPOBEPUTH IIPH TIOMOIIHU [TPOCTHIX BBIYUCICHHIA). ]

Bameuanune 3.1. Kpome pexxuma sKcIuTyaTanuu TMOMYJISIIUN, yKa3aHHOrO B (3.2),
MOKHO BBIOpaTh U Jpyrue oNTUMAasIbHbIE pE2KUMBI cbopa pecypca. Hanpumep, ecmn zg > xf =
R -1
(ey + 1) , TO CJIeTYIOINe 3HaYEHN:

2ky* (1 + zo(e® — 1))

t; =
k Toe2V

Coul=1—eY, k=23,...

k=12 u=1—

JIAJIyT TAKOM JKe ONTUMAJIbHBIN pe3yJIbTaT cpejiHeil BpeMeHHOi BBITO/Ibl, Kak B (3.1).
Taxzke 3ameruM, 910 B (3.2) MOJIyUeHBI ONTUMAJbHBIE BEJIMINHbBI TIPOMEXKYTKOB MEKJLY MO-
MEHTAMHU U3BJICUEHUsT pecypca Ha GECKOHEYHOM MHTEpBaJie BPEMeHH, KOTOpble PaBHbI 2y*/a.

[Ipumep 3.1. PaccMoTpum MOJeTb TUHAMUKH TOIYJISIANA, PA3BUTHE KOTOPOH 3aaHO
muddepenrmanbabiM ypasaenuem (2.5). Ilyers 8 = 0,5, Torma y* ~ 2,51. Haunbosbmiee
snavenne Gyukimn H (:po,f, ﬂ) npubszkenno pasuo 0,139 u mocruraercs npu

xt &~ 0,075, ¢ ~ 2,51k, ul ~ 0,919, k=1,2,....
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OTMGTI/IM, 9TO JaHHbIEC SHaAYCHM A praBJIeHI/Iﬂ UZ OJIN3KU K SHaQYEHUAM, ITOJIYIECHHbBIM B IIpDUME-

pe 2.1. CpaBHuBas 3HaYCHUS H(x(’;,f*,ﬂ*) ~ 0,139 n

1
1_5‘/(?352) ~ 0,139, BuauMm, 9TO OHU

COBIIaJJal0OT C TOYHOCTBIO JO ThICAYHBIX.

1]

2]

3]

4]

5]

[6]

7]
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Onenkn ko3 punmmeHTOB HEeoOpamIaMXcs B HYJIb (OyHKITHIA
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Awnnoranusa. Hacrosimas cTaThbs MOCBAIIEHA OIEHKAM MOy Il TeHIOPOBCKIX KOI(MDPUITHEHTOB
Ha, KJIacCax roJloMOpMHBIX (DYHKIW, He 0OPAIIAONTUXCS B HYJIb M OPAHNYEHHBIX B €INHUIHOM
kpyre. O603HAYNM MHOXKECTBO BCEX TI'OJIOMOP(MHBIX (DYHKIMIL, OPAHUYEHHBIX CHU3Y 10 MOJLY-
JIIO B euHUYHOM KpyTe, dyepe3 F. Ilycts ¢t > 0 — mapamerp. Ha moxknaccax E; macca F,
coZlepsKaImyuX OTOOpazkeHnst n3 F, HOPMHUpPOBAHHBIE B HAYaJe KOODAWHAT, MOJYIEHBI TOUHBIE
OIIEHKM MOJIyJiell BceX TeijiopoBckux KoadduimenToB. Paccmorpum Kjaace B, cocrosiniumii u3
roJIOMOPMHBIX (DYHKIUI, OrpaHMYEHHBIX 10 MOJYJI0 CBEPXY M He OOpAINAIOIIMXCA B HYJIb B
€/INHUYHOM KPYyTe, & TAK2KE ero MOJKJACCH By, cocrosmue u3 GyHKnit Kiacca B, mopMupo-
BaHHBIX B HadaJje kKoopguHatr. Kitaccet F u FE; cBgasanbl ¢ Kjaaccamu B u B; mocpeactBom
uHBOJIIOIUU. [IpOMeXKyTOUHOE TIOJIOKEHIEe MEXKTY JIBYMs YIIOMSIHY ThIMU Kyiaccamu F u B 3a-
HEMAET MHOXKECTBO I'0JIOMOP(MHBIX OIDAHMYEHHBIX 10 MOJYIIO CBEPXY U cHu3Y dyHKuuil A, ..,
0 < p <r. Kiaccer Ay, MOxkHO pa3buTh Ha HOAKJIACCH A, ., dyHkuumi knacca A, ,, HOp-
MHPOBaHHBIX B HadaJje Koopaunar. Oukcupyem p u r. Msyuenme xinacca A,, MOXHO CBECTH
K msydenuio kjnacca A/, ABIAIONIETOCs MOJKIACCOM Kiacca FE, mim K U3ydeHHIO Kaacca
A,/r1, ABISIOMeErocs mopkaaccom Kiacca B. Ilpm stom Ay,,, — E u A,/.; — B mnpu
r — oo. Ha kmaccax A;,: HocTpoeHa MarKOpHUpyomas (YHKIHSA C JefICTBUTEIBHBIMI KO-
s durmentamu, 6aarogapss YeMy € IOMOIIBI0 TEOPUU TOJMYMHEHUs] [TOJIyYEeHbl TOYHBIE OIEHKU
MOJLyJIeli IIePBBIX JBYX TeVIOPOBCKUX KO3(b@UIUEHTOB Ha KazK/I0M Kiacce Aq,;, a Takke Ha
kinacce A .

Kuarouesbie cioBa: runore3a Kimm:ka, npobiaema Kimnmzka, orpaHmdeHHbIE He 00PaIAIONIecs
B HY/Ib (PYHKIUU, OrpaHUYEHHDbIE (DYHKIINNA, TOUHBIE OMEHKU MOJY/Iel TeHTOpOBCKUX KOO dhU-
IMEHTOB

Hns nmurupoBanusi: Cmynun /[.JI. Otierkn K0adDDUIHMEHTOB HEOOPAIAIONINXCS B HYJIb (DYHK-
muit // BecrHuk poccuiickux yHuBepcuteroB. Maremaruka. 2026. T. 31. Ne 153. C. 73-85.
https://doi.org/10.20310/2686-9667-2026-31-153-73-85
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Abstract. The article is devoted to the estimates of the moduli of Taylor coefficients on classes
of holomorphic functions that do not vanish and are bounded in the unit disk. Let us denote the
set of all holomorphic functions that are bounded from below by modulus in the unit disk by
E. Let t > 0 be a parameter. The sharp estimates of the moduli of all Taylor coefficients have
been obtained for subclasses FE; of the class E that contain mappings from FE normalized
at the origin. We consider the class B consisting of holomorphic functions that are bounded
from above by modulus and do not vanish in the unit disk, as well as its subclasses B; which
consist of functions from the class B normalized at the origin. The classes E and FE; are
related to the classes B and B; through involution. An intermediate position between the
two aforementioned classes E and B is occupied by the set of holomorphic functions A,
0 < p <, that are bounded from above and from below by modulus. The classes A,, can be
divided into subclasses A, ,; of functions from class A,, normalized at the origin. We fix p
and r. The study of the class A,, can be reduced to the study of the class A;,,, which is a
subclass of the class F, or to the study of the class A,/.; which is a subclass of the class B.
Besides, A;,/,, = E and A,/.1 — B as r — co. A majorizing function with real coefficients
has been constructed for the classes A;,;, enabling us using the theory of subordination to
obtain the sharp estimates of the moduli of the first two Taylor coefficients for each class A .+
and also for the class Aj .
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BBenenue

[Iycrb A = {z € C : |2| < 1} — eaunmuHbBIi Kpyr B KOMILUIEKCHON 110cKocTH. Kitace
dbyukimit F, romoMopdHbIX B A 1 yuoBiaeTBopsomux yciaosuio |F(z)| > 1 musa Beex z € A,
obozHaduM 4depes F.

Kosddunuenter psaga Teitmopa dyukium F Gymem obosnadars gepes {F},, n € {0} UN.
B stux oboznavenusix pazsoxkenue F B psj Teitsiopa umeer BUI:

F(z) = {F}o+ {Fhz+ {F}o2®+ ...

[TockonbKy Kiaace E mHBapuaHTeH OTHOCUTEJILHO BpAIleHWUil B IJIOCKOCTH IIEPEMEHHOH w
(w = F(z)), Mbl MOKeM 6e3 ToTepr OBIIHOCTH OTPAHUIUTHCS M3YUeHHeM TeX (QYHKIUi, s
koropeix F(0) > 1. anee, moxkuo nonoxkurh {F}o := €', rae mapamerp ¢ € [0, +00). Dm
TOJIKJIACChl 0bo3HauImM depe3 F;. fcno takxke, uro mjs joboit dynkmun F Kiaacca Fy cyme-
crByer dyukius h € C' Takas, 910

F(z) = "), (0.1)

riae C' — ussecrHblii Kiace Kapareomopu rosomopdubix dyuknuii b ¢ Hopmuposkoit h(0) = 1,
Reh(z) > 0 mua z € A. OrmernM, ato npu Kaxkjom ¢ > 0 sra GopMmya yCcTaHABINBAET
B3aMMHO-0/THO3HATHOE COOTBETCTBHUE Mexk 1y Kiaaccamu C u Fj.

1. ®opmyna st KO3 PUIIMEHTOB

[Ipomuddepentposas (0.1) mo z, nmeem:
F'(z) =th'(z) F(2). (1.1)

[Mozncrasus B dopmyiy (1.1) TeitstopoBekue passoxkenusi dbyHKImit F u h, momxyanm crieyro-
e opMyJIbL:

t n
{F}o=¢', {F},= - > k{hh{Fluk, neN, (1.2)
k=1
cBa3bIBatoIre KoddduimenTsr pyHkimii £ u h.

2. Tounble oneHku Ko3@dduimenToB Ha Kjaccax F;, t > 0

Anpo HIsapia

1 oo
h*(z) = 11_:2 :1+22zk
k=1

SIBJIIETCST BayKHBIM TipejictapuTeieM kiacca C. CdhopmymupyeM jis JaabHERIINX CChLIOK CJIe-
JIyIOIliee U3BECTHOE yTBepKienue [1]:

Jlemma 2.1. Ecau h € C, mo [{h}x| < 2, k € N. Toavko epawenusn dpynxuyuu h* 6
naockocmu nepemennots z ydosaemsoparom ycaosuto [{h}r| =2, k € N, na xaacce C.

METHUM, UTO KJI TOUT TOJIBKO U3 OJfHON hyHKIMu f(2) = 1, mosTom

Same , 9TO Kjacc Fy cocTo 0JIBKO U3 OJTHO 1, mosTomy 6e3 yiiepba
JUISE CYTH JIejia MOXKHO cunTarh, uro t > 0. [losryumm oneHkm Bcex TeiliopoBcKuxX Ko3ahduim-
enToB dyukuit Kinacca F;. Crnpaseiusa
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Teopema 2.1. IIycmo t > 0, moada dars 210600 pynkuyuu F € Ky umerom mecmo mourwie
HEPABEHCTNBA

2t
< _ *
(Yl < 5D k{E Y, neN. (2.1)
k=1
Pasencmea umerom mecmo moavko 0as epawenuti gynwyuu F(z) = ") 6 naockocmu

nepemermots z.

Hoxkaszarenncrtso. [lokaxkem caagana, aro {F;}, > 0, n € N. Paccyxmaem 1o
unyknun. leficrurensno, u3 dopmyrst (1.2) creayer, uro {Fj'} = 2t{F}}o > 0, Tak Kak
{F}}o > 0. BosbMmem npousBosibHBI HOMep n U mpemanosokuM, ato {F '}, > 0 mpu Beex

k=0,...,n, rorma u3 (1.2) oueBuanO, 94TO
2% o
g =—— E{F' Y1k > 0.
{t}—i-l n+1;{t}+lk

Crajio 6bITh, B CHJIy IPOU3BOJILHOCTU N, joKasaHo, uyto {F[}, >0, n € N.

[Tokaxkem remepb, uro |{F},| < {F/},, n € N, u paBeHCTBa JOCTUTAIOTCS TOJBKO HA
Bpaiennsx dbyskmun F B miockoctu nepemernoit z. CHoBa paccykaaeM o uagykrmn. Co-
riacao (opmyste (1.2) u jgemme 2.1

{Fhl = t{hh[{F}o < 26{F} = 2te’,

npudeM 1o JieMMe 2.1 paBeHCTBO 3/IeCh JIOCTUTAeTCs TOJBKO Ha BpallleHHAX (yHKnum Ff
B IIJIOCKOCTH IIEpeMEHHOi z. Bo3bMeM NPOM3BOJIBHBIN HOMED 7T U IPEIIIOTIOKHIM, UTO TOUHbBIE
onenkn (2.1) cupaseymser st [{F}y| mpu k = 0,...,n, U PaBeHCTBO JOCTUTACTCS TOJBKO
Ha BpaleHusX dyHKImn F)* B MI0CKOCTH [IEPEMEHHOi 2z, TOrJIa OUeBHIHO, YTO

n+1 n+1

t t N " X
HEF b nga] < e ; E{h} el {F b ngr—k| < —— ; E{R* 2 A EY b1k = {F] b

N3 BTOpOro HEpaBeHCTBA MOHATHO, YTO PABEHCTBO 3/I€Ch JIOCTUTAETCA TOJBKO Ha BPAIEHUIX
dynaxkmum F) B miockocTu nepeMeHHOH 2. VTak, B CHJIy IPOW3BOJIBHOCTH T, MBI JJOKa3aJn
dbopmyity (2.1) u, Takum 06pa3oM, TeOpeMa IMOJHOCTBIO JJOKA3aHA. 0

Qurcupyem n € N. U3z dopmyssr (2.1) sicHo, 910 CKOJIb GbI GOJIBINIOE TTOJOKUTETHHOE
JIECTBUTE/IBLHOE YHUCJO 1M MBI HE B3sLIU, HANIETCHA IOJIOXKUTEIbHOE JeHCTBUTEIbHOE UUCJIO
t rmakoe, uro {F;}, > m. Otrcioma ciesyer, 9ro 3agada 00 OIEHKE MOJyJeil TeHI0pOBCKIX
KO3 PUIMEHTOB UMeeT CMBIC/ TOJBKO Ha Kjacce F; npu GpUKCUPOBAHHOM t, HO He Ha BCEM
Kjacce F.

3. ®PopmysmpoBka runoresdbl Kimmxka

Kirace, cocrosimuit u3 romomopdubix B A ¢dyukiuii f, remepupyembix 1o gpopmyiie

1
f=+% (3.1)

dbyukmusyvu F € E, oboznaunm depe3 B. @opmyia (3.1) ycranaBimBaeT B3anMHO-OJHO3HAY-
HOe COOTBETCTBHE MeKIy Kiaccamu B n F.
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B 1968 r. du Kmux npemnosnoxkui [2], aro eciu f € B, TO jijig ee TEHIOPOBCKUX KOI(D-
durmentor {f}, crupaBenMBbI HEpaBEHCTBA

{fInl <2/e, neN,

IIpUYeM paBeHCTBO JocTuraercs Ha bynknuax sujga eV fr(e¥2"), rae ¢, € R,
fi(z)=e Bt e0,4+00).

Bagauay o rtounoii onenke [{f}n|, n € N, ma kmacce B wmbl OyJieM Ha3bBaTh POOJIEMOii
Kmmxa.

B nacrosmee Bpems rumoresa Krmmrka JoKazaHa IS TEPBBIX IIECTH TEHTOPOBCKUX KO-
sddunmentos BoUnTeIbHO. 13 reomerpudeckux coobpakenuii ouesmHo, ato |[{f}o| < 1.
Tounyio onenky |{f}1| Moxmo maiitn Bo Muorux paborax mHadmunas ¢ 1934 roja; nepsoit ObL1a
pabora [3]. Onenka |{f}2| nHe BBIBBIBaeT ciokuocru ¢ 1943 roga [1|. Kmmx chopmysmuposast
00CY?KJIaeMyI0 3J1eCh TUIIOTE3Y, I0JIarasCh Ha OIEHKH MOJIyJIeil HepBBIX JIBYX Ko3dhduimen-
ToB. /loKazaTeabeTBO Ui caydad n = 3 BHEpBble ObLIO OomyOamKoBaHO B 1977 romay B pabore
k. Xammestst, C. Hleiin6epra u JI. Sanbivana [4]. Qs ciydas n = 4 yrnoMsiHeM J0Ka3aTeb-
creo B. laness [5]. Buepssie orenka nsroro koadduienta merogom B. lanens mossmiacs
B pabore H. Camapuca [6]. Aprop manuoii crarbu B pabore [7] npu nomormu merona [laness
nostyanst onerky |{f}e| < 2/e + 0.00116077, a B pabore [8] onenky |{f}s] < 2/e unciaeHubM
METOOM.

Qurcupyem nHomep n. CyiecrBoBaHue dKcTpeMasieil B npobsieme Kimmka odeBujiHo, 10-
CKOJIbKY TOCJIe TTPUCOeINHEeHNs K Kiaccy B dyukiun f(z) = 0 nosydaercs KOMIAKTHOE B Ce-
6e (B TOmOJIOTME JIOKATLHO PABHOMEDHO CXOJMMOCTH) ceMeiicTBO (byHKIHii, a (DyHKIIMOHAI,
CTaBAUN KaxKJ10il pyHKIMN 3 B ee TeillopoBcKuii KOI(POUIMEHT ¢ HOMEPOM N, SBJISETCS
HelIpepbLIBHBIM Ha B.

Qukcupyem t > 0. Kiacc, cocrosiuit u3 rojjomopdubix B A dbyHKIMit f, reHepupyeMbIx
no dopmyse (3.1) uz dyukuuit F € E;, obosnaunm depe3 B;. 3amernm, uro B, siBiagercs
KOMITAKTHBIM B cebe ceMelicTBOM (hyHKIIUIA.

SaMeTnM TakzKe, UTO Kjaacc By COCTOMT TOMBKO u3 ofHoi dyukmuu f = 1, mostomy By
MOYKHO CUHMTATh OJHOCTBIO U3yYeHHBIM. B jrabHeiinemM Mbl Oy/1eM JJIsi TIOJTHOTHI YKa3bIBATh,
yro t > 0, omgHako (haKTHYeCKN MOXKHO BCIOJY Jajiee cunmrarh, 9ro t > (. DrTa oroBopka
MIO3BOJISIET HAM, HAIIPUMeED, CBOOOTHO JeUTh Ha t.

4. Eme omna dopmyina ajisa Kod3dduimeHToB
B kmaccax B; mupobiiema oreHKH Mojysieit Kodd@UIMeHTOB CYyIIeCTBEHHO CJI0XKHEe, deM
B Kiaccax F;. IlomrBep:KiaeHmeM CKa3aHHOIO CJIY?KUT XOTd ObI TOT (pakKT, 4TO 3a IIOJIBEKa HI
O/IHA TIOIBITKA, €€ ITOJTHOI'O PEIeHUs] He YBEHUYAJIACH YCIIEXOM.
13 dopmya (0.1) u (3.1) cremyer, aro jis moboit f € B, naiigercs h € C, takasi, 4To0
f(2) = e t"3) . TIpoauddepennupoBas 3T0 PABEHCTBO 110 2, TPUXOMUM K (hOPMYJIe, AHATOTHY-
Hoii (1.2) misa knacca By, t > 0:

ho=e's A== Kbl neN. (4.1)

Buumo, Buepssle dhopmyia, anagornanas (1.2) u (4.1), nosBuiacs B crarse |9], rie B gact-
noctu nosydens! tounsie omenku |[{f}i| u [{f}2| ma xmaccax By, t > 0. @opmyma (4.1)
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1o3BoJigeT pemuth npobsemy Kmmxka, ecom {h}, = 0 wm {f}, = 0 npu HekoTOpBHIX K.
B pa6ore [10] ¢ momormpio dopmyiisr (4.1) 0600IIEHBI HEKOTOPBIE YaCTHBIE CJIyUal, ONNCAHHBIE
B Gostee panuux paborax. CoorBercrBytommue ccbliiku cM. B [10].

5. @yHKIHUHN, OTpAaHUYEHHbIE IO MO/YJIIO CBEPXY U CHU3Y

®opmyia (4.1) He mpuMennMa B Kjraccax By i moJiydeHnst TOYHBIX OIEHOK MOJIyJIei Tefi-
JIOPOBCKUX KOI(DPUITMEHTOB Jlazke TPU MaJIbIX U Ipu Oo/IbIuX 3HadYeHusx t. Hampumep, rnpu
GOJIBINIX 3HAYEHUsX TTapaMerpa ¢ HadaabHble Koaddurmentor { ff}g, tne k =1,...,n, OyHK-
n  f; SBJISIIOTCH 3HAKOIIEDEMEHHBIMHU (HAIOMHUM, 9TO {A*}) IOJOXKUTEIBHBI); IPH STOM
nauanabupie koapdumuentor (—1)*{f}r, k= 1,...,n, bynxuun f;(—z) aBagiorca nHeoTpu-
narebHbME, a Koddduimentor (—1)"{h*};, bynxmun h*(—2z) ABIAIOTCH 3HAKOIEPEMEHHBIMH.
Baecs n = n(t).

C apyroif cTOpOHBI, TaK Kak B Kjaccax Fj Takoil mpobjieMbl HET, TO PE30HHO OOPATHUTH
BHUMaHIE Ha TO, KaK 0OCTOAT Jies1a B MOJIKIaccax Kiacca Ly, cocrodmux u3 dyHKIWMil, orpaHi-
YEHHBIX CBEPXY 1O MOJy/I0. Jlesio B TOM, 9TO ¢ TOYHOCTHIO JI0 MYJIbTUILTHKATUBHON KOHCTAHTBI
KazKJIblil OrpaHUYeHHBIN 1TO/IKJIacC Kiacca [y, sBIsgeTcs MOJIKJIacCOM HEKOTOPOro Kiacca By, ,
YTO TIO3BOJIAET JIETKO ePEHOCUTH KOIMDMUIIMEHTHBIE OIEHKN MEXKY YIOMAHYTHIMHU HOJKIaC-
camu. Hampumep, ecu r > 1 u romomopduas ¢pyuknusa F orobpazkaer Kpyr A B KOJbIO
Ki, ={z:1<]|z] <r}, anonb B €', 10 f € By, tme f(z):=F(z)/r, a ty:=Inr —t;.

Boobrie, MOKHO B3ATH JAEHCTBUTE/IBHBIE YUCAA O U T, yJIOBJIETBOPSIONINE HEPABEHCTBAM
0 < p <7, U pacCMOTPETb MHOXKECTBO A,, BCeX roJoMOPQHBIX DYHKIHN, YI0BIECTBOPSIOMINX
uepasenctBaM p < |f(z)| < r, z € A. Hcno, uro ecrm f € A,,, o fe€p-E u fer-B.
P. Opwmepe B 11, ¢. 31| mosyumia ToYHbIE OIEHKH MOJLY/Ieil MEPBBIX IBYX KOI(MMUINEHTOB HA

Kyacce byHKIMi A, ,, 3aBUCAIIEE OT p U 7. 3aMeTHM, uTo A,, ABjIfgeTCs KOMIIAKTHBIM B cebe

(21
ceMeiicTBOM (DYHKITHIA.
[Iycts 0 < p < 1. @opmyna (3.1) ycraHaBiImBaeT B3aNMHO-OJIHO3HAYHOE COOTBETCTBHUE

MexKly Kiaccamu A, m A1, tne fe A,; a e A 1. Popmyna
’p ’p

f = pF,

rne f € A,1, a F'€ A 1, TakiKe yCTaHABIIMBAET B3aUMHO-OJHO3HAYHOE COOTBETCTBUE MEKJLY
’p
kimaccamn A,; m A 1.
’p
IIycts s > 0. Pacemorpum kimace Ag-s .s. fcno, aro dopmyra (3.1) samaer aBromopdusm
Ha Aefs,es'

6. IlogumHeHHBIe (DYHKIINU

[Iycts dbyukimun F u f romomopdusr B A. OyHKIima f HasblBaeTCs HOIIUHEHHON B A
st byuknun F, ecoim ona MoxkeT ObITh npezctaBieHa B A B dopme f(z) = F(w(z)), rme
w € o, a g — KJacc, cocTodAmuit u3 rooMopdHbIX B A QyHKIMH w, TaKWX, 9TO

w(z)| <1, zeA, w(0)=0.

Oyuknuto F(z) OGyaem HasbiBaTh Mazkopautoii jiug f(z) B A. deno, aro {f}o = {F}o.
[onsarue mogunuennst Bocxomut K E. Jlungenedy [12]. CoBpemennast repMuHOIOrust 6611
Beejiena nosxe J1. V. JIntisynowm [13| u B. Porosuncknwm [1], orn ke paszpaboraim MeTos 1 11o-
JIYUUJIU C €0 TIOMOIIBI0 HEKOTOPBIe pe3ysbrarhl. [Ipuniwn nogunnenus Jlurasyna u Porosus-
CKOT'0 YIaCTO UCIIOJIB3YETCsI IIPU BBIBOJIE OIIEHOK Kod(dduIeHTos B Kiaacce B (em. [4,5,7,14,15]).
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B ciygae npobsembr Kimzka TpyIHOCTh IIPUMEHEHUST 9TOIO METO/Ia 3aK/II09aeTcs B Hepe-
ryagpaoM nosegernn kodddurmentos {f;}r GyHKIME f 0pU IPOMEKYTOUHBIX 3HATCHUAX
napamerpa t. 3HAUEHHs] CIUTAIOTCH IIPOMEZKYTOYHBIMHE, €CTM  MPUHAJIEXKUT HEKOTOPOMY WH-
TepBaJly, cojepKaliemy ducjo 2. JlmHa 3TOro mHTEpBaJia 3aBUCHT OT k U YBEJUIMBAETCS C
poctom k (cm. [14]).

Teopus MOAYMHEHUA MO3BOJIAET OYEHb JIETKO HAXOAUTH TOUHBLIE OLEHKHU IIEPBOIO M BTOPO-
ro koaddunuentos Ha kiaacce dyuxiwii f(z), nomauHenubx dyukimm F(z). [Iycre Mp —
kjace, cocrogmuii uz dyukuuii f(z) = F(w(z)), tne F — romomopduas B A dyHKIWms,
a w € §)y. Nmeror mecro craemyromue TeopeMsr [1]:

Teopema 6.1. Ecau f € Mg, mo

{/ ] < H{EFK (6.1)

npuvem oyenka (6.1) mounas, u pasencmso 6 nepasercmee (6.1) docmueaemes moavko Ha
epawenuar Pynxyuu F(z) 6 naockocmu nepemennoti z.

Teopema 6.2. Fcau f € Mg, mo

[{f}o| < max([{F}|, [{F}al), (6.2)

npuuem ouenka (6.2) mounas, u pasencmeo 6 nepasencmese (6.2) docmuzaemcs moavko Ha
epawenuazr dynxuut F(2) uau F(2%) 6 naockocmu nepemernnoti z.

7. Iloakmacchl (pyHKIUI, OrPAHUYEHHBIX 110 MO/ILYJIIO CBEPXY U CHU3Y

Bo BBemenun mbr paccmorpenu Kiace Kapareomopu C. s kaxkgoro t > 0 onpemeanm
kjacce Cy ¢ momorisio hopmyibr Cy :=t-C. JIpyrumu cjioBamu, mpu (PUKCUPOBAHHOM ¢, KJIacC
Cy ecrb MHOXKecTBO (byHKIMA h ¢ HOpMupoBKOii h(0) = ¢, oTOOpazKkamImuX e MHIYHBIH KpyT
A B IIpaByIO IOJIYILJIOCKOCTH 1.

IIycte s > 0, a t € (0,s). Oupenermm kimace Cs; Kak mogmuoxkecrBo dynkimit u3 Cy,
orobpaxkatonux A B mosocy Il :={v € C : 0 < Rev < s}.

YrBepxKkaeane 7.1. Oynxuyus

s 1—estz
“(2) = z—lnigt—

st
™ e —Z

ABAAENCA KOHPOPMHBIM 0mobpadceruem A wa Il ¢ deticmeumenrvrvimu metiaoposcKuMU Ko-
aduruenmamu.

HJoxkaszaTenbcTso. Orobpaxkenue w = i5v NEPEBOJUT BepTHKaIbHYIO 11010y Il
B ropuszonTaabHyo nojgocy {w € C : 0 < Imw < 7}. Ilpu 5170M 0CH abCICC TEPEXOAUT B OChH
opaunar, B vacraoctu: 0+ 0, t—i%t, s am.

Orobpakenne x = e NEPEBOJIUT HAIY TOPU3OHTAIBHYIO TI0JIOCY B BEPXHIOI MTOJIYILIOCKO-
CTh. HpI/I 9TOM OCb OpJIMHAT IIEPEXOAUT B BEPXHIOIO €IUHUYIHYIO IIOJIYyOKPY2KHOCTDH, B 9aCTHOCTMU:
01, iZt — 'St im— —1.

ei%tJrl z—1
eist_1x+1
CThb. HpI/I 9TOM BEPXHAA €IUHUIHAA IIOJIYyOKPY2KHOCTDL IIEPEXOIUT B OCb a6cu1/1(zc, B 9aCTHOCTMH:

10, e5ti=1, —1— oo.

Orobpazkenue y = IIePEBOIUT BEPXHIOIO IOJIYIIOCKOCTD B IIPABYIO IOJIYILJIOCKO-
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Hakowner oro6paxkenue z = Z—ﬁ [EPEBOJIUT HAILY NpaByto nosymiockocTs B A. Ilpu srom
och abcIuce mepexoIuT B och abciuce, B actHoct: 0 +— —1, 1+ 0, oo+ 1.

Uckomoe orobpazxkenne v = h’,(z) mocTponM Kak KOMIIO3HIHIO 0TOOparKeHuii, 06paTHBIX
K YHOMSIHY ThIM.

Kax BHIHO M3 TPOBEJEHHLIX TOCTPOeHHuii, oTobpaxenne hf, mepesoautT oTpesok [—1,1]
B orpesok [0, s], B gactrocTnm: —1 + 0, 0+ ¢, 1+ s. Ilockombky hj, mepesomur [—1,1]

[0, 5], TO MBI MOXKeM paccMaTpuBaTh h, Kak JeHCTBUTETbHOZHAYHYIO (QYHKIHIO TeiHCTBH-
TEJILHON [IePEMEHHOI!, ¢TaJsio ObITh U ee TefiJIOPOBCKOe Pa3/IOzKEeHNe UMEeET JIeHCTBUTEbHbIE KO-

3 durmeHToH. O

3ameTuMm, 9To

:}

eole) = fi' ), 1)

IIycts 0 < t < s. Paccmorpum MHOXKeCTBO Aj s ; Beex rosloMopdHBIX DyHKIMIA f Kiacca
Aj s ¢ HopmupoBkoit f(0) = ef. Ormernm, 910 Ajcs; ABIFETCS KOMIAKTHBIM B cebe ceMeii-
cTBoM (byHKIMiA. fcHO, UTO

fs*t(z> = M)

SBJIsAeTCH Makopupyiomeit dynkiumeit Ha kinacce A s ;. [losromy, cormacno [1], mst mo6oit
dbynknun f u3 knacca A s, Haiifercd orobpazkeHme w € {)y Takoe, ITO

f(2) = f3i(w(2)). (7.2)

ITockombKy Kitace Aj s MHBAPHAHTEH OTHOCHTEIBHO BPAIIEHUI B IVIOCKOCTH HEPEMEHHOM w,
TO 6€3 yMEeHbIIEHHs OOIIHOCTH MOYKHO OIPAHUYUTLCS U3YUYEHHEM IIOJKJIacca (PYHKIWUA, 11
koropbix f(0) > 1. Msyuenne xmacca Aj.s TakxKe He yMEHDLIIAET OOIIHOCTH, TAK KaK IS
MOObIX p 1 7 Takux, urto 0 < p < r, mMeeM, 9T0 A,, = p - Al,% (s=Inr—1Inp>0).

13 dopmynsr (7.2) cremyer, uaro eciut f € Aj s, TO

flz)=¢e"?  hec,,. (7.3)

ITo anasorun ¢ BoBosoM opmyisl (1.2) uz (7.3) mosxydaem, 9To

Po=¢ (= S kbl hs neN, (7.4)

B 9aCTHOCTH, TIofcTasuB {h},}x 13 dopmynst (7.1) B dopmymy (7.4), mveem

Uido = et {f2do = 223 sin (K5t) {fidase meN (7.5)

k=1

Beranciienus o dhopwmyie (7.5) garor

fr(z)=¢+ 2% ¢! sin <zt) 2t Zet (2f sin® (Zt> + sin <2zt>> 2+ (7.6)
’ s s s

™ ™ s
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8. Tounasi oneHKa nepBoro kKo3ddumeHTa

Teopema 8.1. Ecau s >0, a f € Ajes, mo

S us
eS™x arctg 5

{/hl < 2—1 =, (8.1)
+3

npuvem oyenka (8.1) mounas, u pasencmso 6 nepasencmee (8.1) docmuzaemes moavko Ha
epawsenuAr pynkyuu f7, 6 naockocmu nepemennot z, 2de t; = s — 2 arctg ~.
Boaee mozo, ecau 0 <t <s u f € Ajesy, mo

{fhl < 2§€t sin <§t> : (8.2)

npuvem ouenka (8.2) mounaa, u pasencmeo 6 nepasencmee (8.2) docmuzaemcs MoOALKO Ha
epawenuar gynkyuy fX, 6 naockocmu nepemennot z.

Hoxasarennctso. Ilo Teopeme 6.1 cipasemmso mepasencrso [{f1| < [{f: }i].
Teopema 6.1 TakzKe COIEP:KUT ONUCAHHE MHOXKECTBA (PYHKIMi f, /I KOTOPBIX JOCTUTACTCH
pasencrso |[{f ] = [{f,;}1]- Tlo popmymne (7.6) macem {f7,}1 = 22esin (Zt) . Bamerns, uro
{231 >0 mpu t € (0,5s), mpr mosmyunm dopmyiy (8.2). Takum 06pazom, BTopoe yTBepzKIeHue
HaIIell TeOPEeMbI TOJTHOCTBIO JIOKA3aHO.

HokazkeMm renepb cripaeyiuBocTh opmysibl (8.1). s sroro ucciepyem yHKIHO

ai(t) = 27 el sin (Zt>
s s

Ha MakcuMyM Ha uHTepBase (0,s). Umeem: ¢1(t) >0, t € [0,s], ¢1(0) =¢g1(s) =0 u

gi(t) = 22 ¢t (sin (Lﬁ) + L cos (Et>> :
7T s s s

Ypasuernne ¢(t) =0 PaBHOCHIBHO yPaBHEHHIO
sin <zt) + L cos <zt> =0. (8.3)
S s S

[lomesmmB 310 ypaBHenue Ha cos (gt) , MBI TIOJIyIHM
T ™
tg (—t) +—=0.
s s

(3amermm, uto cos (Xt) =0 npu ¢ = s/2+sk, k € Z. Tlockonbky 0 < tj, < s, TO HAM HOIXO-
JIAT TOJIBKO ty = §/2, KOTOpOe He siBJisieTcst KopHeM ypasHenus (8.3)). Perast ypasuenue (8.3),
HaiJieM, 4TO
s T
ty = sk — —arctg—, k€Z,
T s

SIBJIAIOTCS CTAIlMOHAPHBIMU TOYKaMu DYHKIMU ¢,. B Hamewm ciydae 0 <t < s, mosromy

s m
t1 = s — —arctg —
m S

eCTh eJMHCTBEHHOE MOJXojsiee perenre ypasherus (8.3) (tak kak Toiabko 0 < t; < §).
Hanee, t, aBgeTcsa TOYKON MaKCUMyMa JJId (PYHKIIUH @1, IIOCKOJIBKY

i) = —oeiy 145 <0
g (t1) = —2e +8_2<-
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Haxkomneir

S s
s—= arctg S

€

V1t S

nostomy oreHka (8.1) cupasesymsa. Ciryuan paBeHcTBa B HepaBeHcTBe (8.1) yxke Obum paso-
OpaHbI B IIePBOIl YacTH JI0Ka3aTeIbCTBA. ]

gi(t) =2

9. TouHag olleHKa BTOPOro koadduiineHTa

Umeer mecto caemyromuii pesyabrar [11]:

Teopema 9.1. Ecau s >0, t €(0,s), a f € Ajes, mo

S us
es— — arctg =

{f}al < 2—1 =, (9.1)
+5

pasercmeo 6 nepacercmee (9.1) docmuzaemes moavko na spauwernuas gymwyuu f7, (2%) 6 naoc-
Kocmu nepemennoti z, 2de t; = s — £ arctg T.
s S

Jonosaum sT0T pesyibrar [ Kiacca Aj s, moyuus orenky |{f}s| Ha ero mogkiaccax
Al’ea"t, O0<t<s:

Teopema 9.2. Ecau f € Ajesy, 0 <t <s, mo

H{fhal <

2%elsin (2t) 0<t<t, 9.2)

22elsin (Zt) (£sin (Zt) + cos (2t)), 4 <t <s,

ede t; = s —2%arctgZ. Ilpu 0 <t < t; pasencmeo 6 (9.2) docmueaemes moavko na epa-
wenuaz gyrnyun f(2%) 6 naockocmu nepemennoti z. Ilpu t =1y pasencmeo docmuzaemcs
MOALKO HA BPAULEHUAT GYHKUUT fs*t(zz) u fi,(2). Ilpu ty <t < s pasencmeo 6 (9.2) docmu-
2aemca moavko na epawenuar dynxyuu fI(z2) 6 naockocmu nepemennot z.

JJokaszaTeabcTBo. [lo Teopeme 6.2 jj151 JIoKa3aTeIbCTBA TOTO YTBEPKICHUS JI0C-
TATOYHO HalTH 3HadeHust t, mpu Kotopuix |{fX }i| > [{f5 )}l
1. Hepasenctso {f5;}1 > {fi;}2 npn 0 <t < s paBHOCHJIHLHO HEPABEHCTBY

s . /m s
— sin (—t) + cos (—t) <1.
s s s
CooTBeTcTBYyIOIIEE YPABHEHUE UMEET CJICIYIONINE PEIIeHUsT

ty = i((—l)k — 1) arcsin

1
™ /1 + ;_22
Yenopmio 0 < tp < s yjoBaeTBopser Tonbko pemtenne ti. Takum obpasom, {fi}1 > {fi:}e
npu 0 <t < ty, e

tsk, keZ

S . 1
t1 = s — 2— arcsin
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2. Hepasencrso {fi;}1 > —{fi;}2 npn 0 <t < s paBHOCHJILHO HEPABEHCTBY

s . q/m T
— sin (—t) + cos (—t) > —1.
T s s

COOTBGTCTByIOH_Lee YpaBHEHUE NMEET CJICAYIOINE PEIICHUA
S

1
ty = —((—1)"™ — 1) arcsin ———
(A §2
V14>
HU OJIHO M3 KOTOPBIX He yjioBjieTBopsier yeinosmio 0 < ¢ < s. Wrax, {f;,}1 > —{fi;}2 npm
0<t<s.

Takmv o6pasom, mbl okasam, ato [{f7,}1] > [{fi;}2] mpu 0 <t < t;, To ectb bopmy-
na (9.2) cipaseBa. O

+ sk, keZ,

3akJIroueHue

B 3r10ii crarbe MBI paccMOTper Kiacchl F u B, a TakKe UX IOJIKJIACChl, KOTOPbIE Te-
Hepupytorcd u3 Kiaacco A,,, 0 < p < r < +oo. HNurepecno, uro A,; = B npu p — 0,
a A, - E upn r — oco. Kak 6but0 nokasano Bbiiie, dopmyss! tuma (1.2) He Moryt ObITH
HCIIOJIb30BAHbI Jake Ha Kiaaccax Ay, C E 1 HoJydeHnus TOYHBIX OIEHOK KO3(bQUINEHTOB
npu n > 2. C apyroii cropoHsl, Kiaacchl A,, HMeoT 60Jbllle ajJredpandecKux CBOICTB, deM,
HAIPUMED, KJIace B, 4T0 MOXKHO MCIIOJIb30BATh JId U3ydeHus Kiaacca B.

Kk BBIIBHHYJT CBOIO THIIOTE3Y [2|, paciosarast TOJIBKO OIEHKaMI MOJIYJICH MEPBBIX JIBYX
ko3 durenToB Ha Kiaacce B, mosromy (mmest Teopembl 8.1 u 9.1) MbI MOXKeM BBIIBHHYTbH
caeyiolee npeaosoxenue: ecin f € Ay s, TO

S us
eS™x arctg 5

J1+ %

IIpUYeM PaBeHCTBO B HepaseHcTse (9.3) JoCTHraeTcs TOIbLKO Ha Bpamenuax dhynxmun fr, (2")

n e N, (9.3)

— — S s
B IIOCKOCTAX TlepeMenHbX z # w (w = f(2)), rae t; = s — 2 arctg ~.
Bamerum, 4To 1pu Ja060M s > 0 MHOKeCTBO € °Aj s fBJIFETCS IOIKIACCOM Kilacca B, u
orenka (9.3) maa knacca € *Aj s OpH S — 00 MEPEXOJUT B OICHKY

{fhl <2,

TO €CTh BBICKA3aHHOE TOJILKO UTO IPEJIIIOJIOKEHNE B Ipejiere gaeT runoresy Kimmxka. Jleiicrsu-
TeJIBHO, IPU § — 00 uMeeM e *A; .« — B, a

e—% arctg = 2
(&

— =
V1+ S

®ukcupyem t > 0. Tak Kak npu s > ¢t MHOXKeCTBO € Ay sy C By m e Ay s sy — By
IpU S — 00, TO IOCJIE Iepexoia B Teopeme 8.1 K mpejesy Ipu § — 00 IHOJIYYUM CJIeLYIOIINii
u3BeCTHBIN pesyabratr [4,9):

Teopema 9.3. Ecau f € B, mo |[{f}1| < 2/e, npuswem pasencmeso docmuzaemcs moso-
Ko Ha epawenuar Pynrkyuu fi 6 naockocmu nepemennol z. Boaee mozo, ecau f € By, mo
H{fh] < 2te™, npuuem pasencmeo docmuzaemcs moavko na epawerusx ynkyuu f; 6 naoc-
Kocmu nepemennots z.
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Awnajiornuno, noce nepexosa B TeopeMax 9.1 u 9.2 K upejiesty npu S — 00 IMOJIyUUM eIle
OJIVH M3BeCTHBI pesysbrar [4,9]:

Teopema 9.4. Ecau f € B, mo |{f}2]| < 2/e, npuuem paserncmeo docmuzaemes moavko
na epawenuar gynxyuu fi(2*) 6 naockocmu nepemennoti z. Ecau f € By, mo

1, 0<t<2,
t—1, 2<t<s.

[{f}2] < 2t€t{

Ilpu 0 < t < 2 pasencmeo docmuzaemcs moavko Ha epawenuar dyrnxyuu f;(z?) 6 naocko-
cmu nepemennoll z. Ipu t = 2 pasencmeo docmuzaemca MOAvKO NG GPAUEHUAT PYHKUUT
723 u f(2). Ipu t > 2 pasencmeo docmuzaemca moavko na epaukeHusazr gymxuuy f(z)
6 NAOCKOCTNU Nepemennot z.

Quxcupyem t >0, s>t u f € Ay ;. Ilo dopmymne (7.4) mpu n =1 umeem

{Phl < (ki 2o = 22¢tsin (Z)

IPHYEM 3Ta OlEHKa TOYHAs, TAaK KAK PABEHCTBO B Heil JocTuraercs, nanpumep, npu f = f7,
(cpaBauTe ¢ onenkoii (8.2)). Ve npu n > 2 u3 dbopmyisl (7.4) npu momormu HepaBeHCTBA
TPEYroJbHIKA HEBO3MOXKHO MOy IUTh TOUHYIO OneHKy s |[{f},]. Tem He menee, Mbl MozKeM
HOJTy9IUTH TPYOYIO OIEHKY:

{ Sl = ‘% Zi: k{h}k{f}n—k‘ < %% sin <§t> nzj kmy, (9.4)

rie

mo = {fobo, mi={fi}, me= max {fll, k=2....n-1

m
feAl,eS,t

BameruM, uto ecau h € Csy, TO

(R}l < {h2, 1 =22 sin (Lﬁ) , keN,
’ T s
Ho B orTmmune or Kiacca C' B Oy ner dynxiuu, see Koadduiments Kotopoit papubt {h],}1.
®ukcupyem t > 0. Ilockombky mpu sobom § > ¢ MHOXKECTBO Aj sy C By m Ay sy — B
opu s — 00, TO Mocje Iepexojia B HepaseHcTBe (9.4) K mpejeny mpu § — 00 MOJYYUM
Teopemy 2.1.
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HemnpepsiBabie ['-dpeiivmbl 1 HenmpepbiBHBbIE ['-0a3uchkl Pucca
B rmiib0epToBbIX C*-MOTyJISIX

Taxap DJIb KPVK!, A6nenpxanexk 9JIb AMPAHI!, Moxamen POCCA®II?
! @akynprer ecrecTBenHBIX Hayk xap Db Maxpas,
yuuBepcurer Cunn Moxamena Ben Afnesiaxa
B.P. 1796, r. ®ec-Arnac 30003, Mapokko
2 JlabopaTopus aHa/Iu3a, FeOMETPUN U IIPUIOMKEHHIT
BBICITIAs TIKOJIa 00pa30BaHust U TPOGheCCUOHAILHOMN 1moaroToBku, yuusepcurer V16u Todawnia

B.P. 242, r. Kenurpa 14000, Mapokko
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Introduction

The theory of continuous frames was initially introduced in Hilbert spaces by Kaiser and
Hudgins in [1|, and was further developed by Ali, Antoine, and Gazeau in [2|. This theory
generalizes the classical notion of frames by using the concepts of measurement spaces. The
concept of frames itself is a generalization of a basis in Hilbert spaces, originally introduced by
Duffin and Schaeffer in 1952 in their study of nonharmonic Fourier series [3|. This concept was
motivated by applications in distributed signal processing, image processing, operator theory,
harmonic analysis, wireless communications and many other fields.

For more information on frames and continuous frames in Hilbert spaces, we refer the reader
to [4,5].

Arefijamaal, Kamyabi Gol, Raisi Tousi and Tavalaei introduced and studied the concept of
a continuous Riesz basis in [6], as a generalization of the classical Riesz basis in Hilbert spaces.

For a bounded linear operator I' in a separable Hilbert space, frames for operators, also
known as I'-frames, generalize ordinary frames. These were introduced by Gavruta in [7], to
study atomic decomposition systems. In [8], Rahimlou, Ahmadi, Jafarizadeh and Nami extended
the theory of continuous frames to continuous [I'-frames. Some properties of continuous I'-
frames have been studied in |9, 10].

The concept of continuous I'-Riesz basis in Hilbert spaces was introduced by Shekari and
Abdollahpour in [9].

The notion of Hilbert B-modules was introduced in [11], and some of their properties were
studied in [12]. Hilbert B-modules are considered a generalization of Hilbert spaces, as they
allow the inner product to take values in a C*-algebra. Studying the theory of frames in
Hilbert B-modules is important due to their distinct characteristics, which differentiate them
from Hilbert spaces. For instance, in general, every bounded operator on a Hilbert space has
a unique adjoint, whereas this is not necessarily the case for bounded operators on a Hilbert
B -module.

The concept of continuous frames in Hilbert B-module was introduced and investigated
in [13,14], and the concept of frames, I'-frames and I'-Riesz basis in Hilbert B-module were
further developed in [15-17] and [18§].

In this paper, we introduce the notions of continuous ['-frames and continuous I'-Riesz
basis in a Hilbert B-module, which generalize the corresponding concepts in Hilbert spaces
introduced by Shekari and Abdollahpour [9]. We also establish several related results.

This article is organized as follows: In Section 2, we review fundamental definitions and
notations related to Hilbert B-modules, I'-frames, and continuous frames in Hilbert B-
modules. In Section 3, we define and establish some properties of a continuous I'-frame C.
Furthermore, we provide a characterization of a continuous I'-frame C via a condition on a
Bessel sequence {9 }.co for L£2(X,B) and a standard orthonormal basis {7, }xco of &. In
Section 4, we introduce and characterize the concept of continuous I'-Riesz basis in Hilbert B-
modules. Moreover, we establish a result concerning the properties of the associated synthesis
operator Tp.



CONTINUOUS TI'-FRAMES AND CONTINUOUS TI'-RIESZ BASIS 89

1. Preliminaries
In this section, we start with some preliminary definitions and lemmas that will be used in

this paper.

Definition 1.1. [16, Definition 2.45] Let B be a unitary C*-algebra and £ be a
left B-module such that the linear structures of B and £ are compatible. £ is a pre-Hilbert
B-module if £ is equipped with an B-valued inner product (-,-)g: & x &€ — B such that

(1) Forall £€&, (£,&)5>0, and (£,£)s =0 if and only if £ = 0.
(i) (a€+ &1, &) = al§,&)p + (§1,82)5, forall a € B and §,&,6 € £.
(@) (&, &)= (&,8)p, forall (& €C.

1
For £ € £, we define €] = ||(€,&)sllz- If € is complete with ||-||, it is called a Hilbert B-

module or a Hilbert C*-module over B. For every a in C*-algebra B, we have |a| = (a*a)2

and the B-valued norm on £ is defined by [{| = <£,§>é for £ € &.

Definition 1.2. [16, Definition 2.53| Let & and & be two Hilbert B-modules, a
map [': & — & (a priori neither linear nor bounded) is said to be adjointable if there exists
amap [*: & — & such that (I, &) = (€, 17 ) forall £ € & and & € &s.

From now on, we assume that © is a finite or countable index set, B is a unital C*-
algebra, and that £, &, and & are Hilbert B-modules. We denote by Endy(&, &) the set
of all adjointable maps from &; to &, and Endj(&, &) is abbreviated to Endj(&;).

Let [*(B) be the Hilbert B-module defined by

I*(B) = {{aﬁ}ﬁe@ CB: 20%04: converge in ||-||B},

KEO

with B-valued inner product ({ay}eco,{Bx}rco)= D B, for all {a,}eco, {Bx}rco € I*(B).

KEO
We now define the Hilbert B-module £2(X,B), where (X, u) is a measure space.

Definition 1.3. [13, Definition 2.1| Let (X, ) be a measure space. We define,

X,8) = {v: X 5 B, [ [0(0)0(o) ldu(o) < oc}.

For any ¢,v¢ € L*(X,B), the inner product is defined by ( = [i{p o))du(o)
and the norm is defined by |[¢o]| = [|[(«, ¥)||2. It was shown in [19] that L2(X, B) is a Hilbert
B -module.

We have the following definition of a I'-frame.

Definition 1.4. [17, Definition 2.8] For " € Endj(E), a sequence {&,}ico in € is
called a I'-frame if there exist constants A, B > 0 such that for each £ € &,

ATET™E) <) (€, €0 (6w &) < BIE,E). (1.1)

The numbers A and B are called lower and upper bound of the frame, respectively. If only
upper inequality of (1.1) hold, then {&,}.co is called a Bessel sequence for &.
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We define the synthesis operator for a Bessel sequence {&,}ico as:

U:P(B) =&, U{an}eo) = > b (1.2)

KEO

Lemma 1.1. [16, Proposition 3.11| {{.}cco is a Bessel sequence for € with bound B, if
and only if the operator U defined in (1.2) is a well defined bounded operator with ||U| < V/B.

Also, we provide the definitions of continuous frame, synthesis operator and frame operator.

Definition 1.5. [13, Definition 2.2] A mapping C : X — £ is called a continuous

frame for & if

(1) C is weakly-measurable, i. e., for any £ € £, the mapping X — (£,C(0)) is measurable
on X.

(77) There exist constants A, B > 0 such that

Ale,€) < /X (£,C(0))(C(0), E)du(o) < BIE,€), forall €€ €. (1.3)

The mapping C is called Bessel if the right inequality in (1.3) holds and is called tight if
A=B.

Definition 1.6. [13, Definition 2.5] Let C : X — £ be a continuous frame. Then

(i) The synthesis operator or pre-frame operator Te : L2(X,B) — £ is weakly defined by
Tev,) = [ 0(0)(C(0).Edulo) (€€ &),
x

(i) The adjoint of T¢, called the analysis operator Tj : & — L*(X,B) is defined by
(Tef)(0) = (§,C(0)) (0 €&, £€&).

Definition 1.7. [13, Definition 2.6] Let C : X — £ be a continuous frame for &.
Then the frame operator Se : £ — £ is weakly defined by

(5e(€).6) = [ (6.CONC).Odulo) (€< e).
X
The following lemmas are subsequently used to prove several results concerning the synthesis

operator Tp and its range R(7¢).

Lemma 1.2. [13, Theorem 2.7| Let C : X — £ be a continuous frame for € with bounds
A, B. Then the synthesis operator T : L2(X,B) — & is well defined, surjective, adjointable

map and bounded with | T¢| < VB.
Lemma 1.3. |20, Lemma 1.1| Let T € Endy(&1,&2). Then
(i) R(T)* =N(T*), R(T)SR(T)** =N(T")"

(i) R(T) is closed if and only if R(T™) is closed, and in this case R(T) and R(T*) are
orthogonally complemented with R(T) = N(T*)* and R(T*) = N(T)*.



CONTINUOUS TI'-FRAMES AND CONTINUOUS TI'-RIESZ BASIS 91

Lemma 1.4. |20, Theorem 1.1| Let S, T € Endy(E) with R(T*) orthogonally complemented.
The following statements are equivalent:

(i) R(S) CR(T);
(17) SS* < (TT* for some ¢ > 0;
(17i) There exists @ € Endg(E) such that S = TQ.

2. Continuous I'-frames in Hilbert B-modules

We begin by giving the definition of a continuous I'-frame in Hilbert B-modules.

Definition 2.1. Let I' € Endz(€) and C: X — £ be weakly measurable. Then the
map C is called a continuous T -frame for &, if there exist constants A, B > 0 such that for
each £ € &,

ATETG < [ (6CONC(0),dulo) < BIE.6).
X
A continuous I'-frame C is called a Parseval continuous T -frame, whenever for every

§eé,

/X (£.C(0))(C(0). E)du(o) = (T°€,T°).

Remark 21. C:X — & isa continuous I'-frame for £ with frame bounds A, B and
frame operator Se, if and only if AI'T* < 5S¢ < B.I.
And C is a Parseval continuous I'-frame, if and only if Sz = I'T™*.

We have the following theorem, which states that when a continuous I'-frame C is left-
multiplied by a co-isometry operator S that commutes with I', the result SC remains a
continuous ['-frame.

Theorem 2.1. Let I' € Endgz(E) and C be a continuous T -frame for € and S € Endy(E)
be a co-isometry with ST =T1S. Then SC is a continuous I -frame for &.

Proof. Let A and B be the lower and upper frame bounds for C. Since S is a co-
isometry, we have for each £ € £

A(D*€,T%€) = AST"E, 5°T*¢) = A(I*S"E, I S°€) < /X (€. 5C(0))(SC(0). €) dy(o)
- /X (S°€,C(0)){C(0), S°€) dpu(o) < B(S'€, S°€) < BISIP(€.£).

Therefore, SC is a continuous I'-frame for £ with frame bounds A and B|S|*. O

The following theorem provides a characterization of a Parseval continuous I'-frame C by
a standard orthonormal set {1, }.co in L£*(X,B) and a standard orthonormal basis {7, }.co
of &.

Theorem 2.2. Let {n,}wco be the standard orthonormal basis of € and let T' € Endj(E)
be an invertible operator. Then the following are equivalent:
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(1) C is a Parseval continuous I" -frame for &;

(12) There ea:zsts an standard orthonormal set {1 }rco in EQ(X B) having the property that
Zz/},{ ) < oo for almost all 0 € X such that C(o Zw,{ “I'n,. holds for

KEO KEO
almost all o € X.

Proof Assume that C is a Parseval continuous I'-frame for £.
We take v, = T3 ((I"1)*n,). Then for all k,i € ©, we have

(s i) = (T (T 0), TE (T ) = (TeTe (T nw), (D7) mi)
= (Sc((@" ne), (O ) = (CTTT(C)* n) . mi) = (M, i) -

Thus, {¢x}xeco is a standard orthonormal set. Also, for almost all o € X we have

D Uel0) Wulo) = ) [(TE(T) 0 (@)]” [(TE (T ) (0)]

KEO KEO
- Z nlm > < 77'% >
KEO
- Z 7714: IC<0)>
KEO

= (I''C(0),T7'C(a)) < [|IT7Y* (C(0),C(0)) < o0,

and

> Uulo)me = [(Te(07) =D _ {70, C(0)) e

KEO KEO KEO
:Z< I'C(o 77,{>77,€—F 1C(0).
KEO

So, C(o Zzﬂﬁ “I'n, for almost all 0 € X.

KEO
Conversly, if (ii) holds then for any & € £, we have

| tecon € erduto) = [ (63 vutorBn )X wnlo) K. )auto)
(X

KEO KEO

(€. T0) 6u(0) ) (D246 T 6l0)) (o)

><\><\><\

= =
- [ (> (€T vule). 3 (6T ¥u(0) )dii(o)
=<Z £ v 3 (6 [} )
= Z@ "€ ) (1, 7€) = (L7, T76). (2.1)
Therefore, C is a Parseval continuous I'-frame for €. O

We have the following remark.
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Remark 22 Let C(o) = ) ¥.(0)*¢, where {&}rco isa I'-frame for € and {¢y}uco

KEO

is a standard orthonormal set in £2(X,B). Similarly to the proof of (2.1), for all £ € £ we
have

/X (£,C(0))C(0), O)du(0) = 3 (. E) (EnrE).

KEO

Since {&,}weco is a I'-frame for £, then there exist A, B > 0 such that

ATETE) <Y (666w €) = /}((&C(U»(C(U),Qdu(a) < B(¢,6), forall £e&.

KEO
Thus C is a continuous I'-frame for &£.
In general, the following theorem provides a characterization of a continuous I'-frame C

via a condition on a Bessel sequence {9 }.co for L2(X,B) and a standard orthonormal basis
{nn}mGG of £.

Theorem 2.3. Let {n.}.co be the standard orthonormal basis of € and let T' € Endj(E)
be an invertible operator. Then the following are equivalent:

(1) C is a continuous I -frame for &,
(ii) There exists a bessel sequence {Wy}twco for L2(X,B) having the property that Uy the
synthesis operator for {i,}weo is bounded below and Y (o) (o) < oo for almost
KEO
all 0 € X, such that C(o) = Y V(o) I'n. holds for almost all o € X.

KEO

Proof Assume that C is a continuous I'-frame for £ with bounds A and B.
We take 1, = Tz ((I'"')*n,). Then for all ¢ € L2(X, B), we have

D (W) (W, ) = (0, TEC ) ) TE () ey )

KEO KEO
= S (Ted, (T () 1, Tet)
KEO
= O Tt (e T ed) = (0 T, T Te) < 0 Tel (0, 0).
KEO

Thus, {¥x}ceco is a bessel sequence for L*(X, B).
And for any {(.}weo € [*(B), we have

(3 Gt > Guthn) = (S GTEC 0 Y gTé(F‘l)*m}

KEO KEO KEO KEO

<TC(Z<K ). TC(ZCH Yn) )
/@(Z@ ) (), T¢ (30 G070, ) (X) Yda(o)

KEO KEO

= [ e ymc)) (e 3 ey duto),

KEO KEO
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since C is continuous I'-frame, we have

AT (DG ) T (DG ) ) = (D0 Geths Y Goth)

KEO KEO KEO KEO
§B<ZCH( ) s > (T m>,
KEO KEO
then
AN GG = A< > s > Cnm>
KEO KEO KEO
= <F*(Z<ﬂ nn),r*(Zg ))s(Z@%%@%}
<Z¢H Ve 3 G0 ) < BITTE D GG
KEO KEO KEO

Then

<{Cn}fi€97 {Cﬂ}fc66> <Uw<{Cm}H€®) Uw({CH}H€®)> < BHF_1 ||2<{Cfi}ﬁ€9> {Cﬁ}fi69>7

for all {¢, }weo € I*(B). Therefore, Uy is bounded below.
Similarly to the proof of Theorem 2.2, we also have

=Y (o) T and Y (0) (o) <
KEO KEO

for almost all o € X.

Conversly, if (i) holds. Since {1, }.co is Bessel sequence for £?(X,B), by Lemma 1.1, U,
is bounded and there exists B > 0 such that [|Uy|| < v/B. It means that, for all {(.}.co €
1*(B)

(3 Gt D Gt ) = (Unl{Gebueo), Un({Gi}eeo))

KEO KEO

< B({Ghecor {Guhueo ) = BY_ GG

KEO

Since Uy is bounded below, then there is A > 0 such that for all {(,}.co € I*(B),

AZC&C - {Cﬁ}nee {Cn}né@) <Uw<{Cn}n€@) Uw {Cﬁ}nE@ <ZC&¢H7ZC&¢K>

KEO KEO KEO
Therefore,
AN GG < (PG Do G) S BYGG, forall {Gheco € B(B).
KEO KEO KEO KEO

Then, for all £ € £ we have

ATET™E) = A (T, 1) (s, T7E) < <Z<F*£,m>wm Z<r*5,m>wn>

KEO KEO KEO

< BY (I me) (0 I7€) = BIE,T7¢) < BT - (€,€),

KEO
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and by (2.1),

| €.coy )€ duto) = (e ndvn e ni).

KEO KEO

Therefore
A€ < [ (6CONC0),dulo) < BITP-(€.6). forall €€ &.
X
So, C is a continuous I'-frame for & with bounds A and BT O

The following theorem provides a characterization of a continuous ['-frame C by the
condition R(I") C R(T¢).

Theorem 2.4. Let I' € Endyz(E) and C : X — & be weakly measurable. Then C is a
continuous T -frame for £ if and only if R(T') C R(1¢).

Proof First, we suppose that C is a continuous ['-frame for &£. Then, there exist
A, B > 0 such that

A€, T°€) < /X (6,C(0))(C(0),E)du(o) < BIE.€), forall ¢ €&, (2.2)

Then for all £ € £, we have

T i) - |

X

(Te€(0))(Te€(0)) dulo) = L(ﬁ,c(0)><c(0),€>du(0) < B(¢,€).

—_

Hence, by (2.2) we have A(I'¢,T*¢) < (T3, 17€), for all £ € €. Then I'T* < ZTCTC*’ so by

Lemma 1.4, R(I") C R(1¢). Conversely, C is a continuous Bessel mapping, since

/X<§,C(0)><C(U),§>du(0) = (Tz&, T2€) < |Tel*(,€), forall £€E.

Since, R(I') € R(T¢), Lemma 1.4 imply that there exists ¢ > 0 such that I'T* < (TT¢.
Then

1
6T < (T, T26) = [ (6L (o). duto), forall g e
Therefore, C is a continuous I'-frame for £ with bounds % and ||T¢|*. O

We have the following consequence

Corollary 2.1. Let S € Endgz(€) and C : X — &£ be a continuous S -frame for £, and
[' € End;z(E) with R(T) € R(S). Then C is a continuous T -frame for E.

P roof. Itis clear by Theorem 2.4. O]
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3. Continuous ['-Riesz basis in Hilbert B-modules

In this section, we introduce and characterize the concept of continuous I'-Riesz basis.

Definition 3.1. For I' € Endy(€), a weakly-measurable mapping C : X — & is
called a continuous T"-Riesz basis for a Hilbert B-module &, if the following holds:

(i) {€€&:(C(0)) =0, for almost all 0 € X} C N (T'™).

(i1) There exist constants A, B > 0 such that for all y € L*(X, B),

A /X (x(0), x(0))du(o) < < /X x(0)C(o)du(o), /

X

<B /X (x(0), x(0))da().

\(0)C(0)dp(o))

Theorem 3.1. Let I' € Endj(E) and C € L2(X,E). If C is a continuous T -Riesz basis
for &, then R(I") C R(T¢).

P r oo f. Suppose that C is a continuous I'-Riesz basis for £. Then
{£€&:(,C(0)) =0, for almost all 0 € X} C N(I'™), (3.1)
and there exist A, B > 0 such that for all x € L3(X, B),

A [ o) xtoNdnto) < { [ xorctoranto). [

X

X)) < B [ (o) x(@)dn(o).
We have
T3 € = LAX,B), (T2)(0) = (€,C(9).

Now, if £ € & and Tj(§) = 0 then for all 0 € X, (£,C(0)) = 0. Thus by (3.1), £ € N (™).
It means that N(T7) C N ("), and N (I*)+ C N(T¢)*. By Lemma 1.3, we have

R(T) ¢ R(T) € R(T¢) = R(Te).

]

The following theorem provides a characterization of a continuous I'-Riesz basis C in terms
of a condition on the operator T¢.

Theorem 3.2. Let C be a continuous T -frame for &£, then C is a continuous I'-Riesz
basis for & if and only if, the synthesis operator Te for continuous I'-frame C is bounded
below with respect to the inner product.

Proof. (=), Assume that C is a continuous I'-Riesz basis for &, i. e.
{£€&:(,C(0)) =0, for almost all 0 € X} C N (I'™),
and there exist constants A, B > 0 such that for all y € L2(X,B),

A/X<X(J)7X(g)>du(a) < </){X(U)C(U)dﬂ(0)7/

X

(@)} < B [ (x(o)x(@)dn(o).

X
then

AQGX) < (Te(x), Te(x)) < B x)-
Thus T¢ is a bounded below.
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(<), Since C is a continuous I'-frame, then there exist constants A, B > 0 such that for
each £ € &,

ACETE) < [ (€.CN ). dulo) < BLE.C)
Thus if (¢,C(0)) =0 for almost all o € X, then A(I'*¢,T*¢) =0, so & € N(I'™*). Therefore,

{€e€e&:(£C(o)) =0, for almost all 0 € X'} C N(T™).

Since C is Bessel continuous Frame, By Lemma 1.2, T is bounded and there exists B > 0
such that ||T¢|| < v/B. It means that, for all y € £*(X,B)

([ xox@into). [ xore@in(e)) = (T, Te)
< Bl = B [ (o) xo))dulo),
Since T¢ is bounded below, then there is m > 0 such that for all x € L*(X, B),

m/X<X(U)’X(U)>d’u(U) =m(x, x) < (Te(x), Te(x))
< /X x(o)C(o)dulo), | X(U)C(a)du(0)>.

Therefore,

m [ o) x@Nduto) < { [ xore@duto. [ xioe@iuto)) < B [ (o) xio)duto).

X

So, C is a continuous I'-Riesz basis for £. n

Every continuous I'-Riesz basis is a continuous I'-frame.

Proposition 3.1. Let T € Endj(&). If C € L2(X,E) is a continuous T -Riesz basis
for &, then it is a continuous 1" -frame for &.

Proof. Let C € L*X,€) be a continuous I'-Riesz basis for £, then it is a continuous
Bessel mapping with bound B and by Theorem 3.1, R(I') C R(7¢). By Lemma 1.4, there
exists ¢ > 0 such that I'l™ < (T¢7;. Then

(IE,IT7¢) < (1€, 15¢€) = C()). (&.C())
—c/ (6.0(0)), (6.C(0)))duto)
—C/éC 0),&)du(o), forall £ €€.
Therefore, C is a continuous I'-frame for £ with bounds ! and B. O]

¢
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4. Conclusion

Studying more general spaces is one of the fundamental aspects of mathematics. This

is precisely the aim of our article, the Hilbert B-modules are regarded as a generalization
of classical Hilbert spaces. The study of I'-frames in Hilbert B-modules is essential due to

their distinctive properties, which set them apart from traditional Hilbert spaces. Moreover,

extending the theory of I'-frames from the discrete setting to the continuous one is a significant

development. We defined and presented important properties of continuous I'-frames in this

space and provided necessary and sufficient conditions for their existence. Furthermore, we

introduced the notion of continuous I'-Riesz basis and provided characterizations of these

basis.
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C riyboKuM nprcKopOreM U3BeIaeM O TOM,

qTO ylIeJ U3 »KU3HU Halll KOJIJIEr'a BbI,ZLaIOHLHfICH MaTeMaTHuK

Baagnvup ®egopoBud MossgaHoB

27.02.1939 — 31.12.2025

Boiparkaem uckpennue cobosiesHoBanus pojgubiM u 6yim3kuM Biiajguvupa @eroposuya.

Bcero coro xkusab Baaguvup @emnopoBud MosdaHOB HOCBATHII CJIy>KEHUIO MaTeMaTH-
Ke, Pa3BUTHIO MaTeMaTHICCKON HAyKW U MaTeMaTudeckoro oobpasosanus. Biaamumup Pero-
POBUY BHEC OIPOMHBIN BKJIAJI B CTaHOBJIeHHE TaMOOBCKOIO YHHBEPCUTETA, YKPEILICHUE €ro
aBropureta. Biaajgumup Pel0poBUY MOJIYUUI BCEMUPHO NMPU3HAHHBIE MaTEMATHIECKUE Pe-
3yJIBTATHI, MOJNOTOBUI ILIESIy YIEHUKOB, CTABIIUX MPO(ECCHOHAJIBLHBIME MaTeMaTHKaMU,
OCHOBAJI ¥ BO3IVIABUJI M3BECTHYIO B HAYYHOM MUPEe TaMOOBCKYIO MATEMAaTHIECKYIO MITKOJIY 110
rapMOHUYECKOMY aHaJIn3y W KBaHTOBaHMWIO. MHOrMe MaTeMaTuKi M3 PA3IUIHBIX CTPAH MU-
pa acconuupyior Tambos ¢ umenem Biragumupa Penoposuda. Biagumup PeropoBud ObL1
BBIJIAIOIIMMCS TIEJIATOTOM, €r0 JIEKIIMM U CeMHHApPhl ¢ 0JIaro[apHOCTHI0 BCIOMUHAIOT COT-
Hu BoiycKHUKOB Pusmata. Biraguvup PeropoBut ObLT 0YeHb PA3HOCTOPOHHUM YEJT0BEKOM,
YBJIEKAJICS CIIOPTOM, TeaTPOM, MY3bIKOI, INTEPATYPOii, ObLIT HHTEPECHEHIITUM COOECETHIKOM.

Bnaromapras ceetitas [lamsrs o Biaagumupe @enoposutde MosrdaaHoBe HaBceria coxpa-
HUATCA B CEP/IIax €ro yYeHUKOB, KOJIJIEI U BCeX, KOMY IOCYACTIUBUIOCh C HUM paboTaTh U
00IIaTHC.

Pedaxuyus orcyprana
«Becmnux poccutickur ynusepcumemos. Mamemamurka»
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